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Dynamics

Computing correlation functions

Vacuum fields and their effects

Method I: Vacuum condensates

Operator product expansion
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QCD  hadron matching (“QCD sum rules”)↔

Topological landscape and tunneling

Instanton ensemble

Chiral symmetry breaking

Gluon and quark condensate

Applications to heavy and light mesons

Method II: Vacuum fields

Meson and baryon correlation functions

Current developments

Elements
QCD fields

Composite operators

Basic properties

Perturbation theory at short distances

Limitations of method

Vacuum fields in “cooled” lattice QCD

Shifman, Vainshtein, 
Zakharov 1979

Shuryak 1982;  
Diakonov, Petrov 1984

←
QFT at imaginary time (“Euclidean”)



2Imaginary time

Transition to imaginary time

t

τi

Enabled by complex-analytic properties of amplitudes 
and correlation functions

Can be applied to individual amplitudes (Wick rotation) 
or entire functional integral = generating function

eiEht → e−Ehτ Time dependence = exponential decay



3Imaginary time: Correlation functions

lowest-mass hadron

⟨0 | J(τ, x) J(0,0) |0⟩ = ∑
h

⟨0 | J(τ, x) |h⟩ ⟨h | J(0,0) |0⟩

⟨0 | J(0, x) |h⟩

}

e−Ehτ

Limit :τ → ∞ = e−E0τ ⟨0 | J(0, x) |h0⟩⟨h0 | J(0, 0) |0⟩

e−E1τ+ ⟨0 | J(0, x) |h1⟩⟨h1 | J(0, 0) |0⟩ higher-mass states 
suppressed

Eh

E1

E0

+ …

e−E0τ

e−E1τ

τ

10−1

10−2

10−3

Properties of lowest-mass 
hadron states can be 
obtained from large-time 
limit of correlation functions

Practical calculations: Trade-offs

Techniques beyond lowest-mass:  
“Distillation”

Masses, couplings to currents

Lecture Dudek



4Imaginary time: Functional integral

real, positive definite!

∫ DA e−i S[A] ∫ DA e−SE[A]→

A(t, x) → A(τ, x)

}

QFT → statistical mechanics

→ Numerical simulations, Monte-Carlo methods

→ Concept of “contribution” of certain field configurations to correlation functions

→ Semiclassical methods: Saddle point approximation

Imaginary-time representation limited to calculation of static properties  
(= independent of real time), cannot be applied to real time dependent properties
Recent developments: Light-cone correlation functions



5Imaginary time: Euclidean metric

xμ = (x1, x2, x3, x4) = (x, τ) Euclidean 4-vector

xμxμ = x2
1 + x2

2 + x2
3 + x2

4 = |x |2 + τ2 Euclidean metric

same for momenta, other 4-vectors

For computation of imaginary-time correlation functions, 
QFT is formulated in 4D Euclidean space

4D rotational invariance O(4) 
No difference between “space” and “time” directions!

All Euclidean distances/vectors are space-like
Euclidean 4-vectors correspond to spacelike Minkowskian 4-vectors
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Vacuum fields: Cooled lattice QCD configurations

What are the gauge field configurations 
giving rise to non-perturbative structure 
of QCD vacuum?

Inspect lattice QCD configurations!

Usual field configurations are “rough”: 
Contain quantum fluctuations of any 
wavelength

Cooling of lattice QCD configurations 
identifies “smooth” field configurations

Strong features: Concentrations of  
action and topological charge density

Alt technique: Gradient flow = systematic “smoothing” transformation of lattice QCD configurations. 
Controlled by parameter, reversible

Fig: Chu, Grandy, Huang, Negele 1993

see e.g. Bonati, D’Elia 2014; Athenodorou et al. 2018; Alexandrou et al. 2020 

GμνGμν(x) GμνG̃μν(x)



7Vacuum fields: Nonperturbative fields

Vacuum populated by localized gauge fields
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GμνGμν(x) GμνG̃μν(x)

Typical size   ~ 0.3 fmρ̄

Typical 4D separation   ~ 1 fmR̄

 hadronic size ~ 1 fm≪

Fraction of 4D space occupied by fields:  
0.1 π2ρ̄4/R̄4 ≈

Strong fields: ∫
𝗏𝗈𝗅.𝖿𝗂𝖾𝗅𝖽

d4x GμνGμν ≈
16π2

g2
≈ 20 large action  1≫ [In this estimate: 

 at scale ]g μ = ρ̄−1

Topologically charged:
g2

16π2 ∫
𝗏𝗈𝗅.𝖿𝗂𝖾𝗅𝖽

d4x GμνG̃μν = ± g2

16π2 ∫
𝗏𝗈𝗅.𝖿𝗂𝖾𝗅𝖽

d4x GμνGμν = ± 1

topological charge action



8Vacuum fields: Interpretation

Vacuum fields observed in cooled lattice QCD configurations are  
fluctuations with local topological charge ±1

QCD instantons: Classical solutions of Yang-Mills equations with topological charge ±1
Belavin, Polyakov, Shvarts, Tyupkin 1975, ‘tHooft 1976

Important for chiral symmetry breaking: Topologically charged gauge fields induce chirality-changing 
interactions between fermions, cause chiral symmetry breaking

Physical interpretation: Tunneling processes in topological landscape of gauge theory 

Program:

Learn about topological structure of gauge theory and tunneling processes = instantons 

Construct effective description of QCD vacuum based on instanton fields using semiclassical approximation

Explain/describe dynamics of chiral symmetry breaking

Compute hadronic correlation functions and extract hadron structure



9Topological structure: Gauge fields

Space of gauge potentials has topological structure

Ai(x)
gauge tf

U−1(x) Ai(x) U(x) + ig−1U−1(x) ∂iU(x)

:U(x) R3 → SU(2) ⊂ SU(3)

Here:  gauge, fixed time A0 = 0 τ

Mapping with topological characteristics

Gauge transformation

 for U → 1 |x | → ∞

Winding number  (Chern-Simons number): How many times  covers  group  
while going over  space

NCS U SU(2)
R3

... 0 +1 +2−1−2 ...Topological sectors labeled by NCS

Quantum-mechanical motion of gauge fields extends over all topological sectors

Ai(x)



10Topological structure: Tunneling

Energy of gauge field configurations is periodic function in NCS

Energy

NCS

For every configuration  with energy , there are gauge-equivalent configurations  
with the same energy in all the  sectors

Ai E[Ai]
NCS

Minima  periodic in , separated by finite barriersE[Ai] = 0 NCS

0-1 +1 +2

… …

What is the ground state?

Analog: QM particle in periodic 1D potential

Ground state: Particle not localized in one minimum, but in periodic state involving  
coherent superposition of all minima

Tunneling: QM transitions between configurations localized in different minima



11Topological structure: Ground state

NCS

τ

0-1 +1-2 +2

Eu
cl

id
ea

n 
tim

e 
→

QCD ground state = coherent superposition 
of gauge fields in all topological sectors

Functional integral: Trajectories involve 
tunneling between topological sectors

Elementary tunneling process ΔNCS = ± 1

Described by classical trajectory (semiclassical approximation): Instanton

:A𝗂𝗇𝗌𝗍±(x, τ) A𝗂𝗇𝗌𝗍±(x, τ = − ∞) = A′￼(x)

A𝗂𝗇𝗌𝗍±(x, τ = + ∞) = A′￼′￼(x)

A′￼(x) A′￼′￼(x)
U(NCS = ± 1)



12Topological structure: Instanton

Aμ,𝗂𝗇𝗌𝗍±(x) =
i
g

ηa
μν xν

|x2 |
f ( |x |

ρ ) Explicit form of instanton gauge potential  
in covariant gauge*

Localized field. Profile function  depends on gaugeff =
1

1 + x2/ρ2
e.g.

Solution of Yang-Mills equationDab
μ Gb

μν,𝗂𝗇𝗌𝗍±(x) = 0

G̃a
μν,𝗂𝗇𝗌𝗍± = ± Ga

μν,𝗂𝗇𝗌𝗍± Field is (anti-) self-dual

g2

16π2 ∫ d4x Gμν,𝗂𝗇𝗌𝗍±(x) G̃μν,𝗂𝗇𝗌𝗍±(x) = ± 1 Topological charge    (=  in tunneling process)±1 ΔNCS

*Position of center arbitrary, field can be shifted:  ,  center coordinatex → x − z z =



13Topological structure: Summary
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τ

Euclidean time

Strong localized gauge fields in QCD vacuum with topological charge ±1

Tunneling trajectories between topological sectors with ΔNCS = ± 1

Instantons — localized Classical solutions of Yang-Mills equations with topological charge , 
entangle space-time and color/spin dependence

±1



14Instantons: Fermion interactions

L L

R R

L

L

R

R

+

Perturbative QCD interactions conserve chirality

Reminder: Chiral components  
of quark fields (handedness)ψL,R =

1 ± γ5

2
ψ

Interaction with instanton field changes chirality

Instanton field entangles spin and color DoF, 
interaction rotates quark spin from  to L R

Formal: Zero-virtuality mode of fermion field 
in instanton background

Flavor structure

Determinant in quark flavor indices

𝖽𝖾𝗍𝖿𝗅𝖺𝗏 ψ̄R(x) ψL(x)

= ūRuLd̄RdR − ūRdLd̄RuR

 form factor with spatial range  
    (size of instanton field)
× ρ

For antiinstanton: + → − , L ↔ R

average over 
color orientation

‘tHooft 1976

Multifermion interaction, involves all light  
flavors at the same time

u

d



15Instantons: Nonperturbative effects

−
+

Single instantons cause nonperturbative effects in correlation functions

Strong attractive interactions in channels scalar ,  pseudoscalar Γ = 1 = 0+ Γ = iγ5 = 0−

+
Γ Γ

=

distance x

Relevant at distances 0.3 fm|x | ∼ ρ−1 ∼

Direct evidence for instantons in LQCD correlation function

0.3 fmρ ∼

→ Sets quantitative limit for applicability of perturbation theory in correlation functions



16Instantons: Nonperturbative effects

pseudoscalar vector note 
different 
scale!

ρ−1

Lattice QCD results for correlation function ratio
Π(x) [full]
Π(x) [pert]

Pseudoscalar: Ratio becomes  1 for 0.3 fm due to direct instanton effect≫ x >

Vector: Ratio remains  1 up to 1 fm, no direct instanton effect∼ x ∼

Results and figures: 
Chu, Grandy, Huang, Negele 1993



17Instantons: Chiral symmetry breaking

Finite density of instantons in vacuum 
causes chiral symmetry breaking

R

.
.
.

.
.
.

LL −

+

+

−

Quarks propagating in vacuum experience 
chirality flips   at constant rateL → R → L → . . .

Relevant at distances  1 fm 
= separation of instantons in vacuum

∼

Equivalent to having dynamical mass M ≠ 0

Vacuum condensate ⟨0 | ψ̄ ψ |0⟩ ≠ 0



18Instanton vacuum: Program

• Abstract from lattice QCD results

• Construct effective description of QCD vacuum based on topological fields  
= instantons

• Compute chiral symmetry breaking and hadronic correlation functions

• Use smallness of instanton density in 4D space  1 
for systematic approximation: Parametric expansion

(π2ρ̄4/R̄4) ≪

• Use framework of variational approximation to Yang-Mills partition function:  
Self-consistent, gauge/ansatz dependence contained in “choice of trial function”



19Instanton vacuum: Integration over modes

Separate modes

:k > ρ̄−1 Integrate perturbatively:  
Renormalization, ρ̄−2 ≫ Λ2

QCD

:k < ρ̄−1 Integrate nonperturbatively:  
Instantons + massive fermions

Integrate over modes

∫ [DA]𝗅𝗈𝗐 ∫ [DA]𝗁𝗂𝗀𝗁 exp(−S𝖸𝖬) [× fermions] . . .

A(x) =
N+

∑
I

A+(x |zI, ρI, OI) +
N−

∑̄
I

A−(x |zĪ, ρĪ, OĪ) superposition of instantons and  
antiinstantons (in singular gauge)

∫ [DA]𝗅𝗈𝗐 → ∫
N±

∏
I,Ī

dzI dρI dOI d0(ρI) . . . integration over instanton collective coordinates: 
position size , color orientation z, ρ O

weight resulting from high-momentum integration [‘tHooft 1976]

Nonperturbative:
Instantons, ChSB

Perturbative

k

l< 0.6 GeV~<1

}



20Instanton vacuum: Instanton ensemble

Stable system emerges due to instanton interactions

Different implementations: Variational principle, 
numerical simulations 

System reproduces small instanton density  
0.1 observed in LQCD: 

Approximations are self-consistent
π2ρ̄4/R̄4 ≈

All dynamical scales “emerge” from  in  
renormalized QCD coupling

ΛQCD

No dynamical scales injected by approximations!

~ 1 fm
−

−

R

ρ

4
V Euclidean

~ 0.3 fm

ab

z

l

O

Z𝗂𝗇𝗌𝗍 = ∫
N±

∏
I,Ī

dzI dρI dOI d𝖾𝖿𝖿(ρI)

+ −

+−
Effective instanton size distribution  
with average size 0.3 fmρ̄ ∼

Robust solutions, do not depend on details

Diakonov, Petrov 1984; Shuryak 1988+

Approximations reduce QFT to statistical ensemble



21Instanton vacuum: Chiral symmetry breaking

Dynamical quark mass M

0.3-0.4 GeV  — “constituent quark” massM ∼

Chiral symmetry breaking connected with  
dynamical mass generation

R

.
.
.

.
.
.

LL −

+

+

−

Quarks in instanton ensemble experience 
multi-fermion interactions

Ground state of interacting system exhibits ChSB

Can be determined using various methods:  
Green function, functional integral — bosonization

Vacuum condensate ⟨0 | ψ̄ ψ |0⟩ ≠ 0

0  for momenta 0.6 GeVM → k ≳ ρ̄−1 ∼
M(k)

k0 ρ̄−1



22Instanton vacuum: Meson correlation functions

Pseudoscalar correlation functions
...

...

Γ = iγ5

Strong effect from direct instantons

Isovector:  massless   
 chiral symmetry breaking

π M2
π = 0 + 𝒪(mu,d)

↔

Isoscalar :   massiveu, d, s η′￼

Vector correlation functions Γ = γμ

No direct instantons

 meson mass  ,  
weakly bound
ρ Mρ ≈ 2M

Explains/predicts many structures: Meson couplings, form factors, …

Pion decay constant  predicted Fπ
=

.
.
.

...

.
.
.



23Instanton vacuum: Pion structure

Example: Pion scalar gluon form factor

Good agreement with LQCD results
χQCD Collab: B. Wang et al., Phys.Rev.D 109 (2024) 094504; see also Hackett et al. 2023

⟨π(p′￼) |g2G2
μν(0) |π(p)⟩

Liu, Shuryak, Weiss, Zahed, PRD 110, 054021 (2024)
Extracted from 3-point correlation function in instanton vacuum

Describes response of pion state to change of local scalar gluon field 

= −
32π2

b
(2M2

π) Gπ(Q2)



24Instanton vacuum: Pion structure

QCD energy- 
momentum tensor

Liu, Shuryak, Weiss, Zahed, PRD 110, 054021 (2024)

Pion mass decomposition predicted by instanton vacuum

Mπ −
b

32π2

⟨π |g2G2 |π⟩
2Mπ

⟨π |mqψ̄ ψ |π⟩
2Mπ

= +
⟨π |Tμ

μ |π⟩
2Mπ

=

Gluon fields 
(trace anomaly)

Quark fields and mass 
(sigma term)

} }
Mπ

2
Mπ

2
±𝒪(mq)

Here: Forward  
matrix element 
p′￼= p

Pion mass arises in equal parts from gluon fields and quark fields

Gluon field contribution to pion mass = change of vacuum gluon condensate in pion state

Instanton vacuum: Fluctuations of instanton density — “topological compressibility” of QCD vacuum



25Instanton vacuum: Baryon correlation functions

Attraction in qq channel — “diquark”

Large-  limit: Mean-field pictureNc

...

3q, 5q, 7q… components: 
Needs systematic treatment

.

.

.  quarksNc

classical meson field

Stationary state at finite Euclidean times

Quarks move independently in single-particle orbits 
  quark model picture of baryons↔

Classical meson field develops: Vacuum “deformed" 
by presence of valence quarks  soliton picture ↔

Particular realization of the general “mean field picture”  
of baryons in large-  limit of QCDNc

Systematic calculation of baryon observables: 
 expansion1/Nc



26Instanton vacuum: Nucleon structure

3-point functions include disconnected quark diagrams…  
connected by meson field

Example: Axial and vector and current matrix elements  
for SU(2) flavor
[Review: Christov et al 1995. Many more results: Sigma term, , SU(3), …]N → Δ

Figure 9: Electric (left) and magnetic (right) form factors of the nucleon as functions of Q2 for
three different values of M : 370 (dashed line), 420 (solid line) and 450 (dash-dotted line) MeV in
the SU(2)-NJL model (Christov et al., 1995). The experimental data in the case of the electric form
factor are from (Höhler et al., 1976) for the proton and from (Platchkov et al., 1990, Eden et al., 1994,
Meyerhoff et al., 1994) for the neutron. For the magnetic form factors they are from (Höhler et al.,
1976, Bruins et al., 1995). The theoretical magnetic form factors are normalized to the experimental
values of the magnetic moments.

49

Figure 12: Axial form factor in the SU(2) NJL model (Watabe et al., 1995b) in leading (lower curves)
and next to leading order (upper curves) in angular velocity in comparison with the experimental
data (Baker et al., 1981, Kitagaki et al., 1983).

and 440 MeV. The main contribution to the axial form factor in the leading as well as in the next
to leading order in angular velocity comes from the valence quarks and the Dirac sea contribution is
almost negligible. As for the other nucleon properties a value for constituent mass around 420 MeV
is preferred. For this mass value the theoretical curve agrees well with the experimental data without
any scaling. On fig.12 we also show the leading order results (Meissner Th. and Goeke, 1992). As
can be seen the two groups of curves differ in both magnitude and slope. The dipole masses (see
table 3) for the axial form factors, calculated in leading order, are slightly larger.

The axial charge radius calculated as

〈r2〉A = −
6

GA(0)

dGA(Q2)

dQ2

∣∣∣∣∣
Q2=0

=
1

GA(0)

∫
r4dr [A0(r) +

2

5
A2(r)] +

3

4M2
N

. (234)

is presented in Table 3 together with the values from the dipole fit (in brackets) in comparison with
the estimate from the experimental dipole fit. As can be seen the numbers directly calculated from
the corresponding densities A0 and A2 are very close to those of the dipole fit which is an indication
that even at small q2 the dipole fit is a good approximation to the theoretical curves.

The axial-vector coupling constant is given by

gA = GA(0) = 2
∫
d3x < N |A3

3(x)|N > . (235)

which means that only the density A0 contributes (230). The strong underestimation of gA in most
of the chiral models of nucleon is a problem which have attracted a lot of attention and theoretical
efforts in both the Skyrme-like models (see Holzwarth, 1994 and references therein) and the NJL
model (Wakamatsu and Watabe, 1993, Blotz et al., 1993c, Christov et al., 1994, 1995a,b, Wakamatsu
1995, Schechter and Weigel, 1995). Wakamatsu and Watabe (1993) made an important observation

56

LO 1/Nc

NLO 1/Nc

Systematic  expansion1/Nc

.

.

.

.

.

.Nc



27Instanton vacuum: Nucleon structure

RHIC  production data 
with effect of  

W±

Δū − Δd̄
Large polarized flavor asymmetry 

 predicted (  expansion)Δū − Δd̄ 1/Nc
[Adamczyk et al (STAR) 2014+, Adare et al. (PHENIX) 2016+] [Diakonov, Petrov, Pobylitsa, Polyakov, Weiss, 1996]

-0.5

0

-2 -1 0 1

AL

η

Star W+

0

0.5

-2 -1 0 1

AL

η

Star W−

with Δū − Δd̄
with zero

with Δū − Δd̄
with zero

0

0.05

0.1

0.01 0.1 1

x(Δū − Δd̄)

−x(Δū + Δd̄)

Scale μ = ρ̄−1

x

Nucleon’s antiquark content , exhibits rich spin-flavor dependence𝒪(1)

Quark/antiquark PDFs/GPDs computed in instanton vacuum



28Instanton vacuum: Summary

Mesons:  —  qualitative differences,  mass, meson structure   instantonsπ ρ η′￼ ↔

Effective description of QCD vacuum based on instantons describes chiral symmetry breaking 
and basic features of light hadron structure

Baryons: Mean-field picture at large , systematic treatment of antiquark content, many predictionsNc

Current research directions

Partonic structure of baryons: PDFs, GPDs, gluonic structure, chiral-odd quark distributions (transversity), 
 transition GPDs, higher-twist quark-gluon correlationsN → Δ

Mechanical properties of hadrons: Hadron form factors of QCD energy-momentum tensor,  
hadron mass decomposition, connection with vacuum structure, interpretation

Heavy quarkonia: NRQCD effective theory, heavy-quark potential from vacuum fields, 
exotic states

Beyond instantons: Broader view of tunneling processes in topological landscape, instanton-
antiinstanton molecules, finite-energy tunneling, effect on hadron structure Shuryak, Zahed, Liu  2023+

J-Y Kim, Weiss + collaborators

Shuryak, Zahed 2023+



29Instanton vacuum: Summary

Mesons:  —  qualitative differences,  mass, meson structure   instantonsπ ρ η′￼ ↔

Effective description of QCD vacuum based on instantons describes chiral symmetry breaking 
and basic features of light hadron structure

Baryons: Mean-field picture at large , systematic treatment of antiquark content, many predictionsNc

Current research directions

Partonic structure of baryons: PDFs, GPDs, gluonic structure, chiral-odd quark distributions (transversity), 
 transition GPDs, higher-twist quark-gluon correlationsN → Δ

Mechanical properties of hadrons: Hadron form factors of QCD energy-momentum tensor,  
hadron mass decomposition, connection with vacuum structure, interpretation

Heavy quarkonia: NRQCD effective theory, heavy-quark potential from vacuum fields, 
exotic states

Beyond instantons: Broader view of tunneling processes in topological landscape, instanton-
antiinstanton molecules, finite-energy tunneling, effect on hadron structure Shuryak, Zahed, Liu  2023+

J-Y Kim, Weiss + collaborators

Shuryak, Zahed 2023+
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Correlation functions of composite operators: Basic objects, connect QCD — hadron spectrum/structure

Dynamics changes with distance: pQCD at short distances (< 0.1 fm), nonperturbative vacuum 
fields at larger distances

Methods for including nonperturbative vacuum fields

Operator product expansion with vacuum condensates (“QCD sum rules”): 
Systematic, but effective only in certain channels

Semiclassical description of topological fluctuations of gauge fields (“Instanton vacuum”): 
Variational approximation, self-consistent, describes ChSB and resulting spin-flavor dynamics

Analytic methods complementary to lattice QCD: Use LQCD input, validate results with LQCD, 
perform efficient computations in domains presently not accessible to LQCD

Many similarities/commonalities with condensed matter physics: Complex ground state, 
low-energy excitations conditioned by structure of ground state - symmetry breaking, scales

Much there to be explored/developed!
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