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Introduction

Lots of research on finding individual partonic contribution to the proton spin
(Spin sum rule).

y
Spatial distribution of angular momentum (AM) has been relatively underexplored.y

Even less known: spatial distribution of transverse component of angular
momentum.
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Challenge with the transverse AM

~J = ~L + ~S = ~R × ~P + ~S
[J⊥,K z] 6= 0 =⇒ frame-dependent effects

Let 1
2~s be a rest frame spin-vector

Longitudinal spin sum rule

〈JL
a〉 =

1
2

sL a = q, g

Transverse spin sum rule

〈JT
a 〉 =

1
2

sT B.L.G Bakker, et al.,PRD 70, 114001 (2004)

〈JT
a 〉 = γ

1
2

sT X .Ji,F .Yuan,PLB 810, 135786 (2020)

〈JT
a 〉 = γ−1 1

2
sT C.Lorce,EPJC 81 (5) (2021)413.

where γ = p0/M
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Why this contradiction - Answer lies in the Pivot

RµE =
1

P0

∫
d3r rµT00(r)

RµM = Center of energy in the rest frame of system

Rµc =
P0RµE + MRµM

P0 + M

Pz

y
Sx

C. Lorce, EPJC 81 (5) (2021) 413.
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Densities in position space (Spatial distribution)

〈Li〉(x) = εijkx j
∫ d3∆

(2π)3 ei∆.x〈T0k〉 (Phase space formalism)

where 〈Tµν〉 = 〈p′, s |Tµν(0)| p, s〉
2P0 ,∆ = p′ − p and P =

p′ + p
2

.

i ∂
∂∆

ei∆.x = i ∂
∂∆

(
ei P.∆

P0 x0
e−i∆.x

)
=

(
x −

P
P0 x0

)
ei∆.x (On-shell condition P.∆ = 0)

〈Li〉(x) = εijk
∫ d3∆

(2π)3

[
i ∂
∂∆

ei∆.x
]
〈T0k〉+ εijk

∫ d3∆

(2π)3 x0 P
P0 ei∆.x〈T0k〉

= εijk
∫ d3∆

(2π)3 ei∆.x

−i ∂〈T
0k〉

∂∆
+

x0

2
P
P0 〈T

0k〉︸ ︷︷ ︸
Time dependent

 −→ Lack probabilistic interpretation

In Breit frame i.e. P = 0,

〈Li〉(x) = −iεijk
∫ d3∆

(2π)3 e−i∆.x ∂
〈
T0k〉
∂∆j
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Elastic frame

P.∆ = 0 =⇒ ∆0 = P.∆
P0

y
Apart from taking P = 0, there is another optiony

Elastic frame −→ P.∆ = 0y
Momentum transfer is confined to the transverse planey

Access to only 2D distribution but benefit of interpolation between Briet frame and infinite
momentum frame
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Elastic frame

〈Li〉(x) = εijk
∫ d3∆

(2π)3 ei∆.x
[
−i ∂〈T

0k〉
∂∆

+
x0

2
P
P0 〈T

0k〉
]

Integrating over z-coordinate

Spatial distribution of OAM in elastic frame

〈L⊥〉(b⊥,Pz) = ε⊥jk
∫ d2∆

(2π)2 e−i∆⊥.b⊥

[
−i ∂〈T

0k〉
∂∆j

]
∆z=0

where ⊥= 1, 2

C. Lorce, et al., PLB 776 (2018).
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Parametrizations
Spin-0 energy momentum tensor

M[T̂µνa ] = 2PµPνAa +
∆µ∆ν − gµν∆2

2
Da + 2M2gµν C̄a,

Spin-1/2 Energy momentum tensor

Ms′s[T̂
µν
a ] = ū′

[
PµPν

M
Aa +

∆µ∆ν − gµν∆2

4M
Da + Mgµν C̄a

+
iP{µσν}ρ∆ρ

2M
Ja −

iP[µσν]ρ∆ρ

2M
Sa

]
u,

where a{µbν} = aµbν + aνbµ, a[µbν] = aµbν − aνbµ and Ms′s[Ô] = 〈p′, s′|Ô(0)|p, s〉

Generalized intrinsic spin tensor

Ms′s[Ŝ
µαβ
q ] =

1
2
εµαβλū′

[
γλγ5Gq

A +
∆λγ5
2M

Gq
P

]
u.
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AM spatial distributions for spin-0 target

Spin-0

J i
⊥,a

(
b⊥,Pz) =

∫
drz Li

⊥,a
(
r,Pz)

=

∫ d2∆⊥

(2π)2 e−i∆⊥·b⊥ iεij⊥
√
τ X j

1

[
4MPz d

dt
Aa +

MPz

2
(
P0)2 Da

]
t=−∆2

⊥

where X i
1 = ∆i

⊥/ |∆⊥| denotes that the contribution is dipole type
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AM spatial distributions for spin-0 target
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AM spatial distributions for spin-0 target
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AM spatial distributions for spin-1/2 target

Spin-1/2

Li
⊥,a

(
b⊥,Pz; s′, s

)
=

∫
drz Li

⊥,a
(
r,Pz; s′, s

)
=

∫ d2∆⊥

(2π)2 e−i∆⊥·b⊥

[
δs′s iεij⊥

√
τ X j

1L̃U
1,a (t)

+ (σ⊥)i
s′s X0L̃T

0,a (t) + (σ⊥)
j
s′s τ X ij

2 L̃T
2,a (t)

]
t=−∆2

⊥

where X0 = 1 denotes monopole,

X i
1 = ∆i

⊥/ |∆⊥| denote dipole,

X ij
2 = ∆i

⊥∆
j
⊥/ |∆⊥|2 − δ

ij
⊥/2 denotes quadrupole

13



Spin-1/2 unpolarized target
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Spin-1/2 unpolarized target
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Spin-1/2 unpolarized target
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Spin-1/2 transversely polarized target
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Spin-1/2 transversely polarized target
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Spin-1/2 transversely polarized target
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Conclusion
Spatial distributions of angular momentum provide richer picture of hadron spin.

Phase space formalism can be used to study them in elastic (or any) frame.

Even spin-0 targets have a non-trivial transverse angular momentum distribution.

Spin-1/2 targets have very complicated transverse angular momentum distribution
consisting of monopole, dipole and quadrupole contributions.

Transverse spin sum rule is verified.

Future Goals:
Study in detail the effect of pivot on the distributions.
Study the distributions in light front frame and infinite momentum frame and connect
all the pictures.
Create a complete and coherent map of transverse AM distributions in position
space.
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Form factors and spatial distribution
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Quantum phase space formalism

〈O〉 =
∫ d3p

(2π)3 d3R ρψ( ~R,~p)〈O〉 ~R,~p

ρψ( ~R,~p) =
∫

d3z e−i~p.~zψ∗
(
~R −

~z
2

)
ψ(~R +

~z
2
) Phase space density

〈O〉 ~R,~p =

∫ d3∆

(2π)3 ei~∆. ~R 〈p + ∆
2 |O| p − ∆

2 〉√
4(p0)2 − (∆0)2

System localized in phase space

〈
∫

d3r r i O(r)〉 ~R,~p = Ri 〈p|O(0)|p〉
2p0 +

1
2p0

[
−i ∂

∂∆i

〈
p +

∆

2
|O| p −

∆

2

〉]
~∆=~0

20



OAM multipole amplitudes

L̃U
1,a =

d
dt

[
4MPz [P0 + M (1 + τ)

]
P0 + M

Aa

]

+
MPz [P0 + M (1 + τ)

]
2
(
P0)2 (P0 + M

) Da −
MPz

2P0 (P0 + M
)La

+
d
dt

[
tPz

(
La

P0 + M
+

Ja + Sa
P0

)]
,

L̃T
0,a = −

d
dt

[
(Pz)2

2M
(
P0 + M

) tAa

]
−

(Pz)2

16M
(
P0)2 (P0 + M

) tDa

+
M

[
P0 + M (1 + τ)

]
2P0 (P0 + M

) La +
1
2

d
dt

[tLa]

+
d
dt

[
t (Pz)2

2M

(
La

P0 + M
+

Ja + Sa
P0

)]
,

L̃T
2,a = −

d
dt

[
4M (Pz)2

P0 + M
Aa

]
−

M (Pz)2

2
(
P0)2 (P0 + M

)Da + 4M2 d
dt

La

+
d
dt

[
4M

(
Pz)2

(
La

P0 + M
+

Ja + Sa
P0

)]
.
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Intrinsic spin multipole amplitudes

S̃U
1,a = −

MPz

P0 (P0 + M
)Sa,

S̃T
0,a =

(
P0 + M

)2 − (Pz)2

2P0 (P0 + M
) Sa +

t
16MP0 Ga

P ,

S̃T
2,a = −

M2

P0 (P0 + M
)Sa −

M
2P0 Ga

P

22



Interpretation of spin-0 AM distribution
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Transverse spin sum rule

The transverse OAM and intrinsic spin distributions are normalized as
Li
⊥(Pz; s′, s) :=

∫
d2b⊥ Li

⊥
(
b⊥,Pz; s′, s

)
= (σ⊥)i

s′s

[
−

(Pz)2

2M (EP + M)
A(0) + EP

M
J(0)− M

EP
S(0)

]
, (1)

Si
⊥(Pz; s′, s) :=

∫
d2b⊥ Si

⊥
(
b⊥,Pz; s′, s

)
= (σ⊥)i

s′s
M
EP

S(0), (2)

with EP = P0|t=0 =

√
(Pz)2 + M2. Combining Eqs. (1) and (2), we obtain the transverse

spin sum rule for a spin-1/2 target

J i
⊥(Pz; s′, s) = Li

⊥(Pz; s′, s) + Si
⊥(Pz; s′, s) =

(σ⊥)i
s′s

2
, (3)
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Figure: Map of all the parton distributions
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