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producing meson resonances

113

some exam ple processes.

peripheral meson
hadroproduction

B,D,

e.g. LHCb

heavy flavour decays

p—O—N
e.g. COMPASS

two photon fusion e*e” annihilation

e+ e+ T[,K,p
e_: : E
e.g. BES Il
o=
e.g. Belle
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peripheral meson
photoproduction

e.g. GlueX

central production

pp annihilation

=5

e.g. Crystal Barrel

e.g. WA102

many decades of accumulated data ...
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‘straightforward’ coupled-channel resonances 114

same ‘bump’ appears in multiple different processes

™ Pb —mpPb COMPASS

VY TN Belle
= KK p CERN SPS
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‘straightforward’ coupled-channel resonances 115

same ‘bump’ appears in multiple different processes ...

az(1320)
] n K
- T T T _
: T |
E m K
5 —n

= Pb

R
©

.
OE

Pb p

... due to same a; resonance

: pdg summary entry

- |a2(1320)| 1I6(UPCy =1—(2t )

Mass m = 1318.31'8:2 MeV
Full width ' = 107 £ 5 MeV

a9(1320) DECAY MODES Fraction (I';/T)
37 70.1 £2.7 ) %
™ Pb —mpPb COMPASS (7 (145 £12)% |

W (10.6 £3.2 )%

Il Belle KK (49 £08 )%

m — KKp CERN SPS n'(958) 7 (5.5 £0.9 )x 1073
wty ( 2.91+0.27) x 103
Yy (9.4 £0.7 ) x 10_?
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the experimental excited meson spectrum

116

pdg meson listings
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coupled-channel scattering 117

evolution from scattering ‘in’ state to scattering ‘out’ state given by S-matrix elements  S;; = (out, i | in, j)

74 S?T?T T S 573
e.g. in coupled rrrt, KK scattering S = ( ’ W,KK>
SKKW SKKK?
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coupled-channel scattering 117

evolution from scattering ‘in’ state to scattering ‘out’ state given by S-matrix elements  S;; = (out, i | in, j)

74 S?T?T T S 573
e.g. in coupled rrrt, KK scattering S = ( ’ W,KK>
SKKW SKKK?

: : ) : B : L : : - (©)
more convenient to work with t-matrix S=1+2i\/p-t-/p typically in partial-waves tii (E)

N(N + 1) complex numbers at each energy?

N

in time-reversal invariant theories, t is symmetric =
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coupled-channel scattering 117

evolution from scattering ‘in’ state to scattering ‘out’ state given by S-matrix elements  S;; = (out, i | in, j)

74 S7T7r T S 573
e.g. in coupled rrrt, KK scattering S = (S ’ SW,KK>
KK,mm KK, KK

: : ) : B : . : : - (©)
more convenient to work with t-matrix S=1+2i\/p-t-/p typically in partial-waves ti; (F)

N(N + 1) complex numbers at each energy?

N

in time-reversal invariant theories, t is symmetric =

conservation of probability, a.k.a. unitarity is an important constraint
<STS)ij — Z <in,i ’ out, k><out, k ‘ in,j> = 04,

R * . sum over channels
Im¢;; Z Lik Pl Tk kinematically open k
1= Z ‘ out, /<;><out, k ‘
k

or [ Im (t_l(E))ij = —6;; pi(E) O(E — E™)

= = N(N + 1) real numbers at each energy
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i, KR, nn S-wave scattering 118

2
pip;|tij
T I 1 T 1 1 T T L — T ] ) | ]
It T
?

experimentally
. quite difficult to fill out
the whole matrix
) nmrn KK nn
HE B m\ T
t = O O] KK
_ U/ nn

> KK
> nn
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coupled-channel scattering — a simple resonance model 119

Flatté form — coupled-channel generalisation of Breit-Wigner my = 300 MeV
mk = 500 MeV
9: 9;
— B2 —ig{ p1 — g3 po

tij(E) =

2
pips [tis]

05 | KK— KK
04 |
03 |
02
0.1
T— 1 nn— KK

0 |
600 800 1000 1200 1400 1600

m = 1182 MeV

gnn = 296 MeV
gkk = 592 MeV
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coupled-channel scattering — a simple resonance model 119

Flatté form — coupled-channel generalisation of Breit-Wigner my = 300 MeV
mk = 500 MeV
9i 9;

ti;(E) = , .
i(2) — E? —igi p1 — ig3 po

PipPj ’tij ’2
05 | KK— KK

04 -

0.2 |

0.1 |-

M— nn— KK
0 I

600 800 1000 1200 1400 1600 threshold

cusp

m = 1182 MeV

I = 296 MeV
gkk = 592 MeV
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coupled-channel scattering — a simple resonance model 119

Flatté form — coupled-channel generalisation of Breit-Wigner

9i 9
tij(E) = 3

Pip; ’tij !2
05 |}

04 -
03 |-
02 |-
0.1 |

[ [l V]
0 ]

— E? —igi p1 — 193 po

KK— KK

nn— KK

600 800 1000 1200

m = 1182 MeV

gnn = 296 MeV
gkk = 592 MeV
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1400

1600

threshold

mz = 300 MeV
mg = 500 MeV

‘phase-shifts’

n 02101 i/1 — 772 et(61+62)

S - ('Wel(él—i—ég) 77627;62 )
180 5KI_<
135

9
0o

57'('7'('

| | | | |
600 800 1000 1200 1400 1600

| 1
075k
Mosok

0251
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coupled-channel scattering in a finite-volume 120

the quantization condition generalizes to 0 = det [1 —+ ip -t - (1 -+ ZM)]
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coupled-channel scattering in a finite-volume

120

the quantization condition generalizes to

e.g.inAitirrep (€=0, 4 ..)

0 0
/(%3 ’%ﬁ) 0
t12 t22

0=det[1+ip-t-(1+iM)]

4 4
Sl (BB
t12 t22

dense in channel space
— infinite-volume dynamics mixes channels

, ) diagonal in angular momentum space

— ¢ good q.n. in infinite-volume
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coupled-channel scattering in a finite-volume 120

the quantization condition generalizes to 0 = det [1 —+ ip -t - (1 -+ ZM)]

e.g.inAitirrep (€=0, 4 ..)

£(0) ,(0) \
t%&) ﬁ) 0 e dense in channel space
12 722 @ — infinite-volume dynamics mixes channels
t = 0 ti1 1ty
HCONCY
12 “22 . .
\ : : . ) diagonal in angular momentum space

— ¢ good q.n. in infinite-volume

Af Ay
[ (Mg (k1) 0 Mg (k1) 0 \ diagonal in channel space
0 M (ko) 0 M (ko) — no dynamics in M
+ +
M = (Mz:‘ol (k) 0 ) (M:Itf (k1) 0 ) et :
A A e ense in angular momentum
0 Mg (k2) 0 M (k2) — cubic symmetry lives here

k1 =

DN —

\/E2 — 4m%

ky = 34/ E? — 4m3
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coupled-channel scattering in a finite-volume 121

the quantization condition generalizes to 0 = det [1 —+ ip -t - (1 -+ ZM)]

can also be expressed as 0 =det [t~ +ip— M - p)]

which exposes the role of unitarity Im (¢t~ '(E)).. = —d;; p:(E) O(E — Ethr)

Y]

the quantization condition is a single real condition:

the zeroes E=En(L) of the function det [1 +ip(E)-t(E) - (1 +iM(E,L))]

correspond to the spectrum in an LxLxL volume
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zeroes of the determinant 122

, ] , B . — my = 300 MeV
e.g. previously presented two-channel Flatte form — [000] A+* irrep in L=2.4 fm box M = 500 MeV
det |1 +p(E)-t(E) - (1 +:M(E,L
[1+ip(E) 4(B) (1 iMED)] PN
& ' &
QQ\ '\\Q\
& A

§ Re[det]

":6 - y E / MeV

E % % %,

| Im[det]

numerical root-finding exercise in practice
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zeroes of the determinant 123

[=2.4 fm

1600 o

1400 | )
1200} °

1000 | :
800 |
600 } :
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zeroes of the determinant 124




finite-volume spectrum 125

1600
1400

1200 “tes ikt ~--==. Flatté mass
=== KK non-interacting

\ i non-interacting

300 [~

600 b
| | | | | |

1.5 20 25 30 35 40

L/fm
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finite-volume approach 126

0=det[1+ip-t-(1L+iM)]

2
Pipj‘tij‘
_ (@)
05 | KK— KK
(@)
04 |
03 | (@)
02 | O
0.1 | o
T — T nn— KK
0 I
600 800 1000 1200 1400 1600
O
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finite-volume approach 127

0=det[1+ip-t-(1L+iM)]

2
Pipj‘tij‘
_ (@)
05 | KK— KK
(@)
04 |
03 | (@)
02 | O
0.1 | o
— 1 nn— KK
0 I
600 800 1000 1200 1400 1600
O

but in a lattice QCD calculation
we have the inverse problem ... ? J
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finite-volume approach 128

position of each energy level depends upon all elements of the t-matrix

0 Ba(L) = f(L; tr(En), tra(En), taa(Ey) )

0=det[1+ip-t-(1+iM)]| T -

is one equation in three unknowns ...
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parameterizing the t-matrix 129

a solution is to propose that different energies are not unrelated — parameterize t(E; {ai})

then can use many energy levels to constrain the parameters by minimising a x>

({ai}) = 3 (B — B (Ls i) Co b (Bl — B (15 {ai}))

n,n’ . energy levels solving
inverse . .
data 0 = det [1—|—zp-t-(1+zM)]
covariance for t(E; {ai}>
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parameterizing the t-matrix 129

a solution is to propose that different energies are not unrelated — parameterize t(E; {a,,-})

then can use many energy levels to constrain the parameters by minimising a x>

({ai}) = 3 (B — B (Ls i) Co b (Bl — B (15 {ai}))

n,n’ . energy levels solving
e 0=det[L+ip-t-(1+iM)]
covariance for t(E; {ai}>
lat. par. lat. par. lat. par.
© o
) — /] O
@)
) /D O /] O
© o
) ) D O
) — /] O
O O
@)
@) /] O
»  decreasing X’
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parameterizing the t-matrix 130

a solution is to propose that different energies are not unrelated — parameterize t(E; {ai})

need to ensure multi-channel unitarity Im (¢~ '(E)).. = —d;; pi(E) O(E — E™)

Y]

— K-matrix approach

t '(E)=K '(F) +I(F) with  Im (I(E)).. = —d;; pi(E)

1]
simplest choice has ReI(F) =0

a more sophisticated approach =
“Chew-Mandelstam” phase-space

K(E) should be a real symmetric matrix for reasons you’ll see later,
better to parameterize in terms of s = E2

e.g. K;j = mg;”cf - gives the Flatté form
WILLIAM & MARY lattice QCD and the hadron spectrum | Jun 2025 | HUGS J ff/?son Lab
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Chew-Mandelstam phase space

131

(subtracted) dispersion of the phase-space I(s) = I(sg) — ° ;SO
in the equal mass case evaluates to
166) = 1(am?) — 2 og | 1225~ i)
A
- —Re I(s)
T s=0 A2 > 5
—1 == Im I(s)

notice the smooth behavior below threshold
& absence of a singularity at s=0

= p(s’)
thfls (s" — s0)(s" — )

equivalent to the scalar loop integral

T,

D K?=s
d*p 1 1

(2m)* p2 —m?2 +ie (K —p)2 —m? + ie

K—p

1672

[ regularization — subtraction ]
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i, KR, nn S-wave scattering 132

2
pip;|tij
A N B

, T
> KK
> nn

explore this non-trivial system ...
... at a higher quark mass ...
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i, KK, nn scattering with m;~391 MeV

133

PRD 97 054513 (2018)

[000] A+ 243

atE
024
]
022 |- E
1 E
0.20 | £
0.18 |- ==
= =
)
Gl
0.16 |- —
t B
=
0.14 |- N
=
ey
0.12 | CINE
3'"

0.10 ats mp=0.069
ar mg=0.097
ar mp=0.104

WILLIAM & MARY

operator basis

=
=

77;F¢’uﬁ+dci

‘N
=™
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i, KK, nn scattering with m;~391 MeV

PRD 97 054513 (2018)

134

0.24

0.22

0.20

(000] AT [100] 4,  [110] A,

0.18

0.16

0.14

0.12

0.10

WILLIAM & MARY

what t-matrix gives these spectra ?

lattice QCD and the hadron spectrum | Jun 2025 | HUGS
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i, KK, nn scattering with mp~391 MeV R TYTTERTTeralEL

not obvious what amplitude parameterization likely to describe the spectra well — try many ...
a+bs c+ds e
eg. Kl(s)=[c+ds f g
e g h

{a..h} are free parameters , ,
best fit to lattice spectra

[000] A [100]A; [110]A;  [111]A;  [200] A
0.24& o= [

m |G i A 2N
022 | % 5 ki i g ! % § ]%t; { - N\ %‘ %
ozogﬁ? L = %’ """""" ni‘ """ §§E
EI O
0.18-} L ! % 5 | Tt N
016~ -

0.14 | i i i i f
"""""""" % %ii ni% i

= % N m] Eﬂ
0.2L T L i i 1,
LS I
010 — 1 | | — 1 | | — 1 | | — 1 | | — 1 | |
I(s) = _P(S) log [P(S) — 1] 16 20 24 16 20 24 16 20 24 16 20 24 16 20 24
0 p(s) +1 ¢ Mo
Naot  57—8
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nirt, KK, nn scattering with mz~391 MeV SRD 97 054513 (207811136
a+bs c+ds e
eg. Kl(s)=[c+ds f g
e g h
{a..h} are free parameters .
S-wave amplitudes
2
pip; [tij
0.8}
0.6 T — T
0.2 mr — KK
| ] ] O ] e ] ] a’t Ecm
0.14 0.16 0.18 020 022 0.24
0.2 nm — KK
L I I o—l o——== P n — T

0.14 0.6 018 020 022 024 1177
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i, KK, nn scattering with m;~391 MeV

PRD 97 054513 (2018) 137

not obvious what amplitude parameterization likely to describe the spectra well — try many ...

K-1 as matrix of polynomials,
K as matrix of polynomials,
K as pole plus matrix of polynomials,

simple versus Chew-Mandelstam phase-space ...

keep choices that can describe
spectra with good X

variation with parameterization

2
pip; [tij
0.8}
T —r T
KK - KK
T — KK

| g, Eom
014 016 018 020 0.22 024 t

o o o @ ©o o oo c ©oo o ooo
© (-] o o (-] o o 000 O OOO o Qo0 o @0 o

0.2 ~ g — KK
nn — T

| | ~_1|
0.14 0.16 0.18 020 022 024 =1
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nirt, KK, nn scattering with mz~391 MeV SRD 97 054573 20757138
scattering amplitude ‘prediction’
2
pipj [tis]
0.8
00 o ‘analogous’ experimental data
04 KK - KK
2
02U o pip;tij|
. : mm — KK | I 1 | T 1 T | LN T ] T T T
0.14 0.16 0.18 020 022 0.24 .OF ats | 4l
_ i 1 _
0.2 m — KK 0.8 " b
. . o m = T ‘ (I Tl
0.14 0.16 0.8 020 022 024 177 sk ¢ |
. : H 4
/ \
04} i “ -
0.2+ ! .
by T KK
";‘ '-". e, !' .
@) A 1 ! 1 | 1 | Rl | 4 ‘ l‘ “'uf!!!.!_'."
04 06 08 10 12 ___ 1.6
M (GeV) S

... but what do we do with this ?
... 15 this strange energy dependence due to resonances ?
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i, KK, nn scattering with m;~391 MeV

PRD

97 054513 (2018)

0.30

0.25

0.20

0.15

0.10

WILLIAM & MARY

000] E

(000] T3

also computed spectra for irreps with lowest subduced spin J=2

100] B,

100] Bs

lattice QCD and the hadron spectrum | Jun 2025 | HUGS

- 7T7T7T’7T’thr

WARNING:

no operators
looking like
these included

/\

nmn ‘thr

nmT ’ thr.
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i, KK, nn scattering with mp~391 MeV T YTTERTTr P

also computed spectra for irreps with lowest subduced spin J=2

N
oy 23\ ¢
IT
: i
IT
? a couple of avoided level crossings ?
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i, KK, nn scattering with my-

391 MeV

PRD 97 054513 (2018)

141

e.g. parameterize coupled D-wave t-matrix with

0.30

0.25

0.20

0.15

0.10
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best fit to lattice spectra

Kij(s) =

1 (1 2) (2
g 9§)9§)+ :
mi—s  m3—S Vi

0
0

o O O
o O O

|

%777,7777)

and the simple phase-space

(000 EY  [000] 75~ [100] By  [100] B,
5 E 0 | N HANY! )
AN A U e
=53 o33 T . = o %

i =S o [ I %
o

o

i i i 2 28.9
""""""""""""""""""""" Nop 34_9 D
_1|6 2|O 2|4 _1|6 2|O 2|4 _1|6 2|O 2|4 1|6 2IO 2|4



i, KK, nn scattering with m;~391 MeV

PRD 97 054513 (2018) 142

(1) (1) (2) (2)

. . 9;°9; 9 9; 00 0
e.g. parameterize coupled D-wave t-matrix with  K;(s) = — 5 + 7ij ~=10 0 0
miy — S ms — S 0 0 Y
and the simple phase-space
D-wave amplitudes
2
pip; [tij
1} - — = - _
KK - KK
0.8 T — 7T
0.6
04}
| @Z« K
d | | /|—7T7T —> KK
0.14 0.18 0.22 0.26 0.30
cecs oo oo o (Ut Ecm
0.2 nn — KK
| | ol | | | L— ) — T
0.14 0.18 0.22 0.26 0.30 nn — nn
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i, KK, nn scattering with m;~391 MeV

143

PRD 97 054513 (2018)

... and varying the particular choice of parameterization ...

D-wave amplitudes

2
PiPj ‘tij|
1L
0.8 T — T
0.6}
04}
02F
d | | == N\ T — KF
0.14 0.18 0.22 0.26 0.3
o e oo o oo o Ecm
0.2 nmm — KK
J-A: | I ol o1 | TR e | T

0.14 0.18 0.22 0.26 0.30 1" = 17
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i, KK, nn scattering with m;~391 MeV

PRD 97 054513 (2018)

D-wave amplitudes

pips|tis]
1
0.8}
0.6}
04F

0.2}

—ro! —
0.14 : : O 30
cecs cowo o (Ut Ecm

0.2 nmm — KK
J-l: ! L ol o— I R e | madd
0.14 0.18 0.22 0.26 0.30 "7 — 17

‘looks like’ two resonances
— lighter one has larger width, big coupling to it
— heavier one has smaller width, big coupling to KK

... there must be a more rigorous way to know the resonance content ?
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contents 146

the complex energy plane “well-defined quantities”

rigorously determining resonances
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singularities in the complex energy plane 147

scattering amplitudes are measured for real energies above threshold

PipPj tz’j|2

O
v
-
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singularities in the complex energy plane

148

does it make sense to consider how the amplitude behaves ‘elsewhere’
— below threshold ?

— for complex values of E ?

Im
A

E]

Q

> Re[E]

complex variable theory tells us that
singularities (poles, cuts)
‘control’ the behaviour of functions

— what singularities can our amplitudes have ?
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there’s a rather nice (old) book that gives a gentle introduction to this topic

This book is a lowbrow exposition
of S-matrix theory, which is the
approach to the dynamics of the
strong interactions of elementary
particles that uses dispersion rela-
tions and unitarity as its main
tools. This inductive approach has
the important advantage that the

® ®
dispersion “
a calculations can be made accessible
to experimenters and others who
relatlon would not wish to follow the more

2 sophisticated derivations. A good
dynamlcs deal of attention has been paid to
explaining the grammar of the

language of analytic functions.
The reasons for choosing an induc-
tive approach lie in the present
state of the theory. S-matrix dyna-
HUGH BURKHARDT mics has proved reasonably suc-
: cessful as a model for correlating
and predicting experimental re-
sults, but it is still far from being a
complete predictive theory. It is
important that those methods
which are fairly well established
and useful in calculations should be

widely understood.

a phenomenological
introduction to S-matrix theory

wiley interscience

?s
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the unitarity cut 150

unitarity gives us one guaranteed singularity — a branch cut starting at threshold

e.g. elastic partial-wave case: Imt,(s) = p(s) |tg(8)’2 O(s — 4m?)
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the unitarity cut 151

unitarity gives us one guaranteed singularity — a branch cut starting at threshold

e.g. elastic partial-wave case: Imt,(s) = p(s) |tg(8)’2 O(s — 4m?)

2k(s) Vs —4m? L square root branch cut

p(s) = NV
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the unitarity cut 152

unitarity gives us one guaranteed singularity — a branch cut starting at threshold

e.g. elastic partial-wave case: Imt,(s) = p(s) |tg(8)’2 O(s — 4m?)

_ 2k(s) WS- 4m? L square root branch cut

4m? ® 4/\
function is discontinuous
OAMMAMAMMA&M&&-» Re[s] )

® \—/ across the real axis

te(s +i€) # to(s — ie€)

has an immediate consequence
— the complex plane must be multi-sheeted
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Riemann sheet structure 153

Im[s]
4 upper ' lower
half-plane ; half-plane
A2 o o— ‘physical’ sheet
O.MAAAMAMAA.D.DAAAAA#} Re S
. 5]
O— ‘unphysical’ sheet
sheets can be characterised by the sign of Im[K]
physical sheet = sheet | =Im[k] >0
unphysical sheet = sheet Il = Im[k] <O
WILLIAM & MARY lattice QCD and the hadron spectrum | Jun 2025 | HUGS J ff/?son Lab
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pole singularities ? 154

scattering amplitudes can have pole singularities only in certain locations

Im[s]
A
4m?

real energy axis, below threshold on physical sheet —— —(OessbasssssnnssbLl Rals]

corresponds to a stable bound-state
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pole singularities ? 155

scattering amplitudes can have pole singularities only in certain locations

Im[s]
A
4m?

real energy axis, below threshold on physical sheet —— —(OessbasssssnnssbLl Rals]

corresponds to a stable bound-state

a stable bound-state
will strongly enhance scattering at threshold

Im[s]
A
— > Re[s]
famous example is the
deuteron at NN threshold
WILLIAM & MARY lattice QCD and the hadron spectrum | Jun 2025 | HUGS J ff/?son Lab
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pole singularities ? 156

scattering amplitudes can have pole singularities only in certain locations

Im[s]

4m?
off the real axis, on the unphysical sheet B Ik

(in complex conjugate pairs) o

corresponds to a resonance

WILLIAM & MARY lattice QCD and the hadron spectrum | Jun 2025 | HUGS Jefa?son Lab
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pole on the unphysical sheet 157

an isolated pole on the unphysical sheet will produce a bump on the real axis

— the classic resonance signature

180}

90+

600 800 1000 1200 1400

600 800 1000 1200 1400 £
imiEl 4 Re[E]
>
—+25
soF o
100+ (o)
150+ (o)
close to the pole
1
! ~
6(8> So — S
So = (m — i%I‘)2
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pole singularities ? 158

scattering amplitudes can have pole singularities only in certain locations

Im[s]

A
4m?

real energy axis, below threshold on unphysical sheet _1 o ~asssssssssssssnssns, Re[s]

corresponds to a virtual bound-state
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pole singularities ? 159

scattering amplitudes can have pole singularities only in certain locations

Im[s]
A : O
not allowed: poles off the real axis 4m
on the physical sheet Refs]
would violate causality
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singularity structure from lattice calculations — elastic 160
nmm isospin=2
~391 MeV 2 )
" . 7 o S — B[ GeV no nearby poles
P EE I Tﬁ?gﬁ weak and repulsive interaction
-10 +
l; -15F
20+
251 0=0
30 +
PRD86 034031 (2012)
k cot dg = - + ... [ first term in the ‘effective range expansion’ k cotdy = - + 7ok* + ... ]
0
NE 1
— —0. te=0 =
M Qg 0.285(6) =0 = S ot oo ik
so ~ —45m?2
a pole, but very far away
WILLIAM & MARY lattice QCD and the hadron spectrum | Jun 2025 | HUGS Je ff/ﬁ?sor,)tLqA orator Facilly




singularity structure from lattice calculations — elastic

161

180

nm isospin=1

m--236 MeV _} , a single isolated pole
I i
120 e a narrow resonance
3]
120+ H
221
¢} =
~~
S 90
60 | =
o
30+
- = PRD92 094502 (2015)
O 1 ol I-J.T:II i 1 1 1
0.08 0.10 0.12 0.14 0.16
0.08 0.10 0.12 0.14 0.16 Re(ary/50)
i ENE PN
0.01}
o B 0.128 0.129 0.130 0.131 0.132 0.133
2 T T T T T T
0012}
3 0.02 -
E pole position independent | 13l
o~ 003t of parameterization details
0014}
-0.04 - 0015}
-0.016}
0017}
0018}
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singularity structure from lattice calculations — elastic 162

nm isospin=1

evolution with changing quark mass

180
150}
120}
(o]
~ 90}
S
col 890 990 10‘00 mp
0f o o
30| ] Mmr ~ 524 MeV Myx ~ 702 MeV
. : Mr - 391 MeV
0 PDG — - o 2 I:236'MeVI . My :3|91 MeV | 501
400 500 600 700 '800 900 1000 £, /MeV
o
100} mr ~ 236 MeV
of B
Ip

poles don’t ‘appear’ or ‘disappear’ with changing quark mass
— they smoothly move round the complex plane
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singularity structure from lattice calculations — elastic 163

nm isospin=0

mr~391 MeV — a bound-state pole

mr~236 MeV — a resonance pole

05k my = 236 MeV | ¢
2 R
) O
O
~
B ﬁ
hys. 236 391
§ 0 __71-|7r|?h:, Tﬂ-‘tlhr. : nl_T:-ﬂ-‘thr. EU' l/ Mev
= sl 300 500 700 7w = 391MeVo 900
100

> - -
O
1 1 1 1 1 1 2 %_{
-0.06 -0.03 0 0.03 0.06 0.09 0.12 \b
—~
— |
|

k? | GeV? -200 - Hﬁﬂ | +

PRL118 022002 (2017) | My = 236 McV
o

-300 + disp. .
+ exp. will come back to

this scatter later
\/§ 1 if there’s time

tr o =
=0 2 kcotdg — 1k
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coupled-channels 164

for each new channel, each sheet splits in two = 2N sheets for N channels

e.g. two channels (rirt, KK)

Im[s]
A

4m7,
OMM.M.Q'&W» Rel[s]
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coupled-channels 165

for each new channel, each sheet splits in two = 2N sheets for N channels

e.g. two channels (rirt, KK)

Im[s]
4 sheet | Im[ ke ] Im[ ki ]
sheet | + +
y“?““mm’ Re[s] sheet || — +
sheet Il sheet Il sheet | —_ —_
sheet IV + —
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coupled-channels 166

for each new channel, each sheet splits in two = 2N sheets for N channels

e.g. two channels (rirt, KK)

Im[s]
A Im[ krm ] Im[ kKK]
sheet IV sheet | + +
sheet |

Re[s] sheet I - +

sheet Il - -

sheet |V -+ —
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coupled-channels 167
Im[s]
A
OannnssLORRAARRRRARR: 4 Rels]
Im[ ke ] IM[ Kkkk ] Im[ kkx ]
A
sheet | + 4+
O
heet Il — +
wnee sheet Il sheet |
sheet |l - — lower half-plane upper half-plane
sheet IV + -
O >
Re[ kkk ]
sheet IV sheet Il

upper half-plane

WILLIAM & MARY lattice QCD and the hadron spectrum | Jun 2025 | HUGS

lower half-plane
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coupled-channels — between thresholds 168

Im[s]
A

OAnLans ORRRARRRRARR: 4 Rels]

Im[ Kkk ]

A

@)
sheet |l sheet |
lower half-plane P upper half-plane

O >

Re[ kkk ]
sheet |V sheet Il
upper half-plane lower half-plane
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coupled-channels — near second threshold 169
Im[s]
A
2288 SRRARRRARARR, 5. Rels)
Im[ Kkk ]
A
O
sheet Il sheet |
lower half-plane upper half-plane
Q% >
Re[ kkk ]

sheet IV
upper half-plane

sheet Il

lower half-plane
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coupled-channels — well above both thresholds 170
Im[s]
A
000080 QMRPARSARAR.y Rels]
Im[ Kkk ]
A
O
sheet I sheet |
lower half-plane upper half-plane
O —
Re[ kkk ]

sheet IV
upper half-plane

WILLIAM & MARY lattice QCD and the hadron spectrum | Jun 2025 | HUGS

sheet Il

lower half-plane
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two-channel Flatté amplitude 171

0s L KK — KK
04 |-
03 |
02 | Tm\— KK
0.1 |-
T —> T
0 ]
600 800 1000 1200 1400 1600 400 Ww‘th
K(KK) 300i 0 330 490 "
300
II I
200
200F 100 /«é\@«,
150 =
400 -300 200 -100 ‘é' 100 200 300
100 = olll v v v v h
o
S50
0 7T,ZT thr. K{‘_( thr. B -100 ¥ °
6Y00 8:)0 1(‘;'00 12IOO 14;00
-50 |- °IV 2200
ol IV 111
o
150k T 2300 4
-200 |-
400 $
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a less obviously resonant amplitude 172
1N a b+ cs
06 = T K (S)_<b—|—cs d—l—es)
with Chew-Mandelstam phase-space
04 T T
KK —- KK
0.2
o — KK
O 1 —d
600 800 1000 1200 1400 1600
k(KK) 300i 0 490 400Q 77|
300 $
II 200 I
200 | (o 100 # \\&
150 Q{$ )
o 400 300 200 100 | 100 200 300 400
50 | o
L KK, |
0 —0Q ' T Q . T !
ol 600 800 10(2 1200 1400 IV 00 1 III
II
-100 |-
150 b 300 + o
-200 =
~400 +
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information from the pole 173

near the complex pole, so

y C; Cj
tJ (S ™~ SO) ™~ Sg — S pole position can be interpreted as mass and width
. 2
S — (mR + Z%FR)
WILLIAM & MARY lattice QCD and the hadron spectrum | Jun 2025 | HUGS J ff/?son Lab
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information from the pole 174

near the complex pole, so
C; Cj
tij(SNSO)N J l e be i d d width
Sg — S pole position can be interpreted as mass and widt
So = (mR + Z%FR)2

pole residue factorizes into a product of resonance couplings
to the various decay channels

Cﬂ-ﬂ-’ CKI_{, o o o
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information from the pole

175

near the complex pole, so

C; Cj

tf,;j(S ~ S()) ~/ 50 —

So = (mR + Z%FR)2

pole position can be interpreted as mass and width

pole residue factorizes into a product of resonance couplings

to the various decay channels

Cﬂ-ﬂ" CKI_{, o o o

as we’ve seen a single resonance can be responsible
for poles on more than one sheet

— often only one is close enough to physical scattering to have a large effect

os L KK — KK

04 |
03 |
02} rm\— KK

0.1 |-
T — T
1

0 1
600 800 1000 1200 1400 1600

200 |-
150 |-
100 = 11

50 . Oy
T KK
I, thr.

v T hd T T
600 800 1000 1200 1400
50 Opy

-100 =

-150 |-

-200 =

400 ‘
T thr.

300

I I

200

100 2 &Q'
AN

-400  -300 -200 -100 ‘\/‘\’ 100 200 300 400

o
-100 ¢ o
v -200 ¢ I

-300 ¢

-400 ¢

WILLIAM & MARY lattice QCD and the hadron spectrum | Jun 2025 | HUGS .J'gg_ngqeffgrsgr’r)aﬁ[;ﬂ?cekmFacm_ty



i, KK, nn scattering with m;~391 MeV

PRD 97 054513 (2018) | 176
S-wave amplitudes pole singularities
2
pz'pj‘tij‘ — 002k ) o
0.8} E & SN Re(av/s)
' = 0 v o&—]—c\\ ' !
06l o = 0127014 0.16 0.18 020 022 024
-0.04
0.2 mm — KK _%_(
(;I | | | O | | a’t Ecm ‘0.06_
0.14 0.16 0 18 020 022 024
0.2 nm — KK Im(a’tkaf)
L , . m — T 0.08-
014 0.6 0.8 020 022 o024 M 8
0.064 7
Il % |
0.04 4
A 7 Relatkgg
SRS AP i v
-0.08 -0.06 -0.04 -0.02 0.02 0.04 0.06 0.08
-0.02
1 a+bs c+ds e 0.04-
K (s)=|c+ds f g
e g h IV -0.06- I
with Chew-Mandelstam phase-space -0.08 4
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i, KK, nn scattering with m;~391 MeV

PRD 97 054513 (2018) | /7
S=WEL@ ElMPpL @ pole singularities
2
pipi|tii] — 002} ) o
0.8F > 0 & Ay e(at 8)
0.6} e = 012 0.14 016 018 0.20 022 0.24
04| KK - KK ~ -0.02
004}
0.2 mm — KK _%_(
(;I | | | O | | a’t Ecm ‘0.06—
0.14 016 0.18 020 022 024
0.2 m — KK sheet Il pole couplings
L
014 016 0.8 020 022 024 Im(ay ¢;)
02+ %Kﬁ
01l ex k| A |enx]
nn
HH
I I I Re(atcz)
0.1 0.1 0.2
a+bs c+ds e
—1
K ' (s)=|c+ds f g orl o
€ ) h ' >+
with Chew-Mandelstam phase-space
024+
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i, KK, nn scattering with m;~391 MeV

PRD 97 054513 (2018|178
>-wave amplitudes pole singularities
2
pip;[tij
081 T 002y . &
RN >
0.6 T =TT < 0 Q—CI/\\/\\ | | %l §, IRe(at\/E)
04L KK — KK S 012 0.14 0.16 0.18 020 0.22 0.24
02 & -0.02
’ ar — KK
CI | | | O | | a’t ECI’I] ‘0.04—
0.14 0.6 0.18 020 022 024
AL S T T I S A S S S e -0.06
0.2 nm — KK
L | | nn — T
O A/@E
014 016 018 020 022 024 71 Im(atk k)
0.08-
8
I 0.064 7, |
0.04
l—}-l 0024
é‘\& \\\@‘* - Re(atkgg)
] ] ] ] O I of I I
-0.08 -0.06 -0.04 -0.02 0.02 0.04 0.06 0.08
a+bs c+ds e -0.02-
-1 .
K '(s)=|c+ds J g -0.04
e g h
|V -0.06- 1
with Chew-Mandelstam phase-space
-0.08-
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i, KK, nn scattering with mp~391 MeV R TYTTERTTeratlL

S=WEL@ ElMPpL @ pole singularities

Pz‘ﬂ"tz’"Q
I 0.04]-
@ 0.02} .
2 &
= 0 —o- I I
5 0.12 0.14 0.16 0.18
C 0026
AN
004
o o o o (-] o o o @ o 0 o © oo @ o©oo o o000 _0.06 B
0.2 m — KK
| | | | nm — T
0.14 0.16 0.18 020 022 024 17700
| ¢ © Re(atkpp
o (,”(K>
20.08 -0.06 -0.04 -0.02 0.02 0.04 0.06 0.08
—o- -0.02-
0.04-
vV
20.06-
0.08-
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i, KK, nn scattering with m;~391 MeV 180

summary, including spread over parameterizations in pole uncertainty

S-wave amplitudes & poles

1h JP =0T
m, = 391 MeV
~ 08}
% 0.6 Tm — T
0.2 = KK
I I Al I

\J \J

800 1000 1200 1400 Ecy / MeV

O

o mpr
-100 |-
. fo% the fo(“9807) ?
R -200 |-
cxi| _ G(JPCy _ g+(o++
2300 L -~ = 1.4(3) f5(980) 1G(JPCy = ot(0 T +)

See the review on " Scalar Mesons below 2 GeV.”
Mass m = 990 + 20 MeV
Full width ' = 10 to 100 MeV

fo(980) DECAY MODES Fraction (I';/T) p (MeV/c)
e 7'('_ seen 476
KK seen 36
Yy seen 495
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i, KK, nn scattering with m;~391 MeV

181

PRD 97 054513 (2018)

D-wave amplitudes

2
pipj [tis]
Ir \ KK — KK bumps are in the three-channel region = 8 sheets !
0.8} T — T
0.61- won’t burden you with the sheet details here ...
04}
0.2} N
d 1 1 1 T — KK
0.14 018 022 026 030
e e cees coweo o (It Ecm
O'2£ m — KK
| ] OJ—C | | | | ] ’]’ITI — T

0.14 0.18 0.22 0.26 030 nny — ny
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i, KK, nn scattering with m;~391 MeV

PRD 97 054513 (2018) | 152
D-wave amplitudes
2
piﬂj‘tz’j’
Ir | KK — KK bumps are in the three channel region = 8 sheets !
0.8} T — T
06F won’t burden you with the sheet details here ...
04|
02}
d 1 1 1T 7T — KF
0.14 0.18 0.22 0.26 0.30
o e cees coweo o (It Ecm
0 ZJ; m — KK
| ] OJ_C ] | | | ] ’]’,T] — T
0.14 018 022 026 030 15 — . &
- RS
& | NN | IRG (at\/g)
O— oo | |
@ 0.15 0.20 0.25 0.30
-0.01 F b
§ Ef2
\é/ -0.02
P—.’4 g 3 (_7 7_)
~ 003 /5 (=, +,+)
IV (+,—,+)
(-,—,-) is ‘closest’ sheet to physical scattering

above all three thresholds
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couplings at the poles 183

Im(at ci)
fa
0.054+ 2
n
: G | - Re(a; ;)
0.05 H%p.os 0.1
KK @4
T
-0.05+4
Im(at ci)
fb
0.05+ 2
T
-0.05 0.05 0.1
| il | - Re(as ¢;)
E KK
-0.05+4
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i, KK, nn scattering with m;~391 MeV 184

D-wave amplitudes & poles

1} P
J© =27
o 03F m, = 391 MeV
‘S
= 0.6}
~
<
< 04
Tm — T
021 KK — KK
ol | L 1m — KK q
summar
800 1000 1200 1400 1600 E.y /MeV PCE 3
O T O—O0 I b mp £(1270) 1G(JPCy — o2+ +)
‘50 — f2 ﬁ Mass m = 1275.5 + 0.8 MeV
100 SKF 9297 Full width I = 186.7 722 MeV (S = 1.4)
F R ) i S T 8(7((; f,(1270) DECAY MODES Fraction (I';/T) co:fszcf:i% (M:V/c)

fa
—150 — - |§| T (842 723 )% S=1.1 623

200 | S mtr— 270 (77 T3 y% S—12 563
Trl 85% KK (46 T32)% S=2.7 404
gKK 12% 2t 2~ (28 +0.4)% S=1.2 560
nn (40 £08 )x10~3 S=2.1 326
470 (3.0 £1.0 )x 1073 565
f5(1525) 16(JPCy =0t (2t )

Mass m = 1525 & 5 MeV [
Full width I = 7378 Mev ]

f5(1525) DECAY MODES Fraction (I;/T) p (MeVje)
KK (88.7 £22 )% 581
nn (104 +22 )% 530
T (82 +15)x103 750
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singularity structure from lattice calculations — elastic

188

=]
W
T

nm isospin=0

m, = 236 MeV

0.09

0.12
k? | GeV?

PRL118 022002 (2017)

05+
1k
-0.06 -0.03 0 0.03 0.06
i JP =0t
my; = 391 MeV
o 08F
% 0.6 T — T
02 o — KK
& ! ! !
800 1000 1200 1400 Ecm / MeV
Oy T O—>0 T
g mpep
-100 + o
I'r 200 ,
300 Ccif =1.4(3)

WILLIAM & MARY
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mr~391 MeV — a bound-state pole

mr~236 MeV — a resonance pole

hys 236 391
0 __71-|7r|?h:, 7:-71- tlhr. : nl_T:-ﬂ-‘thr. EU' l/ Mev
300 500 700 M =391 MeV  9gq
100 |
200 - H:%é +
m, = 236 MeV
- T
-300 | disp.
+ exp.

J f;?son Lab

OTfiomas Jefferson National Accelerator Facility



rn, KK scattering with mz~391 MeV PRD 93 094506 (2016)| 189

similar calculation in isospin=1, G-parity negative channel

S-wave amplitudes

pipjlti;|°
0.7
0.6
KK - KK
0.5+
04}
0.3 F
0.2 |
0.1 F
T
24 oo . cee - e oo o
20 . . . ° o . . . o -
16 *+ o . . . . . .
looks very different to isospin=0 case shown before
1p JP =07
o 08k my = 391 MeV
ﬁ_i 06 B T — T
§ 04+ KK - KK
02 ar— KK
gOO 1000 1200 1400 Ecm / MeV
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rn, KK scattering with mz~391 MeV PRD 93 094506 (2016)] 190

S-wave amplitudes pole singularities
pip;ltis|? a; Imy/3¢ &- o
0.7 F & N
& & &
0 — -0 O :Hﬁi@{ O—t
0.6 F 0.16 0.20 0.24 a; Re/sq
osl KK — KK L
0.04 ‘
04+ o —— |
Ty — TN 7
03 F 4 ]
0.08 |
0.2 B L oo1sF
01 i | | A 0:005: /S
012 F 5 %
\ | 1 _C
T 0.18 0.19 0.20 0.21 0.22 0.23 i oo |
24 .o . cee .o o« o . At Erem 1 |
20 . . oo o o ¢ oo - cee -0.010p
]6 ) o o . . . . L0015k

0.195 0.200 0.205 0.210 0.215 0.220

WILLIAM & MARY lattice QCD and the hadron spectrum | Jun 2025 | HUGS ‘!.%f,'—,,:'qeﬁgrs?,,maﬁl.;aau‘?celemmrFacm-ty



rn, KK scattering with mz~391 MeV PRD 93 094506 (2016)] 191

S-wave amplitudes pole singularities
2
pip;tis| a; Im/so § $
- A N
0.7 N N
& & IS
0 — -0 O :Hﬁi@{ O—t
0.6 | 0.16 0.20 0.24 a; Rey/s0
KK - KK L
0.5 |
004 F !
04} + b
03| | % |
02|
0.1 a¢ Im kKK
24 . ceo oo o o
20 . . . e o . . . ) - .
]6 ) o o ° ° ° . 005 6(\&&
A s
0.10 005 h«@b 0.05 C@\\_ 0.10
% a; Re k5
IV, d
0.005f -0.05 %%ﬂ_&
-0.005}F -0.10
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rn, KK scattering with mz~391 MeV PRD 93 094506 (2016)| 192

S-wave amplitudes & poles

JE =0t
0.6F my = 391 MeV
KK - KK
= 04f
o
< ™ — T
02}
mm — KK
O T 1\ T | O
1000 1100 1200 1300 Ecm /MeV
o—! O : —o
mp
ao
Lo S0k the ag(“9807)?
R 2
CKK
100+ Con | 1.7(6) ap(980) 16(JPCYy =170+ 1)
See the review on " Scalar Mesons below 2 GeV."
Mass m = 980 + 20 MeV
Full width ' = 50 to 100 MeV
ag(980) DECAY MODES Fraction (I';/T) p (MeV/c)
nm seen 319
KK seen 1
pT not seen 137
Yy seen 490
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vector-pseudoscalar scattering 193

many-body decays tend to be dominated by isobars

e.g. it dominated by mp

T D — T

COMPASS S

7r;7rb_p —

Dalitz plot

0.8

<
o)

—
N

IIIIIIIIIIIIIIIIIIIIIIIIIIIIII

<
bo

lllllllllll'llllllllllllllllllllI

| 02 04 06 08 1 12 14 16
08 1 12 14 16 18 2 22 24 m2(rt

m(rt )
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vector-pseudoscalar scattering 194

many-body decays tend to be dominated by isobars

e.g. it dominated by mp

T D — T

COMPASS S

7T;7rb_p —

Dalitz plot

0.8

0.6

0.4

IIIIIIIIIIIIIIII[[IIIIIIIIIIII

0.2

ool oo e b v b b b b b
Tl b b bov v b by b bvaa by OO 0.2 04 0.6 0.8 1 1.2 1.4 1.6
08 1 12 14 16 18 2 22 24 m?

m(rt )
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vector-pseudoscalar scattering 195

800 900 1000

Mmp
O i Q
B M ~ 524 MeV Mr - 702 MeV
mr ~ 391 MeV
for heavier than physical light-quarks, S0
the p resonance becomes stable a
100+ mnp ~ 236 MeV
150 Il-l expt
Ip

can rigorously study vector-pseudoscalar scattering

complication: need to account for the vector p spin

helicity formalism is common experimental approach,
but #£S formalism more convenient in finite-volume
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£S formalism 196

‘J7m[2s+1gj]> — Z <€mg;5m5’Jm> ’S,m5>®‘€,mlg>

me,mgs

e.g. with S=1 can make JP=1+ in two ways: 3S;, °D;

t(351[351)  t(351[°Dy)
t(381°D1)  t(3D1Dy)

= coupled partial-waves t =

finite-volume function basis changes too

ﬂEJm,E’J’m’ — Z <€m€§ Img ‘ Jm> <€,m2§ Img ‘ Jlm/> Mﬁmg,é’mz

/
me,m,,ms
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np isospin=2 — mp~700 MeV JHEP07 043 (2018)| 197

Ecm — (mr+m,) / MeV

T /\ T (I) SI(] l(;() l=5() 2(I)() 25()
( ) 036 037 038 039 040 041 a;FE.n,
0 —+=o 4 5 l ; _— 3
P—\ /P 0("D)
_10 -
920 | ;
6(°S)
—-30
JP =17
10 |
Sr P E(BS 1 ‘SD 1)
0 —0C 1 1 1 t t
0 —oO i | } }
wl - 5 (°Pp)
_20 -
_30 -
I 5(°Py)
ool 1
_30 -
0F ~_
2
10
0 —o—— 0("Py)
10 F
920 F
0E 27T
+—o0 3
—1(()) - 5( D 2)
w371
0 —o ' ' | 3
or 0("Ds)
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nmw isospin=1 — my~391 MeV

PRD100 054506 (2019)| 198

w is stable down to quite low quark masses

2

papb‘téa,ﬁ’b JP _ 1-|—
T sy e~ 391 MeV
0.8
0.6 |
04
02 F
(mof°51} | {"S1)) -
T T —O I I O
002 | (rw {*S1}|mw{’D1})
—O I ‘_{-I O I O
0.002 + (rw{®°Di}|7w{’D1})
I O I I O ﬁ)#(#
1250 1300 1350 1400 1450 1500
é) 6@ g OOQJ Qoo 0880 oooo
o Oo o O o o
1250 1300 1350 1400 1450 1500
T C | T C |C | C | mR
‘50_ (\/QQ b‘QQ ‘OQQ ‘ ‘
—c
Cr 100l —%—b <o) [N
1
150 wtos |

B «-

b1(1235) 16(JPCy =1t + )

Mass m = 1229.5 + 3.2 MeV (S = 1.6)
Full width T = 142 £ 9 MeV (S = 1.2)

p
by (1235) DECAY MODES Fraction (I;/T) Confidence level (MeV/c)

wm dominant 348
[D/S amplitude ratio = 0.277 + 0.027]
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excited J~~ meson resonances — my~700 MeV PRD103 074502 (2021) | 199
exact SU(3) flavor symmetry  w} — n3w® e
1~ 3~
L oo Ty [000] B~ (000] T [000] Ay 1 (\
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exotic 177 hybrid meson resonance — my~700 MeV

PRD103 054502 (2021)| 200

{L/a, =18 I | Lja, = 24 L
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exotic 1" hybrid meson resonance — mz~700 MeV PRD103 054502 (2021) | 201

2002 2141 2188 Re[f 5]
ro—o T T o o

N
~ ~ |

a very narrow resonance

at this quark mass

[ =2 Im[/5s]

10 | pole couplings
7] CaCp
- tab(S) ~
771"78{1})1} f18778{351} hlnx{g‘sll} . . ab( ) Sop — S
m T = T T = T T T
wSHS{BPI}

a large (subthreshold) coupling to
h18n8

wlws{Xpl} wsws{Bpl}
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exotic 1" hybrid meson resonance — mz~700 MeV PRD103 054502 (2021) | 202

a very crude extrapolation ...

Determination of the Pole Position of the Lightest Hybrid Meson Candidate

600

400

200

301 £1(1285)7
20 — pT
/
nm
10 £1(1420)7
K*K
nm
1500 1550 1600 1650 mp / MeV

Poles Mass (MeV) Width (MeV)
1% a1 23 . 24 ) 5 6, .2
A. Rodas,” A. Rlllonl, 1;/[ Albalgdejo, Cl.oFernandez-SRamuez, A. Jackura}, 726\/7 Mathieu, a, (1320) 1306.0 = 0.8 &+ 1.3 1144+ 1.6 + 0.0
M. Mikhasenko,” J. Nys,” V. Pauk,” B. Ketzer,” and A.P. Szczepaniak™" d,(1700) 1722 + 15 + 67 247 + 17 + 63
T 1564 +24 + 86 492 + 54 + 102
(Joint Physics Analysis Center)
Investigation of the Lightest Hybrid Meson Candidate with a Coupled-Channel name pOle mass [MeV / C2] pOle width [MeV]
Analysis of o, - andm-Data a2(1320) 1308.7 4 0.4 gg% 108.6 +0.4 fi?f-g
D it B, 1501 B, Gy az(1700) 1669.2+1.0 7% 429.0+£1.775"%
T 1561.6 + 3.075¢ 388.1 + 5.4 102
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why the heavier quark masses ? 203

we can compute spectra at lighter quark masses, but we wouldn’t know what to do with them
the problem is three-body and higher channels...

t’]‘(‘?’],ﬂ‘?’] twn,KK' t7r77,7r7r7r

G 2. p . p 2 > t — t — ot
mp KR REGRE O RETTT [ G the complications

- - - = = = = It tﬂ'?’],?‘(’ﬂ'ﬂ' tKI_(,WWW t7r7r7r,7r7r7r of infinite-volume
three-body (+ more?)

—>
/ (twn,wn tmy,KK)
D —

trn KE VKR KK
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physical pion masses = low-lying multipion channels 204

my ~ 391 MeV mr < 391 MeV my — phys
E 4 E 4 E 4
4------ I
two-body
formalism
valid
4---=--- KK _
4------ KK _
4------ KK
- - - - - - M
two-body
formalism
valid
N U — nn
N e — nn
R U pu— nn
- - - - - - M




rigorous three body scattering 205

formalism is significantly more complicated — first applications have appeared

The energy-dependent 77777+ scattering amplitude from QCD

Maxwell T. Hansen,!» * Raul A. Bricefio,? 3 T Robert G. Edwards,?’ ¥ Christopher E. Thomas,* ¥ and David J. Wilson*: I
(for the Hadron Spectrum Collaboration)

6' \\\[000] 7.5
N\ 5 x 108
7.01
S ]
S L \ 0.5 4 x 108
~ 6.0
/N ok NE
5 g
Xy 3 55 3 x 108
g
9.0
R 2 x 108
31 , 1 | 1 , 1, , 4.5
20 24 20 24 20 24 20 24
L/ag 4.0
40 45 50 55 60 65 7.0
2 2
mis/my
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coupling scattering systems to external currents 206

e.g. consider the process in which

. _ YT — T
a pion absorbs a photon* to become two pions

it state can be projected

in infinite volume, described by a matrix element (77 (Ecm, P)|5*(0)|7(p)) o & bartial wove g, =1

2
x F(Eem, Q7)
after the current produces nt ... nmm will rescatter strongly
y*
T I /) !
( ) = the matrix element is proportional to t,(Ecn)
I ! \_/ T
T
y*
2 2 14
. C c f(Q res.
if there’s a resonance ty(s ~ sg) ~ and F(s~ sp,Q%) ~ O
Sop— S S0 — S It
It

resonance transition form-factor f(Q?)
rigorously defined at the complex pole position

e.g. p—my

but what changes in a finite volume ... ?
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coupling scattering systems to external currents — fin. vol. 207

e.g. consider the process in which

YT — T

a pion absorbs a photon to become two pions

infinite volume
Ecm

A

I
y*

It

can transition
to any energy
in the i continuum

— M| thr.

finite volume

I

can only transition
to one of the discrete
f.v. eigenstates

finite-volume matrix element

L<7T7T(En(L), P) ’jM(O) ’ﬂ-(p)>L

single hadron state

7(p)), = |7(p)), +O(e™™")

hadron-hadron state

77 (B (L), P)), ~ /Ry |77(EBcm=En(L),P)) _

effective f.v.
normalization

- 2
1
R, = 2B, lim (E — E,) (F—l(E, P.L)+ M(E))
E—FE,
F=i—ip(l+4+iM)
M = 1671

effective f.v. normalization depends

on the hadron-hadron scattering amplitude

WILLIAM & MARY lattice QCD and the hadron spectrum | Jun 2025 | HUGS J In:eﬁzsgnr,)aﬂlo;aamlgcelermmey



nmn—mny lattice QCD calculation m«-391 MeV [prL115 242001 (2015) ]| [PRD93 114508 (2016)| 208

6.0 1 Q%2 =0
Q% =0.803 GeV?

form-factor at the pole

20 2.1 22 23 24 25 02uF

i E;W = EP -
100 | |
0.16 P |
501
2.0 2.1 22 23 2.4 2.5 008y m & 00 MoV
S M & 400 MeV
0 (I) 012 024 0:6 0:8
x1073 T T T . .
25h
0
25 .
0 0.2 0.4 0.6 0.8
Q*/ GeV?
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the missing singularity — the ‘left-hand cut’ 210

consider the amplitude before we partial-wave projected s{ n (/\) n (s,
S,
a function of both s and ¢ n—\ _/j— n
RS
the same amplitude should describe crossed-channel scattering
e.g. suppose a stable (scalar) hadron can be exchanged in the t-channel N g°
what would that imply for the partial-wave amplitude ? (5:) = M? —t
1
te(s) = %/ dr Pp(x) T(s,t(x))
~1 S-wave
1
r = cos b to(s) = d.CB
M? +2k2(1 —
t= —2k2(1 — ) T2k —2)
g | — 4m? + M*? branch point at
to(s) = A2 08 M2 s =4m?* — M?>
A
4m?
avaavavavavamavavavavavasavawasdeavawes O >

a left-hand cut
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the missing singularity — the ‘left-hand cut’ 211

consider the amplitude before we partial-wave projected . { n (/\) n
T

T(s,t)

a function of both s and t \/ =
—

t
more generally, unitarity in the crossed-channels demands a left-hand cut

dispersion at fixed s
1 [ _ disc; T(s,t
T(s,t) = —/ dt 180; 2873 + u—channel
4

2T J g2

1 >C 1 Pg(:l?)
to(s) = : dt disc s.t) % dx =
t(s) Amik? [lmz 1 Lls. ) ~1 (1 + %) —

Legendre function

2
. _t
— Qﬁ (1 + 2k2 ) of the second kind

singularity if ¢ = —4](32 = 4m2 — S has branch points
g y . ] ] Qe(z) at z=+1
which is in the integration region if s <0
t-channel unitarity generates a left-hand cut
4m?
e O >
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importance of the left-hand cut ? 212

narrow resonance
A

o
resonance pole nearby

SL

broad resonance
A

4m? OI left-hand cut very distant

e.g. can describe scattering near the p
resonance without describing the left-hand cut

n

SL

WILLIAM & MARY

O
left-hand cut
4 2 5 may be as close as e.g. the o resonance in nirt 1=0
m
resonance pole
o
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importance of the left-hand cut ? 213
narrow resonance A 0.08 0.10 0.12 0.14 0.16 Re(asy/50)
o) -001F
& f
|AmAwAwAwawAwAwawawawawawawamawar ) W—V
2 3 0.02
S =
L Am o E
o -003F
-0.04 -
broad resonance
A . _T\]ffi | Tﬂ;‘:’f | o "l E, | MeV
o 300 500 700 M~ =391MeV  gq
-100F
=
Wﬁ 5 > % %_{
ST, 4m s $
o 200} | 1] |
my = 236 MeV
o i
-300 | disp.
+ exp.
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this scatter potentially reflects
the absence of accurate constraint
on the left-hand cut ...
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channel decoupling below thresholds 214

coupled-channel quantization condition det [1 + z’pt(l + zM)] =0

piti1 pitio M(k1) 0 )
t = =
e.g. two channels p (pztu p2t22> M ( 0 M(k2)

1+ 2p1t11(1 42 o1t10(1 47
1+z’pt(1+7jM):< +ipitin (1 +iMy) ip1tiz(1 +iMy) )

ipatia(1l +iMy) 1+ ipataa(l + iMs)

—k|n|L

n|L

€

e.g. consider the rest-frame A irrep — below threshold: M(ix) =i — % Z
n+0
so far below threshold M — 1

1 +2p1t11(1 + M 0
suppose we’re above threshold 1, but well below threshold 2 1 +ipt(1+iM) — ' prtu . M)
Zpgtlg(l -+ Z./\/ll) 1

quantization condition = 14 ipiti1(1 +iM;) =0

which is the one-channel condition
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