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producing meson resonances 113
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heavy flavour decays
peripheral meson  
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e+e− annihilationtwo photon fusion central production

pp annihilation
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e.g. LHCb

e.g. COMPASS e.g. GlueX

e.g. BES III

e.g. Belle e.g. WA102

e.g. Crystal Barrel

many decades of accumulated data …

some example processes:
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‘straightforward’ coupled-channel resonances 114
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‘straightforward’ coupled-channel resonances 115

same ‘bump’ appears in multiple different processes …
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the experimental excited meson spectrum 116
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coupled-channel scattering 117

evolution from scattering ‘in’ state to scattering ‘out’ state given by S-matrix elements

e.g. in coupled ππ, KK scattering 
_
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coupled-channel scattering 117

evolution from scattering ‘in’ state to scattering ‘out’ state given by S-matrix elements

e.g. in coupled ππ, KK scattering 
_

more convenient to work with t-matrix typically in partial-waves

in time-reversal invariant theories, t is symmetric ⇒                  complex numbers at each energy?1
2N(N + 1)
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evolution from scattering ‘in’ state to scattering ‘out’ state given by S-matrix elements

e.g. in coupled ππ, KK scattering 
_

more convenient to work with t-matrix typically in partial-waves

in time-reversal invariant theories, t is symmetric ⇒                  complex numbers at each energy?1
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conservation of probability, a.k.a. unitarity is an important constraint 

completeness of 
outgoing states

sum over channels 
kinematically open

or

⇒                  real numbers at each energy1
2N(N + 1)
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ππ, KK, ηη S-wave scattering 118

_

ππ
KK

_

ηη

ππ→ππ

ππ→KK
_

ππ→ηη

ππ KK
_

ηη
ππ
KK

_

ηη

experimentally  
quite difficult to fill out 
the whole matrix

normalization of ππ→KK 
also slightly uncertain …

_

isolating kaon exchange hard 
& η beams don’t exist



lattice QCD and the hadron spectrum | Jun 2025 | HUGS

coupled-channel scattering — a simple resonance model 119

Flatté form — coupled-channel generalisation of Breit-Wigner mπ = 300 MeV 
mK = 500 MeV
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m = 1182 MeV
gππ = 296 MeV 
gKK = 592 MeV
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coupled-channel scattering — a simple resonance model 119

Flatté form — coupled-channel generalisation of Breit-Wigner mπ = 300 MeV 
mK = 500 MeV
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gππ = 296 MeV 
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threshold 
cusp
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coupled-channel scattering — a simple resonance model 119

Flatté form — coupled-channel generalisation of Breit-Wigner mπ = 300 MeV 
mK = 500 MeV

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 600  800  1000  1200  1400  1600

ππ→ππ ππ→KK
_

KK→KK
_ _

m = 1182 MeV
gππ = 296 MeV 
gKK = 592 MeV  800  1000  1200

threshold 
cusp

<latexit sha1_base64="jz3PQcVnBDg7tE0XWAAc6dPHE30="></latexit>

-45

 0

 45

 90

 135

 180

 600  800  1000  1200  1400  1600

0.25
0.50
0.75

<latexit sha1_base64="Fqbf7ekimxelQH1KhpgZDwt5auM=">AAACGnicdVDJSgNBEO1xjXFJ1KOXxiB4CGEmRKO3gBePEcwCSQg9PZWkSc9Cd40ahnyJHvVHvIlXL/6HH2BnUYzooxse71VRVc+NpNBo2+/W0vLK6tp6aiO9ubW9k8nu7tV1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDHV5M/MYNKC3C4BpHEXR81g9ET3CGRupmM20PJLJu0o6EeeNuNmcXyifF85JD7YLzTcqnpbJDnYI9RY7MUe1mP9peyGMfAuSSad1y7Ag7CVMouIRxuh1riBgfsj60DA2YD7qTTBcf0yOjeLQXKvMDpFP1Z0fCfK1HvmsqfYYD/dubiH95rRh7Z51EBFGMEPDZoF4sKYZ0kgL1hAKOcmQI40qYXSkfMMU4mqzSC2NcP6/NYQPw8nCHTKnwVk9i+sqC/k/qxYJjsrsq5SqleWApckAOyTFxSJlUyCWpkhrhJCb35JE8WQ/Ws/Vivc5Kl6x5zz5ZgPX2CaVBoeM=</latexit>

<latexit sha1_base64="KI36m0/y1LUwV0ay2iC01agHpAo="></latexit>

‘ pha se - s h i f t s ’
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coupled-channel scattering in a finite-volume 120

the quantization condition generalizes to 



lattice QCD and the hadron spectrum | Jun 2025 | HUGS

coupled-channel scattering in a finite-volume 120

the quantization condition generalizes to 

diagonal in angular momentum space 
— ℓ good q.n. in infinite-volume

dense in channel space 
— infinite-volume dynamics mixes channels

e.g. in A1+ irrep (ℓ = 0, 4 …)
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coupled-channel scattering in a finite-volume 120

the quantization condition generalizes to 

diagonal in angular momentum space 
— ℓ good q.n. in infinite-volume

dense in channel space 
— infinite-volume dynamics mixes channels

e.g. in A1+ irrep (ℓ = 0, 4 …)

diagonal in channel space 
— no dynamics in M

dense in angular momentum 
— cubic symmetry lives here

<latexit sha1_base64="R/p6Ei9DBJuKaHbTHWMzgD6ZmhU="></latexit>
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coupled-channel scattering in a finite-volume 121

the quantization condition generalizes to 

can also be expressed as

which exposes the role of unitarity

the quantization condition is a single real condition:

the zeroes E=En(L) of the function

correspond to the spectrum in an L×L×L volume
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zeroes of the determinant 122
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e.g. previously presented two-channel Flatté form — [000] A1+ irrep in L=2.4 fm box

Re[det]

Im[det]

π [1
00

]π [-1
00

]

π [1
10

]π [-1
-1
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π [0
00

]π [0
00

]

K [0
00

]K
[0

00
]

K [1
00

]K
[-1

00
]

E / MeV

mπ = 300 MeV 
mK = 500 MeV

numerical root-finding exercise in practice
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zeroes of the determinant 123
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finite-volume spectrum 125
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but in a lattice QCD calculation 
we have the inverse problem … ?
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finite-volume approach 128

position of each energy level depends upon all elements of the t-matrix

at E = En(L)  
is one equation in three unknowns …
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parameterizing the t-matrix 129

a solution is to propose that different energies are not unrelated — parameterize

then can use many energy levels to constrain the parameters by minimising a 

energy levels solving

for 

inverse 
data 
covariance
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parameterizing the t-matrix 129

a solution is to propose that different energies are not unrelated — parameterize

then can use many energy levels to constrain the parameters by minimising a 

energy levels solving

for 

inverse 
data 
covariance

lat. par. lat. par. lat. par.

decreasing 
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parameterizing the t-matrix 130

a solution is to propose that different energies are not unrelated — parameterize

need to ensure multi-channel unitarity

— K-matrix approach 

with

simplest choice has 

a more sophisticated approach =  
“Chew-Mandelstam” phase-space

K(E) should be a real symmetric matrix for reasons you’ll see later,  
better to parameterize in terms of s = E2

e.g. gives the Flatté form
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Chew-Mandelstam phase space 131

(subtracted) dispersion of the phase-space I(s) = I(s0)�
s� s0

⇡

Z 1

sthr

ds0
⇢(s0)

(s0 � s0)(s0 � s)
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in the equal mass case evaluates to

I(s) = I(4m2)� ⇢(s)

⇡
log


1� ⇢(s)

1 + ⇢(s)

�
� i⇢(s)
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�i⇢(s)

notice the smooth behavior below threshold  
& absence of a singularity at s=0

equivalent to the scalar loop integral

16⇡i

Z
d4p

(2⇡)4
1

p2 �m2 + i✏

1

(K � p)2 �m2 + i✏
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K � p
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K2 = s
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[ regularization → subtraction ]
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ππ, KK, ηη S-wave scattering 132

_

ππ
KK

_

ηη

ππ→ππ

ππ→KK
_

ππ→ηη

explore this non-trivial system … 
… at a higher quark mass …
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ππ, KK, ηη scattering with mπ~391 MeV 133

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )
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0.22

0.24

[ 0 00 ]  A 1+  2 4 3

op e r a t o r  b a s i s

at mπ = 0.069 
at mK = 0.097 
at mη = 0.104
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ππ, KK, ηη scattering with mπ~391 MeV 134

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )
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 0.12

 0.14

 0.16
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what t-matrix gives these spectra ?
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ππ, KK, ηη scattering with mπ~391 MeV 135

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )

not obvious what amplitude parameterization likely to describe the spectra well — try many …

0.10

 0.12

 0.14

 0.16

 0.18

0.20

 0.22

 0.24

 16  20  24  16  20  24  16  20  24  16  20  24  16  20  24

e.g.

{ a … h }  are free parameters
be s t  f i t  t o  l a t t i c e  s pec t r a

<latexit sha1_base64="ELj4c9TIn145VclqHcSfEnYvPV0="></latexit>

with Chew-Mandelstam phase-space
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ππ, KK, ηη scattering with mπ~391 MeV 136

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )

e.g.

{ a … h }  are free parameters
S -wave  amp l i t ude s
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ππ, KK, ηη scattering with mπ~391 MeV 137

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )

not obvious what amplitude parameterization likely to describe the spectra well — try many …

 0.2

 0.2

 0.4

 0.6

 0.8

 0.14  0.16  0.18 0.20  0.22  0.24

 0.14  0.16  0.18 0.20  0.22  0.24

va r i a t i o n  w i t h  pa r a me t e r i z a t i o n

K-1 as matrix of polynomials, 
K as matrix of polynomials, 
K as pole plus matrix of polynomials, 
simple versus Chew-Mandelstam phase-space …

keep choices that can describe 
spectra with good 
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ππ, KK, ηη scattering with mπ~391 MeV 138

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )

 0.2

 0.2

 0.4

 0.6

 0.8

 0.14  0.16  0.18 0.20  0.22  0.24

 0.14  0.16  0.18 0.20  0.22  0.24

s c a t t e r i n g  a mp l i t u de  ‘ p r e d i c t i o n ’

… but what do we do with this ?  
… is this strange energy dependence due to resonances ?

ππ→ππ

ππ→KK
_

ππ→ηη

‘ a na l o gou s ’  e xpe r imen ta l  d a t a
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ππ, KK, ηη scattering with mπ~391 MeV 139

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )
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0.15

0.20

0.25

0.30

 16  20  24  16  20  24  16  16 20  24  20  24

also computed spectra for irreps with lowest subduced spin J=2

no operators  
looking like  
these included

WARNING:
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ππ, KK, ηη scattering with mπ~391 MeV 140

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )
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also computed spectra for irreps with lowest subduced spin J=2
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? a couple of avoided level crossings ?
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ππ, KK, ηη scattering with mπ~391 MeV 141

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )

e.g. parameterize coupled D-wave t-matrix with 

0.10

 0.15

0.20

 0.25

0.30

 16  20  24  16  20  24  16  20  24  16  20  24

be s t  f i t  t o  l a t t i c e  s pec t r a

and the simple phase-space
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ππ, KK, ηη scattering with mπ~391 MeV 142

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )

e.g. parameterize coupled D-wave t-matrix with 

D -wave  amp l i t ude s

and the simple phase-space

 0.2
 0.4
 0.6
 0.8

 1

 0.14  0.18  0.22  0.26 0.30
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ππ, KK, ηη scattering with mπ~391 MeV 143

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )

… and varying the particular choice of parameterization …

D -wave  amp l i t ude s

 0.2
 0.4
 0.6
 0.8
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ππ, KK, ηη scattering with mπ~391 MeV 144

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )

D -wave  amp l i t ude s

 0.2
 0.4
 0.6
 0.8

 1

 0.14  0.18  0.22  0.26 0.30

 0.2

 0.14  0.18  0.22  0.26  0.30

‘looks like’ two resonances 
— lighter one has larger width, big coupling to ππ 

— heavier one has smaller width, big coupling to KK
_

… there must be a more rigorous way to know the resonance content ?
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145
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contents 146

meson spectroscopy

resonances, scattering, elastic phase-shifts

lattice QCD

discrete spectrum, finite volume, computing the spectrum

elastic scattering

lattice QCD phase-shift results

coupled-channel scattering

mapping the discrete spectrum to the t-matrix

lattice QCD calculation results

the complex energy plane

rigorously determining resonances

“illustrating the problem”

“introducing the tool”

“solving the simplest problem”

“a more realistic situation”

“well-defined quantities”
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singularities in the complex energy plane 147

scattering amplitudes are measured for real energies above threshold

ππ→ππ

ππ→KK
_

ππ→ηη

E

and we’ve seen that lattice calculations  
can lead to something similar 
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singularities in the complex energy plane 148

does it make sense to consider how the amplitude behaves ‘elsewhere’ 
— below threshold ? 
— for complex values of E ?

Re[E]

Im[E]

complex variable theory tells us that  
singularities (poles, cuts) 
‘control’ the behaviour of functions 

— what singularities can our amplitudes have ?

?

?
?
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149

there’s a rather nice (old) book that gives a gentle introduction to this topic
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the unitarity cut 150

unitarity gives us one guaranteed singularity — a branch cut starting at threshold

e.g. elastic partial-wave case:
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the unitarity cut 151

unitarity gives us one guaranteed singularity — a branch cut starting at threshold

e.g. elastic partial-wave case:

square root branch cut
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the unitarity cut 152

unitarity gives us one guaranteed singularity — a branch cut starting at threshold

Re[s]

Im[s]

e.g. elastic partial-wave case:

square root branch cut

function is discontinuous  
across the real axis

has an immediate consequence  
— the complex plane must be multi-sheeted

4m2
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Riemann sheet structure 153

Re[s]

Im[s]

4m2 ‘physical’ sheet

‘unphysical’ sheet

upper 
half-plane

lower 
half-plane

sheets can be characterised by the sign of Im[k]

physical sheet = sheet I  = Im[k] > 0

unphysical sheet = sheet II = Im[k] < 0



lattice QCD and the hadron spectrum | Jun 2025 | HUGS

pole singularities ? 154

scattering amplitudes can have pole singularities only in certain locations

real energy axis, below threshold on physical sheet Re[s]

Im[s]

4m2

corresponds to a stable bound-state
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pole singularities ? 155

scattering amplitudes can have pole singularities only in certain locations

real energy axis, below threshold on physical sheet Re[s]

Im[s]

4m2

corresponds to a stable bound-state

famous example is the  
deuteron at NN threshold

Re[s]

Im[s]

a stable bound-state 
will strongly enhance scattering at threshold
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pole singularities ? 156

scattering amplitudes can have pole singularities only in certain locations

real energy axis, below threshold on physical sheet Re[s]

Im[s]

4m2

corresponds to a stable bound-state

off the real axis, on the unphysical sheet Re[s]

Im[s]

4m2

(in complex conjugate pairs)

corresponds to a resonance
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pole on the unphysical sheet 157

600 800 1000 1200 1400

50
25

100

150

E

Re[E]Im[E]

an isolated pole on the unphysical sheet will produce a bump on the real axis

— the classic resonance signature

close to the pole

600 800 1000 1200 1400

90

0

180
δ
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pole singularities ? 158

scattering amplitudes can have pole singularities only in certain locations

real energy axis, below threshold on physical sheet Re[s]

Im[s]

4m2

corresponds to a stable bound-state

off the real axis, on the unphysical sheet Re[s]

Im[s]

4m2

(in complex conjugate pairs)

corresponds to a resonance

real energy axis, below threshold on unphysical sheet Re[s]

Im[s]

4m2

corresponds to a virtual bound-state
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pole singularities ? 159

scattering amplitudes can have pole singularities only in certain locations

not allowed: poles off the real axis 
   on the physical sheet Re[s]

Im[s]

4m2

would violate causality
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singularity structure from lattice calculations — elastic 160

no nearby poles

ππ  i s o s p i n=2

-30

-25

-20

-15

-10

-5

 0
 0.1  0.2  0.3  0.4

weak and repulsive interaction

PRD 8 6  0 3 4 0 3 1  ( 2 0 1 2 )  

mπ~391 MeV
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[ first term in the ‘effective range expansion’                                          ]k cot �0 = 1
a0

+ 1
2r0k

2 + . . .
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t`=0 =

p
s

2

1

k cot �0 � ik
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a pole, but very far away
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ππ  i s o s p i n=1

 0
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mπ~236 MeV
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-0.017
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a single isolated pole

a narrow resonance

pole position independent 
of parameterization details

PRD 9 2  0 9 4 5 0 2  ( 2 0 1 5 )  
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singularity structure from lattice calculations — elastic 162

ππ  i s o s p i n=1

 0

 30

 60

 90

 120

 150

 180

 400  500  600  700  800  900  1000

mπ ~ 524 MeV
mπ ~ 391 MeV

mπ ~ 236 MeV

mπ ~ 702 MeV

mρ

Γρ

expt

evolution with changing quark mass

poles don’t ‘appear’ or ‘disappear’ with changing quark mass  
— they smoothly move round the complex plane
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singularity structure from lattice calculations — elastic 163

mπ~391 MeV — a bound-state pole

ππ  i s o s p i n=0

-1

-0.5

 0

 0.5

 1

-0.06 -0.03  0  0.03  0.06  0.09  0.12

PRL 1 1 8  0 2 2 0 0 2  ( 2 0 1 7 )  

-300

-200

-100

 0
 300

 −

 500  700  900

mπ~236 MeV — a resonance pole

will come back to  
this scatter later 
if there’s timet`=0 =

p
s

2

1

k cot �0 � ik
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coupled-channels 164

Re[s]

Im[s]

for each new channel, each sheet splits in two ⇒ 2N sheets for N channels

e.g. two channels (ππ, KK)
_
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coupled-channels 165

Re[s]

Im[s]

for each new channel, each sheet splits in two ⇒ 2N sheets for N channels

e.g. two channels (ππ, KK)

sheet II sheet III

sheet I

sheet I

Im[ kππ ] Im[ kKK ]

+ +
sheet II − +
sheet III − −
sheet IV + −

_
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coupled-channels 166

Re[s]

Im[s]

for each new channel, each sheet splits in two ⇒ 2N sheets for N channels

e.g. two channels (ππ, KK)

sheet IV sheet I

Im[ kππ ] Im[ kKK ]

+ +
sheet II − +
sheet III − −
sheet IV + −

sheet I

_



lattice QCD and the hadron spectrum | Jun 2025 | HUGS

coupled-channels 167

Re[s]

Im[s]

sheet I

Im[ kππ ] Im[ kKK ]

+ +
sheet II − +
sheet III − −
sheet IV + −

Im[ kKK ]

Re[ kKK ]

sheet I 
upper half-plane

sheet II 
lower half-plane

sheet III 
lower half-plane

sheet IV 
upper half-plane
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coupled-channels — between thresholds 168

Re[s]

Im[s]

Im[ kKK ]

Re[ kKK ]

sheet I 
upper half-plane

sheet II 
lower half-plane

sheet III 
lower half-plane

sheet IV 
upper half-plane
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coupled-channels — near second threshold 169

Re[s]

Im[s]

Im[ kKK ]

Re[ kKK ]

sheet I 
upper half-plane

sheet II 
lower half-plane

sheet III 
lower half-plane

sheet IV 
upper half-plane
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coupled-channels — well above both thresholds 170

Re[s]

Im[s]

Im[ kKK ]

Re[ kKK ]

sheet I 
upper half-plane

sheet II 
lower half-plane

sheet III 
lower half-plane

sheet IV 
upper half-plane
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two-channel Flatté amplitude 171
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a less obviously resonant amplitude 172
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pole position can be interpreted as mass and width
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near the complex pole, s0
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pole position can be interpreted as mass and width
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<latexit sha1_base64="GZVRkzmcKVC2yrkcIqxAZvSEtXg="></latexit>

pole residue factorizes into a product of resonance couplings 
to the various decay channels
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pole position can be interpreted as mass and width
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pole residue factorizes into a product of resonance couplings 
to the various decay channels
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singularity structure from lattice calculations — elastic 188

mπ~391 MeV — a bound-state pole
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mπ ~ 524 MeV
mπ ~ 391 MeV

mπ ~ 236 MeV

mπ ~ 702 MeV

mρ

Γρ

expt

for heavier than physical light-quarks,  
the ρ resonance becomes stable

can rigorously study vector-pseudoscalar scattering

complication: need to account for the vector ρ spin

helicity formalism is common experimental approach, 
but 𝓵S formalism more convenient in finite-volume
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<latexit sha1_base64="zS7gQmXHgmH4xtxhvTgIZtVhG1Y=">AAACtnicbVHLatwwFJXdV+q+Ju2ym5tOC4UOgx2mNBAKgW7KrFKcSQIjx8gajSMiyUaSA4PrX+t/dNk/qfxomCS9IHE459wH92al4MaG4W/Pf/Dw0eMnO0+DZ89fvHw12n19aopKU7aghSj0eUYME1yxheVWsPNSMyIzwc6yq2+tfnbNtOGFOrGbkiWS5IqvOSXWUenoF854/hPmEwl4Akv3XdT78aeowUyIdA5Jq2NNVC4YfI UAm0qmtUxbeQIyjRvoHKJ3tDT0KhxC3Bpg6AByuxQ+DHo+ntyYbrQ9XFgumcF7Q/K/bl3dLWuQjsbhNOwC7oNoAGM0xHE6+oNXBa0kU5YKYswyCkub1ERbTgVrAlwZVhJ6RXK2dFARN0ZSd3tu4INjVrAutHvKQsduZ9REGrORmXNKYi/NXa0l/6ctK7s+SGquysoyRftG60qALaA9Gqy4ZtSKjQOEau5mBXpJNKHWnfZWl0w2bifR3Q3cB6f702g2/fxjNj6aDdvZQW/RO/QRRegLOkLf0TFaIOq99+Ze7J34B/6Fz/y8t/rekPMG3Qq//AtgxNHg</latexit>

e.g. with S=1 can make JP=1+ in two ways: 3S1,
3D1

<latexit sha1_base64="BvF/6Aq0Ez2nr7WBy7EH26Yb9vk=">AAACCnicbZDNSsNAFIUn9a/Wv1iXbkaL4KKURCu6LOjCZUXbCk0Mk+mkHTqThJmJWELfwGdwq2t34taXcOmbOGmzsK0HLnycey/3cvyYUaks69soLC2vrK4V10sbm1vbO+ZuuS2jRGDSwhGLxL2PJGE0JC1FFSP3sSCI+4x0/OFl1u88EiFpFN6pUUxcjvohDShGSlueWX44dQ5uPbsKnWqGV57tmRWrZk0EF8HOoQJyNT3zx+lFOOEkVJghKbu2FSs3RUJRzMi45CSSxAgPUZ90NYaIE+mmk9/H8Eg7PRhEQleo4MT9u5EiLuWI+3qSIzWQ873M/K/XTVRw4aY0jBNFQjw9FCQMqghmQcAeFQQrNtKAsKD6V4gHSCCsdFwzV3w+1pnY8wksQvukZtdrZzf1SqOep1ME++AQHAMbnIMGuAZN0AIYPIEX8ArejGfj3fgwPqejBSPf2QMzMr5+ATeTmJY=</latexit>

⇒ coupled partial-waves t =

2

4t(3S1|3S1) t(3S1|3D1)

t(3S1|3D1) t(3D1|3D1)

3

5

<latexit sha1_base64="peq/eke3L/MfS3VbUJcGgQqPWbI="></latexit>

finite-volume function basis changes too
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π

ρ

π

ρ

JP = 1+

<latexit sha1_base64="oP4R5mCY3dG7Prf+vFBUK1FOqjA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquVPQiFLyIpwr2Q9ptyabZNjTJLklWKEt/hRcPinj153jz35i2e9DWBwOP92aYmRfEnGnjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDEY3U7/5RJVmkXww45j6Ag8kCxnBxkqPd90aukZe96xXLLlldwa0TLyMlCBDrVf86vQjkggqDeFY67bnxsZPsTKMcDopdBJNY0xGeEDblkosqPbT2cETdGKVPgojZUsaNFN/T6RYaD0Wge0U2Az1ojcV//PaiQmv/JTJODFUkvmiMOHIRGj6PeozRYnhY0swUczeisgQK0yMzahgQ/AWX14mjfOyVylf3FdK1UoWRx6O4BhOwYNLqMIt1KAOBAQ8wyu8Ocp5cd6dj3lrzslmDuEPnM8frwGO/Q==</latexit>
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1�
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ω is stable down to quite low quark masses
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exact SU(3) flavor symmetry

0.36

0.38

0.40

0.42

0.44

0.46

14 16 18 20 24

0.36

0.38

0.40

0.42

0.44

0.46

14 16 18 20 24

0.36

0.38

0.40

0.42

0.44

0.46

14 16 18 20 24

0.36

0.38

0.40

0.42

0.44

0.46

14 16 18 20 24

0.36

0.38

0.40

0.42

0.44

0.46

14 16 18 20 24

0.36

0.38

0.40

0.42

0.44

0.46

14 16 18 20 24

0.36

0.38

0.40

0.42

0.44

0.46

14 16 18 20 24

0.36

0.38

0.40

0.42

0.44

0.46

14 16 18 20 24

0.36

0.38

0.40

0.42

0.44

0.46

14 16 18 20 24

PRD 1 0 3  0 7 4 5 0 2  ( 2 0 2 1 )

unprecedented number of energy levels
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a very narrow resonance  
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a large (subthreshold) coupling to 

h18η8  ~ πb1

<latexit sha1_base64="iTk9F8MLY1/wqGyHoPqyFFNeJbA=">AAACDnicbZDNSsNAFIUn9a/Wv6hLN4OlUBeWRAq6LLhxWcG2QhvCZDpph04mYeZGKCFP4MZXceNCEbeu3fk2TtsstPXAwMe593LnniARXIPjfFultfWNza3ydmVnd2//wD486uo4VZR1aCxidR8QzQSXrAMcBLtPFCNRIFgvmFzP6r0HpjSP5R1ME+ZFZCR5yCkBY/l2DfyMBHldn+GB5hEehIrQjPoEUz/IM+07+Fznvl11Gs5ceBXcAqqoUNu3vwbDmKYRk0AF0brvOgl4GVHAqWB5ZZBqlhA6ISPWNyhJxLSXzc/Jcc04QxzGyjwJeO7+nshIpPU0CkxnRGCsl2sz879aP4Xwysu4TFJgki4WhanAEONZNnjIFaMgpgYIVdz8FdMxMYGASbBiQnCXT16F7kXDNXzbrLaaRRxldIJOUR256BK10A1qow6i6BE9o1f0Zj1ZL9a79bFoLVnFzDH6I+vzB+/Zm1c=</latexit>
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a very crude extrapolation …
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why the heavier quark masses ? 203

we can compute spectra at lighter quark masses, but we wouldn’t know what to do with them 

the problem is three-body and higher channels…

πη

KK
_

πππ
? ? ?

all the complications 
of infinite-volume  
three-body (+ more?)

E
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πη

KK
_

πππ

E

πη

KK
_

πππ

E

πη

KK
_

πππ

E
mπ ~ 391 MeV mπ < 391 MeV mπ → phys

two-body 
formalism 
valid

two-body 
formalism 
valid
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rigorous three body scattering 205

formalism is significantly more complicated — first applications have appeared
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coupling scattering systems to external currents 206

e.g. consider the process in which  
a pion absorbs a photon* to become two pions

* could be virtual

�⇡ ! ⇡⇡

<latexit sha1_base64="sQRIvlgKmCN1dH1dzDCdslqBguE=">AAACDnicbVDLSgMxFL1TX7W+RgU3boJFcFVmpKLLghuXFewDOkPJpGkbmsyEJCOUsf/gN7jVtTtx6y+49E9M21nY1gMhh3Pu5d57IsmZNp737RTW1jc2t4rbpZ3dvf0D9/CoqZNUEdogCU9UO8KachbThmGG07ZUFIuI01Y0up36rUeqNEviBzOWNBR4ELM+I9hYqeueBAMsBEaBZCgwyfyXrOuWvYo3A1olfk7KkKPedX+CXkJSQWNDONa643vShBlWhhFOJ6Ug1VRiMsID2rE0xoLqMJvtP0HnVumhfqLsiw2aqX87Miy0HovIVgpshnrZm4r/eZ3U9G/CjMUyNTQm80H9lCN76DQM1GOKEsPHlmCimN0VkSFWmBgb2cKUSExsJv5yAqukeVnxq5Wr+2q5Vs3TKcIpnMEF+HANNbiDOjSAwBO8wCu8Oc/Ou/PhfM5LC07ecwwLcL5+AdJLm9Q=</latexit>

in infinite volume, described by a matrix element
⌦
⇡⇡(Ecm,P)

��jµ(0)
��⇡(p)

↵

<latexit sha1_base64="FPHSV4tTE2Us+5+it/6fyKfdhBE="></latexit>

ππ state can be projected  
into a partial wave, e.g. 𝓵=1

/ F (Ecm, Q
2)

<latexit sha1_base64="d+Ng2xR3CrTstHOy1rqvTTu1+3I=">AAACFXicbVDLSsNAFJ3UV62vqEsRBotQQUpSKrosiOKyBfuAppbJdNIOnUnCzEQoISs/wm9wq2t34ta1S//EaZqFbT1w4XDOvdx7jxsyKpVlfRu5ldW19Y38ZmFre2d3z9w/aMkgEpg0ccAC0XGRJIz6pKmoYqQTCoK4y0jbHV9P/fYjEZIG/r2ahKTH0dCnHsVIaalvHjuhCEIVwNvSTd/hSI2kF2OenMPGQ+WsbxatspUCLhM7I0WQod43f5xBgCNOfIUZkrJrW6HqxUgoihlJCk4kSYjwGA1JV1MfcSJ7cfpGAk+1MoBeIHT5Cqbq34kYcSkn3NWd6aGL3lT8z+tGyrvqxdQPI0V8PFvkRQzqt6eZwAEVBCs20QRhQfWtEI+QQFjp5Oa2uDzRmdiLCSyTVqVsV8sXjWqxVs3SyYMjcAJKwAaXoAbuQB00AQZP4AW8gjfj2Xg3PozPWWvOyGYOwRyMr1/1WZ6M</latexit>

γ*

π

π

π

after the current produces ππ ππ will rescatter strongly…

π

π

π

π
⇒ the matrix element is proportional to t`(Ecm)

<latexit sha1_base64="MEwgcMQPOz2WRdn/hvl3ZUIwPsI=">AAACDXicbVDLSsNAFJ3UV62vqrhyM1iEuimJVHRZEMFlBfuAJoTJdNIOnZmEmYlQQr7Bb3Cra3fi1m9w6Z84TbOwrQcuHM65l3s4Qcyo0rb9bZXW1jc2t8rblZ3dvf2D6uFRV0WJxKSDIxbJfoAUYVSQjqaakX4sCeIBI71gcjvze09EKhqJRz2NicfRSNCQYqSN5FdPtO8Sxup3vsuRHqswxTy78Ks1u2HngKvEKUgNFGj71R93GOGEE6ExQ0oNHDvWXoqkppiRrOImisQIT9CIDAwViBPlpXn8DJ4bZQjDSJoRGubq34sUcaWmPDCbecZlbyb+5w0SHd54KRVxoonA80dhwqCO4KwLOKSSYM2mhiAsqckK8RhJhLVpbOFLwDPTibPcwCrpXjacZuPqoVlrNYt2yuAUnIE6cMA1aIF70AYdgEEKXsAreLOerXfrw/qcr5as4uYYLMD6+gUguZwV</latexit>

if there’s a resonance t`(s ⇠ s0) ⇠
c2

s0 � s

<latexit sha1_base64="KyK7mM9hVBYzj4gtnPmKV6y6T4o=">AAACInicbZDLSsNAFIYnXmu9RV26GSxCFSxJqeiy4MZlBXuBJobJdNIOnUnCzEQoIe/gQ/gMbnXtTlwJbnwTJ20WtvWHgZ//nMM58/kxo1JZ1pexsrq2vrFZ2ipv7+zu7ZsHhx0ZJQKTNo5YJHo+koTRkLQVVYz0YkEQ9xnp+uObvN59JELSKLxXk5i4HA1DGlCMlI4881x5DmGsKqEjKYfSs85mzgkEwil+qGepDuGFzDyzYtWsqeCysQtTAYVanvnjDCKccBIqzJCUfduKlZsioShmJCs7iSQxwmM0JH1tQ8SJdNPpnzJ4qpMBDCKhX6jgNP07kSIu5YT7upMjNZKLtTz8r9ZPVHDtpjSME0VCPFsUJAyqCOaA4IAKghWbaIOwoPpWiEdIw1Aa49wWn+dM7EUCy6ZTr9mN2uVdo9JsFHRK4BicgCqwwRVoglvQAm2AwRN4Aa/gzXg23o0P43PWumIUM0dgTsb3L2Lso3g=</latexit>

F (s ⇠ s0, Q
2) ⇠ c f(Q2)

s0 � s

<latexit sha1_base64="KKBvMJig4UqLGU5zk+wanM/4B9c=">AAACKnicbVDNSgMxGMzWv1r/Vj16CRahQi27paLHgiAeW7A/0F1LNs22ocnukmSFsvQ9fAifwauevRVPgg9itt2DbR0ITGbm40vGixiVyrJmRm5jc2t7J79b2Ns/ODwyj0/aMowFJi0cslB0PSQJowFpKaoY6UaCIO4x0vHGd6nfeSZC0jB4VJOIuBwNA+pTjJSW+mb1viShIymHsm+VYfOperm4Or5AOMHQKUO/lMrTRCfglZz2zaJVseaA68TOSBFkaPTNb2cQ4piTQGGGpOzZVqTcBAlFMSPTghNLEiE8RkPS0zRAnEg3mf9tCi+0MoB+KPQJFJyrfycSxKWccE8nOVIjueql4n9eL1b+rZvQIIoVCfBikR8zqEKYFgUHVBCs2EQThAXVb4V4hHQpSte5tMXjaSf2agPrpF2t2LXKdbNWrNeydvLgDJyDErDBDaiDB9AALYDBC3gD7+DDeDU+jZnxtYjmjGzmFCzB+PkFKQ6knw==</latexit>

and 

γ*

π

π

π

res.

resonance transition form-factor f(Q2)  
rigorously defined at the complex pole position

but what changes in a finite volume … ?

e.g. ρ→πγ
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e.g. consider the process in which  
a pion absorbs a photon to become two pions

�⇡ ! ⇡⇡

<latexit sha1_base64="sQRIvlgKmCN1dH1dzDCdslqBguE=">AAACDnicbVDLSgMxFL1TX7W+RgU3boJFcFVmpKLLghuXFewDOkPJpGkbmsyEJCOUsf/gN7jVtTtx6y+49E9M21nY1gMhh3Pu5d57IsmZNp737RTW1jc2t4rbpZ3dvf0D9/CoqZNUEdogCU9UO8KachbThmGG07ZUFIuI01Y0up36rUeqNEviBzOWNBR4ELM+I9hYqeueBAMsBEaBZCgwyfyXrOuWvYo3A1olfk7KkKPedX+CXkJSQWNDONa643vShBlWhhFOJ6Ug1VRiMsID2rE0xoLqMJvtP0HnVumhfqLsiw2aqX87Miy0HovIVgpshnrZm4r/eZ3U9G/CjMUyNTQm80H9lCN76DQM1GOKEsPHlmCimN0VkSFWmBgb2cKUSExsJv5yAqukeVnxq5Wr+2q5Vs3TKcIpnMEF+HANNbiDOjSAwBO8wCu8Oc/Ou/PhfM5LC07ecwwLcL5+AdJLm9Q=</latexit>

ππ|thr.

π

ππ

Ecm

γ*

infinite volume finite volume

ππ|thr.

π

γ*

can only transition  
to one of the discrete 
f.v. eigenstates

can transition  
to any energy 
in the ππ continuum

L

⌦
⇡⇡(En(L),P)

��jµ(0)
��⇡(p)

↵
L

<latexit sha1_base64="pjMKtbyoILcHtScN72J2fHDUEAY="></latexit>

��⇡(p)
↵
L
=

��⇡(p)
↵
1 +O(e�m⇡L)

<latexit sha1_base64="775S16N6RXTRJakzNYuKYi5htlU="></latexit>

single hadron state

hadron-hadron state

finite-volume matrix element

��⇡⇡(En(L),P)
↵
L
⇠

p
Rn

��⇡⇡(Ecm=En(L),P)
↵
1

<latexit sha1_base64="D79bmlFZjP10xeACmB9ENaU9JEw="></latexit>

effective f.v. 
normalization

F = 1
16⇡ i⇢ (1 + iM)

M = 16⇡ t

<latexit sha1_base64="UtAqtavTT2XVbU8GDsE5us/Vtc4="></latexit>

effective f.v. normalization depends  
on the hadron-hadron scattering amplitude

Rn = 2En lim
E!En

(E � En)
⇣
F�1(E,P;L) +M(E)

⌘�1

<latexit sha1_base64="d8J88rTcswtjEB0V1LX2wbULCMo="></latexit>
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ππ→πγ lattice QCD calculation 208PRD 9 3  1 1 4 5 0 8  ( 2 0 1 6 )PRL 1 1 5  2 4 2 0 0 1  ( 2 0 1 5 )

f o rm - f a c t o r  a t  t h e  p o l e

mπ~391 MeV
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the missing singularity — the ‘left-hand cut’ 210

consider the amplitude before we partial-wave projected π

π

π

π
s

t

T (s, t)

<latexit sha1_base64="Z/4dgfhLlHr0/BNIb3Pu1tiMhqU=">AAAB/nicbVBNSwMxEJ2tX7V+VT16CRahgpRdqeix4MVjhX5Bu5Rsmm1Dk+ySZIWyFPwNXvXsTbz6Vzz6T0zbPdjWBwOP92aYmRfEnGnjut9ObmNza3snv1vY2z84PCoen7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsb3M7/9RJVmkWyYSUx9gYeShYxgY6VOo4z0FTKX/WLJrbhzoHXiZaQEGer94k9vEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n87vnaILqwxQGClb0qC5+ncixULriQhsp8BmpFe9mfif101MeOenTMaJoZIsFoUJRyZCs+fRgClKDJ9Ygoli9lZERlhhYmxES1sCMbWZeKsJrJPWdcWrVm4eq6VaNUsnD2dwDmXw4BZq8AB1aAIBDi/wCm/Os/PufDifi9ack82cwhKcr1/wB5VS</latexit>

a function of both s and t 

the same amplitude should describe crossed-channel scattering

e.g. suppose a stable (scalar) hadron can be exchanged in the t-channel 
what would that imply for the partial-wave amplitude ?

T (s, t) =
g2

M2 � t

<latexit sha1_base64="95eZB1q/Fr9GGYXverr9kEOGD24=">AAACFnicbZC7SgNBFIZn4y3GW9RSkMEgRNCwGyLaCAEbGyFCbpBswuxkNhkye2HmrBCWdD6Ez2CrtZ3Y2lr6Jk6SLUziDwM//zmHc+ZzQsEVmOa3kVpZXVvfSG9mtrZ3dvey+wd1FUSSshoNRCCbDlFMcJ/VgINgzVAy4jmCNZzh7aTeeGRS8cCvwihktkf6Pnc5JaCjbva4msfqHMMZvsFtVxIa9zvFcXzfKeILDONuNmcWzKnwsrESk0OJKt3sT7sX0MhjPlBBlGpZZgh2TCRwKtg4044UCwkdkj5raesTjyk7nv5jjE910sNuIPXzAU/TvxMx8ZQaeY7u9AgM1GJtEv5Xa0XgXtsx98MImE9ni9xIYAjwBArucckoiJE2hEqub8V0QDQN0OjmtjjehIm1SGDZ1IsFq1S4fCjlyqWEThodoROURxa6QmV0hyqohih6Qi/oFb0Zz8a78WF8zlpTRjJziOZkfP0CPv2deQ==</latexit>

t`(s) =
1
2

Z 1

�1
dxP`(x)T (s, t(x))

<latexit sha1_base64="kesryvOHROBTxz8WJr4NShqJa0o="></latexit>

x = cos ✓

<latexit sha1_base64="M3Mo2ptT90gEoHqyPfnFS7FM9AY=">AAACBHicbVC7SgNBFJ31GeMramkzGASrsCsRbYSAjWUE84DsGmYns8mQmZ1l5q4YlrR+g63WdmLrf1j6J06SLUzigQuHc+7lXE6YCG7Adb+dldW19Y3NwlZxe2d3b790cNg0KtWUNagSSrdDYpjgMWsAB8HaiWZEhoK1wuHNxG89Mm24iu9hlLBAkn7MI04JWOnhCV/7VBnsw4AB6ZbKbsWdAi8TLydllKPeLf34PUVTyWKgghjT8dwEgoxo4FSwcdFPDUsIHZI+61gaE8lMkE2/HuNTq/RwpLSdGPBU/XuREWnMSIZ2UxIYmEVvIv7ndVKIroKMx0kKLKazoCgVGBSeVIB7XDMKYmQJoZrbXzEdEE0o2KLmUkI5tp14iw0sk+Z5xatWLu6q5Vo1b6eAjtEJOkMeukQ1dIvqqIEo0ugFvaI359l5dz6cz9nqipPfHKE5OF+/uI6Yng==</latexit>

t = �2k2(1� x)

<latexit sha1_base64="a0DMtDogAbXLyUhGq3bas4qgAHM=">AAACB3icbVC7SgNBFJ2NrxgfWbW0GQxCLBJ2Q0QbIWBjGcHEQLKG2clsMmRmd5m5K4YlH+A32GptJ7Z+hqV/4uRRmMQDFw7n3Mu5HD8WXIPjfFuZtfWNza3sdm5nd28/bx8cNnWUKMoaNBKRavlEM8FD1gAOgrVixYj0Bbv3h9cT//6RKc2j8A5GMfMk6Yc84JSAkbp2HvAVLuHK8KFSdEtPZ1274JSdKfAqceekgOaod+2fTi+iiWQhUEG0brtODF5KFHAq2DjXSTSLCR2SPmsbGhLJtJdOHx/jU6P0cBApMyHgqfr3IiVS65H0zaYkMNDL3kT8z2snEFx6KQ/jBFhIZ0FBIjBEeNIC7nHFKIiRIYQqbn7FdEAUoWC6Wkjx5dh04i43sEqalbJbLZ/fVgu16rydLDpGJ6iIXHSBaugG1VEDUZSgF/SK3qxn6936sD5nqxlrfnOEFmB9/QIEXZdj</latexit>

t0(s) =
1
2g

2

Z 1

�1
dx

1

M2 + 2k2(1� x)

<latexit sha1_base64="nAiHbJW2kyJ07TykeTagb1aa7NY="></latexit>

t0(s) =
g2

4k2
log


s� 4m2 +M2

M2

�

<latexit sha1_base64="jFaZvYJXQMuqfx6fUUkmJ3942u8="></latexit>

S-wave

branch point at 
s = 4m2 �M2

<latexit sha1_base64="x5/8H0cci/BFJZzDgtcNJ2CgmNQ=">AAACBHicbVC7SgNBFL0bXzG+opY2g0GwMeyGFW2EgI2NEME8INmE2clsMmRmd5mZFcKS1m+w1dpObP0PS//ESbKFSTxw4XDOvZzL8WPOlLbtbyu3tr6xuZXfLuzs7u0fFA+PGipKJKF1EvFItnysKGchrWumOW3FkmLhc9r0R7dTv/lEpWJR+KjHMfUEHoQsYARrI3UVukGu6FbQBbrvVnrFkl22Z0CrxMlICTLUesWfTj8iiaChJhwr1XbsWHsplpoRTieFTqJojMkID2jb0BALqrx09vUEnRmlj4JImgk1mql/L1IslBoL32wKrIdq2ZuK/3ntRAfXXsrCONE0JPOgIOFIR2haAeozSYnmY0Mwkcz8isgQS0y0KWohxRcT04mz3MAqaVTKjlu+fHBLVTdrJw8ncArn4MAVVOEOalAHAhJe4BXerGfr3fqwPuerOSu7OYYFWF+/JmyXAQ==</latexit>

4m2

<latexit sha1_base64="3LQOFLwCRO5xoSw/CA9SKMovJak=">AAAB+nicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXcOOygn1AG8tkOmmHzkzCzEQosb/gVtfuxK0/49I/cdJWsKIHLhzOuZd77wkTRpV2nA+rsLG5tb1T3C3t7R8cHpWPTzoqTiUmbRyzWPZCpAijgrQ11Yz0EkkQDxnphtOr3O/eE6loLG71LCEBR2NBI4qRziWP31WH5Ypj+zWvXm9Ax3Zr1arv5cT3G44HXdtZoAJWaA3Ln4NRjFNOhMYMKdV3nUQHGZKaYkbmpUGqSILwFI1J31CBOFFBtrh1Di+MMoJRLE0JDRfqz4kMcaVmPDSdHOmJ+u3l4l9eP9VRPcioSFJNBF4uilIGdQzzx+GISoI1mxmCsKTmVognSCKsTTxrW0I+N5l8Pw7/J52q7Xp27carNL1VOkVwBs7BJXCBD5rgGrRAG2AwAY/gCTxbD9aL9Wq9LVsL1mrmFKzBev8CpZ+UvQ==</latexit>

a left-hand cut
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the missing singularity — the ‘left-hand cut’ 211

consider the amplitude before we partial-wave projected π

π

π

π
s

t

T (s, t)

<latexit sha1_base64="Z/4dgfhLlHr0/BNIb3Pu1tiMhqU=">AAAB/nicbVBNSwMxEJ2tX7V+VT16CRahgpRdqeix4MVjhX5Bu5Rsmm1Dk+ySZIWyFPwNXvXsTbz6Vzz6T0zbPdjWBwOP92aYmRfEnGnjut9ObmNza3snv1vY2z84PCoen7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsb3M7/9RJVmkWyYSUx9gYeShYxgY6VOo4z0FTKX/WLJrbhzoHXiZaQEGer94k9vEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n87vnaILqwxQGClb0qC5+ncixULriQhsp8BmpFe9mfif101MeOenTMaJoZIsFoUJRyZCs+fRgClKDJ9Ygoli9lZERlhhYmxES1sCMbWZeKsJrJPWdcWrVm4eq6VaNUsnD2dwDmXw4BZq8AB1aAIBDi/wCm/Os/PufDifi9ack82cwhKcr1/wB5VS</latexit>

a function of both s and t 

more generally, unitarity in the crossed-channels demands a left-hand cut

t`(s) =
1
2

Z 1

�1
dxP`(x)T (s, t(x))

<latexit sha1_base64="kesryvOHROBTxz8WJr4NShqJa0o=">AAACP3icbVDLSgMxFM34rO+qSzfRIrRQy0yp6EYouNBlBatCpw6ZNKOhmcyQ3JGWYT7Jj/AbXAm6cOVO3LozfSy09YTA4ZxzucnxY8E12PaLNTM7N7+wmFtaXlldW9/Ib25d6ShRlDVpJCJ14xPNBJesCRwEu4kVI6Ev2LXfPR341w9MaR7JS+jHrB2SO8kDTgkYycufgecyIYq6hE+wC4EiNHWytJphl0vw0gMnu3Wwuzs4nR 52y41Rvldyy/iyqMsYDMclL1+wK/YQeJo4Y1JAYzS8/LvbiWgSMglUEK1bjh1DOyUKOBUsW3YTzWJCu+SOtQyVJGS6nQ4/nOF9o3RwEClzJeCh+nsiJaHW/dA3yZDAvZ70BuJ/XiuB4LidchknwCQdLQoSgSHCg/ZwhytGQfQNIVRx81ZM74kpDUzHf7b4YWY6cSYbmCZX1YpTqxxe1Ar12ridHNpBe6iIHHSE6ugcNVATUfSIntErerOerA/r0/oaRWes8cw2+gPr+wdnPqwN</latexit>

x = cos ✓

<latexit sha1_base64="M3Mo2ptT90gEoHqyPfnFS7FM9AY=">AAACBHicbVC7SgNBFJ31GeMramkzGASrsCsRbYSAjWUE84DsGmYns8mQmZ1l5q4YlrR+g63WdmLrf1j6J06SLUzigQuHc+7lXE6YCG7Adb+dldW19Y3NwlZxe2d3b790cNg0KtWUNagSSrdDYpjgMWsAB8HaiWZEhoK1wuHNxG89Mm24iu9hlLBAkn7MI04JWOnhCV/7VBnsw4AB6ZbKbsWdAi8TLydllKPeLf34PUVTyWKggh jT8dwEgoxo4FSwcdFPDUsIHZI+61gaE8lMkE2/HuNTq/RwpLSdGPBU/XuREWnMSIZ2UxIYmEVvIv7ndVKIroKMx0kKLKazoCgVGBSeVIB7XDMKYmQJoZrbXzEdEE0o2KLmUkI5tp14iw0sk+Z5xatWLu6q5Vo1b6eAjtEJOkMeukQ1dIvqqIEo0ugFvaI359l5dz6cz9nqipPfHKE5OF+/uI6Yng==</latexit>

t = �2k2(1� x)

<latexit sha1_base64="a0DMtDogAbXLyUhGq3bas4qgAHM=">AAACB3icbVC7SgNBFJ2NrxgfWbW0GQxCLBJ2Q0QbIWBjGcHEQLKG2clsMmRmd5m5K4YlH+A32GptJ7Z+hqV/4uRRmMQDFw7n3Mu5HD8WXIPjfFuZtfWNza3sdm5nd28/bx8cNnWUKMoaNBKRavlEM8FD1gAOgrVixYj0Bbv3h9cT//6RKc2j8A5GMfMk6Yc84JSAkbp2HvAVLuHK8KFSdEtPZ1274JSdKfAqceekgOaod+2fTi+iiWQhUEG0brtODF5KFHAq2DjXSTSLCR2SPmsbGhLJtJdOHx/jU6P0cBApMyHgqfr3IiVS65H0zaYkMNDL3kT8z2snEFx6KQ/jBFhIZ0FBIjBEeNIC7nHFKIiRIYQqbn7FdEAUoWC6Wkjx5dh04i43sEqalbJbLZ/fVgu16rydLDpGJ6iIXHSBaugG1VEDUZSgF/SK3qxn6936sD5nqxlrfnOEFmB9/QIEXZdj</latexit>

dispersion at fixed s

T (s, t) =
1

2⇡i

Z 1

4m2

dt̄
disct T (s, t̄)

t̄� t

<latexit sha1_base64="hA1uNgmU1cSIQExVcXwbVShDsNE="></latexit>

+ u�channel

<latexit sha1_base64="zwMk0XAZG9cPgVXyvQruxzpc8k8="></latexit>

t`(s) =
1

4⇡ik2

Z 1

4m2

dt̄ disct T (s, t̄)
1
2

Z 1

�1
dx

P`(x)�
1 + t̄

2k2

�
� x

<latexit sha1_base64="vWF/vO6XSYAMKefZ80UGF881dWk="></latexit>

= Q`

⇣
1 + t̄

2k2

⌘

<latexit sha1_base64="yuiuNhhiukLm0xgvvzSRYpVWEIs="></latexit>

Legendre function 
of the second kind

has branch points  
at z=±1 

Q`(z)

<latexit sha1_base64="n9mrrrN2tYEH/wNvYcpA5xnHxfk=">AAAB/3icdVDLSsNAFJ3UV31XXboZLELdhKRNbLsruHHZgn1IG8pkOmmHziRhZiLU0IXf4FbX7sStn+LSP3H6EKzogQuHc+7l3nv8mFGpLOvDyKytb2xuZbd3dvf2Dw5zR8ctGSUCkyaOWCQ6PpKE0ZA0FVWMdGJBEPcZafvjq5nfviNC0ii8UZOYeBwNQxpQjJSWbhv9HmGscH/Rz+Ut03aqpaIFLdOxLsuOq0mpWnHdIrRNa448WKLez332BhFOOAkVZkjKrm3FykuRUBQzMt3pJZLECI/RkHQ1DREn0kvnB0/huVYGMIiErlDBufpzIkVcygn3dSdHaiR/ezPxL6+bqKDipTSME0VCvFgUJAyqCM6+hwMqCFZsognCgupbIR4hgbDSGa1s8flUZ/L9OPyftIo6N9NtOPmas0wnC07BGSgAG5RBDVyDOmgCDDh4BE/g2XgwXoxX423RmjGWMydgBcb7F03xlsU=</latexit>

singularity if t̄ = �4k2 = 4m2 � s

<latexit sha1_base64="H65W4URJ2msq9yOdC1b/DkEl/pU=">AAACEnicbZDLSgMxFIYzXmu9jbrTTbAIblpmyohuhIIblxXsBdqxZNJMG5pkhiQjlGHAh/AZ3Oranbj1BVz6JqbtLGzrgZCP/z+Hk/xBzKjSjvNtrayurW9sFraK2zu7e/v2wWFTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWB0M/Fbj0QqGol7PY6Jz9FA0JBipI3Us4+7AZKpzuA1LENv9FA14HFzlVXPLjkVZ1pwGdwcSiCves/+6fYjnHAiNGZIqY7rxNpPkdQUM5IVu4kiMcIjNCAdgwJxovx0+ocMnhmlD8NImiM0nKp/J1LElRrzwHRypIdq0ZuI/3mdRIdXfkpFnGgi8GxRmDCoIzgJBPapJFizsQGEJTVvhXiIJMLaxDa3JeCZycRdTGAZmtWK61Uu7rxSzcvTKYATcArOgQsuQQ3cgjpoAAyewAt4BW/Ws/VufVifs9YVK585AnNlff0C7i2bow==</latexit>

which is in the integration region if s < 0

<latexit sha1_base64="Ykvb7OReGXxB0q056pR14cR0QRQ=">AAAB+3icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYygpcEkiPsbfaSJbt7x+6eEI77DbZa24mtP8bSf+ImucIkPhh4vDfDzLww4Uwb1/12ShubW9s75d3K3v7B4VH1+KSt41QR6pOYx6obYk05k9Q3zHDaTRTFIuS0E07uZ37nmSrNYvlkpgkNBB5JFjGCjZV8je6QO6jW3Lo7B1onXkFqUKA1qP70hzFJBZWGcKx1z3MTE2RYGUY4zSv9VNMEkwke0Z6lEguqg2x+bI4urDJEUaxsSYPm6t+JDAutpyK0nQKbsV71ZuJ/Xi810W2QMZmkhkqyWBSlHJkYzT5HQ6YoMXxqCSaK2VsRGWOFibH5LG0JRW4z8VYTWCftq7rXqF8/NmrNRpFOGc7gHC7BgxtowgO0wAcCDF7gFd6c3Hl3PpzPRWvJKWZOYQnO1y8nSpRb</latexit>

t-channel unitarity generates a left-hand cut

4m2

<latexit sha1_base64="3LQOFLwCRO5xoSw/CA9SKMovJak=">AAAB+nicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXcOOygn1AG8tkOmmHzkzCzEQosb/gVtfuxK0/49I/cdJWsKIHLhzOuZd77wkTRpV2nA+rsLG5tb1T3C3t7R8cHpWPTzoqTiUmbRyzWPZCpAijgrQ11Yz0EkkQDxnphtOr3O/eE6loLG71LCEBR2NBI4qRziWP31WH5Ypj+zWvXm9Ax3Zr1arv5cT3G44HXdtZoAJWaA3Ln4NRjFNOhMYMKdV3nUQHGZKaYkbmpUGqSILwFI1J31CBOFFBtrh1Di+MMoJRLE0JDRfqz4kMcaVmPDSdHOmJ+u3l4l9eP9VRPcioSFJNBF4uilIGdQzzx+GISoI1mxmCsKTmVognSCKsTTxrW0I+N5l8Pw7/J52q7Xp27carNL1VOkVwBs7BJXCBD5rgGrRAG2AwAY/gCTxbD9aL9Wq9LVsL1mrmFKzBev8CpZ+UvQ==</latexit>
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4m2

<latexit sha1_base64="3LQOFLwCRO5xoSw/CA9SKMovJak=">AAAB+nicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXcOOygn1AG8tkOmmHzkzCzEQosb/gVtfuxK0/49I/cdJWsKIHLhzOuZd77wkTRpV2nA+rsLG5tb1T3C3t7R8cHpWPTzoqTiUmbRyzWPZCpAijgrQ11Yz0EkkQDxnphtOr3O/eE6loLG71LCEBR2NBI4qRziWP31WH5Ypj+zWvXm9Ax3Zr1arv5cT3G44HXdtZoAJWaA3Ln4NRjFNOhMYMKdV3nUQHGZKaYkbmpUGqSILwFI1J31CBOFFBtrh1Di+MMoJRLE0JDRfqz4kMcaVmPDSdHOmJ+u3l4l9eP9VRPcioSFJNBF4uilIGdQzzx+GISoI1mxmCsKTmVognSCKsTTxrW0I+N5l8Pw7/J52q7Xp27carNL1VOkVwBs7BJXCBD5rgGrRAG2AwAY/gCTxbD9aL9Wq9LVsL1mrmFKzBev8CpZ+UvQ==</latexit>

sL

<latexit sha1_base64="xR2W2O8RI5uZsxjIMRB7nTOVYK8=">AAAB+XicdVDLSsNAFJ3UV62vqks3g0VwFSY1xXRXcOPCRUX7gDaUyXTSDp1JwsxEKKGf4FbX7sStX+PSP3HSVrCiBy4czrmXe+8JEs6URujDKqytb2xuFbdLO7t7+wflw6O2ilNJaIvEPJbdACvKWURbmmlOu4mkWAScdoLJVe53HqhULI7u9TShvsCjiIWMYG2kOzW4GZQryK7XPK9ag8i+QHW3nhNU9TzXgY6N5qiAJZqD8md/GJNU0EgTjpXqOSjRfoalZoTTWamfKppgMsEj2jM0woIqP5ufOoNnRhnCMJamIg3n6s+JDAulpiIwnQLrsfrt5eJfXi/VoednLEpSTSOyWBSmHOoY5n/DIZOUaD41BBPJzK2QjLHERJt0VrYEYmYy+X4c/k/aVdtx7dqtW2m4y3SK4AScgnPggEvQANegCVqAgBF4BE/g2cqsF+vVelu0FqzlzDFYgfX+BWJGlKA=</latexit>

narrow resonance

resonance pole nearby 
left-hand cut very distant

e.g. can describe scattering near the ρ  
resonance without describing the left-hand cut

broad resonance

4m2

<latexit sha1_base64="3LQOFLwCRO5xoSw/CA9SKMovJak=">AAAB+nicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXcOOygn1AG8tkOmmHzkzCzEQosb/gVtfuxK0/49I/cdJWsKIHLhzOuZd77wkTRpV2nA+rsLG5tb1T3C3t7R8cHpWPTzoqTiUmbRyzWPZCpAijgrQ11Yz0EkkQDxnphtOr3O/eE6loLG71LCEBR2NBI4qRziWP31WH5Ypj+zWvXm9Ax3Zr1arv5cT3G44HXdtZoAJWaA3Ln4NRjFNOhMYMKdV3nUQHGZKaYkbmpUGqSILwFI1J31CBOFFBtrh1Di+MMoJRLE0JDRfqz4kMcaVmPDSdHOmJ+u3l4l9eP9VRPcioSFJNBF4uilIGdQzzx+GISoI1mxmCsKTmVognSCKsTTxrW0I+N5l8Pw7/J52q7Xp27carNL1VOkVwBs7BJXCBD5rgGrRAG2AwAY/gCTxbD9aL9Wq9LVsL1mrmFKzBev8CpZ+UvQ==</latexit>

sL

<latexit sha1_base64="xR2W2O8RI5uZsxjIMRB7nTOVYK8=">AAAB+XicdVDLSsNAFJ3UV62vqks3g0VwFSY1xXRXcOPCRUX7gDaUyXTSDp1JwsxEKKGf4FbX7sStX+PSP3HSVrCiBy4czrmXe+8JEs6URujDKqytb2xuFbdLO7t7+wflw6O2ilNJaIvEPJbdACvKWURbmmlOu4mkWAScdoLJVe53HqhULI7u9TShvsCjiIWMYG2kOzW4GZQryK7XPK9ag8i+QHW3nhNU9TzXgY6N5qiAJZqD8md/GJNU0EgTjpXqOSjRfoalZoTTWamfKppgMsEj2jM0woIqP5ufOoNnRhnCMJamIg3n6s+JDAulpiIwnQLrsfrt5eJfXi/VoednLEpSTSOyWBSmHOoY5n/DIZOUaD41BBPJzK2QjLHERJt0VrYEYmYy+X4c/k/aVdtx7dqtW2m4y3SK4AScgnPggEvQANegCVqAgBF4BE/g2cqsF+vVelu0FqzlzDFYgfX+BWJGlKA=</latexit>

left-hand cut  
may be as close as 
resonance pole

e.g. the σ resonance in ππ I=0
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4m2

<latexit sha1_base64="3LQOFLwCRO5xoSw/CA9SKMovJak=">AAAB+nicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXcOOygn1AG8tkOmmHzkzCzEQosb/gVtfuxK0/49I/cdJWsKIHLhzOuZd77wkTRpV2nA+rsLG5tb1T3C3t7R8cHpWPTzoqTiUmbRyzWPZCpAijgrQ11Yz0EkkQDxnphtOr3O/eE6loLG71LCEBR2NBI4qRziWP31WH5Ypj+zWvXm9Ax3Zr1arv5cT3G44HXdtZoAJWaA3Ln4NRjFNOhMYMKdV3nUQHGZKaYkbmpUGqSILwFI1J31CBOFFBtrh1Di+MMoJRLE0JDRfqz4kMcaVmPDSdHOmJ+u3l4l9eP9VRPcioSFJNBF4uilIGdQzzx+GISoI1mxmCsKTmVognSCKsTTxrW0I+N5l8Pw7/J52q7Xp27carNL1VOkVwBs7BJXCBD5rgGrRAG2AwAY/gCTxbD9aL9Wq9LVsL1mrmFKzBev8CpZ+UvQ==</latexit>

sL

<latexit sha1_base64="xR2W2O8RI5uZsxjIMRB7nTOVYK8=">AAAB+XicdVDLSsNAFJ3UV62vqks3g0VwFSY1xXRXcOPCRUX7gDaUyXTSDp1JwsxEKKGf4FbX7sStX+PSP3HSVrCiBy4czrmXe+8JEs6URujDKqytb2xuFbdLO7t7+wflw6O2ilNJaIvEPJbdACvKWURbmmlOu4mkWAScdoLJVe53HqhULI7u9TShvsCjiIWMYG2kOzW4GZQryK7XPK9ag8i+QHW3nhNU9TzXgY6N5qiAJZqD8md/GJNU0EgTjpXqOSjRfoalZoTTWamfKppgMsEj2jM0woIqP5ufOoNnRhnCMJamIg3n6s+JDAulpiIwnQLrsfrt5eJfXi/VoednLEpSTSOyWBSmHOoY5n/DIZOUaD41BBPJzK2QjLHERJt0VrYEYmYy+X4c/k/aVdtx7dqtW2m4y3SK4AScgnPggEvQANegCVqAgBF4BE/g2cqsF+vVelu0FqzlzDFYgfX+BWJGlKA=</latexit>

narrow resonance

broad resonance

4m2

<latexit sha1_base64="3LQOFLwCRO5xoSw/CA9SKMovJak=">AAAB+nicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXcOOygn1AG8tkOmmHzkzCzEQosb/gVtfuxK0/49I/cdJWsKIHLhzOuZd77wkTRpV2nA+rsLG5tb1T3C3t7R8cHpWPTzoqTiUmbRyzWPZCpAijgrQ11Yz0EkkQDxnphtOr3O/eE6loLG71LCEBR2NBI4qRziWP31WH5Ypj+zWvXm9Ax3Zr1arv5cT3G44HXdtZoAJWaA3Ln4NRjFNOhMYMKdV3nUQHGZKaYkbmpUGqSILwFI1J31CBOFFBtrh1Di+MMoJRLE0JDRfqz4kMcaVmPDSdHOmJ+u3l4l9eP9VRPcioSFJNBF4uilIGdQzzx+GISoI1mxmCsKTmVognSCKsTTxrW0I+N5l8Pw7/J52q7Xp27carNL1VOkVwBs7BJXCBD5rgGrRAG2AwAY/gCTxbD9aL9Wq9LVsL1mrmFKzBev8CpZ+UvQ==</latexit>

sL

<latexit sha1_base64="xR2W2O8RI5uZsxjIMRB7nTOVYK8=">AAAB+XicdVDLSsNAFJ3UV62vqks3g0VwFSY1xXRXcOPCRUX7gDaUyXTSDp1JwsxEKKGf4FbX7sStX+PSP3HSVrCiBy4czrmXe+8JEs6URujDKqytb2xuFbdLO7t7+wflw6O2ilNJaIvEPJbdACvKWURbmmlOu4mkWAScdoLJVe53HqhULI7u9TShvsCjiIWMYG2kOzW4GZQryK7XPK9ag8i+QHW3nhNU9TzXgY6N5qiAJZqD8md/GJNU0EgTjpXqOSjRfoalZoTTWamfKppgMsEj2jM0woIqP5ufOoNnRhnCMJamIg3n6s+JDAulpiIwnQLrsfrt5eJfXi/VoednLEpSTSOyWBSmHOoY5n/DIZOUaD41BBPJzK2QjLHERJt0VrYEYmYy+X4c/k/aVdtx7dqtW2m4y3SK4AScgnPggEvQANegCVqAgBF4BE/g2cqsF+vVelu0FqzlzDFYgfX+BWJGlKA=</latexit>
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this scatter potentially reflects  
the absence of accurate constraint  
on the left-hand cut …
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coupled-channel quantization condition det
h
1+ i⇢t

�
1+ iM

�i
= 0

<latexit sha1_base64="09QQFsE1Skqa0HZxUhmMx8ZQAgo="></latexit>

e.g. two channels M =

✓
M(k1) 0

0 M(k2)

◆

<latexit sha1_base64="BNTnww0gRj4UvIY0g0x0LqkmlHI="></latexit>

⇢t =

✓
⇢1t11 ⇢1t12
⇢2t12 ⇢2t22

◆

<latexit sha1_base64="PSkPHJsgKv3vkQDvyI26njFIqes="></latexit>

1+ i⇢t
�
1+ iM

�
=

 
1 + i⇢1t11(1 + iM1) i⇢1t12(1 + iM2)

i⇢2t12(1 + iM1) 1 + i⇢2t22(1 + iM2)

!

<latexit sha1_base64="hqv0xJuSNfHeAAI0cr7nZVllF0o="></latexit>

e.g. consider the rest-frame A1 irrep — below threshold: M(i) = i� i



X

n 6=0

e�|n|L

|n|L

<latexit sha1_base64="NmR1o9MSlhojMDcFemRSp+aBey0="></latexit>

so far below threshold M ! i

<latexit sha1_base64="1suk/HBVWW6XD4aSvywu8owOfws=">AAACCXicbVDLSsNAFL3xWesr1aWbwSK4KolUdFlw40aoYB/QhDKZTtqhk0mYmSgl9Av8Bre6didu/QqX/omTNgvbemDgcM693DMnSDhT2nG+rbX1jc2t7dJOeXdv/+DQrhy1VZxKQlsk5rHsBlhRzgRtaaY57SaS4ijgtBOMb3K/80ilYrF40JOE+hEeChYygrWR+nbFi7AeEcyzuynydIxY3646NWcGtErcglShQLNv/3iDmKQRFZpwrFTPdRLtZ1hqRjidlr1U0QSTMR7SnqECR1T52Sz6FJ0ZZYDCWJonNJqpfzcyHCk1iQIzmQdVy14u/uf1Uh1e+xkTSaqpIPNDYcqR+WLeAxowSYnmE0MwkcxkRWSEJSbatLVwJYimphN3uYFV0r6oufXa5X292qgX7ZTgBE7hHFy4ggbcQhNaQOAJXuAV3qxn6936sD7no2tWsXMMC7C+fgHai5pI</latexit>

suppose we’re above threshold 1, but well below threshold 2 1+ i⇢t
�
1+ iM

�
!
 
1 + i⇢1t11(1 + iM1) 0

i⇢2t12(1 + iM1) 1

!

<latexit sha1_base64="CJ9cyXlZ6uNsrC+kW4pxB2VLw8Y="></latexit>

quantization condition → 1 + i⇢1t11(1 + iM1) = 0

<latexit sha1_base64="ZRJK6M/lGnV5Vt3bCVpMbSG9ZVU=">AAACJXicbZDLSgMxFIYz9VbrbdSlm2ARKmKZSEU3QsGNG6GCvUA7DJk0bUOTmSHJCGWYp/AhfAa3unYngivxTcy0s7DVA4Gf7z+Hc/L7EWdKO86nVVhaXlldK66XNja3tnfs3b2WCmNJaJOEPJQdHyvKWUCbmmlOO5GkWPictv3xdea3H6hULAzu9SSirsDDgA0Ywdogzz5F8ITBnhyFHoLaSxBKYcUwaKDAekQwT25T4x3DK+h4dtmpOtOCfwXKRRnk1fDs714/JLGggSYcK9VFTqTdBEvNCKdpqRcrGmEyxkPaNTLAgio3mX4rhUeG9OEglOYFGk7p74kEC6Umwjed2alq0cvgf1431oNLN2FBFGsakNmiQcyhDmGWEewzSYnmEyMwkczcCskIS0y0SXJuiy9SkwlaTOCvaJ1VUa16flcr12t5OkVwAA5BBSBwAergBjRAExDwCJ7BC3i1nqw36936mLUWrHxmH8yV9fUDMi2h8g==</latexit>

which is the one-channel condition


