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lattice systematics (much simplified) 51

f i n i t e  l a t t i c e  s p a c i n g

acts as a UV cutoff ⇤ ⇠ 1

a

<latexit sha1_base64="XVbwMg2fxXBxl2PR5o0G0GwB2j4=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEVyWRii5cFNy4cFHBPqAJZTKdtEMnkzAzEUqIG3/FjQtF3PoX7vwbp20W2npg4HDOudy5J0g4U9pxvq2l5ZXVtfXSRnlza3tn197bb6k4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF1P/PYDlYrF4l6PE+pHeCBYyAjWRurZh96tCfcx8hSLkBdKTDI3z3DesytO1ZkCLRK3IBUo0OjZX14/JmlEhSYcK9V1nUT7GZaaEU7zspcqmmAywgPaNVTgiCo/m16QoxOj9FEYS/OERlP190SGI6XGUWCSEdZDNe9NxP+8bqrDSz9jIkk1FWS2KEw50jGa1IH6TFKi+dgQTCQzf0VkiE0L2pRWNiW48ycvktZZ1a1Vz+9qlfpVUUcJjuAYTsGFC6jDDTSgCQQe4Rle4c16sl6sd+tjFl2yipkD+APr8wf+h5aZ</latexit>

appears as a scale m̂ = am

<latexit sha1_base64="S28K6zFJvaWaxXx5roNWbvF+iZY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRA8KAS8eI5gHJEvonUySITO768xsICz5Di8eFPHqx3jzb5wke9DEgoaiqpvuriAWXBvX/XZya+sbm1v57cLO7t7+QfHwqKGjRFFWp5GIVCtAzQQPWd1wI1grVgxlIFgzGN3N/OaYKc2j8NFMYuZLHIS8zykaK/mdIZpUTsktQSK7xZJbducgq8TLSAky1LrFr04voolkoaECtW57bmz8FJXhVLBpoZNoFiMd4YC1LQ1RMu2n86On5MwqPdKPlK3QkLn6eyJFqfVEBrZTohnqZW8m/ue1E9O/9lMexolhIV0s6ieCmIjMEiA9rhg1YmIJUsXtrYQOUSE1NqeCDcFbfnmVNC7KXqV8+VApVW+yOPJwAqdwDh5cQRXuoQZ1oPAEz/AKb87YeXHenY9Fa87JZo7hD5zPH7kwkWc=</latexit>

discretization errors X(a) = X(0) + a �X1 + . . .

<latexit sha1_base64="97f6MNMmy9lxJE4/6oLb+9Xe0go=">AAACD3icbVA9SwNBEN3z2/h1ammzGJSIEu4kooWCYGOpYJKD3BHm9vbMkr0PdueEEPIPbPwrNhaK2Nra+W/cxBRqfDDweG+GmXlhLoVGx/m0pqZnZufmFxZLS8srq2v2+kZDZ4VivM4ymSkvBM2lSHkdBUru5YpDEkreDLsXQ795x5UWWXqDvZwHCdymIhYM0Ehte9erwB49o17F2aP7FKh/QP2ISwTqtV2j+DLKULftslN1RqCTxB2TMhnjqm1/+FHGioSnyCRo3XKdHIM+KBRM8kHJLzTPgXXhlrcMTSHhOuiP/hnQHaNENM6UqRTpSP050YdE614Sms4EsKP/ekPxP69VYHwS9EWaF8hT9r0oLiTFjA7DoZFQnKHsGQJMCXMrZR1QwNBEWDIhuH9fniSNw6pbqx5d18rnp+M4FsgW2SYV4pJjck4uyRWpE0buySN5Ji/Wg/VkvVpv361T1nhmk/yC9f4FT9CYeA==</latexit>

extrapolate a ! 0

<latexit sha1_base64="OE+Qk0bJe5lseptqGcI96/SOlac=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiQlJS24KLhxWcE+oA1lMp20QyeTMDMRSuhHuHGhiFu/x51/4/QhqOiBgcM59zL3nDDlTGnH+bAKG5tb2zvF3dLe/sHhUfn4pKOSTBLaJglPZC/EinImaFszzWkvlRTHIafdcHq98Lv3VCqWiDs9S2kQ47FgESNYG6mL0UAnyBmWK47t17x6vYEc261Vq763IL7fcDzk2s4SFVijNSy/D0YJyWIqNOFYqb7rpDrIsdSMcDovDTJFU0ymeEz7hgocUxXky3Pn6MIoIxQl0jyh0VL9vpHjWKlZHJrJGOuJ+u0txL+8fqajepAzkWaaCrL6KMo4MhEX2dGISUo0nxmCiWTmVkQmWGKiTUMlU8JXUvQ/6VRt17Nrt16lebWuowhncA6X4IIPTbiBFrSBwBQe4AmerdR6tF6s19VowVrvnMIPWG+fuGePLA==</latexit>

f i n i t e  l a t t i c e  v o l u m e

need L � 1

m⇡

<latexit sha1_base64="NPsUfS3FbjqnV1/zR4rzh+FL0Us=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWRii5cFNy4cFHBPqAJYTKdpENnJmFmIpQQ8FfcuFDErd/hzr9x2mahrQcuHM65l3vvCVNGlXacb6uysrq2vlHdrG1t7+zu2fsHXZVkEpMOTlgi+yFShFFBOppqRvqpJIiHjPTC8c3U7z0SqWgiHvQkJT5HsaARxUgbKbCP7qAXx9CLJMK5W+Q88FJaBHbdaTgzwGXilqQOSrQD+8sbJjjjRGjMkFID10m1nyOpKWakqHmZIinCYxSTgaECcaL8fHZ+AU+NMoRRIk0JDWfq74kccaUmPDSdHOmRWvSm4n/eINPRlZ9TkWaaCDxfFGUM6gROs4BDKgnWbGIIwpKaWyEeIZOENonVTAju4svLpHvecJuNi/tmvXVdxlEFx+AEnAEXXIIWuAVt0AEY5OAZvII368l6sd6tj3lrxSpnDsEfWJ8/rKeVTw==</latexit>

impacts multi-hadron systems  
in an interesting way

carefully understand QFT 
in a finite volume

d i s c r e t i z a t i on  c ho i c e

all should agree in the a→0 limit

impact at finite a depends on observable

choose a discretization 
appropriate to your quantities

qua r k  ma s s  c ho i c e

many calculations done with mu,d > mphys
u,d

<latexit sha1_base64="aVoGkFgrNSq0f46pZMQiPxTT1Qk=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAILqQkUtGFSMGNywr2Am0Mk8mkHTqThJmJEEKWbnwVNy4UcesjuPNtnLRZaOsPAx//OYc55/diRqWyrG9jYXFpeWW1slZd39jc2jZ3djsySgQmbRyxSPQ8JAmjIWkrqhjpxYIg7jHS9cbXRb37QISkUXin0pg4HA1DGlCMlLZc84C7WXLi5/AKlnQ/4EiNBM/iUSpz16xZdWsiOA92CTVQquWaXwM/wgknocIMSdm3rVg5GRKKYkby6iCRJEZ4jIakrzFEnEgnmxySwyPt+DCIhH6hghP390SGuJQp93RnsaScrRXmf7V+ooILJ6NhnCgS4ulHQcKgimCRCvSpIFixVAPCgupdIR4hgbDS2VV1CPbsyfPQOa3bjfrZbaPWvCzjqIB9cAiOgQ3OQRPcgBZoAwwewTN4BW/Gk/FivBsf09YFo5zZA39kfP4A89iZ8g==</latexit>

use quark mass as a tool 
to understand QCD

required, regularization 
of a renormalizable theory
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what quantities do we want to compute ?  

energy spectrum 

scattering amplitudes ! 

not obvious how, try something simpler:
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consider
⌦
0
��Of(t) O

†
i (0)

��0
↵

<latexit sha1_base64="tNA8M8OYS787/g5vNoZZ4Q2Z894="></latexit>

e.g. in our case: 
operators with definite JP quantum numbers 
as color-singlet combinations of quark and gluon fields

e.g. as last time, ψ̄γ5ψ
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two-point correlation functions and the spectrum 54

consider
⌦
0
��Of(t) O

†
i (0)

��0
↵

<latexit sha1_base64="tNA8M8OYS787/g5vNoZZ4Q2Z894="></latexit>

Euclidean time-evolution O(t) = e
Ht

O(0) e�Ht

<latexit sha1_base64="4C+KL6vpBog7jUL/S+jB+fHeDQQ="></latexit>

=
⌦
0
��Of(0) e

�Ht
O

†
i (0)

��0
↵

<latexit sha1_base64="/rBnlMls1ooncdqvP+Jpct77od0="></latexit>

QCD Hamiltonian has a  
complete set of eigenstates H

��n
↵
= En

��n
↵

<latexit sha1_base64="d5r/k+yA145dZow6ifnmwRyQ7lY="></latexit>

1 =
X

n

��n
↵⌦
n
��

<latexit sha1_base64="N7D2dVDKxxE9AFLkd0LRj9H7bGs="></latexit>

( only discrete eigenstates ? )

presumably (color singlet) hadrons  
or systems of hadrons ?

O
†
i

<latexit sha1_base64="5Kt+rBSjA88aw2SSJzGziGAf4lU=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKqRtYltwUXDjzgq2FZoYJtNpO3TyYGYilpBfceNCEbf+iDv/xklbQUUPDBzOuZd75vgxo0Ka5odWWFldW98obpa2tnd29/T9ck9ECcekiyMW8RsfCcJoSLqSSkZuYk5Q4DPS96fnud+/I1zQKLyWs5i4ARqHdEQxkkry9DK8vHWGaOw5AZITHqQ08/SKaVStVr1mQtOwzNOGZStSbzVtuwarhjlHBSzR8fR3ZxjhJCChxAwJMaiasXRTxCXFjGQlJxEkRniKxmSgaIgCItx0nj2Dx0oZwlHE1QslnKvfN1IUCDELfDWZJxS/vVz8yxskctR0UxrGiSQhXhwaJQzKCOZFwCHlBEs2UwRhTlVWiCeIIyxVXSVVwtdP4f+kV1NFGfaVVWmfLesogkNwBE5AFTRAG1yADugCDO7BA3gCz1qmPWov2utitKAtdw7AD2hvn1X+lKg=</latexit>

��n
↵

<latexit sha1_base64="yaBKyYvIZp0ujCglsX4yKhS9+/U=">AAACB3icdVDLSgMxFM34rPVVdSlIsAiuStrO2BZcFNy4rGAf0Cklk2ba0ExmSDJCGbtz46+4caGIW3/BnX9jpq2gogcuHM65l3vv8SLOlEbow1paXlldW89sZDe3tnd2c3v7LRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1744vUb99QqVgorvUkor0ADwXzGcHaSP3ckeux4S10A6xHvsTjRExhKrkSiyGn/VweFYp2rVxCEBVsdFaxHUPKtarjlGCxgGbIgwUa/dy7OwhJHFChCcdKdYso0r0ES80Ip9OsGysaYTLGQ9o1VOCAql4y+2MKT4wygH4oTQkNZ+r3iQQHSk0Cz3Sm96rfXir+5XVj7Vd7CRNRrKkg80V+zKEOYRoKHDBJieYTQzCRzNwKyQhLTLSJLmtC+PoU/k9aJRNUwbmy8/XzRRwZcAiOwSkoggqog0vQAE1AwB14AE/g2bq3Hq0X63XeumQtZg7AD1hvn77PmeM=</latexit>
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e
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0
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<latexit sha1_base64="/KGjfQgsxqyGJ5WcBQl4ctX4HRc="></latexit>

amplitude for 

to ‘interpolate’ state 

from the vacuum

the spectrum
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time dependence of two point correlation functions 55

5 10 15 20 25 30

1.0 · e�0.1t

<latexit sha1_base64="/0oGizK9P5ZKBFj3+ICG3z2MCrc="></latexit>

1.0 · e�0.1t + 0.6 · e�0.15t

<latexit sha1_base64="QyT4Pu+pD37LFyn+G8JdemYeE7c="></latexit>

1.0 · e�0.1t + 0.6 · e�0.15t + 0.5 · e�0.20t

<latexit sha1_base64="szRvJ8aiOZkIt1u8KixwRd5Ho08="></latexit>

1.0 · e�0.1t + 0.6 · e�0.15t + 0.5 · e�0.20t + 1.0 · e�0.5t

<latexit sha1_base64="xEwi1+00XRdJLXpLEH1OwQROkDY="></latexit>

C(t)

<latexit sha1_base64="DWZqWK0H+QOIQTFXqdSHONvGETU=">AAAB63icbVBNSwMxEM3Wr1q/qh69BItQQcquVPRY6MVjBfsB7VKyabYNTbJLMiuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8SCG3Ddb6ewsbm1vVPcLe3tHxwelY9POiZKNGVtGolI9wJimOCKtYGDYL1YMyIDwbrBtJn53SemDY/UI8xi5ksyVjzklEAmNatwOSxX3Jq7AF4nXk4qKEdrWP4ajCKaSKaACmJM33Nj8FOigVPB5qVBYlhM6JSMWd9SRSQzfrq4dY4vrDLCYaRtKcAL9fdESqQxMxnYTklgYla9TPzP6ycQ3vkpV3ECTNHlojARGCKcPY5HXDMKYmYJoZrbWzGdEE0o2HhKNgRv9eV10rmuefXazUO90rjK4yiiM3SOqshDt6iB7lELtRFFE/SMXtGbI50X5935WLYWnHzmFP2B8/kDLNCNnA==</latexit>

t

<latexit sha1_base64="w3mbfQzeVb/ztRqhdID8r/8W6Lk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIRY8FLx5bsB/QhrLZbtq1m03YnQgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVA04S7kd0qEQoGEUrNbBfKrsVdw6ySryclCFHvV/66g1ilkZcIZPUmK7nJuhnVKNgkk+LvdTwhLIxHfKupYpG3PjZ/NApObfKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYa3fiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNkUbgrf88ippXVW8auW6US3XLvM4CnAKZ3ABHtxADe6hDk1gwOEZXuHNeXRenHfnY9G65uQzJ/AHzucP3COM6g==</latexit>

d i a gona l  c o r r e l a t i o n  f un c t i on

notice that as t ! 1

<latexit sha1_base64="/Mb9SRpFzgwgjPKppVMShzKC0qM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YOHghePFewHNKFstpt26WYTdidCKP0bXjwo4tU/481/47bNQVsfDDzem2FmXphKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4Jx3czv/PEtRGJesQ85UFMh0pEglG0ko/Ex4T4QkWY96s1t+7OQVaJV5AaFGj2q1/+IGFZzBUySY3peW6KwYRqFEzyacXPDE8pG9Mh71mqaMxNMJnfPCVnVhmQKNG2FJK5+ntiQmNj8ji0nTHFkVn2ZuJ/Xi/D6CaYCJVmyBVbLIoySeyfswDIQGjOUOaWUKaFvZWwEdWUoY2pYkPwll9eJe2LundZv3q4rDVuizjKcAKncA4eXEMD7qEJLWCQwjO8wpuTOS/Ou/OxaC05xcwx/IHz+QOmFJFt</latexit>

C(t) ! c · e�Egst

<latexit sha1_base64="VzYGv2rYxRIl4ASNVNUzGhgsxAU=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2gyEQC8OuRLSwCATBMoJ5QDaG2dlJMmT2wcxdISz7BTb+io2FIrbWdv6Ns0kKTTwwcDjnXuae40aCK7CsbyO3srq2vpHfLGxt7+zumfsHLRXGkrImDUUoOy5RTPCANYGDYJ1IMuK7grXdcT3z2w9MKh4GdzCJWM8nw4APOCWgpb5ZqpfhBDsQYood6oWA2X1yet13fAIj6SdDlWJI+2bRqlhT4GViz0kRzdHom1+OF9LYZwFQQZTq2lYEvYRI4FSwtODEikWEjsmQdTUNiM9UL5nGSXFJKx4ehFK/APBU/b2REF+pie/qyexKtehl4n9eN4bBZS/hQRQDC+jso0EssE6fdYM9LhkFMdGEUMn1rZiOiCQUdIMFXYK9GHmZtM4qdrVyflst1q7mdeTRETpGZWSjC1RDN6iBmoiiR/SMXtGb8WS8GO/Gx2w0Z8x3DtEfGJ8/d2CbJg==</latexit>

useful to define  
the ‘effective mass’

5 10 15 20 25 30

log


C(t)

C(t+ 1)

�

<latexit sha1_base64="r7TiyR8xp5lh5F30A6JwHTd4WsY=">AAACEHicbVDLSsNAFJ34rPVVdelmsIgtQkmkogsXhW5cVrAPSEKZTCft0MmDmRuhhHyCG3/FjQtF3Lp05984bbPQ1gP3cjjnXmbu8WLBFZjmt7Gyura+sVnYKm7v7O7tlw4OOypKJGVtGolI9jyimOAhawMHwXqxZCTwBOt64+bU7z4wqXgU3sMkZm5AhiH3OSWgpX7pzBHREDuC+WBjx5eEps0KVLNpP7eqGXYkH47A7ZfKZs2cAS8TKydllKPVL305g4gmAQuBCqKUbZkxuCmRwKlgWdFJFIsJHZMhszUNScCUm84OyvCpVgbYj6SuEPBM/b2RkkCpSeDpyYDASC16U/E/z07Av3ZTHsYJsJDOH/ITgSHC03TwgEtGQUw0IVRy/VdMR0SnAjrDog7BWjx5mXQuala9dnlXLzdu8jgK6BidoAqy0BVqoFvUQm1E0SN6Rq/ozXgyXox342M+umLkO0foD4zPH7eUm74=</latexit>

C(t)

<latexit sha1_base64="DWZqWK0H+QOIQTFXqdSHONvGETU=">AAAB63icbVBNSwMxEM3Wr1q/qh69BItQQcquVPRY6MVjBfsB7VKyabYNTbJLMiuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8SCG3Ddb6ewsbm1vVPcLe3tHxwelY9POiZKNGVtGolI9wJimOCKtYGDYL1YMyIDwbrBtJn53SemDY/UI8xi5ksyVjzklEAmNatwOSxX3Jq7AF4nXk4qKEdrWP4ajCKaSKaACmJM33Nj8FOigVPB5qVBYlhM6JSMWd9SRSQzfrq4dY4vrDLCYaRtKcAL9fdESqQxMxnYTklgYla9TPzP6ycQ3vkpV3ECTNHlojARGCKcPY5HXDMKYmYJoZrbWzGdEE0o2HhKNgRv9eV10rmuefXazUO90rjK4yiiM3SOqshDt6iB7lELtRFFE/SMXtGbI50X5935WLYWnHzmFP2B8/kDLNCNnA==</latexit>

t

<latexit sha1_base64="w3mbfQzeVb/ztRqhdID8r/8W6Lk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIRY8FLx5bsB/QhrLZbtq1m03YnQgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVA04S7kd0qEQoGEUrNbBfKrsVdw6ySryclCFHvV/66g1ilkZcIZPUmK7nJuhnVKNgkk+LvdTwhLIxHfKupYpG3PjZ/NApObfKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYa3fiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNkUbgrf88ippXVW8auW6US3XLvM4CnAKZ3ABHtxADe6hDk1gwOEZXuHNeXRenHfnY9G65uQzJ/AHzucP3COM6g==</latexit>

5 10 15 20 25 30

0.05

0.10

0.15

0.20

0.25

t

<latexit sha1_base64="w3mbfQzeVb/ztRqhdID8r/8W6Lk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIRY8FLx5bsB/QhrLZbtq1m03YnQgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVA04S7kd0qEQoGEUrNbBfKrsVdw6ySryclCFHvV/66g1ilkZcIZPUmK7nJuhnVKNgkk+LvdTwhLIxHfKupYpG3PjZ/NApObfKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYa3fiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNkUbgrf88ippXVW8auW6US3XLvM4CnAKZ3ABHtxADe6hDk1gwOEZXuHNeXRenHfnY9G65uQzJ/AHzucP3COM6g==</latexit>

me↵

<latexit sha1_base64="Rw5cEzcVvHir1CXPeKk5O1Lnmsk=">AAAB9HicbVBNSwMxFHxbv2r9qnr0slgED1J2paLHghePFWwttEvJpm/b0CS7JtlCWfo7vHhQxKs/xpv/xmzbg7YOBIaZ93iTCRPOtPG8b6ewtr6xuVXcLu3s7u0flA+PWjpOFcUmjXms2iHRyJnEpmGGYztRSETI8TEc3eb+4xiVZrF8MJMEA0EGkkWMEmOloCuIGSqRCYyiaa9c8areDO4q8RekAgs0euWvbj+mqUBpKCdad3wvMUFGlGGU47TUTTUmhI7IADuWSiJQB9ks9NQ9s0rfjWJlnzTuTP29kRGh9USEdjIPqZe9XPzP66QmugkyJpPUoKTzQ1HKXRO7eQNunymkhk8sIVQxm9WlQ6IINbanki3BX/7yKmldVv1a9eq+VqlfLOoowgmcwjn4cA11uIMGNIHCEzzDK7w5Y+fFeXc+5qMFZ7FzDH/gfP4AVs6SaQ==</latexit>

C(t) = ⟨0 |O(t) O(0) |0⟩
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an actual lattice QCD two point correlation function 56
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eEgst C(t)

<latexit sha1_base64="pAaFronyzf72gcm1H5Cf4xBPb7s=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpREKrosFMFlBfuAJpbJdNoOnTyYuRFKCLjxV9y4UMStP+HOv3HSZqHVAxcO59zLvfd4keAKLOvLKCwtr6yuFddLG5tb2zvm7l5bhbGkrEVDEcquRxQTPGAt4CBYN5KM+J5gHW/SyPzOPZOKh8EtTCPm+mQU8CGnBLTUNw/YXXLVd3wCY+knI5ViSLFz2qjASd8sW1VrBvyX2Dkpox zNvvnpDEIa+ywAKohSPduKwE2IBE4FS0tOrFhE6ISMWE/TgPhMucnshxQfa2WAh6HUFQCeqT8nEuIrNfU93Zkdqxa9TPzP68UwvHQTHkQxsIDOFw1jgSHEWSB4wCWjIKaaECq5vhXTMZGEgo6tpEOwF1/+S9pnVbtWPb+pleu1PI4iOkRHqIJsdIHq6Bo1UQtR9ICe0At6NR6NZ+PNeJ+3Fox8Zh/9gvHxDfAVlwM=</latexit>

t

<latexit sha1_base64="Ovbi4R/i8i7K4dyZSuvI1sOTxiE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0r6oerXqZbNWqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD+DzjPo=</latexit>

en semb le  d i s t n

generally statistical noise 
increases with increasing t
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time dependence of two point correlation functions 57

5 10 15 20 25 30

1.0 · e�0.1t

<latexit sha1_base64="/0oGizK9P5ZKBFj3+ICG3z2MCrc="></latexit>

1.0 · e�0.1t + 0.6 · e�0.15t

<latexit sha1_base64="QyT4Pu+pD37LFyn+G8JdemYeE7c="></latexit>

1.0 · e�0.1t + 0.6 · e�0.15t + 0.5 · e�0.20t

<latexit sha1_base64="szRvJ8aiOZkIt1u8KixwRd5Ho08="></latexit>

1.0 · e�0.1t + 0.6 · e�0.15t + 0.5 · e�0.20t + 1.0 · e�0.5t

<latexit sha1_base64="xEwi1+00XRdJLXpLEH1OwQROkDY="></latexit>

C(t)

<latexit sha1_base64="DWZqWK0H+QOIQTFXqdSHONvGETU=">AAAB63icbVBNSwMxEM3Wr1q/qh69BItQQcquVPRY6MVjBfsB7VKyabYNTbJLMiuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8SCG3Ddb6ewsbm1vVPcLe3tHxwelY9POiZKNGVtGolI9wJimOCKtYGDYL1YMyIDwbrBtJn53SemDY/UI8xi5ksyVjzklEAmNatwOSxX3Jq7AF4nXk4qKEdrWP4ajCKaSKaACmJM33Nj8FOigVPB5qVBYlhM6JSMWd9SRSQzfrq4dY4vrDLCYaRtKcAL9fdESqQxMxnYTklgYla9TPzP6ycQ3vkpV3ECTNHlojARGCKcPY5HXDMKYmYJoZrbWzGdEE0o2HhKNgRv9eV10rmuefXazUO90rjK4yiiM3SOqshDt6iB7lELtRFFE/SMXtGbI50X5935WLYWnHzmFP2B8/kDLNCNnA==</latexit>

t

<latexit sha1_base64="w3mbfQzeVb/ztRqhdID8r/8W6Lk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIRY8FLx5bsB/QhrLZbtq1m03YnQgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVA04S7kd0qEQoGEUrNbBfKrsVdw6ySryclCFHvV/66g1ilkZcIZPUmK7nJuhnVKNgkk+LvdTwhLIxHfKupYpG3PjZ/NApObfKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYa3fiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNkUbgrf88ippXVW8auW6US3XLvM4CnAKZ3ABHtxADe6hDk1gwOEZXuHNeXRenHfnY9G65uQzJ/AHzucP3COM6g==</latexit>

5 10 15 20 25 30

C(t)

<latexit sha1_base64="DWZqWK0H+QOIQTFXqdSHONvGETU=">AAAB63icbVBNSwMxEM3Wr1q/qh69BItQQcquVPRY6MVjBfsB7VKyabYNTbJLMiuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8SCG3Ddb6ewsbm1vVPcLe3tHxwelY9POiZKNGVtGolI9wJimOCKtYGDYL1YMyIDwbrBtJn53SemDY/UI8xi5ksyVjzklEAmNatwOSxX3Jq7AF4nXk4qKEdrWP4ajCKaSKaACmJM33Nj8FOigVPB5qVBYlhM6JSMWd9SRSQzfrq4dY4vrDLCYaRtKcAL9fdESqQxMxnYTklgYla9TPzP6ycQ3vkpV3ECTNHlojARGCKcPY5HXDMKYmYJoZrbWzGdEE0o2HhKNgRv9eV10rmuefXazUO90rjK4yiiM3SOqshDt6iB7lELtRFFE/SMXtGbI50X5935WLYWnHzmFP2B8/kDLNCNnA==</latexit>

t

<latexit sha1_base64="w3mbfQzeVb/ztRqhdID8r/8W6Lk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIRY8FLx5bsB/QhrLZbtq1m03YnQgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVA04S7kd0qEQoGEUrNbBfKrsVdw6ySryclCFHvV/66g1ilkZcIZPUmK7nJuhnVKNgkk+LvdTwhLIxHfKupYpG3PjZ/NApObfKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYa3fiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNkUbgrf88ippXVW8auW6US3XLvM4CnAKZ3ABHtxADe6hDk1gwOEZXuHNeXRenHfnY9G65uQzJ/AHzucP3COM6g==</latexit>

1.0 · e�0.1t

<latexit sha1_base64="DJb+7Ru1MXqCIqRJBSRNAhX6FDI=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEFzrMlCnT7gpuXFawD2hryaRpG5p5kNwRylDwV9y4UMSt3+HOvzHTVlDRA4HDOfdwb44fC67Atj+M3Mrq2vpGfrOwtb2zu2fuHzRVlEjKGjQSkWz7RDHBQ9YADoK1Y8lI4AvW8ieXmd+6Y1LxKLyBacx6ARmFfMgpAS31zSPsWDbu0kEEmN2mF7blYJj1zaJteWW3UqlirZRLJc/NiOdVbTdLzFFES9T75nt3ENEkYCFQQZTqOHYMvZRI4FSwWaGbKBYTOiEj1tE0JAFTvXR+/gyfamWAh5HULwQ8V78nUhIoNQ18PRkQGKvfXib+5XUSGFZ6KQ/jBFhIF4uGicAQ4awLPOCSURBTTQiVXN+K6ZhIQkE3VtAlfP0U/0+aJctxrfK1W6ydL+vIo2N0gs6QgzxUQ1eojhqIohQ9oCf0bNwbj8aL8boYzRnLzCH6AePtE1srk8k=</latexit>

1.0 · e�0.1t � 0.6 · e�0.15t

<latexit sha1_base64="2ILeK3HSsV4k/njCxyN6RfT7GdE="></latexit>

1.0 · e�0.1t � 0.6 · e�0.15t + 0.5 · e�0.20t

<latexit sha1_base64="RaaBvtXmhElNeJajz2U8XqzkOmQ="></latexit>

1.0 · e�0.1t � 0.6 · e�0.15t + 0.5 · e�0.20t � 1.0 · e�0.5t

<latexit sha1_base64="GLytkymiMTP/vGEAGKqUNtAIYoQ="></latexit>

d i a gona l  c o r r e l a t i o n  f un c t i on o f f - d i a gon a l  c o r r e l a t i o n  f u n c t i on

suggests non-linear fitting to a sum of exponentials …

? how many exponentials ?

? what if there are (near) degenerate states ?

… actually getting reliable results this way 
      for anything more than the ground state proves impractical …

N.B. not positive definite

C(t) = ⟨0 |O′ (t) O(0) |0⟩C(t) = ⟨0 |O(t) O(0) |0⟩



lattice QCD and the hadron spectrum | Jun 2025 | HUGS

extracting the excited spectrum 58

a more powerful approach makes use of a basis of operators

there should be a linear combination which optimally produces the ground-state 
and another which optimally produces the first-excited-state 
etc …

�
O1, O2, O3, . . .

 

<latexit sha1_base64="76VXx2xjKAcZc/faF8nftk8QJis=">AAACD3icbVC7TsMwFHV4lvIKMLJYVCCGqkpKEQwMlVjYKBJ9SE0UOa7TWnWcyHaQqqh/wMKvsDCAECsrG3+Dk2aAliP76uice2Xf48eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj68zv/tAhKQRv1eTmLghGnIaUIyUljzzxPHp0EnhrWdXdaln5awKHX3YIFIS5v7UMytWzcoBF4ldkAoo0PLML2cQ4SQkXGGGpOzbVqzcFAlFMSPTspNIEiM8RkPS15SjkEg3zfeZwmOtDGAQCX25grn6eyJFoZST0NedIVIjOe9l4n9eP1HBpZtSHieKcDx7KEgYVBHMwoEDKghWbKIJwoLqv0I8QgJhpSMs6xDs+ZUXSadesxu187tGpXlVxFECh+AInAIbXIAmuAEt0AYYPIJn8ArejCfjxXg3PmatS0YxcwD+wPj8AZ1EmeM=</latexit>

⌦†
n =

X
i
v
(n)
i O

†
i

<latexit sha1_base64="nKsf3HYlfJ9D+sZab1pSMqe4L7s="></latexit>

how do we find these optimizing weights ?
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‘variational’ approach 59

⌦†
n =

X
i
v
(n)
i O

†
i

<latexit sha1_base64="nKsf3HYlfJ9D+sZab1pSMqe4L7s=">AAACNHicbVDLSgMxFM34rPVVdekmWIQKUmakogsFwY3gohWsCp12uJNmamiSGZKMUIZ+lBs/xI0ILhRx6zeYPhbaeiBwOOdccu8JE860cd1XZ2Z2bn5hMbeUX15ZXVsvbGze6DhVhNZJzGN1F4KmnElaN8xwepcoCiLk9Dbsng/82weqNIvltekltCmgI1nECBgrBYVLvypoBwJfgLmPFHQz2W/5bejgU+zrVPgy5kwwowOGH1 pZ6Xdur29Ffx9XAzYcCQpFt+wOgaeJNyZFNEYtKDz77ZikgkpDOGjd8NzENDNQhhFO+3k/1TQB0oUObVgqQVDdzIZH9/GuVdo4ipV90uCh+nsiA6F1T4Q2OdhZT3oD8T+vkZrouJkxmaSGSjL6KEo5NjEeNIjbTFFieM8SIIrZXTG5BwXE2J7ztgRv8uRpcnNQ9irlw6tK8exkXEcObaMdVEIeOkJn6ALVUB0R9Ihe0Dv6cJ6cN+fT+RpFZ5zxzBb6A+f7B1urq9A=</latexit>

⌦†
n

��0
↵
=

��n
↵
+

X

m6=n

✏m
��m

↵

<latexit sha1_base64="FuUCUIxGsnG7Jt41ts6KpFWJRIk="></latexit>

with the        as small as possible✏m

<latexit sha1_base64="EzLbC7cONXhQRbp0CSu2tVTuCgA=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJVHThouDGZQX7gCaUyXTSDp1JwsxEKLELf8WNC0Xc+hvu/BsnbRbaemDgcM693DMnSDhT2nG+rdLK6tr6RnmzsrW9s7tn7x+0VZxKQlsk5rHsBlhRziLa0kxz2k0kxSLgtBOMb3K/80ClYnF0rycJ9QUeRixkBGsj9e0jjyaKcUM9gfUolHiciSnq21Wn5syAlolbkCoUaPbtL28Qk1TQSBOOleq5TqL9DEvNCKfTipcqmmAyxkPaMzTCgio/m+WfolOjDFAYS/MijWbq740MC6UmIjCTeUi16OXif14v1eGVn7EoSTWNyPxQmHKkY5SXgQZMUqL5xBBMJDNZERlhiYk2lVVMCe7il5dJ+7zm1msXd/Vq47qoowzHcAJn4MIlNOAWmtACAo/wDK/wZj1ZL9a79TEfLVnFziH8gfX5A4trlm0=</latexit>

‘optimal’ correlation function

⌦
0
��⌦n(t)⌦

†
n(0)

��0
↵

<latexit sha1_base64="X9fPcL7k1PMDW5idgXQpSRItrhE="></latexit>

= e�Ent +
X

m6=n

|✏m|2 e�Emt

<latexit sha1_base64="cCg3EDGScBnnG6phMYGN2Tf6OI0="></latexit>

minimize this

=
X

ij
v
⇤
i

⌦
0
��Oi(t)O

†
j(0)

��0
↵
vj =

X
ij
v
⇤
i Cij(t) vj

<latexit sha1_base64="VkpyhvqkcswCLuxNlPTALXF0CoA="></latexit>

by varying the vi

can avoid the trivial minimum (vi=0) by fixing normalization
X

ij
v⇤i Cij(t0) vj = 1

<latexit sha1_base64="T1TcJf6z0XjtLfew235Co1EHHeI=">AAACGnicbVDLSgMxFM34tr6qLt0Ei1CllBlRdKFQ6MZlBWuFTh0yaVrTJpkhuVMoQ7/Djb/ixoUi7sSNf2P6WGjrgQsn59xL7j1hLLgB1/125uYXFpeWV1Yza+sbm1vZ7Z1bEyWasiqNRKTvQmKY4IpVgYNgd7FmRIaC1cJueejXekwbHqkb6MesIUlb8RanBKwUZD3sm0T6KhJccjBByjsD3Av4/ZFfwOXRMw+Be4j9Qi/o4EvsBdmcW3RHwLPEm5AcmqASZD/9ZkQTyRRQQYype24MjZRo4FSwQcZPDIsJ7ZI2q1uqiGSmkY5OG+ADqzRxK9K2FOCR+nsiJdKYvgxtpyTwYKa9ofifV0+gdd5IuYoTYIqOP2olAkOEhznhJteMguhbQqjmdldMH4gmFGyaGRuCN33yLLk9LnonxdPrk1zpYhLHCtpD+yiPPHSGSugKVVAVUfSIntErenOenBfn3fkYt845k5ld9AfO1w+XKZ9B</latexit>

this choice  
will become 
clearer later

implement constraint via a Lagrange multiplier

minimize ⇤ =
X

ij
v⇤i Cij(t)vj � �

hX
ij
v⇤i Cij(t0)vj � 1

i

<latexit sha1_base64="QhRswIofzKWZGnc8B7frr4z72z8="></latexit>

⇒ generalized eigenvalue problem C(t)v = �(t)C(t0)v

<latexit sha1_base64="XGRrFur0Y1qOQwyRE/svjYwkmFI=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0Wom5JIRRcKhW5cVrAPaEKYTCbt0MmDmUmhhPyOG3/FjYKibv0RJ22E2npg4My5587ce9yYUSEN41Mrra1vbG6Vtys7u3v7B/rhUVdECcekgyMW8b6LBGE0JB1JJSP9mBMUuIz03HErr/cmhAsahQ9yGhM7QMOQ+hQjqSRHb1oBkiPXT1tZTZ7D39skg7fQYuodDy3qucsxFn2OXjXqxgxwlZgFqYICbUd/tbwIJwEJJWZIiIFpxNJOEZcUM5JVrESQGOExGpKBoiEKiLDT2aYZPFOKB/2IqxNKOFMXO1IUCDENXOXMJxTLtVz8rzZIpH9tpzSME0lCPP/ITxiUEcxjgx7lBEs2VQRhTtWsEI8QR1iqcCsqBHN55VXSvaibjfrlfaPavCniKIMTcApqwARXoAnuQBt0AAaP4Bm8gXftSXvRPrSvubWkFT3H4A+07x+G4aYv</latexit>
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generalized eigenvalue problem a.k.a “GEVP” 60

C(t)v = �(t)C(t0)v

<latexit sha1_base64="XGRrFur0Y1qOQwyRE/svjYwkmFI=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0Wom5JIRRcKhW5cVrAPaEKYTCbt0MmDmUmhhPyOG3/FjYKibv0RJ22E2npg4My5587ce9yYUSEN41Mrra1vbG6Vtys7u3v7B/rhUVdECcekgyMW8b6LBGE0JB1JJSP9mBMUuIz03HErr/cmhAsahQ9yGhM7QMOQ+hQjqSRHb1oBkiPXT1tZTZ7D39skg7fQYuodDy3qucsxFn2OXjXqxg xwlZgFqYICbUd/tbwIJwEJJWZIiIFpxNJOEZcUM5JVrESQGOExGpKBoiEKiLDT2aYZPFOKB/2IqxNKOFMXO1IUCDENXOXMJxTLtVz8rzZIpH9tpzSME0lCPP/ITxiUEcxjgx7lBEs2VQRhTtWsEI8QR1iqcCsqBHN55VXSvaibjfrlfaPavCniKIMTcApqwARXoAnuQBt0AAaP4Bm8gXftSXvRPrSvubWkFT3H4A+07x+G4aYv</latexit>

eigenvalues, a.k.a principal correlators �n(t) ⇠ e�En(t�t0)

<latexit sha1_base64="6eDSgzcDsotXyM2413AAekrQ7YI=">AAACJHicbVDLSgMxFM3UV62vqks3wSK0i5YZqSjooiCCywpWhU4dMmmmDc1khuSOUIZ+jBt/xY0LH7hw47eY1lnY1gOBwznnknuPHwuuwba/rNzC4tLySn61sLa+sblV3N650VGiKGvRSETqzieaCS5ZCzgIdhcrRkJfsFt/cD72bx+Y0jyS1zCMWSckPckDTgkYySueusKEu8RzQwL9QJFBKkdlqGBX8xCz+7R6MWXhMuAqBs+u4JFXLNk1ewI8T5yMlFCGpld8d7sRTUImgQqidduxY+ikRAGngo0KbqJZTOiA9FjbUElCpjvp5MgRPjBKFweRMk8Cnqh/J1ISaj0MfZMc76tnvbH4n9dOIDjppFzGCTBJfz8KEoEhwuPGcJcrRkEMDSFUcbMrpn2iCAXTa8GU4MyePE9uDmtOvXZ0VS81zrI68mgP7aMyctAxaqBL1EQtRNEjekav6M16sl6sD+vzN5qzspldNAXr+wdIc6Pi</latexit>

eigenvectors, a.k.a optimized operator weights ⌦†
n =

X
i
v
(n)
i O

†
i

<latexit sha1_base64="nKsf3HYlfJ9D+sZab1pSMqe4L7s="></latexit>

eigenvector orthogonality v(n) ·C(t0) · v(m) = �n,m

<latexit sha1_base64="B0LAO0iQrZlX0a8B0iiZBSUR83A="></latexit>

things to think about: 
? how do you select the value of t0 ? 
? is there some limit in which this gives the exact answer ?
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principal correlators 61

0.8

1.0

1.2

1.4

 5  10  15  20  25  30
0.8

1.0

1.2

1.4

 5  10  15  20  25  30
0.8

1.0

1.2

1.4

 5  10  15  20  25  30

0.8

1.0

1.2

1.4

 5  10  15  20  25  30
0.8

1.0

1.2

1.4

 5  10  15  20  25  30
0.8

1.0

1.2

1.4

 5  10  15  20  25  30

0.8

1.0

1.2

1.4

 5  10  15  20  25  30
0.8

1.0

1.2

1.4

 5  10  15  20  25  30
0.8

1.0

1.2

1.4

 5  10  15  20  25  30

0.8

1.0

1.2

1.4

 5  10  15  20  25  30
0.8

1.0

1.2

1.4

 5  10  15  20  25  30
0.8

1.0

1.2

1.4

 5  10  15  20  25  30 0.16

0.18

0.20

0.22

0.24

0.26

0.28

�n(t) = (1�An) e
�En(t�t0) +An e

�E0
n(t�t0)

<latexit sha1_base64="OM7cX4Xd69jqMckj7T/XuoueZj4="></latexit>

fitted with

with An ⌧ 1

<latexit sha1_base64="hXn+/U1lFfr/aTieVAZxpRzdopg=">AAAB/nicdVDNSsNAGNzUv1r/ouLJy2IRPIWkppiCh4oXjxVsKzShbLabdulmE3Y3QgkFX8WLB0W8+hzefBs3bQUVHVgYZr6Pb3bClFGpbPvDKC0tr6yuldcrG5tb2zvm7l5HJpnApI0TlojbEEnCKCdtRRUjt6kgKA4Z6Ybjy8Lv3hEhacJv1CQlQYyGnEYUI6WlvnkAL/p+jNQoEmic8yn0GYNO36zaVqPuebU6tK1Tu+E2CmLXPM91oGPZM1TBAq2++e4PEpzFhCvMkJQ9x05VkCOhKGZkWvEzSVKEx2hIeppyFBMZ5LP4U3islQGMEqEfV3Cmft/IUSzlJA71ZJFU/vYK8S+vl6nIC3LK00wRjueHooxBlcCiCziggmDFJpogLKjOCvEICYSVbqyiS/j6KfyfdGqW41r1a7faPF/UUQaH4AicAAecgSa4Ai3QBhjk4AE8gWfj3ng0XozX+WjJWOzsgx8w3j4BqVaVTg==</latexit>
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optimized operator construction 62
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63

ok, so it looks like we should be able to compute spectra, but we wanted scattering amplitudes ! 



lattice QCD and the hadron spectrum | Jun 2025 | HUGS

scattering in a finite volume ? 64

lattice defines a (periodic) spatial volume — usually a cube, side length a few fermi

spectra are discrete in a finite volume — no scattering continuum ?

let’s get a conceptual picture by returning to our one-dim quantum mechanics problem
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scattering 65

V(z)

z

E

bound 
states

scattering 
continuum

solve the Schrödinger equation

R

phase-shift

E

resonance

−R

E
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‘scattering’ in a finite-volume 66

now put the system in a ‘box’ — periodic boundary condition at z = ±L/2

V(z)

z

E

L/2−L/2

momentum quantization condition

discrete 
spectrum
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3+1 dim quantum field theory result 67

for elastic scattering in a cube the corresponding relationship is in the simplest case of  
a single partial wave 
being non-zeroLü s che r  1 986

…

many subsequent works 
see the RMP for a complete list

will present some  
complications later …

k = 1
2

p
E2 � 4m2
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no interaction 68
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no interaction — in a moving frame 69
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weak attraction 70
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weak repulsion 71

 600

 800

 1000

 1200

 1400

 1600

 600

 800

 1000

 1200

 1400

 1600

-45 0 451.5 2.0 2.5 3.0 3.5 4.0 1.5 2.0 2.5 3.0 3.5 4.0

find the finite-volume spectrum for a fixed phase-shift

 600

 800

 1000

 1200

 1400

 1600

 600

 800

 1000

 1200

 1400

 1600

-45
 0

 45
1.5

2.0
2.5

3.0
3.5

4.0
1.5

2.0
2.5

3.0
3.5

4.0

�0

<latexit sha1_base64="l7nGy0Agfyi/ROo7dcJAlrjW7ZM=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYygvmA5Ah7e3vJkr29c3dOCCF/wsZCEVv/jp3/xk1yhSY+GHi8N8PMvCCVwqDrfjuFtfWNza3idmlnd2//oHx41DJJphlvskQmuhNQw6VQvIkCJe+kmtM4kLwdjG5nfvuJayMS9YDjlPsxHSgRCUbRSp1eyCXSvtsvV9yqOwdZJV5OKpCj0S9/9cKEZTFXyCQ1puu5KfoTqlEwyaelXmZ4StmIDnjXUkVjbvzJ/N4pObNKSKJE21JI5urviQmNjRnHge2MKQ7NsjcT//O6GUbX/kSoNEOu2GJRlEmCCZk9T0KhOUM5toQyLeythA2ppgxtRCUbgrf88ippXVS9WvXyvlap3+RxFOEETuEcPLiCOtxBA5rAQMIzvMKb8+i8OO/Ox6K14OQzx/AHzucPuiqPwQ==</latexit>



lattice QCD and the hadron spectrum | Jun 2025 | HUGS

an elastic resonance 72
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elastic resonance 73
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an elastic resonance — finite-volume mapping 74
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an elastic resonance — finite-volume mapping 75
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an elastic resonance — finite-volume mapping 76
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more volumes give more information, 
but each new volume is a completely new lattice calculation 
and hence very computationally costly
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an elastic resonance — finite-volume mapping 77
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determining the moving-frame spectrum 
provides much more information
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it looks like given enough finite volume energies,  
we can reconstruct the elastic scattering phase-shift …



lattice QCD and the hadron spectrum | Jun 2025 | HUGS

some annoying technical stuff — breaking of rotational symmetry 78

a finite cubic lattice has a smaller rotational symmetry group than an infinite continuum

back in 3D — irreducible representations of the reduced symmetry group contain multiple spins

for non-zero momentum it’s even worse  
— in continuum have little group, those rotations which don’t change p

simpler example of the problem: a rotationally symmetric two-dim system

now considered on a square grid — minimum rotation is by π/2

m and m+4n transform the same !

cubic 
symmetry

subduction 

PRD 8 5  0 1 4 5 0 7  ( 2 0 1 2 )

⇒ label by helicity

can subduce helicity states into irreps of the reduced cubic symmetry
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some annoying technical stuff — breaking of rotational symmetry 79

reduction of rotational symmetry is an important feature of the quantization condition too

for elastic scattering, what we previously presented as 

should actually be 

which when subduced becomes

features all ℓ subduced into irrep Λ

what allows us to make progress is that at energies not too far from threshold

so higher angular momenta are naturally suppressed

in practice, truncate at some ℓmax …

n = embedding of ℓ into Λ 

e.g. [000] A1

0 = det

2

64

0

B@
cot �0(E) 0 . . .

0 cot �4(E) . . .
...

...
. . .

1

CA�

0

B@
MA1

01;01(E,L) MA1
01;41(E,L) . . .

MA1
41;01(E,L) MA1

41;41(E,L) . . .
...

...
. . .

1

CA

3
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where are we … ? 81

matrix of correlation functions → finite volume spectra → elastic scattering amplitudes

⌦
0
��Oi(t)O

†
j(0)

��0
↵

<latexit sha1_base64="IyYtLd/qinHUWHN5Hj09xIkWA4w="></latexit>

but what operator basis                      should we use ?
�
Oi

 
i=1...N
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must be constructed  
out of quark/gluon fields
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meson operators 82

easiest constructions with meson quantum numbers — fermion bilinears well motivated by  
success of quark model 

‘looks’ like a qq system
_

Γ = Dirac gamma  
+ gauge-covariant derivatives 

Dµ = @µ + igAµ
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meson operators 83

easiest constructions with meson quantum numbers — fermion bilinears well motivated by  
success of quark model 

‘looks’ like a qq system
_

Wick 
contractions

‘annihilation’ 
required for isospin=0

quark propagation from t to t 
⇒ matrix inversions on many t 
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meson operators 84

turns out this is not enough …

easiest constructions with meson quantum numbers — fermion bilinears well motivated by  
success of quark model 

‘looks’ like a qq system
_

Wick 
contractions

‘annihilation’ 
required for isospin=0

quark propagation from t to t 
⇒ matrix inversions on many t 

 0  5  10  15  20  25  30 35
-1
 0
 1

an  i s o s p i n =0  c o r r e l a t i o n  f un c t i on

t
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meson operators 85

easiest constructions with meson quantum numbers — fermion bilinears

but can also construct operators with more quark fields

e.g. ‘local’ tetraquark operators

e.g. ‘meson-meson’-like operators

schematic 
Wick 
contractions

‘annihilation’  
generally 
required

and can clearly include still more quark fields ad infinitum …

… is there some organizing principle  
which suggests what operator basis we should use ?
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the non-interacting spectrum as an operator basis guide 86
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e.g. narrow resonance (in rest frame)

suppose we want to determine all states up to 1500 MeV on a 3 fm lattice

we might try an operator basis featuring ‘meson-meson’-like operators 
with back-to-back momentum up to [111]

plus a set of ψΓψ operators 
_

‘look like’ the expected 
meson-meson basis states

‘look like’ a bound 
qq-like basis state

_
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isospin=1 T1− irrep spectrum 87

0.10

0.15

0.20

mπ = 0.039
mK = 0.083

L ~ 3.8 fm

variational analysis of 30×30 correlation matrix: 3×ππ, 26×ψΓψ, 1×KK
__
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isospin=1 T1− irrep spectrum 88

0.10

0.15

0.20

mπ = 0.039
mK = 0.083

L ~ 3.8 fm

variational analysis of 30×30 correlation matrix: 3×ππ, 26×ψΓψ, 1×KK
__

PRD 9 2  0 9 4 5 0 2  ( 2 0 1 5 )

avoided level crossing ?

+
q̄q
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isospin=1 T1− irrep spectrum 89

0.10

0.15

0.20

mπ = 0.039
mK = 0.083

L ~ 3.8 fm

variational analysis of 30×30 correlation matrix: 3×ππ, 26×ψΓψ, 1×KK
__
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isospin=1 T1− irrep spectrum 90

0.10

0.15

0.20

mπ = 0.039
mK = 0.083

L ~ 3.8 fm

variational analysis of 30×30 correlation matrix: 3×ππ, 26×ψΓψ, 1×KK
__

PRD 9 2  0 9 4 5 0 2  ( 2 0 1 5 )
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ππ I=1 JP=1− scattering 91
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mπ = 0.039
mK = 0.083

L ~ 3.8 fm

mπ ~ 236 MeV
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… and in moving frames … 92
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… giving a phase-shift 93
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mπ = 0.039
mK = 0.083

L ~ 3.8 fm … looks like a classic resonance signal …
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what happens if we vary the operator basis ? 95
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L ~ 3.8 fm

exclude the 
KK operator

_ exclude all 
meson-meson

exclude 
all ψΓψ

_
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‘single-meson’-like versus ‘meson-meson’-like ? 96

volume dependence !

‘meson-meson’-like

‘single-meson’-like

samples the whole volume of the lattice

samples a single point (translated)

interesting side note:  
tetraquark operators won’t work well for interpolating  
meson-meson components — wrong volume sampling

so: ‘looks-like’ = ‘has the same volume sampling as’
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how bad is it really to get the wrong energies ? 97

exclude all 
meson-meson
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energy dependence of the 
phase-shift makes no sense

but each energy within 
the width of the resonance … ?
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some technical stuff — ‘meson-meson’-like operators 98

what actually goes into a ‘ππ’-like operator ?

one option for construction is to use  
products of single-meson operators in lattice irreps
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[ 0 00 ]  A 1+ d i a gona l  c o r r e l a t o r sthen each single-meson operator  
can be the variationally optimized  
one for that p, Λ

‘lattice’  
Clebsch-Gordan 
coefficients

optimized operator saturated  
by the pion by timeslice 7

some group theory 
to work them out
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contents 100

meson spectroscopy

resonances, scattering, elastic phase-shifts

lattice QCD

discrete spectrum, finite volume, computing the spectrum

elastic scattering

lattice QCD phase-shift results

coupled-channel scattering

mapping the discrete spectrum to the t-matrix

lattice QCD calculation results

the complex energy plane

rigorously determining resonances

“illustrating the problem”

“introducing the tool”

“solving the simplest problem”

“a more realistic situation”

“well-defined quantities”



lattice QCD and the hadron spectrum | Jun 2025 | HUGS

the “simplest” case: ππ elastic scattering 101

i s o s p i n =0 i s o s p i n =2i s o s p i n =1

a first target: can a first-principles QCD calculation lead to these kinds of behaviour ?

a next target: can we understand these behaviours in terms of resonances ?

an ultimate target: can we understand the quark-gluon make-up of these resonances ?
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ππ isospin=2 — mπ~391 MeV 102
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ππππ

[ basis of ππ-like operators only ]

PRD 8 6  0 3 4 0 3 1  ( 2 0 1 2 )

& spectra in irreps  
with lowest ℓ=2 
(not shown here)
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[ computed in three volumes ]
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PRD 8 6  0 3 4 0 3 1  ( 2 0 1 2 )

0.260.240.210.18 a Ecm
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you saw this earlier …

and a similar calculation  
at a heavier pion mass

PRD 9 0  0 9 9 9 0 2  ( 2 0 1 4 )
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and a similar calculation  
at a heavier pion mass

PRD 9 0  0 9 9 9 0 2  ( 2 0 1 4 )

Hyams  1 973
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this is the hardest one by far …

op e r a t o r  b a s i s W i c k  d i a g r ams
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mπ ~ 236 MeV 
323 × 256

P = [110]

a single entry of the correlation matrix — ππ-like operator :



lattice QCD and the hadron spectrum | Jun 2025 | HUGS

ππ isospin=0 108

[ 000 ]  A 1+  2 4 3

op e r a t o r  b a s i s
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at mπ = 0.069 
at mK = 0.097 
at mη = 0.104

mπ ~ 391 MeV
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Graye r  1 974
400300

m(ππ) / MeV

0.18 k2 / GeV20.070


