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how should we approach a  
quantum field theory 

so that it is possible to compute even when non-perturbative ? 

once again, step back to one-dim quantum mechanics …

( not a truncated power series in small  )αS
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spa ce - t ime  d i a g r a m

e.g. a free particle moving between a 

definite initial position (xi, ti)

and a 

definite final position (xf, tf)
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path integrals in quantum mechanics 26

spa ce - t ime  d i a g r a m

e.g. a free particle moving between a 

definite initial position (xi, ti)

and a 

definite final position (xf, tf)

the c
las

sic
al 

pa
th

the unique classical path is the path of minimum action

the action
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path integrals in quantum mechanics 27

spa ce - t ime  d i a g r a m

e.g. a free particle moving between a 

definite initial position (xi, ti)

and a 

definite final position (xf, tf)

quantum 
mechanical 
amplitude

⌦
xf

��e�iĤ(tf�ti)
��xi

↵

<latexit sha1_base64="0qRkbya4FCdc1fDTR7Nc41h5Ip8="></latexit>

=

Z
Dx e�iS[x(t)]

<latexit sha1_base64="V3r1hyVXbF4hMYUnALHr5kZom5s=">AAACFnicbVDLSgMxFM3UV62vqks3qUWoYMuMVHShUNCFy4r2ATNjyaSZNjSTGZKMtAz9Cjf+ihsXirgVd/6N6WOhrQcCh3PuJeceL2JUKtP8NlILi0vLK+nVzNr6xuZWdnunLsNYYFLDIQtF00OSMMpJTVHFSDMSBAUeIw2vdznyGw9ESBryOzWIiBugDqc+xUhpqZUtXkCHcgWdnJODToBUFyOWXA1h3zmC5D4pQgpvbdgvqEMXDlvZvFkyx4DzxJqSPJii2sp+Oe0QxwHhCjMkpW2ZkXITJBTFjAwzTixJhHAPdYitKUcBkW4yPmsID7TShn4o9NMRx+rvjQQFUg4CT0+OgstZbyT+59mx8s/chPIoVoTjyUd+zKAK4agj2KaCYMUGmiAsqM4KcRcJhJVuMqNLsGZPnif145JVLp3clPOV82kdabAH9kEBWOAUVMA1qIIawOARPINX8GY8GS/Gu/ExGU0Z051d8AfG5w+KHpx4</latexit>
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path integrals in quantum mechanics 28

spa ce - t ime  d i a g r a m

e.g. a free particle moving between a 

definite initial position (xi, ti)

and a 

definite final position (xf, tf)

quantum 
mechanical 
amplitude

⌦
xf

��e�iĤ(tf�ti)
��xi

↵

<latexit sha1_base64="0qRkbya4FCdc1fDTR7Nc41h5Ip8="></latexit>

=

Z
Dx e�iS[x(t)]

<latexit sha1_base64="V3r1hyVXbF4hMYUnALHr5kZom5s=">AAACFnicbVDLSgMxFM3UV62vqks3qUWoYMuMVHShUNCFy4r2ATNjyaSZNjSTGZKMtAz9Cjf+ihsXirgVd/6N6WOhrQcCh3PuJeceL2JUKtP8NlILi0vLK+nVzNr6xuZWdnunLsNYYFLDIQtF00OSMMpJTVHFSDMSBAUeIw2vdznyGw9ESBryOzWIiBugDqc+xUhpqZUtXkCHcgWdnJODToBUFyOWXA1h3zmC5D4pQgpvbdgvqEMXDlvZvFkyx4DzxJqSPJii2sp+Oe0QxwHhCjMkpW2ZkXITJBTFjAwzTixJhHAPdYitKUcBkW4yPmsID7TShn4o9NMRx+rvjQQFUg4CT0+OgstZbyT+59mx8s/chPIoVoTjyUd+zKAK4agj2KaCYMUGmiAsqM4KcRcJhJVuMqNLsGZPnif145JVLp3clPOV82kdabAH9kEBWOAUVMA1qIIawOARPINX8GY8GS/Gu/ExGU0Z051d8AfG5w+KHpx4</latexit>

"sum" over all paths weighted by a phase 
set by the action

and conventional quantum mechanics follows ...
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path integrals in quantum field theory 31

consider a real scalar field theory L = 1
2@µ'@µ'� 1

2m
2'2 + V

⇥
'
⇤

<latexit sha1_base64="xRYP/2aZGI+A1Wb/AW9toiuDxpg="></latexit>

'(x, t)

<latexit sha1_base64="1g5IvR7PcF0nrdgL0ClcFb9yPww=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJpKILFwU3LivYBzShTKaTdujkwcxNsYS68VfcuFDErX/hzr9x0mah1QMXDufcy733eLHgCizryygsLa+srhXXSxubW9s75u5eS0WJpKxJIxHJjkcUEzxkTeAgWCeWjASeYG1vdJ357TGTikfhHUxi5gZkEHKfUwJa6pkH2BkTGQ95BTsBgaHnp/fTUwwnPbNsVa0Z8F9i56SMcjR65qfTj2gSsBCoIEp1bSsGNyUSOBVsWnISxWJCR2TAupqGJGDKTWcfTPGxVvrYj6SuEPBM/TmRkkCpSeDpzuxKtehl4n9eNwH/0k15GCfAQjpf5CcCQ4SzOHCfS0ZBTDQhVHJ9K6ZDIgkFHVpJh2AvvvyXtM6qdq16flsr16/yOIroEB2hCrLRBaqjG9RATUTRA3pCL+jVeDSejTfjfd5aMPKZffQLxsc3MQuWEg==</latexit>

?
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path integrals in quantum field theory 31

consider a real scalar field theory L = 1
2@µ'@µ'� 1

2m
2'2 + V

⇥
'
⇤

<latexit sha1_base64="xRYP/2aZGI+A1Wb/AW9toiuDxpg="></latexit>

'(x, t)

<latexit sha1_base64="1g5IvR7PcF0nrdgL0ClcFb9yPww=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJpKILFwU3LivYBzShTKaTdujkwcxNsYS68VfcuFDErX/hzr9x0mah1QMXDufcy733eLHgCizryygsLa+srhXXSxubW9s75u5eS0WJpKxJIxHJjkcUEzxkTeAgWCeWjASeYG1vdJ357TGTikfhHUxi5gZkEHKfUwJa6pkH2BkTGQ95BTsBgaHnp/fTUwwnPbNsVa0Z8F9i56SMcjR65qfTj2gSsBCoIEp1bSsGNyUSOBVsWnISxWJCR2TAupqGJGDKTWcfTPGxVvrYj6SuEPBM/TmRkkCpSeDpzuxKtehl4n9eNwH/0k15GCfAQjpf5CcCQ4SzOHCfS0ZBTDQhVHJ9K6ZDIgkFHVpJh2AvvvyXtM6qdq16flsr16/yOIroEB2hCrLRBaqjG9RATUTRA3pCL+jVeDSejTfjfd5aMPKZffQLxsc3MQuWEg==</latexit>

?

can define a path integral

"sum" over all  
field configurations

where the action is S
⇥
'(x)

⇤
=

Z
d4xL

⇥
'(x)

⇤

<latexit sha1_base64="4SDmFUVDzsGLhlfWm/MBF4IIQeo="></latexit>

Z =

Z
D'(x) e�iS['(x)]

<latexit sha1_base64="ijPKOAIh53tMHkx2ZSRg8V8xORY="></latexit>
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path integrals in quantum field theory 31

consider a real scalar field theory L = 1
2@µ'@µ'� 1

2m
2'2 + V

⇥
'
⇤

<latexit sha1_base64="xRYP/2aZGI+A1Wb/AW9toiuDxpg="></latexit>

'(x, t)

<latexit sha1_base64="1g5IvR7PcF0nrdgL0ClcFb9yPww=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJpKILFwU3LivYBzShTKaTdujkwcxNsYS68VfcuFDErX/hzr9x0mah1QMXDufcy733eLHgCizryygsLa+srhXXSxubW9s75u5eS0WJpKxJIxHJjkcUEzxkTeAgWCeWjASeYG1vdJ357TGTikfhHUxi5gZkEHKfUwJa6pkH2BkTGQ95BTsBgaHnp/fTUwwnPbNsVa0Z8F9i56SMcjR65qfTj2gSsBCoIEp1bSsGNyUSOBVsWnISxWJCR2TAupqGJGDKTWcfTPGxVvrYj6SuEPBM/TmRkkCpSeDpzuxKtehl4n9eNwH/0k15GCfAQjpf5CcCQ4SzOHCfS0ZBTDQhVHJ9K6ZDIgkFHVpJh2AvvvyXtM6qdq16flsr16/yOIroEB2hCrLRBaqjG9RATUTRA3pCL+jVeDSejTfjfd5aMPKZffQLxsc3MQuWEg==</latexit>

correlation functions can be expressed similarly 

e.g. relationship between the field value at one space-time point 
and the value at another space-time point

the spin vectors in a ferromagnet is a nice classical example

⌦
0
��'̂(y) '̂(z)

��0
↵
=

1

Z

Z
D'(x) '(y)'(z) e�iS['(x)]

<latexit sha1_base64="+nTGDMumN+N9urCGlf7oLEhQx8o="></latexit>

?

can define a path integral

"sum" over all  
field configurations

where the action is S
⇥
'(x)

⇤
=

Z
d4xL

⇥
'(x)

⇤

<latexit sha1_base64="4SDmFUVDzsGLhlfWm/MBF4IIQeo="></latexit>

Z =

Z
D'(x) e�iS['(x)]

<latexit sha1_base64="ijPKOAIh53tMHkx2ZSRg8V8xORY="></latexit>
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correlation functions can be expressed similarly 

e.g. relationship between the field value at one space-time point 
and the value at another space-time point

the spin vectors in a ferromagnet is a nice classical example

⌦
0
��'̂(y) '̂(z)

��0
↵
=

1

Z

Z
D'(x) '(y)'(z) e�iS['(x)]

<latexit sha1_base64="+nTGDMumN+N9urCGlf7oLEhQx8o="></latexit>

but practically how does one 'do' the integral

Z
D'(x)

<latexit sha1_base64="74zwlHpRtM3Qnwo69ZaP5mvodx8=">AAACCXicbVC7SgNBFL0bXzG+Vi1tJgYhNmFXIlpYBLSwjGAekA1hdjKbDJl9MDMbDEtaG3/FxkIRW//Azr9xNtlCEw8MHM65lzn3uBFnUlnWt5FbWV1b38hvFra2d3b3zP2DpgxjQWiDhDwUbRdLyllAG4opTtuRoNh3OW25o+vUb42pkCwM7tUkol0fDwLmMYKVlnomcligkFN0isjxsRoSzJObqTPGIhqy8sMp6pklq2LNgJaJnZESZKj3zC+nH5LYp4EiHEvZsa1IdRMsFCOcTgtOLGmEyQgPaEfTAPtUdpPZJVN0opU+8kKhn841U39vJNiXcuK7ejJNKxe9VPzP68TKu+wmLIhiRQMy/8iLOVIhSmtBfSYoUXyiCSaC6ayIDLHAROnyCroEe/HkZdI8q9jVyvldtVS7yurIwxEcQxlsuIAa3EIdGkDgEZ7hFd6MJ+PFeDc+5qM5I9s5hD8wPn8AsoCZDw==</latexit>

?

can define a path integral

"sum" over all  
field configurations

where the action is S
⇥
'(x)

⇤
=

Z
d4xL

⇥
'(x)

⇤

<latexit sha1_base64="4SDmFUVDzsGLhlfWm/MBF4IIQeo="></latexit>

Z =

Z
D'(x) e�iS['(x)]

<latexit sha1_base64="ijPKOAIh53tMHkx2ZSRg8V8xORY="></latexit>
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lattice quantum field theory 32

go to one dimension for simplicity of illustration

but there are an infinite number 
of possible configurations ...

'(x)

<latexit sha1_base64="ozHzuy4CeLn3L5ZlI3fYxCed4oo=">AAAB8nicbVA9SwNBEN3zM8avqKXNYhBiE+4kooVFwMYygvmAyxH2NnvJkr3dY3cuGI78DBsLRWz9NXb+GzfJFZr4YODx3gwz88JEcAOu++2srW9sbm0Xdoq7e/sHh6Wj45ZRqaasSZVQuhMSwwSXrAkcBOskmpE4FKwdju5mfnvMtOFKPsIkYUFMBpJHnBKwkt8dE50MeeXpAvdKZbfqzoFXiZeTMsrR6JW+un1F05hJoIIY43tuAkFGNHAq2LTYTQ1LCB2RAfMtlSRmJsjmJ0/xuVX6OFLalgQ8V39PZCQ2ZhKHtjMmMDTL3kz8z/NTiG6CjMskBSbpYlGUCgwKz/7Hfa4ZBTGxhFDN7a2YDokmFGxKRRuCt/zyKmldVr1a9eqhVq7f5nEU0Ck6QxXkoWtUR/eogZqIIoWe0St6c8B5cd6dj0XrmpPPnKA/cD5/AH5LkLk=</latexit>

s c a l a r  f i e l d  c on f i g u r a t i o n s

x

<latexit sha1_base64="rsmFP7pe5qccscJtN/llY74+FVM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SvqxXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDnA4z+</latexit>
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lattice quantum field theory 33

discretize the space

'(x)

<latexit sha1_base64="ozHzuy4CeLn3L5ZlI3fYxCed4oo=">AAAB8nicbVA9SwNBEN3zM8avqKXNYhBiE+4kooVFwMYygvmAyxH2NnvJkr3dY3cuGI78DBsLRWz9NXb+GzfJFZr4YODx3gwz88JEcAOu++2srW9sbm0Xdoq7e/sHh6Wj45ZRqaasSZVQuhMSwwSXrAkcBOskmpE4FKwdju5mfnvMtOFKPsIkYUFMBpJHnBKwkt8dE50MeeXpAvdKZbfqzoFXiZeTMsrR6JW+un1F05hJoIIY43tuAkFGNHAq2LTYTQ1LCB2RAfMtlSRmJsjmJ0/xuVX6OFLalgQ8V39PZCQ2ZhKHtjMmMDTL3kz8z/NTiG6CjMskBSbpYlGUCgwKz/7Hfa4ZBTGxhFDN7a2YDokmFGxKRRuCt/zyKmldVr1a9eqhVq7f5nEU0Ck6QxXkoWtUR/eogZqIIoWe0St6c8B5cd6dj0XrmpPPnKA/cD5/AH5LkLk=</latexit>

s c a l a r  f i e l d  c on f i g u r a t i o n s

x

<latexit sha1_base64="rsmFP7pe5qccscJtN/llY74+FVM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SvqxXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDnA4z+</latexit>

Z
D'(x) =

Y

x

Z
d'x =

Z
d'1

Z
d'2

Z
d'3 · · ·

<latexit sha1_base64="KzhYCWvJrVPsEVZnMRbweg35BxY="></latexit>

an integral over all the  
values the field can take  
at x2

(i’m handwaving the rigorous math here)
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lattice quantum field theory 34

discretize the space

'(x)

<latexit sha1_base64="ozHzuy4CeLn3L5ZlI3fYxCed4oo=">AAAB8nicbVA9SwNBEN3zM8avqKXNYhBiE+4kooVFwMYygvmAyxH2NnvJkr3dY3cuGI78DBsLRWz9NXb+GzfJFZr4YODx3gwz88JEcAOu++2srW9sbm0Xdoq7e/sHh6Wj45ZRqaasSZVQuhMSwwSXrAkcBOskmpE4FKwdju5mfnvMtOFKPsIkYUFMBpJHnBKwkt8dE50MeeXpAvdKZbfqzoFXiZeTMsrR6JW+un1F05hJoIIY43tuAkFGNHAq2LTYTQ1LCB2RAfMtlSRmJsjmJ0/xuVX6OFLalgQ8V39PZCQ2ZhKHtjMmMDTL3kz8z/NTiG6CjMskBSbpYlGUCgwKz/7Hfa4ZBTGxhFDN7a2YDokmFGxKRRuCt/zyKmldVr1a9eqhVq7f5nEU0Ck6QxXkoWtUR/eogZqIIoWe0St6c8B5cd6dj0XrmpPPnKA/cD5/AH5LkLk=</latexit>

s c a l a r  f i e l d  c on f i g u r a t i o n s

x

<latexit sha1_base64="rsmFP7pe5qccscJtN/llY74+FVM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SvqxXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDnA4z+</latexit>

Z
D'(x) =

Y

x

Z
d'x =

Z
d'1

Z
d'2

Z
d'3 · · ·

<latexit sha1_base64="KzhYCWvJrVPsEVZnMRbweg35BxY="></latexit>

an integral over all the  
values the field can take  
at x3
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lattice quantum field theory 35

approach generally is to use a (hyper)cubic grid
Z
D'(x) =

Y

x

Z
d'x

<latexit sha1_base64="l1MvacJ2KHqaxRwAE/vhBTTtodY="></latexit>

s pa ce - t ime  g r i d

a

<latexit sha1_base64="ec2RP+/sD+vdUdVH7kh5HVEkGLQ=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgQkJSUtKCi4IblxXtA9pQJtNJO3TyYGYilNBPcONCEbd+kTv/xklbQUUPXDiccy/33uMnnEllWR9GYW19Y3OruF3a2d3bPygfHnVknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5X73ngrJ4uhOzRLqhXgcsYARrLR0O7jAw3LFMt2aU683kGXatWrVdXLiug3LQbZpLVCBFVrD8vtgFJM0pJEiHEvZt61EeRkWihFO56VBKmmCyRSPaV/TCIdUetni1Dk608oIBbHQFSm0UL9PZDiUchb6ujPEaiJ/e7n4l9dPVVD3MhYlqaIRWS4KUo5UjPK/0YgJShSfaYKJYPpWRCZYYKJ0OiUdwten6H/SqZq2Y9ZunErzchVHEU7gFM7BBheacA0taAOBMTzAEzwb3Hg0XozXZWvBWM0cww8Yb59ftY3d</latexit>

non-zero lattice spacing

L

<latexit sha1_base64="m2vWgrVUm74IsuHulFaooz1Duyg=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4kCHTztgWXBTcuHBR0T6gHUomzbShmcyQZIRS+gluXCji1i9y59+YPgQVPXDhcM693HtPkHCmNEIfVmZldW19I7uZ29re2d3L7x80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMLmd+655KxWJxp8cJ9SM8ECxkBGsj3XbPrnv5ArIdt1oqIohsF52XXc+QUrXieUXo2GiOAlii3su/d/sxSSMqNOFYqY6DEu1PsNSMcDrNdVNFE0xGeEA7hgocUeVP5qdO4YlR+jCMpSmh4Vz9PjHBkVLjKDCdEdZD9dubiX95nVSHFX/CRJJqKshiUZhyqGM4+xv2maRE87EhmEhmboVkiCUm2qSTMyF8fQr/J82iCcr2btxC7WIZRxYcgWNwChxQBjVwBeqgAQgYgAfwBJ4tbj1aL9brojVjLWcOwQ9Yb58sRI27</latexit>

finite space-time volume

Z 1

�1
d'

<latexit sha1_base64="5VLqZZ+Whnr21V68FtbSd89ElTM="></latexit>

hiding it here,  
but boundary conditions  
are important
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even with the grid, still not practical:

a phase is not ideal for averaging

make a variable transform t ! �it

<latexit sha1_base64="eE0Vwp0k2eYW8UdGDd0ARRtuhSY=">AAAB8nicbVC7SgNBFL0bXzG+opY2g0GwMexKRAuLgI1lBPOAzRJmJ7PJkNmdZeauEEI+w8ZCEVu/xs6/cZJsoYkHBg7n3Mvcc8JUCoOu++0U1tY3NreK26Wd3b39g/LhUcuoTDPeZEoq3Qmp4VIkvIkCJe+kmtM4lLwdju5mfvuJayNU8ojjlAcxHSQiEoyilXwkXVTkggiCvXLFrbpzkFXi5aQCORq98le3r1gW8wSZpMb4nptiMKEaBZN8WupmhqeUjeiA+5YmNOYmmMxPnpIzq/RJpLR9CZK5+ntjQmNjxnFoJ2OKQ7PszcT/PD/D6CaYiCTNkCds8VGUSWJjzvKTvtCcoRxbQpkW9lbChlRThralki3BW468SlqXVa9WvXqoVeq3eR1FOIFTOAcPrqEO99CAJjBQ8Ayv8Oag8+K8Ox+L0YKT7xzDHzifP5wnkCc=</latexit>

then

Z =

Z
D'(x) e�iS['(x)]

<latexit sha1_base64="ijPKOAIh53tMHkx2ZSRg8V8xORY="></latexit>

�iS = �i

Z
d3x dtL ! �

Z
d3x dtLE = �SE

<latexit sha1_base64="ihOGQOH28MqM52nv50Sfhc37wZQ="></latexit>

euc l i d ean  pa t h  i n t e g r a l

ZE =

Z
D'(x) e�SE['(x)]

<latexit sha1_base64="sh/yyfDkAfyNQtJcMJwqFlmsYDg="></latexit>

a bounded real number  
↝ a probability ?
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euc l i d ean  pa t h  i n t e g r a l

ZE =

Z
D'(x) e�SE['(x)]

<latexit sha1_base64="sh/yyfDkAfyNQtJcMJwqFlmsYDg="></latexit>

probability for a field configuration '(x)

<latexit sha1_base64="Rf1NKcsrnyvV9XHz6jIjjnmYx6s=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0Wom5C0iW3BRcGNywr2gW0ok+mkHTqZhJlJsYT+hRsXirj1b9z5N04fgooeuHA4517uvcePGZXKsj6MzNr6xuZWdju3s7u3f5A/PGrJKBGYNHHEItHxkSSMctJUVDHSiQVBoc9I2x9fzf32hAhJI36rpjHxQjTkNKAYKS3d9SZIxCNavD/v5wuWaTu1csmClulYFxXH1aRcq7puCdqmtUABrNDo5997gwgnIeEKMyRl17Zi5aVIKIoZmeV6iSQxwmM0JF1NOQqJ9NLFxTN4ppUBDCKhiyu4UL9PpCiUchr6ujNEaiR/e3PxL6+bqKDqpZTHiSIcLxcFCYMqgvP34YAKghWbaoKwoPpWiEdIIKx0SDkdwten8H/SKumgTPfGKdQvV3FkwQk4BUVggwqog2vQAE2AAQcP4Ak8G9J4NF6M12VrxljNHIMfMN4+AZQrkNw=</latexit>

⇒ importance sampled Monte Carlo generation of field configurations

obtain an ensemble of configurations
�
'x

 
i=1...N

<latexit sha1_base64="s0+UFZ2EID1e/nh7BtooWL345LU=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiRS0YVCwY0rqWAf0IQwmUzaoZNMmJkUS+gvuPFX3LhQxK07d/6N0zQLbT1w4XDOvdx7j58wKpVlfRulldW19Y3yZmVre2d3z9w/6EieCkzamDMuej6ShNGYtBVVjPQSQVDkM9L1R9czvzsmQlIe36tJQtwIDWIaUoyUljyz5vh04GTQGSORDKn3AHNh6mUUXkEbOizgSsLbqWdWrbqVAy4TuyBVUKDlmV9OwHEakVhhhqTs21ai3AwJRTEj04qTSpIgPEID0tc0RhGRbpZ/NIUnWglgyIWuWMFc/T2RoUjKSeTrzgipoVz0ZuJ/Xj9V4YWb0ThJFYnxfFGYMqg4nMUDAyoIVmyiCcKC6lshHiKBsNIhVnQI9uLLy6RzWrcb9bO7RrV5WcRRBkfgGNSADc5BE9yAFmgDDB7BM3gFb8aT8WK8Gx/z1pJRzByCPzA+fwAUuZyE</latexit>

[ value of the field  
    at each point on the grid ]
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for some observable (vacuum matrix element)

⌦
0
��O

⇥
'̂
⇤ ��0

↵
=

Z
D'O

⇥
'
⇤
e
�SE[']

<latexit sha1_base64="S2/mY0qzUnJDnoUza1oo6Ei4Zho="></latexit>

can now be estimated as an average over the ensemble

⌦
0
��O

⇥
'̂
⇤ ��0

↵
⇡ O =

1

N

NX

i=1

O
⇥
'
(i)
⇤

<latexit sha1_base64="fJNnp5hJDGzB+eK+l2wKQdNtF3o="></latexit>

plus get an uncertainty estimate  
from the variance

en semb le  mean  and  e r r o r

⌦
0
��O

⇥
'̂
⇤ ��0

↵
⇡ O ± �(O)

<latexit sha1_base64="RAHpRAONjTBE7DUDDvByItpXaz4="></latexit>

�(O) =

r
1

N(N�1)

XN

i=1

⇣
O['(i)]�O

⌘2

<latexit sha1_base64="LbJ2kFxVJhDlqMcX2ZR/buIqRuQ="></latexit>
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what about the theory we require: quantum chromo dynamics ? 
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gauge field theory of quarks (fermions) and gluons (vector gauge fields) with SU(3) 'color' symmetry

qcd  l a g r ang i an

L =  ̄
�
i�µDµ �m

�
 � 1

2 tr
�
Fµ⌫F

µ⌫
�

<latexit sha1_base64="fhNfhzWPexjZiCKZ/iqATPgUfzs=">AAACaHicbVFdaxQxFM1M/ahbP8aqiPgSugj1wWWmVPTBQkEpfehDBbctbLbDnWxmG5pkhuSOsITB/+hbf4Av/goz0y3V1gsJJ/fcc5N7UtRKOkzTiyheuXP33v3VB4O1h48eP0merh+5qrFcjHmlKntSgBNKGjFGiUqc1FaALpQ4Ls4/d/zxd2GdrMw3XNRiqmFuZCk5YEjlyQ+mAc84KH/Q0h3KCrCe1U62Acr5JpWUzUFrOG W6oV/ybn9HdU++pV1hODIsLXCftX4ryLp+Vnu0Vy32ct/JmGlaund6jfseeTJMR2kf9DbIlmBIlnGYJz/ZrOKNFga5AucmWVrj1INFyZVoB6xxogZ+DnMxCdCAFm7qe6Na+iZkZrSsbFgGaZ/9W+FBO7fQRajsxnA3uS75P27SYPlx6qWpGxSGX15UNopiRTvX6UxawVEtAgBuZXgr5WcQXMPwN4NgQnZz5NvgaGuUbY/ef90e7n5a2rFKXpMNskky8oHskn1ySMaEk1/RWvQ8ehH9jpP4ZfzqsjSOlppn5J+IN/4Arsa3NQ==</latexit>

gauge 
covariant 

derivative
Dµ = @µ + igAµ

<latexit sha1_base64="CFeMwUK2nCrZcbAwyc8/mEQOn18=">AAACCXicbVDLSgMxFM34rPU16tJNsAiCUGakoguFii5cVrAP6AxDJs20oUlmSDJCKd268VfcuFDErX/gzr8xM52Fth4InJxz703uCRNGlXacb2thcWl5ZbW0Vl7f2Nzatnd2WypOJSZNHLNYdkKkCKOCNDXVjHQSSRAPGWmHw+vMbz8QqWgs7vUoIT5HfUEjipE2UmDDm8DjKbyEXoKkpojl12NIYR9eZTywK07VyQHniVuQCijQCOwvrxfjlBOhMUNKdV0n0f44m44ZmZS9VJEE4SHqk66hAnGi/HG+yQQeGqUHo1iaIzTM1d8dY8SVGvHQVHKkB2rWy8T/vG6qo3N/TEWSaiLw9KEoZVDHMIsF9qgkWLORIQhLav4K8QBJhLUJr2xCcGdXnietk6pbq57e1Sr1iyKOEtgHB+AIuOAM1MEtaIAmwOARPINX8GY9WS/Wu/UxLV2wip498AfW5w/jypiK</latexit>

field  
strength 

tensor
Fµ⌫ = @µA⌫ � @⌫Aµ

<latexit sha1_base64="uemjF030y0gI/b4/Hsc4HODIRog=">AAACH3icbZBNS8MwGMdTX+d8q3r0EhyCF0cr8+WgMBHE4wT3AmspaZZuYWlaklQYZd/Ei1/FiwdFxNu+jWnXw9x8IPDn93+eJM/fjxmVyrImxtLyyuraemmjvLm1vbNr7u23ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO0P7zK//UyEpBF/UqOYuCHqcxpQjJRGnnlx76VOmECHJ2N4A50YCUUR8zJ262kKT2cgz6G2PLNiVa284KKwC1EBRTU888fpRTgJCVeYISm7thUrN80uxoyMy04iSYzwEPVJV0uOQiLdNN9vDI816cEgEvpwBXM6O5GiUMpR6OvOEKmBnPcy+J/XTVRw5aaUx4kiHE8fChIGVQSzsGCPCoIVG2mBsKD6rxAPkEBY6UjLOgR7fuVF0Tqr2rXq+WOtUr8u4iiBQ3AEToANLkEdPIAGaAIMXsAb+ACfxqvxbnwZ39PWJaOYOQB/ypj8Ajw3odc=</latexit>

+ ig
⇥
Aµ, A⌫

⇤

<latexit sha1_base64="t5OTdcIyTAS5aEtrcrl0ldB7f64=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0UQLCWRii5cVNy4rGAfkIQwmU7aoZNJmJkIpXTtxl9x40IRt36BO//GSZqFth643MM59zJzT5AwKpVlfRulpeWV1bXyemVjc2t7x9zd68g4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GN1kfveBCEljfq/GCfEiNOA0pBgpLfnm4albgxQOoBvQgQOvfTdKYS3rPM01zzerVt3KAReJXZAqKNDyzS+3H+M0IlxhhqR0bCtR3gQJRTEj04qbSpIgPEID4mjKUUSkN8lPmcJjrfRhGAtdXMFc/b0xQZGU4yjQkxFSQznvZeJ/npOq8NKbUJ6kinA8eyhMGVQxzHKBfSoIVmysCcKC6r9CPEQCYaXTq+gQ7PmTF0nnrG436ud3jWrzqoijDA7AETgBNrgATXALWqANMHgEz+AVvBlPxovxbnzMRktGsbMP/sD4/AE8rJgX</latexit>

qcd  f i e l d s

quark  
field  

i
↵(x)

<latexit sha1_base64="IC0C5Wb5t+YYpdWXE1vFCq3zfZo=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkoiFT14KHjxWMF+QBPDZrttl26SZXdTLKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsFZ0o7zrdVWFvf2Nwqbpd2dvf2D+zDo5ZKUklokyQ8kZ0QK8pZTJuaaU47QlIchZy2w9HtzG+PqVQsiR/0RFA/woOY9RnB2kiBbXtCsUcWeJiLIa48nQd22ak6c6BV4uakDDkagf3l9RKSRjTWhGOluq4jtJ9hqRnhdFryUkUFJiM8oF1DYxxR5Wfzy6fozCg91E+kqVijufp7IsORUpMoNJ0R1kO17M3E/7xuqvvXfsZikWoak8WifsqRTtAsBtRjkhLNJ4ZgIpm5FZEhlphoE1bJhOAuv7xKWhdVt1a9vK+V6zd5HEU4gVOogAtXUIc7aEATCIzhGV7hzcqsF+vd+li0Fqx85hj+wPr8ARDJk0Y=</latexit>

gluon  
field Aij

µ (x)

<latexit sha1_base64="45B7W98hl74Y3kO5tFA5C5Gfhj8=">AAAB9HicbVC7TgMxENwLrxBeAUoaiwgpNNEdCoKCIoiGMkjkISVH5HN8icH2HbYvIjrlO2goQIiWj6Hjb3AeBSSMtNJoZle7O0HMmTau++1klpZXVtey67mNza3tnfzuXl1HiSK0RiIeqWaANeVM0pphhtNmrCgWAaeN4OFq7DcGVGkWyVszjKkvcE+ykBFsrORfdtoiuUvZ/aj4dNzJF9ySOwFaJN6MFGCGaif/1e5GJBFUGsKx1i3PjY2fYmUY4XSUayeaxpg84B5tWSqxoNpPJ0eP0JFVuiiMlC1p0ET9PZFiofVQBLZTYNPX895Y/M9rJSY891Mm48RQSaaLwoQjE6FxAqjLFCWGDy3BRDF7KyJ9rDAxNqecDcGbf3mR1E9KXrl0elMuVC5mcWThAA6hCB6cQQWuoQo1IPAIz/AKb87AeXHenY9pa8aZzezDHzifP1W8kc4=</latexit>

Dirac spin index ↵ = 1 . . . 4

<latexit sha1_base64="2uX95ItT0liHFf8zNYc53wkmY1E=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSyCCwlJSUkLCgU3LivYBzShTCaTdujkwcxEKLELf8WNC0Xc+hvu/BsnbQUVPXDhcM693HuPnzIqpGl+aEvLK6tr66WN8ubW9s6uvrffEUnGMWnjhCW85yNBGI1JW1LJSC/lBEU+I11/fFn43VvCBU3iGzlJiRehYUxDipFU0kA/dM+gi1g6QvACWtBlQSIFtAd6xTScml2vN6BpWLVq1bEL4jgN04aWYc5QAQu0Bvq7GyQ4i0gsMUNC9C0zlV6OuKSYkWnZzQRJER6jIekrGqOICC+f3T+FJ0oJYJhwVbGEM/X7RI4iISaRrzojJEfit1eIf3n9TIZ1L6dxmkkS4/miMGNQJrAIAwaUEyzZRBGEOVW3QjxCHGGpIiurEL4+hf+TTtWwbKN2bVea54s4SuAIHINTYAEHNMEVaIE2wOAOPIAn8Kzda4/ai/Y6b13SFjMH4Ae0t0+anZSR</latexit>

color index i = 1 . . . 3

<latexit sha1_base64="M26RAngByzYqfahhP2eh+JLIyUE=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgQkLSppiCQsGNywr2AU0ok8mkHTp5MDNRSu2nuHGhiFu/xJ1/46StoKIHLhzOuZd77/FTRoU0zQ+tsLK6tr5R3Cxtbe/s7unl/Y5IMo5JGycs4T0fCcJoTNqSSkZ6KSco8hnp+uPL3O/eEi5oEt/ISUq8CA1jGlKMpJIGetk9hRReQAu6LEikgLWBXjGNRt1xqnVoGjWzYTdyYlYdx7agZZhzVMASrYH+7gYJziISS8yQEH3LTKU3RVxSzMis5GaCpAiP0ZD0FY1RRIQ3nZ8+g8dKCWCYcFWxhHP1+8QURUJMIl91RkiOxG8vF//y+pkMHW9K4zSTJMaLRWHGoExgngMMKCdYsokiCHOqboV4hDjCUqVVUiF8fQr/J52qYdlG/dquNM+XcRTBITgCJ8ACZ6AJrkALtAEGd+ABPIFn7V571F6010VrQVvOHIAf0N4+Ab8DkmU=</latexit>

traceless matrix in color

Lorentz vector

=
X

a=1...8
Aa

µ(x) t
a
ij

<latexit sha1_base64="bloAGMmpFSUoy9wVh8HAHGoHv4c="></latexit>

expansion in  
SU(3) generators

ta = 1
2�

a

<latexit sha1_base64="R5Cx7VXHI22KbZhPy7JOfmNbAK4=">AAACBXicdVC7SgNBFJ31GeMraqnFYBCslt2Y4KYQgjaWEYwGkhjuTmbjkNkHM3eFsKSx8VdsLBSx9R/s/BsnMYKKHhg4nHMPd+7xEyk0Os67NTM7N7+wmFvKL6+srq0XNjYvdJwqxhsslrFq+qC5FBFvoEDJm4niEPqSX/qDk7F/ecOVFnF0jsOEd0LoRyIQDNBI3cIOXgE9om0MFLDMHWWlEW1Lk+/BFXQLRceuVjyvVKGOfeBUy9UxcUqeV3apazsTFMkU9W7hrd2LWRryCJkErVuuk2AnA4WCST7Kt1PNE2AD6POWoRGEXHeyyRUjumeUHg1iZV6EdKJ+T2QQaj0MfTMZAl7r395Y/MtrpRh4nUxESYo8Yp+LglRSjOm4EtoTijOUQ0OAKWH+Stk1mD7QFJc3JXxdSv8nFyXbLduVs3KxdjytI0e2yS7ZJy45JDVySuqkQRi5JffkkTxZd9aD9Wy9fI7OWNPMFvkB6/UD0xmYMA==</latexit>

⇥
ta, tb

⇤
= ifabctc

<latexit sha1_base64="qOxGdaxu5N+lDmYOp6G7L132ZUM="></latexit>

tr
�
tatb

�
= 1

2�
ab

<latexit sha1_base64="M5wJk3BwnzkBfTSTQwQcSU/T9B8="></latexit>
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gauge field theory of quarks (fermions) and gluons (vector gauge fields) with SU(3) 'color' symmetry

qcd  l a g r ang i an

L =  ̄
�
i�µDµ �m

�
 � 1

2 tr
�
Fµ⌫F

µ⌫
�

<latexit sha1_base64="fhNfhzWPexjZiCKZ/iqATPgUfzs=">AAACaHicbVFdaxQxFM1M/ahbP8aqiPgSugj1wWWmVPTBQkEpfehDBbctbLbDnWxmG5pkhuSOsITB/+hbf4Av/goz0y3V1gsJJ/fcc5N7UtRKOkzTiyheuXP33v3VB4O1h48eP0merh+5qrFcjHmlKntSgBNKGjFGiUqc1FaALpQ4Ls4/d/zxd2GdrMw3XNRiqmFuZCk5YEjlyQ+mAc84KH/Q0h3KCrCe1U62Acr5JpWUzUFrOG W6oV/ybn9HdU++pV1hODIsLXCftX4ryLp+Vnu0Vy32ct/JmGlaund6jfseeTJMR2kf9DbIlmBIlnGYJz/ZrOKNFga5AucmWVrj1INFyZVoB6xxogZ+DnMxCdCAFm7qe6Na+iZkZrSsbFgGaZ/9W+FBO7fQRajsxnA3uS75P27SYPlx6qWpGxSGX15UNopiRTvX6UxawVEtAgBuZXgr5WcQXMPwN4NgQnZz5NvgaGuUbY/ef90e7n5a2rFKXpMNskky8oHskn1ySMaEk1/RWvQ8ehH9jpP4ZfzqsjSOlppn5J+IN/4Arsa3NQ==</latexit>

gauge 
covariant 

derivative
Dµ = @µ + igAµ

<latexit sha1_base64="CFeMwUK2nCrZcbAwyc8/mEQOn18=">AAACCXicbVDLSgMxFM34rPU16tJNsAiCUGakoguFii5cVrAP6AxDJs20oUlmSDJCKd268VfcuFDErX/gzr8xM52Fth4InJxz703uCRNGlXacb2thcWl5ZbW0Vl7f2Nzatnd2WypOJSZNHLNYdkKkCKOCNDXVjHQSSRAPGWmHw+vMbz8QqWgs7vUoIT5HfUEjipE2UmDDm8DjKbyEXoKkpojl12NIYR9eZTywK07VyQHniVuQCijQCOwvrxfjlBOhMUNKdV0n0f44m44ZmZS9VJEE4SHqk66hAnGi/HG+yQQeGqUHo1iaIzTM1d8dY8SVGvHQVHKkB2rWy8T/vG6qo3N/TEWSaiLw9KEoZVDHMIsF9qgkWLORIQhLav4K8QBJhLUJr2xCcGdXnietk6pbq57e1Sr1iyKOEtgHB+AIuOAM1MEtaIAmwOARPINX8GY9WS/Wu/UxLV2wip498AfW5w/jypiK</latexit>

field  
strength 

tensor
Fµ⌫ = @µA⌫ � @⌫Aµ

<latexit sha1_base64="uemjF030y0gI/b4/Hsc4HODIRog=">AAACH3icbZBNS8MwGMdTX+d8q3r0EhyCF0cr8+WgMBHE4wT3AmspaZZuYWlaklQYZd/Ei1/FiwdFxNu+jWnXw9x8IPDn93+eJM/fjxmVyrImxtLyyuraemmjvLm1vbNr7u23ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO0P7zK//UyEpBF/UqOYuCHqcxpQjJRGnnlx76VOmECHJ2N4A50YCUUR8zJ262kKT2cgz6G2PLNiVa284KKwC1EBRTU888fpRTgJCVeYISm7thUrN80uxoyMy04iSYzwEPVJV0uOQiLdNN9vDI816cEgEvpwBXM6O5GiUMpR6OvOEKmBnPcy+J/XTVRw5aaUx4kiHE8fChIGVQSzsGCPCoIVG2mBsKD6rxAPkEBY6UjLOgR7fuVF0Tqr2rXq+WOtUr8u4iiBQ3AEToANLkEdPIAGaAIMXsAb+ACfxqvxbnwZ39PWJaOYOQB/ypj8Ajw3odc=</latexit>

+ ig
⇥
Aµ, A⌫

⇤

<latexit sha1_base64="t5OTdcIyTAS5aEtrcrl0ldB7f64=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0UQLCWRii5cVNy4rGAfkIQwmU7aoZNJmJkIpXTtxl9x40IRt36BO//GSZqFth643MM59zJzT5AwKpVlfRulpeWV1bXyemVjc2t7x9zd68g4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GN1kfveBCEljfq/GCfEiNOA0pBgpLfnm4albgxQOoBvQgQOvfTdKYS3rPM01zzerVt3KAReJXZAqKNDyzS+3H+M0IlxhhqR0bCtR3gQJRTEj04qbSpIgPEID4mjKUUSkN8lPmcJjrfRhGAtdXMFc/b0xQZGU4yjQkxFSQznvZeJ/npOq8NKbUJ6kinA8eyhMGVQxzHKBfSoIVmysCcKC6r9CPEQCYaXTq+gQ7PmTF0nnrG436ud3jWrzqoijDA7AETgBNrgATXALWqANMHgEz+AVvBlPxovxbnzMRktGsbMP/sD4/AE8rJgX</latexit>

relativistic fermions

 ̄
�
i�µ@µ �m

�
 

<latexit sha1_base64="bdLai4cQa4kC9Ot1GVmSFo+1CDY=">AAACInicbVDLSgMxFM3UV62vUZdugkWoC8uMVFRwUXDjsoJ9QKeWO2nahiYzQ5IRytBvceOvuHGhqCvBjzEz7UJbDwTOPfdcbu7xI86UdpwvK7e0vLK6ll8vbGxube/Yu3sNFcaS0DoJeShbPijKWUDrmmlOW5GkIHxOm/7oOu03H6hULAzu9DiiHQGDgPUZAW2krn3p+SATL1Jsgj2fDUqYYW8AQsC9J2LsRSA1A95NixMsMs8xTv1du+iUnQx4kbgzUkQz1Lr2h9cLSSxooAkHpdquE+lOki4gnE4KXqxoBGQEA9o2NABBVSfJTpzgI6P0cD+U5gUaZ+rviQSEUmPhG6cAPVTzvVT8r9eOdf+ik7AgijUNyHRRP+ZYhzjNC/eYpETzsSFAJDN/xWQIEog2qRZMCO78yYukcVp2K+Wz20qxejWLI48O0CEqIRedoyq6QTVURwQ9omf0it6sJ+vFerc+p9acNZvZR39gff8Aoc+jEQ==</latexit>

color vector current

g
�
 ̄�µta 

�
Aa

µ

<latexit sha1_base64="bMReWi/JapOy+v6KQLN1gSOoywI=">AAACI3icbVDLSgMxFM3UV62vqks3wSJUkDIjFUVcVNy4rGAf0GnLnTSdhiYzQ5IRytB/ceOvuHGhFDcu/BczbRfaeiDhcM65JPd4EWdK2/aXlVlZXVvfyG7mtrZ3dvfy+wd1FcaS0BoJeSibHijKWUBrmmlOm5GkIDxOG97wLvUbT1QqFgaPehTRtgA/YH1GQBupm7/2sXuGXY/5RXODTNxIsTF2fRACOq6Ise4ATsVp6DRN33aga5xuvmCX7CnwMnHmpIDmqHbzE7cXkljQQBMOSrUcO9LtBKRmhNNxzo0VjYAMwactQwMQVLWT6Y5jfGKUHu6H0pxA46n6eyIBodRIeCYpQA/UopeK/3mtWPev2gkLoljTgMwe6scc6xCnheEek5RoPjIEiGTmr5gMQALRptacKcFZXHmZ1M9LTrl08VAuVG7mdWTRETpGReSgS1RB96iKaoigZ/SK3tGH9WK9WRPrcxbNWPOZQ/QH1vcP7OGimQ==</latexit>

massless gluons�
@µA⌫ � @µA⌫

�2

<latexit sha1_base64="UNcBihfFJqYZ5B88/6TQaIlAI4c=">AAACHnicbVDNS8MwHE39nPOr6tFLcAjz4GjHhh48TLx4nOA+YK0lzdItLE1Lkgqj7C/x4r/ixYMigif9b0y3HnTbg8DjvfdL8nt+zKhUlvVjrKyurW9sFraK2zu7e/vmwWFbRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oJvM7j0RIGvF7NY6JG6IBpwHFSGnJM+uOTwdl6MRIKIqY54QJvPYcnsDzZWKWPnuoembJqlhTwEVi56QEcjQ988vpRzgJCVeYISl7thUrN83ux4xMik4iSYzwCA1IT1OOQiLddLreBJ5qpQ+DSOjDFZyqfydSFEo5Dn2dDJEaynkvE5d5vUQFl25KeZwowvHsoSBhUEUw6wr2qSBYsbEmCAuq/wrxEAmElW60qEuw51deJO1qxa5V6ne1UuMqr6MAjsEJKAMbXIAGuAVN0AIYPIEX8AbejWfj1fgwPmfRFSOfOQL/YHz/AhcsoTM=</latexit>

gluon self-interactions

g[A,A]@A, g2
�
[A,A]

�2

<latexit sha1_base64="pmz0PRQBxj4wGl6IE88o5pnP1aE=">AAACFnicbZDLSsNAFIYnXmu9RV26GSxChVqSUtGFixY3LivYCyRpmUwn6dDJhZmJUEKfwo2v4saFIm7FnW/jpM1CWw8MfPz/OZw5vxszKqRhfGsrq2vrG5uFreL2zu7evn5w2BFRwjFp44hFvOciQRgNSVtSyUgv5gQFLiNdd3yT+d0HwgWNwns5iYkTID+kHsVIKmmgn/tWswKbDrRjxCVFDDYrdgX6/Rq0XeqXobIzV/FZvzbQS0bVmBVcBjOHEsirNdC/7GGEk4CEEjMkhGUasXTSbBVmZFq0E0FihMfIJ5bCEAVEOOnsrCk8VcoQehFXL5Rwpv6eSFEgxCRwVWeA5Egsepn4n2cl0rtyUhrGiSQhni/yEgZlBLOM4JBygiWbKECYU/VXiEeIIyxVkkUVgrl48jJ0alWzXr24q5ca13kcBXAMTkAZmOASNMAtaIE2wOARPINX8KY9aS/au/Yxb13R8pkj8Ke0zx9RcJu0</latexit>

qcd  i n g r ed i en t s
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transforming to Euclidean space-time  
required for Monte-Carlo sampling

euc l i d ean  q cd  a c t i o n

(xM)0 = �i(xE)4

(xM)i = (xE)i

<latexit sha1_base64="s1ui6cFk0AuWiFNdSSYUCgP33BY=">AAACOHicbVDLSgMxFM34rPVVdekmWJR2YZkpFd0IBRHciBXsAzp1yKSZNjSTGZKMWIZ+lhs/w524caGIW7/ATNtFnXogcDjnXHLvcUNGpTLNV2NhcWl5ZTWzll3f2Nzazu3sNmQQCUzqOGCBaLlIEkY5qSuqGGmFgiDfZaTpDi4Sv/lAhKQBv1PDkHR81OPUoxgpLTm5m8KjY/tI9YUfX4+K9yY8OofHFM7Il6OiU4G2nU1FaRJN5aiTy5slcww4T6wpyYMpak7uxe4GOPIJV5ghKduWGapOjISimJFR1o4kCREeoB5pa8qRT2QnHh8+goda6UIvEPpxBcfq7ESMfCmHvquTyZIy7SXif147Ut5ZJ6Y8jBThePKRFzGoApi0CLtUEKzYUBOEBdW7QtxHAmGlu87qEqz0yfOkUS5ZldLJbSVfLU/ryIB9cAAKwAKnoAquQA3UAQZP4A18gE/j2Xg3vozvSXTBmM7sgT8wfn4BoLyqfw==</latexit>

(�M)0 = (�E)4

(�M)i = i(�E)i

<latexit sha1_base64="w7VhuZFum7ox9oJCwRGe+9XVArE=">AAACS3icbVDPS8MwGE2n0zl/VT16CQ5lu4x2TPQiDETwIkxwP2CtJc2yLSxpS5IKo/T/8+LFm/+EFw+KeDDddtBtDwKP977H9+X5EaNSWdabkVtbz29sFraK2zu7e/vmwWFbhrHApIVDFoqujyRhNCAtRRUj3UgQxH1GOv74OvM7T0RIGgYPahIRl6NhQAcUI6Ulz/TLzhBxjjyHIzUSPLlLK48WPLuCi8ZNWvHq0HGKqxI0S9CVGeqZJatqTQGXiT0nJTBH0zNfnX6IY04ChRmSsmdbkXITJBTFjKRFJ5YkQniMhqSnaYA4kW4y7SKFp1rpw0Eo9AsUnKp/EwniUk64ryezI+Wil4mrvF6sBpduQoMoViTAs0WDmEEVwqxY2KeCYMUmmiAsqL4V4hESCCtdf1GXYC9+eZm0a1W7Xj2/r5catXkdBXAMTkAZ2OACNMAtaIIWwOAZvINP8GW8GB/Gt/EzG80Z88wR+Idc/hcdJbGt</latexit>

(AM)0 = i(AE)4

(AM)i = �(AE)i

<latexit sha1_base64="a1n8H0X/EVeYOAZYLd0oPz3mBgo=">AAACOXicbVDLSgMxFM3UVx1foy7dBIvSLiwzpaIboSKCG6GCfUCnDpk0bUMzmSHJCGXob7nxL9wJblwo4tYfMNN2UVsPBA7nnEvuPX7EqFS2/WpklpZXVtey6+bG5tb2jrW7V5dhLDCp4ZCFoukjSRjlpKaoYqQZCYICn5GGP7hK/cYjEZKG/F4NI9IOUI/TLsVIacmzqvlLzw2Q6osguR0VHmx4fAEpnFGvRwWvDF3XnEvSNHkyn6SelbOL9hhwkThTkgNTVD3rxe2EOA4IV5ghKVuOHal2goSimJGR6caSRAgPUI+0NOUoILKdjC8fwSOtdGA3FPpxBcfq7ESCAimHga+T6ZJy3kvF/7xWrLrn7YTyKFaE48lH3ZhBFcK0RtihgmDFhpogLKjeFeI+EggrXbapS3DmT14k9VLRKRdP78q5SmlaRxYcgEOQBw44AxVwA6qgBjB4Am/gA3waz8a78WV8T6IZYzqzD/7A+PkFnyqpzQ==</latexit>

( entirely in Euclidean variables )

SE =

Z
d4x

h
 
�
�µDµ +m

�
 + 1

4F
a
µ⌫F

a
µ⌫

i

<latexit sha1_base64="OmegP1P/7xlXZFrxy7Zq+uKrvQM="></latexit>

we’d like to discretize on a hypercubic grid

quark fields take values  
on the sites of the lattice  i

↵(xµ=anµ)

<latexit sha1_base64="H0YK/FdyvtQRWfe14MQM7fYQK88=">AAACC3icbVC7SgNBFJ31GeMramkzSRBiE3YlooVCwMYygnlAdl3uTibJkNnZZWZWDCG9jb9iY6GIrT9g5984SbbQxAMXzpxzL3PvCWLOlLbtb2tpeWV1bT2zkd3c2t7Zze3tN1SUSELrJOKRbAWgKGeC1jXTnLZiSSEMOG0Gg6uJ37ynUrFI3OphTL0QeoJ1GQFtJD9XcGPF7pjvAo/7UHrw3TDBbv7SzWPAYvI69nNFu2xPgReJk5IiSlHzc19uJyJJSIUmHJRqO3asvRFIzQin46ybKBoDGUCPtg0VEFLljaa3jPGRUTq4G0lTQuOp+ntiBKFSwzAwnSHovpr3JuJ/XjvR3XNvxEScaCrI7KNuwrGO8CQY3GGSEs2HhgCRzOyKSR8kEG3iy5oQnPmTF0njpOxUyqc3lWL1Io0jgw5RAZWQg85QFV2jGqojgh7RM3pFb9aT9WK9Wx+z1iUrnTlAf2B9/gDSS5ma</latexit>

but what shall we do with the gluon fields … ?

with one wrinkle  
still to be dealt with
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in the continuum theory,  
consider a quark field pair separated by some distance

 i(x)

<latexit sha1_base64="ujPPkdR0dY9CLcMjg00tu3BQvgQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqutOix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8fXMbz9SpVkk78wkpr7AQ8lCRrCx0n0v1uyBlZ/O+8WSW3HnQKvEy0gJMjT6xa/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP50fPEVnVhmgMFK2pEFz9fdEioXWExHYToHNSC97M/E/r5uY8MpPmYwTQyVZLAoTjkyEZt+jAVOUGD6xBBPF7K2IjLDCxNiMCjYEb/nlVdK6qHjVSu22WqpXszjycAKnUAYPLqEON9CAJhAQ8Ayv8OYo58V5dz4WrTknmzmGP3A+fwBFd5AG</latexit>

 
j
(y)

<latexit sha1_base64="Xa0rB955Yh5Kc8qG8DKMblcBlqs=">AAACA3icbVDLSsNAFJ34rPUVdaeb0SJUkJJIRZcFNy4r2Ac0sUymk3bsJBNmJkIIATf+ihsXirj1J9z5N07aLLT1wMDhnHu4c48XMSqVZX0bC4tLyyurpbXy+sbm1ra5s9uWPBaYtDBnXHQ9JAmjIWkpqhjpRoKgwGOk442vcr/zQISkPLxVSUTcAA1D6lOMlJb65r7DtZ2nUyeSNLtLndP7zDmsJid9s2LVrAngPLELUgEFmn3zyxlwHAckVJghKXu2FSk3RUJRzEhWdmJJIoTHaEh6moYoINJNJzdk8FgrA+hzoV+o4ET9nUhRIGUSeHoyQGokZ71c/M/rxcq/dFMaRrEiIZ4u8mMGFYd5IXBABcGKJZogLKj+K8QjJBBWurayLsGePXmetM9qdr12flOvNOpFHSVwAI5AFdjgAjTANWiCFsDgETyDV/BmPBkvxrvxMR1dMIrMHvgD4/MH2V6XmA==</latexit>

qq  pa i r
_

the combination  
j
(y) �ji  

i(x)

<latexit sha1_base64="8VlDmCLwufoSbWMQREQgsEwifuQ=">AAACH3icbVBLTwIxGOziC/G16tFLlZhAQsiuwceRxItHTOSRsEC6pUCh2920XSPZ7D/x4l/x4kFjjDf+jV3Yg4KTNJnOfJP2GzdgVCrLmhmZtfWNza3sdm5nd2//wDw8akg/FJjUsc980XKRJIxyUldUMdIKBEGey0jTndwmfvORCEl9/qCmAel4aMjpgGKktNQzrxxf20k6cgJJ427klMaxc1qYFqFTgk6fMIV60ZjG+gaTkS4tPBV7Zt4qW3PAVWKnJA9S1Hrmt9P3cegRrjBDUrZtK1CdCAlFMSNxzgklCRCeoCFpa8qRR2Qnmu8Xw3Ot9OHAF/pwBefq70SEPCmnnqsnPaRGctlLxP+8dqgGN52I8iBUhOPFQ4OQQeXDpCzYp4JgxaaaICyo/ivEIyQQVrrSnC7BXl55lTQuynalfHlfyVcraR1ZcALOQAHY4BpUwR2ogTrA4Bm8gnfwYbwYb8an8bUYzRhp5hj8gTH7Aarfogg=</latexit>

is not gauge-invariant
we can perform different 
local gauge transformations 
at locations x and y
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parallel transporters and gauge invariance 43

in the continuum theory,  
consider a quark field pair separated by some distance

 i(x)

<latexit sha1_base64="ujPPkdR0dY9CLcMjg00tu3BQvgQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqutOix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8fXMbz9SpVkk78wkpr7AQ8lCRrCx0n0v1uyBlZ/O+8WSW3HnQKvEy0gJMjT6xa/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP50fPEVnVhmgMFK2pEFz9fdEioXWExHYToHNSC97M/E/r5uY8MpPmYwTQyVZLAoTjkyEZt+jAVOUGD6xBBPF7K2IjLDCxNiMCjYEb/nlVdK6qHjVSu22WqpXszjycAKnUAYPLqEON9CAJhAQ8Ayv8OYo58V5dz4WrTknmzmGP3A+fwBFd5AG</latexit>

 
j
(y)

<latexit sha1_base64="Xa0rB955Yh5Kc8qG8DKMblcBlqs=">AAACA3icbVDLSsNAFJ34rPUVdaeb0SJUkJJIRZcFNy4r2Ac0sUymk3bsJBNmJkIIATf+ihsXirj1J9z5N07aLLT1wMDhnHu4c48XMSqVZX0bC4tLyyurpbXy+sbm1ra5s9uWPBaYtDBnXHQ9JAmjIWkpqhjpRoKgwGOk442vcr/zQISkPLxVSUTcAA1D6lOMlJb65r7DtZ2nUyeSNLtLndP7zDmsJid9s2LVrAngPLELUgEFmn3zyxlwHAckVJghKXu2FSk3RUJRzEhWdmJJIoTHaEh6moYoINJNJzdk8FgrA+hzoV+o4ET9nUhRIGUSeHoyQGokZ71c/M/rxcq/dFMaRrEiIZ4u8mMGFYd5IXBABcGKJZogLKj+K8QjJBBWurayLsGePXmetM9qdr12flOvNOpFHSVwAI5AFdjgAjTANWiCFsDgETyDV/BmPBkvxrvxMR1dMIrMHvgD4/MH2V6XmA==</latexit>

qq  pa i r
_

the combination  
j
(y) �ji  

i(x)

<latexit sha1_base64="8VlDmCLwufoSbWMQREQgsEwifuQ=">AAACH3icbVBLTwIxGOziC/G16tFLlZhAQsiuwceRxItHTOSRsEC6pUCh2920XSPZ7D/x4l/x4kFjjDf+jV3Yg4KTNJnOfJP2GzdgVCrLmhmZtfWNza3sdm5nd2//wDw8akg/FJjUsc980XKRJIxyUldUMdIKBEGey0jTndwmfvORCEl9/qCmAel4aMjpgGKktNQzrxxf20k6cgJJ427klMaxc1qYFqFTgk6fMIV60ZjG+gaTkS4tPBV7Zt4qW3PAVWKnJA9S1Hrmt9P3cegRrjBDUrZtK1CdCAlFMSNxzgklCRCeoCFpa8qRR2Qnmu8Xw3Ot9OHAF/pwBefq70SEPCmnnqsnPaRGctlLxP+8dqgGN52I8iBUhOPFQ4OQQeXDpCzYp4JgxaaaICyo/ivEIyQQVrrSnC7BXl55lTQuynalfHlfyVcraR1ZcALOQAHY4BpUwR2ogTrA4Bm8gnfwYbwYb8an8bUYzRhp5hj8gTH7Aarfogg=</latexit>

is not gauge-invariant
we can perform different 
local gauge transformations 
at locations x and y

a gauge-invariant combination is  
j
(y)

h
eig

R y
x dzµA

µ(z)
i

ji
 i(x)

<latexit sha1_base64="60pW5TVybhSHzl9ZFVJg0miNKWc="></latexit>

a ‘Wilson line’ 
transports the color

qq  pa i r  w i t h  W i l s on  l i n e
_

 i(x)

<latexit sha1_base64="ujPPkdR0dY9CLcMjg00tu3BQvgQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqutOix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8fXMbz9SpVkk78wkpr7AQ8lCRrCx0n0v1uyBlZ/O+8WSW3HnQKvEy0gJMjT6xa/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP50fPEVnVhmgMFK2pEFz9fdEioXWExHYToHNSC97M/E/r5uY8MpPmYwTQyVZLAoTjkyEZt+jAVOUGD6xBBPF7K2IjLDCxNiMCjYEb/nlVdK6qHjVSu22WqpXszjycAKnUAYPLqEON9CAJhAQ8Ayv8OYo58V5dz4WrTknmzmGP3A+fwBFd5AG</latexit>

 
j
(y)

<latexit sha1_base64="Xa0rB955Yh5Kc8qG8DKMblcBlqs=">AAACA3icbVDLSsNAFJ34rPUVdaeb0SJUkJJIRZcFNy4r2Ac0sUymk3bsJBNmJkIIATf+ihsXirj1J9z5N07aLLT1wMDhnHu4c48XMSqVZX0bC4tLyyurpbXy+sbm1ra5s9uWPBaYtDBnXHQ9JAmjIWkpqhjpRoKgwGOk442vcr/zQISkPLxVSUTcAA1D6lOMlJb65r7DtZ2nUyeSNLtLndP7zDmsJid9s2LVrAngPLELUgEFmn3zyxlwHAckVJghKXu2FSk3RUJRzEhWdmJJIoTHaEh6moYoINJNJzdk8FgrA+hzoV+o4ET9nUhRIGUSeHoyQGokZ71c/M/rxcq/dFMaRrEiIZ4u8mMGFYd5IXBABcGKJZogLKj+K8QjJBBWurayLsGePXmetM9qdr12flOvNOpFHSVwAI5AFdjgAjTANWiCFsDgETyDV/BmPBkvxrvxMR1dMIrMHvgD4/MH2V6XmA==</latexit>
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gauge ‘links’ 44

spa ce - t ime  g r i d
on a lattice, make hops to neighboring sites

qq  pa i r  w i t h  W i l s on  l i n e
_

 i(x)

<latexit sha1_base64="ujPPkdR0dY9CLcMjg00tu3BQvgQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqutOix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8fXMbz9SpVkk78wkpr7AQ8lCRrCx0n0v1uyBlZ/O+8WSW3HnQKvEy0gJMjT6xa/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP50fPEVnVhmgMFK2pEFz9fdEioXWExHYToHNSC97M/E/r5uY8MpPmYwTQyVZLAoTjkyEZt+jAVOUGD6xBBPF7K2IjLDCxNiMCjYEb/nlVdK6qHjVSu22WqpXszjycAKnUAYPLqEON9CAJhAQ8Ayv8OYo58V5dz4WrTknmzmGP3A+fwBFd5AG</latexit>

 
j
(y)

<latexit sha1_base64="Xa0rB955Yh5Kc8qG8DKMblcBlqs=">AAACA3icbVDLSsNAFJ34rPUVdaeb0SJUkJJIRZcFNy4r2Ac0sUymk3bsJBNmJkIIATf+ihsXirj1J9z5N07aLLT1wMDhnHu4c48XMSqVZX0bC4tLyyurpbXy+sbm1ra5s9uWPBaYtDBnXHQ9JAmjIWkpqhjpRoKgwGOk442vcr/zQISkPLxVSUTcAA1D6lOMlJb65r7DtZ2nUyeSNLtLndP7zDmsJid9s2LVrAngPLELUgEFmn3zyxlwHAckVJghKXu2FSk3RUJRzEhWdmJJIoTHaEh6moYoINJNJzdk8FgrA+hzoV+o4ET9nUhRIGUSeHoyQGokZ71c/M/rxcq/dFMaRrEiIZ4u8mMGFYd5IXBABcGKJZogLKj+K8QjJBBWurayLsGePXmetM9qdr12flOvNOpFHSVwAI5AFdjgAjTANWiCFsDgETyDV/BmPBkvxrvxMR1dMIrMHvgD4/MH2V6XmA==</latexit>

shortest path between neighboring sites = a ‘link’
h
eigaA

µ(x)
i

ji

<latexit sha1_base64="8z87vQIYDO5CYhJh32UD3uhtXnI=">AAACEnicbVDJSgNBEO2JW4xb1KOXxiAklzAjET1GvHiMYBbITEJPpyZp07PQXSOGId/gxV/x4kERr568+TdOloMmPih4vFdFVT03kkKjaX4bmZXVtfWN7GZua3tndy+/f9DQYaw41HkoQ9VymQYpAqijQAmtSAHzXQlNd3g18Zv3oLQIg1scReD4rB8IT3CGqdTNl3K2BA/bFDqJoH3K6GXH9uPiQ4mOqa1Ef4BON7kT41w3XzDL5hR0mVhzUiBz1Lr5L7sX8tiHALlkWrctM0InYQoFlzDO2bGGiPEh60M7pQHzQTvJ9KUxPUmVHvVClVaAdKr+nkiYr/XId9NOn+FAL3oT8T+vHaN34SQiiGKEgM8WebGkGNJJPrQnFHCUo5QwrkR6K+UDphjHNMVJCNbiy8ukcVq2KuWzm0qhWpnHkSVH5JgUiUXOSZVckxqpE04eyTN5JW/Gk/FivBsfs9aMMZ85JH9gfP4AZNGcCA==</latexit>

x

<latexit sha1_base64="BTimkV2V4yrcRT6lzdzSAK4UkI0=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0mkoseCF49V7Ae0oWy2m3bpZhN2J2Ip/QdePCji1X/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnHb3dnd2z8oHR41TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wjm5nfeuTaiEQ94DjlQUwHSkSCUbTSvfvUK5W9ijcHWSV+TsqQo94rfXX7CctirpBJakzH91IMJlSjYJJP3W5meErZiA54x1JFY26CyfzSKTmzSp9EibalkMzV3xMTGhszjkPbGVMcmmVvJv7ndTKMroOJUGmGXLHFoiiTBBMye5v0heYM5dgSyrSwtxI2pJoytOG4NgR/+eVV0ryo+NXK5V21XKvmcRThBE7hHHy4ghrcQh0awCCCZ3iFN2fkvDjvzseiteDkM8fwB87nDxjAjQo=</latexit>

!

<latexit sha1_base64="dDcoT5ETEZmEoCCPj5Zsmve0K1M=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hV2J6DHgxWNE84BkCbOTSTJkdmaZ6RXCkk/w4kERr36RN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoRJwkPYzpUYiAYRSc9dFH3SmW/4s9BVkmQkzLkqPdKX92+ZmnMFTJJre0EfoJhRg0KJvm02E0tTygb0yHvOKpozG2YzU+dknOn9MlAG1cKyVz9PZHR2NpJHLnOmOLILnsz8T+vk+LgJsyESlLkii0WDVJJUJPZ36QvDGcoJ45QZoS7lbARNZShS6foQgiWX14lzctKUK1c3VfLtWoeRwFO4QwuIIBrqMEd1KEBDIbwDK/w5knvxXv3Phata14+cwJ/4H3+AF1LjdE=</latexit>

Uµ(x) = eigaA
µ(x)

<latexit sha1_base64="0RaTePatT23ypiMQSaOVHlzJe3Y=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBahXkoiFT0oVLx4rGDaQpuGzXbTLt3dhN2NWEKvXvwrXjwo4tV/4M1/Y9LmoK0PBh7vzTAzz48YVdqyvo3C0vLK6lpxvbSxubW9Y+7uNVUYS0wcHLJQtn2kCKOCOJpqRtqRJIj7jLT80XXmt+6JVDQUd3ocEZejgaABxUinkmdCx+vyuPJwDC8hJL2EwgFE8KqXi5OSZ5atqjUFXCR2TsogR8Mzv7r9EMecCI0ZUqpjW5F2EyQ1xYxMSt1YkQjhERqQTkoF4kS5yfSTCTxKlT4MQpmW0HCq/p5IEFdqzP20kyM9VPNeJv7ndWIdnLsJFVGsicCzRUHMoA5hFgvsU0mwZuOUICxpeivEQyQR1ml4WQj2/MuLpHlStWvV09tauX6Rx1EEB+AQVIANzkAd3IAGcAAGj+AZvII348l4Md6Nj1lrwchn9sEfGJ8/ElCXYQ==</latexit>

SU(3) matrix on each 
link of the lattice

µ̂

<latexit sha1_base64="s9O5aiIk2xJRHXIhUEGGVOlT7og=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lUQqeix48VjBfkgTyma7aZfubsLuRCihv8KLB0W8+nO8+W/ctjlo64OBx3szzMyLUsENet63s7a+sbm1Xdop7+7tHxxWjo7bJsk0ZS2aiER3I2KY4Iq1kKNg3VQzIiPBOtH4duZ3npg2PFEPOElZKMlQ8ZhTglZ6DEYE80Bm036l6tW8OdxV4hekCgWa/cpXMEhoJplCKogxPd9LMcyJRk4Fm5aDzLCU0DEZsp6likhmwnx+8NQ9t8rAjRNtS6E7V39P5EQaM5GR7ZQER2bZm4n/eb0M45sw5yrNkCm6WBRnwsXEnX3vDrhmFMXEEkI1t7e6dEQ0oWgzKtsQ/OWXV0n7subXa1f39WqjXsRRglM4gwvw4RoacAdNaAEFCc/wCm+Odl6cd+dj0brmFDMn8AfO5w8qyZCd</latexit>

 
j
(y)

h
eig

R y
x dzµA

µ(z)
i

ji
 i(x)

<latexit sha1_base64="60pW5TVybhSHzl9ZFVJg0miNKWc="></latexit>
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lattice QCD action 45

can construct a gauge-invariant finite-difference — approximation to a derivative ?

 (x) �µ Uµ(x) (x+ µ̂a)�  (x) �µ U
†
µ(x� µ̂a) (x� µ̂a)

<latexit sha1_base64="whct4S27p27GLOJthdlCTyew0UU="></latexit>

1
2a

�
f(x+ a)� f(x� a)

� a!0���! df

dx
+O(a2)

<latexit sha1_base64="VNXTsjuFUGyAEE1T3pc8+vaOwBw="></latexit>

c.f.

a!0���! 2a �µ
�
@µ + igAµ

�
 + . . .

<latexit sha1_base64="d2z6SyKxxtL/U7EFx5VeOFHc46c="></latexit>

and using constructions like these we can build discretized actions

e.g.

Z
d4x 

�
�µDµ +m

�
 

<latexit sha1_base64="ejfljdVRk416O9MFf/DcRfU+iDc="></latexit>

 
i↵
x M i↵,j�

x,y [U ] j�
y

<latexit sha1_base64="HW859DDF6gTvKxLUyAlWv1MFcP4="></latexit>

 

<latexit sha1_base64="HohVvnEephlLrLO9j1a4T5BwX6E=">AAAB+XicbVA9SwNBEN2LXzF+nVraLAbBKtxJRAuLgI1lBPMByRH2NnvJkr3dc3cuEo78ExsLRWz9J3b+GzfJFZr4YODx3gwz88JEcAOe9+0U1tY3NreK26Wd3b39A/fwqGlUqilrUCWUbofEMMElawAHwdqJZiQOBWuFo9uZ3xozbbiSDzBJWBCTgeQRpwSs1HPdruaDIZjHlA+I1uqp55a9ijcHXiV+TsooR73nfnX7iqYxk0AFMabjewkEGdHAqWDTUjc1LCF0RAasY6kkMTNBNr98is+s0seR0rYk4Ln6eyIjsTGTOLSdMYGhWfZm4n9eJ4XoOsi4TFJgki4WRanAoPAsBtznmlEQE0sI1dzeiumQaELBhlWyIfjLL6+S5kXFr1Yu76vl2k0eRxGdoFN0jnx0hWroDtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8AVlWUGw==</latexit>

matrix in  
color, spin, spacetime

Dirac matrix

N.B. large matrix, but sparse

e.g. for a  
243×128 lattice,  
~ 21M×21M

most of the  
elements  
are zero

( 100 Pb !!! )
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what about the quarks ? 46

a gauge-field ‘configuration’ is simple — it’s an SU(3) matrix on each link

but what about a quark-field configuration?  

 fermion fields operators anticommute {ψ̂α( ⃗x, t), ψ̂†
β( ⃗y, t)} = δαβ δ( ⃗x − ⃗y)e.g. equal-time 

anticommutator

but under the path integral, operators become numbers,  
and ordinary numbers don’t anticommute … ?

⇒ Grassmann variables well-defined mathematics of 
anti-commuting numbers

x y = y x θi θj = − θj θi

ordinary (complex) numbers Grassmann (complex) numbers

x2 ≠ 0 unless x = 0 (θi)2 = 0

θi x = x θi

Taylor series terminate,

f (θ) = a + bθ

integration is simple

∫ dθ = 0 ∫ θ dθ = 1
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integrating out the quarks 47

a gauge-field ‘configuration’ is simple — it’s an SU(3) matrix on each link

but what about a quark-field configuration?     fermion fields anticommute ⇒ Grassmann variables

actually we can do the quark field integration exactly in the path integral:

Z
D D DU e�SE[ , ,U ] =

Z
DU e�Sg

E[U ]

Z
D D e� M [U ] 

<latexit sha1_base64="WImK3H5eJUWu3ARiR+i4/f4GJx8="></latexit>

= detM [U ]

<latexit sha1_base64="++DtXsbE3MMrtc52l12JZozaty0=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZKSkhYUCm7cCBXsA9JQJpNpO3TyYOZGKKGf4caFIm79Gnf+jdOHoKIHLhzOuZd77wlSwRVY1odRWFvf2Nwqbpd2dvf2D8qHRx2VZJKyNk1EInsBUUzwmLWBg2C9VDISBYJ1g8nV3O/eM6l4Et/BNGV+REYxH3JKQEveJe6HDPCN1/YH5YplujWnXm9gy7Rr1arrzInrNiwH26a1QAWt0BqU3/thQrOIxUAFUcqzrRT8nEjgVLBZqZ8plhI6ISPmaRqTiCk/X5w8w2daCfEwkbpiwAv1+0ROIqWmUaA7IwJj9dubi395XgbDup/zOM2AxXS5aJgJDAme/49DLhkFMdWEUMn1rZiOiSQUdEolHcLXp/h/0qmatmPWbp1K82IVRxGdoFN0jmzkoia6Ri3URhQl6AE9oWcDjEfjxXhdthaM1cwx+gHj7RNrYpC0</latexit>

=

Z
DU detM [U ] e�Sg

E[U ]

<latexit sha1_base64="NEQ7rxdjwYxxaQaZKkI0uvACT2U="></latexit>

interpret as the probability  
for configuration Uµ(x)

<latexit sha1_base64="twlfF5vNJscfiBdEFx0qzXMSKxU=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBahXkJSU0zBQ8GLxwqmLbShbLabduluEnc3Ygn9E148KOLVv+PNf+OmraCiDwYe780wMy9IGJXKsj6Mwsrq2vpGcbO0tb2zu1feP2jLOBWYeDhmsegGSBJGI+IpqhjpJoIgHjDSCSaXud+5I0LSOLpR04T4HI0iGlKMlJa63qDP0+r96aBcscxG3XVrdWiZZ1bDaeTEqrmuY0PbtOaogCVag/J7fxjjlJNIYYak7NlWovwMCUUxI7NSP5UkQXiCRqSnaYQ4kX42v3cGT7QyhGEsdEUKztXvExniUk55oDs5UmP528vFv7xeqkLXz2iUpIpEeLEoTBlUMcyfh0MqCFZsqgnCgupbIR4jgbDSEZV0CF+fwv9Ju2bajlm/dirNi2UcRXAEjkEV2OAcNMEVaAEPYMDAA3gCz8at8Wi8GK+L1oKxnDkEP2C8fQLkLI/h</latexit>

follows from integration 
properties of Grassmann 
variables
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a (gauge-variant) correlation function 48

⌦
0
�� ̂i↵

x  ̂j�
y

��0
↵
=

Z
D D DU  i↵

x  j�
y e�SE[ , ,U ]

<latexit sha1_base64="NSASa3zzj8n6Rl9Ji4V9wTP7DbE="></latexit>

correlation between 
quark at x, color i, spin α 
and 
quark at y, color j, spin β
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a (gauge-variant) correlation function 48

⌦
0
�� ̂i↵

x  ̂j�
y

��0
↵
=

Z
D D DU  i↵

x  j�
y e�SE[ , ,U ]

<latexit sha1_base64="NSASa3zzj8n6Rl9Ji4V9wTP7DbE="></latexit>

correlation between 
quark at x, color i, spin α 
and 
quark at y, color j, spin β

=

Z
DU e�Sg

E[U ]

Z
D D  i↵

x  
j�
y e� M [U ] 

<latexit sha1_base64="kd6Pr7Y1ymLdPMfYgVIj/0Cx4qQ="></latexit>

=

Z
DU

h
M�1[U ]

ii↵,j�
x,y

detM [U ] e�Sg
E[U ]

<latexit sha1_base64="IN4l6uNQ/3nHF1O3376la4VG36M="></latexit>

c.f. Wick’s theorem 
(look in your favorite QFT textbook)

probability
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a (gauge-variant) correlation function 48

⌦
0
�� ̂i↵

x  ̂j�
y

��0
↵
=

Z
D D DU  i↵

x  j�
y e�SE[ , ,U ]

<latexit sha1_base64="NSASa3zzj8n6Rl9Ji4V9wTP7DbE="></latexit>

correlation between 
quark at x, color i, spin α 
and 
quark at y, color j, spin β

=

Z
DU e�Sg

E[U ]

Z
D D  i↵

x  
j�
y e� M [U ] 

<latexit sha1_base64="kd6Pr7Y1ymLdPMfYgVIj/0Cx4qQ="></latexit>

=

Z
DU

h
M�1[U ]

ii↵,j�
x,y

detM [U ] e�Sg
E[U ]

<latexit sha1_base64="IN4l6uNQ/3nHF1O3376la4VG36M="></latexit>

c.f. Wick’s theorem 
(look in your favorite QFT textbook)

probability

=
X

{U}

h
M�1[U ]

ii↵,j�
x,y

<latexit sha1_base64="UFROEi2POsR7TugczI+XrkInYz4="></latexit>

compute  
‘quark propagator’  
on each 
configuration 
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a (gauge-variant) correlation function 48

⌦
0
�� ̂i↵

x  ̂j�
y

��0
↵
=

Z
D D DU  i↵

x  j�
y e�SE[ , ,U ]

<latexit sha1_base64="NSASa3zzj8n6Rl9Ji4V9wTP7DbE="></latexit>

correlation between 
quark at x, color i, spin α 
and 
quark at y, color j, spin β

=

Z
DU e�Sg

E[U ]

Z
D D  i↵

x  
j�
y e� M [U ] 

<latexit sha1_base64="kd6Pr7Y1ymLdPMfYgVIj/0Cx4qQ="></latexit>

=

Z
DU

h
M�1[U ]

ii↵,j�
x,y

detM [U ] e�Sg
E[U ]

<latexit sha1_base64="IN4l6uNQ/3nHF1O3376la4VG36M="></latexit>

c.f. Wick’s theorem 
(look in your favorite QFT textbook)

probability

=
X

{U}

h
M�1[U ]

ii↵,j�
x,y

<latexit sha1_base64="UFROEi2POsR7TugczI+XrkInYz4="></latexit>

compute  
‘quark propagator’  
on each 
configuration 

actually, don’t do this  
because it will average to zero 
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a meson correlation function 49

⌦
0
��
X

~x

�
 �5 

�
~x,t

�
 �5 

�
~0,0

��0
↵

<latexit sha1_base64="D52YTxEv1VbEnwE0DtyOUfNHEiU="></latexit>

 �5 

<latexit sha1_base64="k+4te15xlBrd9iKzK0oobh4WpbA=">AAACBnicdVDNS8MwHE39nPOr6lGE4BA8lXa0dAMPAy8eJ7gPWMtIs2wLS9qSpMIoO3nxX/HiQRGv/g3e/G9Mtwkq+iDw8t7vkfxelDIqlW1/GCura+sbm6Wt8vbO7t6+eXDYlkkmMGnhhCWiGyFJGI1JS1HFSDcVBPGIkU40uSz8zi0RkibxjZqmJORoFNMhxUhpqW+eBIm2i3QepJLOYDBCnKO+B4tr36zYlu+5tVod2pbjVau+WxDfr9sudCx7jgpYotk334NBgjNOYoUZkrLn2KkKcyQUxYzMykEmSYrwBI1IT9MYcSLDfL7GDJ5pZQCHidAnVnCufk/kiEs55ZGe5EiN5W+vEP/yepka1sKcxmmmSIwXDw0zBlUCi07ggAqCFZtqgrCg+q8Qj5FAWOnmyrqEr03h/6RdtRzX8q7dSuNiWUcJHINTcA4c4IMGuAJN0AIY3IEH8ASejXvj0XgxXhejK8YycwR+wHj7BOMjmWQ=</latexit>

pseudoscalar 
quantum numbers

X
~x
f(~x) =

X
~x
e�i~p·~x f(~x)

���
~p=~0

<latexit sha1_base64="VOLmg/eazx6YvpaOajORA+LDseY="></latexit>

projection into 
zero momentum
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a meson correlation function 49

⌦
0
��
X

~x

�
 �5 

�
~x,t

�
 �5 

�
~0,0

��0
↵

<latexit sha1_base64="D52YTxEv1VbEnwE0DtyOUfNHEiU="></latexit>

 �5 

<latexit sha1_base64="k+4te15xlBrd9iKzK0oobh4WpbA=">AAACBnicdVDNS8MwHE39nPOr6lGE4BA8lXa0dAMPAy8eJ7gPWMtIs2wLS9qSpMIoO3nxX/HiQRGv/g3e/G9Mtwkq+iDw8t7vkfxelDIqlW1/GCura+sbm6Wt8vbO7t6+eXDYlkkmMGnhhCWiGyFJGI1JS1HFSDcVBPGIkU40uSz8zi0RkibxjZqmJORoFNMhxUhpqW+eBIm2i3QepJLOYDBCnKO+B4tr36zYlu+5tVod2pbjVau+WxDfr9sudCx7jgpYotk334NBgjNOYoUZkrLn2KkKcyQUxYzMykEmSYrwBI1IT9MYcSLDfL7GDJ5pZQCHidAnVnCufk/kiEs55ZGe5EiN5W+vEP/yepka1sKcxmmmSIwXDw0zBlUCi07ggAqCFZtqgrCg+q8Qj5FAWOnmyrqEr03h/6RdtRzX8q7dSuNiWUcJHINTcA4c4IMGuAJN0AIY3IEH8ASejXvj0XgxXhejK8YycwR+wHj7BOMjmWQ=</latexit>

pseudoscalar 
quantum numbers

X
~x
f(~x) =

X
~x
e�i~p·~x f(~x)

���
~p=~0

<latexit sha1_base64="VOLmg/eazx6YvpaOajORA+LDseY="></latexit>

projection into 
zero momentum

= �
X

{U}

X
~x
tr
⇣⇥

M�1[U ]
⇤
~00,~xt

�5
⇥
M�1[U ]

⇤
~xt,~00

�5
⌘

<latexit sha1_base64="lEYtKxAGED2DvCTqYSuLQnjbFuk="></latexit>
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a meson correlation function 49

⌦
0
��
X

~x

�
 �5 

�
~x,t

�
 �5 

�
~0,0

��0
↵

<latexit sha1_base64="D52YTxEv1VbEnwE0DtyOUfNHEiU="></latexit>

 �5 

<latexit sha1_base64="k+4te15xlBrd9iKzK0oobh4WpbA=">AAACBnicdVDNS8MwHE39nPOr6lGE4BA8lXa0dAMPAy8eJ7gPWMtIs2wLS9qSpMIoO3nxX/HiQRGv/g3e/G9Mtwkq+iDw8t7vkfxelDIqlW1/GCura+sbm6Wt8vbO7t6+eXDYlkkmMGnhhCWiGyFJGI1JS1HFSDcVBPGIkU40uSz8zi0RkibxjZqmJORoFNMhxUhpqW+eBIm2i3QepJLOYDBCnKO+B4tr36zYlu+5tVod2pbjVau+WxDfr9sudCx7jgpYotk334NBgjNOYoUZkrLn2KkKcyQUxYzMykEmSYrwBI1IT9MYcSLDfL7GDJ5pZQCHidAnVnCufk/kiEs55ZGe5EiN5W+vEP/yepka1sKcxmmmSIwXDw0zBlUCi07ggAqCFZtqgrCg+q8Qj5FAWOnmyrqEr03h/6RdtRzX8q7dSuNiWUcJHINTcA4c4IMGuAJN0AIY3IEH8ASejXvj0XgxXhejK8YycwR+wHj7BOMjmWQ=</latexit>

pseudoscalar 
quantum numbers

X
~x
f(~x) =

X
~x
e�i~p·~x f(~x)

���
~p=~0

<latexit sha1_base64="VOLmg/eazx6YvpaOajORA+LDseY="></latexit>

projection into 
zero momentum

= �
X

{U}

X
~x
tr
⇣⇥

M�1[U ]
⇤
~00,~xt

�5
⇥
M�1[U ]

⇤
~xt,~00

�5
⌘

<latexit sha1_base64="lEYtKxAGED2DvCTqYSuLQnjbFuk="></latexit>

�5

<latexit sha1_base64="ASPNXyEBEDC0/YDNdASMOz3MQtU=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe7EoIVFwMYygvmQ5Ahzm71kye7dsbsnhCO/wsZCEVt/jp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVFHWpLGIVSdAzQSPWNNwI1gnUQxlIFg7GN/O/PYTU5rH0YOZJMyXOIx4yCkaKz32higl9mukX664VXcOskq8nFQgR6Nf/uoNYppKFhkqUOuu5ybGz1AZTgWblnqpZgnSMQ5Z19IIJdN+Nj94Ss6sMiBhrGxFhszV3xMZSq0nMrCdEs1IL3sz8T+vm5rw2s94lKSGRXSxKEwFMTGZfU8GXDFqxMQSpIrbWwkdoUJqbEYlG4K3/PIqaV1Uvctq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gYKEZ3iFN0c5L86787FoLTj5zDH8gfP5Aw+Dj+k=</latexit>

�5

<latexit sha1_base64="ASPNXyEBEDC0/YDNdASMOz3MQtU=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe7EoIVFwMYygvmQ5Ahzm71kye7dsbsnhCO/wsZCEVt/jp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVFHWpLGIVSdAzQSPWNNwI1gnUQxlIFg7GN/O/PYTU5rH0YOZJMyXOIx4yCkaKz32higl9mukX664VXcOskq8nFQgR6Nf/uoNYppKFhkqUOuu5ybGz1AZTgWblnqpZgnSMQ5Z19IIJdN+Nj94Ss6sMiBhrGxFhszV3xMZSq0nMrCdEs1IL3sz8T+vm5rw2s94lKSGRXSxKEwFMTGZfU8GXDFqxMQSpIrbWwkdoUJqbEYlG4K3/PIqaV1Uvctq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gYKEZ3iFN0c5L86787FoLTj5zDH8gfP5Aw+Dj+k=</latexit>

M�1

<latexit sha1_base64="N5bz271IQdrTLCjaKHE4Rbk2buQ=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4cZgpU6YFFwU3boQK9gHtWDJp2sZmkiHJCGXoP7hxoYhb/8edf2OmraCiBy4czrmXe+8JY0aVdpwPK7eyura+kd8sbG3v7O4V9w9aSiQSkyYWTMhOiBRhlJOmppqRTiwJikJG2uHkIvPb90QqKviNnsYkiNCI0yHFSBupdXWbnrmzfrHk2H7Fq1Zr0LHdSrnsexnx/ZrjQdd25iiBJRr94ntvIHASEa4xQ0p1XSfWQYqkppiRWaGXKBIjPEEj0jWUo4ioIJ1fO4MnRhnAoZCmuIZz9ftEiiKlplFoOiOkx+q3l4l/ed1ED6tBSnmcaMLxYtEwYVALmL0OB1QSrNnUEIQlNbdCPEYSYW0CKpgQvj6F/5NW2XY9u3Ltlernyzjy4Agcg1PgAh/UwSVogCbA4A48gCfwbAnr0XqxXhetOWs5cwh+wHr7BHsCjxM=</latexit>

M�1

<latexit sha1_base64="N5bz271IQdrTLCjaKHE4Rbk2buQ=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4cZgpU6YFFwU3boQK9gHtWDJp2sZmkiHJCGXoP7hxoYhb/8edf2OmraCiBy4czrmXe+8JY0aVdpwPK7eyura+kd8sbG3v7O4V9w9aSiQSkyYWTMhOiBRhlJOmppqRTiwJikJG2uHkIvPb90QqKviNnsYkiNCI0yHFSBupdXWbnrmzfrHk2H7Fq1Zr0LHdSrnsexnx/ZrjQdd25iiBJRr94ntvIHASEa4xQ0p1XSfWQYqkppiRWaGXKBIjPEEj0jWUo4ioIJ1fO4MnRhnAoZCmuIZz9ftEiiKlplFoOiOkx+q3l4l/ed1ED6tBSnmcaMLxYtEwYVALmL0OB1QSrNnUEIQlNbdCPEYSYW0CKpgQvj6F/5NW2XY9u3Ltlernyzjy4Agcg1PgAh/UwSVogCbA4A48gCfwbAnr0XqxXhetOWs5cwh+wHr7BHsCjxM=</latexit>

0

<latexit sha1_base64="Bm4MF6wVEOcxWsr/CF3kEQH6T8A=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk23X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSfui6tWql81apX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH3njjLY=</latexit>

t

<latexit sha1_base64="Ovbi4R/i8i7K4dyZSuvI1sOTxiE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0r6oerXqZbNWqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD+DzjPo=</latexit>
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⌦
0
��
X

~x

�
 �5 

�
~x,t

�
 �5 

�
~0,0

��0
↵

<latexit sha1_base64="D52YTxEv1VbEnwE0DtyOUfNHEiU="></latexit>

 �5 

<latexit sha1_base64="k+4te15xlBrd9iKzK0oobh4WpbA=">AAACBnicdVDNS8MwHE39nPOr6lGE4BA8lXa0dAMPAy8eJ7gPWMtIs2wLS9qSpMIoO3nxX/HiQRGv/g3e/G9Mtwkq+iDw8t7vkfxelDIqlW1/GCura+sbm6Wt8vbO7t6+eXDYlkkmMGnhhCWiGyFJGI1JS1HFSDcVBPGIkU40uSz8zi0RkibxjZqmJORoFNMhxUhpqW+eBIm2i3QepJLOYDBCnKO+B4tr36zYlu+5tVod2pbjVau+WxDfr9sudCx7jgpYotk334NBgjNOYoUZkrLn2KkKcyQUxYzMykEmSYrwBI1IT9MYcSLDfL7GDJ5pZQCHidAnVnCufk/kiEs55ZGe5EiN5W+vEP/yepka1sKcxmmmSIwXDw0zBlUCi07ggAqCFZtqgrCg+q8Qj5FAWOnmyrqEr03h/6RdtRzX8q7dSuNiWUcJHINTcA4c4IMGuAJN0AIY3IEH8ASejXvj0XgxXhejK8YycwR+wHj7BOMjmWQ=</latexit>

pseudoscalar 
quantum numbers

X
~x
f(~x) =

X
~x
e�i~p·~x f(~x)

���
~p=~0

<latexit sha1_base64="VOLmg/eazx6YvpaOajORA+LDseY="></latexit>

projection into 
zero momentum

= �
X

{U}

X
~x
tr
⇣⇥

M�1[U ]
⇤
~00,~xt

�5
⇥
M�1[U ]

⇤
~xt,~00

�5
⌘

<latexit sha1_base64="lEYtKxAGED2DvCTqYSuLQnjbFuk="></latexit>

�5

<latexit sha1_base64="ASPNXyEBEDC0/YDNdASMOz3MQtU=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe7EoIVFwMYygvmQ5Ahzm71kye7dsbsnhCO/wsZCEVt/jp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVFHWpLGIVSdAzQSPWNNwI1gnUQxlIFg7GN/O/PYTU5rH0YOZJMyXOIx4yCkaKz32higl9mukX664VXcOskq8nFQgR6Nf/uoNYppKFhkqUOuu5ybGz1AZTgWblnqpZgnSMQ5Z19IIJdN+Nj94Ss6sMiBhrGxFhszV3xMZSq0nMrCdEs1IL3sz8T+vm5rw2s94lKSGRXSxKEwFMTGZfU8GXDFqxMQSpIrbWwkdoUJqbEYlG4K3/PIqaV1Uvctq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gYKEZ3iFN0c5L86787FoLTj5zDH8gfP5Aw+Dj+k=</latexit>

�5

<latexit sha1_base64="ASPNXyEBEDC0/YDNdASMOz3MQtU=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe7EoIVFwMYygvmQ5Ahzm71kye7dsbsnhCO/wsZCEVt/jp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVFHWpLGIVSdAzQSPWNNwI1gnUQxlIFg7GN/O/PYTU5rH0YOZJMyXOIx4yCkaKz32higl9mukX664VXcOskq8nFQgR6Nf/uoNYppKFhkqUOuu5ybGz1AZTgWblnqpZgnSMQ5Z19IIJdN+Nj94Ss6sMiBhrGxFhszV3xMZSq0nMrCdEs1IL3sz8T+vm5rw2s94lKSGRXSxKEwFMTGZfU8GXDFqxMQSpIrbWwkdoUJqbEYlG4K3/PIqaV1Uvctq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gYKEZ3iFN0c5L86787FoLTj5zDH8gfP5Aw+Dj+k=</latexit>

M�1

<latexit sha1_base64="N5bz271IQdrTLCjaKHE4Rbk2buQ=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4cZgpU6YFFwU3boQK9gHtWDJp2sZmkiHJCGXoP7hxoYhb/8edf2OmraCiBy4czrmXe+8JY0aVdpwPK7eyura+kd8sbG3v7O4V9w9aSiQSkyYWTMhOiBRhlJOmppqRTiwJikJG2uHkIvPb90QqKviNnsYkiNCI0yHFSBupdXWbnrmzfrHk2H7Fq1Zr0LHdSrnsexnx/ZrjQdd25iiBJRr94ntvIHASEa4xQ0p1XSfWQYqkppiRWaGXKBIjPEEj0jWUo4ioIJ1fO4MnRhnAoZCmuIZz9ftEiiKlplFoOiOkx+q3l4l/ed1ED6tBSnmcaMLxYtEwYVALmL0OB1QSrNnUEIQlNbdCPEYSYW0CKpgQvj6F/5NW2XY9u3Ltlernyzjy4Agcg1PgAh/UwSVogCbA4A48gCfwbAnr0XqxXhetOWs5cwh+wHr7BHsCjxM=</latexit>

M�1

<latexit sha1_base64="N5bz271IQdrTLCjaKHE4Rbk2buQ=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4cZgpU6YFFwU3boQK9gHtWDJp2sZmkiHJCGXoP7hxoYhb/8edf2OmraCiBy4czrmXe+8JY0aVdpwPK7eyura+kd8sbG3v7O4V9w9aSiQSkyYWTMhOiBRhlJOmppqRTiwJikJG2uHkIvPb90QqKviNnsYkiNCI0yHFSBupdXWbnrmzfrHk2H7Fq1Zr0LHdSrnsexnx/ZrjQdd25iiBJRr94ntvIHASEa4xQ0p1XSfWQYqkppiRWaGXKBIjPEEj0jWUo4ioIJ1fO4MnRhnAoZCmuIZz9ftEiiKlplFoOiOkx+q3l4l/ed1ED6tBSnmcaMLxYtEwYVALmL0OB1QSrNnUEIQlNbdCPEYSYW0CKpgQvj6F/5NW2XY9u3Ltlernyzjy4Agcg1PgAh/UwSVogCbA4A48gCfwbAnr0XqxXhetOWs5cwh+wHr7BHsCjxM=</latexit>

0

<latexit sha1_base64="Bm4MF6wVEOcxWsr/CF3kEQH6T8A=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk23X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSfui6tWql81apX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH3njjLY=</latexit>

t

<latexit sha1_base64="Ovbi4R/i8i7K4dyZSuvI1sOTxiE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0r6oerXqZbNWqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD+DzjPo=</latexit>

po i n t  —  a l l  p r opaga t o r
⇥
M [U ]

⇤
~yt0,~xt

�
~xt

= �
~y,~0

�
t0,0

<latexit sha1_base64="kguYPivo+beH6JN6PWlgNyAR4aI="></latexit>

point sourcesparse matrix

�
~xt

=
⇥
M�1[U ]

⇤
~xt,~00

<latexit sha1_base64="1RfiWMuRWrxgiZzqVzzEQC1miR4="></latexit>

point-all propagator

solving a sparse linear system: A・x = b

e.g. for a  
243×128 lattice,  
~ 21M×12

( few Gb )
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select a discretization

‘tune’ the parameters

generate 100s / 1000s of  
gauge-field configurations

serious parallel 
supercomputing 

compute quark  
propagators

serious computing  
GPUs very useful

‘contract’ into 
correlation functions

capacity computing  
‘bookkeeping’ / memory management...

<latexit sha1_base64="9JKgAaPpPJV+CSqEC6drIXOTnlU=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tDoNgFe4kooVFwMYygvmA5Ah7e3vJmr3dY3dOCCH/wcZCEVv/j53/xk1yhSY+GHi8N8PMvDAV3KDnfTuFtfWNza3idmlnd2//oHx41DIq05Q1qRJKd0JimOCSNZGjYJ1UM5KEgrXD0e3Mbz8xbbiSDzhOWZCQgeQxpwSt1OpFkULTL1e8qjeHu0r8nFQgR6Nf/upFimYJk0gFMabreykGE6KRU8GmpV5mWEroiAxY11JJEmaCyfzaqXtmlciNlbYl0Z2rvycmJDFmnIS2MyE4NMveTPzP62YYXwcTLtMMmaSLRXEmXFTu7HU34ppRFGNLCNXc3urSIdGEog2oZEPwl19eJa2Lql+rXt7XKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8wpujnBfn3flYtBacfOYY/sD5/AGwqY8y</latexit>

PHYSICS ?

i.e. to choose a lattice spacing you want,  
and quark masses that you want …

whole industry of numerical algorithm development 
to make this step as efficient as possible 
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f i n i t e  l a t t i c e  s p a c i n g

acts as a UV cutoff ⇤ ⇠ 1

a

<latexit sha1_base64="XVbwMg2fxXBxl2PR5o0G0GwB2j4=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEVyWRii5cFNy4cFHBPqAJZTKdtEMnkzAzEUqIG3/FjQtF3PoX7vwbp20W2npg4HDOudy5J0g4U9pxvq2l5ZXVtfXSRnlza3tn197bb6k4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF1P/PYDlYrF4l6PE+pHeCBYyAjWRurZh96tCfcx8hSLkBdKTDI3z3DesytO1ZkCLRK3IBUo0OjZX14/JmlEhSYcK9V1nUT7GZaaEU7zspcqmmAywgPaNVTgiCo/m16QoxOj9FEYS/OERlP190SGI6XGUWCSEdZDNe9NxP+8bqrDSz9jIkk1FWS2KEw50jGa1IH6TFKi+dgQTCQzf0VkiE0L2pRWNiW48ycvktZZ1a1Vz+9qlfpVUUcJjuAYTsGFC6jDDTSgCQQe4Rle4c16sl6sd+tjFl2yipkD+APr8wf+h5aZ</latexit>

appears as a scale m̂ = am

<latexit sha1_base64="S28K6zFJvaWaxXx5roNWbvF+iZY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRA8KAS8eI5gHJEvonUySITO768xsICz5Di8eFPHqx3jzb5wke9DEgoaiqpvuriAWXBvX/XZya+sbm1v57cLO7t7+QfHwqKGjRFFWp5GIVCtAzQQPWd1wI1grVgxlIFgzGN3N/OaYKc2j8NFMYuZLHIS8zykaK/mdIZpUTsktQSK7xZJbducgq8TLSAky1LrFr04voolkoaECtW57bmz8FJXhVLBpoZNoFiMd4YC1LQ1RMu2n86On5MwqPdKPlK3QkLn6eyJFqfVEBrZTohnqZW8m/ue1E9O/9lMexolhIV0s6ieCmIjMEiA9rhg1YmIJUsXtrYQOUSE1NqeCDcFbfnmVNC7KXqV8+VApVW+yOPJwAqdwDh5cQRXuoQZ1oPAEz/AKb87YeXHenY9Fa87JZo7hD5zPH7kwkWc=</latexit>

discretization errors X(a) = X(0) + a �X1 + . . .

<latexit sha1_base64="97f6MNMmy9lxJE4/6oLb+9Xe0go=">AAACD3icbVA9SwNBEN3z2/h1ammzGJSIEu4kooWCYGOpYJKD3BHm9vbMkr0PdueEEPIPbPwrNhaK2Nra+W/cxBRqfDDweG+GmXlhLoVGx/m0pqZnZufmFxZLS8srq2v2+kZDZ4VivM4ymSkvBM2lSHkdBUru5YpDEkreDLsXQ795x5UWWXqDvZwHCdymIhYM0Ehte9erwB49o17F2aP7FKh/QP2ISwTqtV2j+DLKULftslN1RqCTxB2TMhnjqm1/+FHGioSnyCRo3XKdHIM+KBRM8kHJLzTPgXXhlrcMTSHhOuiP/hnQHaNENM6UqRTpSP050YdE614Sms4EsKP/ekPxP69VYHwS9EWaF8hT9r0oLiTFjA7DoZFQnKHsGQJMCXMrZR1QwNBEWDIhuH9fniSNw6pbqx5d18rnp+M4FsgW2SYV4pJjck4uyRWpE0buySN5Ji/Wg/VkvVpv361T1nhmk/yC9f4FT9CYeA==</latexit>

extrapolate a ! 0

<latexit sha1_base64="OE+Qk0bJe5lseptqGcI96/SOlac=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiQlJS24KLhxWcE+oA1lMp20QyeTMDMRSuhHuHGhiFu/x51/4/QhqOiBgcM59zL3nDDlTGnH+bAKG5tb2zvF3dLe/sHhUfn4pKOSTBLaJglPZC/EinImaFszzWkvlRTHIafdcHq98Lv3VCqWiDs9S2kQ47FgESNYG6mL0UAnyBmWK47t17x6vYEc261Vq763IL7fcDzk2s4SFVijNSy/D0YJyWIqNOFYqb7rpDrIsdSMcDovDTJFU0ymeEz7hgocUxXky3Pn6MIoIxQl0jyh0VL9vpHjWKlZHJrJGOuJ+u0txL+8fqajepAzkWaaCrL6KMo4MhEX2dGISUo0nxmCiWTmVkQmWGKiTUMlU8JXUvQ/6VRt17Nrt16lebWuowhncA6X4IIPTbiBFrSBwBQe4AmerdR6tF6s19VowVrvnMIPWG+fuGePLA==</latexit>

required, regularization 
of a renormalizable theory
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f i n i t e  l a t t i c e  s p a c i n g

acts as a UV cutoff ⇤ ⇠ 1

a
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appears as a scale m̂ = am
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discretization errors X(a) = X(0) + a �X1 + . . .
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d i s c r e t i z a t i on  c ho i c e

all should agree in the a→0 limit

impact at finite a depends on observable

choose a discretization 
appropriate to your quantities

required, regularization 
of a renormalizable theory
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appropriate to your quantities

qua r k  ma s s  c ho i c e

many calculations done with mu,d > mphys
u,d
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use quark mass as a tool 
to understand QCD

required, regularization 
of a renormalizable theory


