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very little referencing in these lectures 
most references can be found in this review
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other applications of lattice QCD technology

if I have time at the end …



lattice QCD and the hadron spectrum | Jun 2025 | HUGS

contents 4

meson spectroscopy

resonances, scattering, elastic phase-shifts

lattice QCD

discrete spectrum, finite volume, computing the spectrum

elastic scattering

lattice QCD phase-shift results

coupled-channel scattering

mapping the discrete spectrum to the t-matrix

lattice QCD calculation results

the complex energy plane

rigorously determining resonances

“illustrating the problem”

“introducing the tool”

“solving the simplest problem”

“a more realistic situation”

“well-defined quantities”



lattice QCD and the hadron spectrum | Jun 2025 | HUGS

meson spectroscopy 5

 0

 25

 50

 75

 100

3.7 3.8 3.9 4.0 4.1 4.2

 0

 30

 60

 90

 120

 150

3.7 3.8 3.9 4.0 4.1 4.2

Z+
c (3900) ! J/ ⇡+

<latexit sha1_base64="cG5ZpVeghDyUu2eCQXc2MToDT/U="></latexit>

⇡1(1600)

<latexit sha1_base64="P4wPPBJ2+Ycs99p+Cy6eNRJCB5M=">AAACAXicdVC7SgNBFJ2NrxhfUUubwSDEZplNdvPoAjaWEYwJbJYwO5lNhsw+mJkVwpLKb7DV2k5s/RJL/8TJQzCiBy4czrmXe+/xE86kQujDyG1sbm3v5HcLe/sHh0fF45M7GaeC0A6JeSx6PpaUs4h2FFOc9hJBcehz2vUnV3O/e0+FZHF0q6YJ9UI8iljACFZacvsJG1hlq4bQ5aBYQqZlN6sVBJFpo1rddjSpNhuOU4GWiRYogRXag+JnfxiTNKSRIhxL6VooUV6GhWKE01mhn0qaYDLBI+pqGuGQSi9bnDyDF1oZwiAWuiIFF+rPiQyHUk5DX3eGWI3lb28u/uW5qQoaXsaiJFU0IstFQcqhiuH8fzhkghLFp5pgIpi+FZIxFpgondLaFj+c6Uy+H4f/k7uKzs10buxSy16lkwdn4ByUgQXqoAWuQRt0AAExeARP4Nl4MF6MV+Nt2ZozVjOnYA3G+xdFsZai</latexit>

�, f0(980)

<latexit sha1_base64="MKXNNY5Pw/jV9DWIoEWFpdWFgRM=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQQUoiFeuu4MZlBfuANoTJdNIOnUnCzKRQSn/Ab3Cra3fi1r9w6Z84bbOwrQcuHM65l3M5QcKZ0o7zbeU2Nre2d/K7hb39g8Mj+/ikqeJUEtogMY9lO8CKchbRhmaa03YiKRYBp61geD/zWyMqFYujJz1OqCdwP2IhI1gbybftrmJ9ga9Q6Dulu6pz6dtFp+zMgdaJm5EiZKj79k+3F5NU0EgTjpXquE6ivQmWmhFOp4VuqmiCyRD3acfQCAuqvMn88ym6MEoPhbE0E2k0V/9eTLBQaiwCsymwHqhVbyb+53VSHVa9CYuSVNOILILClCMdo1kNqMckJZqPDcFEMvMrIgMsMdGmrKWUQExNJ+5qA+ukeV12K+Wbx0qxVsnaycMZnEMJXLiFGjxAHRpAYAQv8Apv1rP1bn1Yn4vVnJXdnMISrK9f4pmYew==</latexit>

qq mesons 
glueballs 
hybrids 
tetraquarks 
molecules 
…

‘theory’ ?

… how do we bridge the gap ?

these are ‘pictures’

the theory is QCD

_

experimental signals

I’ll try to show you over  
the next few lectures

1282 S. D. PROTOPOPESCV et al.
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FIG. 1. Mass distributions for w+x n+p events (reaction 1) in 20-MeV bins. (a) ~'p mass distribution, all events
double counted; (b) x+n mass distribution, all events double counted; (c) w+n mass distribution with 6'+ selected
and ~t&@&0.4 GeV; (d) same as (c) but tt&at&0. 1 GeVt.

restricted sample of them later on (Sec. III C). After
the ~" selection we are left with the following:

(1') w'p-w'w d,", 32100 events, ~t» &0 4GeV', .
23400 events, t t~z, &0.1 GeV',

(2') w'p-K'K h", 682 events, t t~at &0.1 GeV',

(3') w'p-w'w w'w L", 2470 events,
~
t'q~ &0.1 GeV,

(4') w'p-w'w MMA", 9600 events,
]'~ &0.1 GeV',

(6') w'p-K'(K')A", 140 events, t~~a &0.1 GeV',
(6') w'p K'K'tt-", 63 events, t t~at &0.1 GeV'.
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FIG. 2. Mass distribution for K'K n+p events (reaction 2) in 30-MeV bins. (a) n+p mass distribution, all events;(b) K'K mass distribution, all events; (c) K+K mass distribution with b++ selected and ~t&z, ~& 0.1 GeVt.
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meson spectroscopy — ‘rigorously’ 6

want to study excited hadrons as they really are — rapidly decaying resonances 

same strong dynamics that binds them also causes their decay 
can’t treat decay as a perturbation

τρ = ℏ
Γρ

→ 4 × 10−24 s

compare hydrogen: E2P ∼ eV Γ2P = ℏ
τ2P

∼ 10−7 eV

e.g. ρ resonance: mρ ∼ 800 MeV Γρ ∼ 150 MeV
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meson spectroscopy — ‘rigorously’ 7

we need to compute scattering amplitudes and see if they resonate

start with the simplest case: elastic scattering …

want to study excited hadrons as they really are — rapidly decaying resonances 

π

π

π

π

e.g.

t(E, cos ✓)
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amplitude

differential cross-section

same strong dynamics that binds them also causes their decay 
can’t treat decay as a perturbation

pion, π, is a JP=0− hadron,  

stable in pure QCD 

mass near 140 MeV 

isospin=1,   

long-lived enough to make  
charged beams

π+, π−, π0
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elastic partial-waves & unitarity 8
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π

π

π

π

elastic scattering amplitude 
can be expanded in partial-waves

partial-wave 
amplitude

resonances appear in  
a single partial-wave JP 0+ 1− 2+

ℓ 0 1 2 …
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π

π

π

π

elastic scattering amplitude 
can be expanded in partial-waves

partial-wave 
amplitude

conservation of probability 
a.k.a elastic unitarity 
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or

‘phase-space’

c.m. momentum

resonances appear in  
a single partial-wave JP 0+ 1− 2+

ℓ 0 1 2 …
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or

‘phase-space’

c.m. momentum

can parameterise elastic scattering  
in terms of a single real parameter

‘phase-shift’

resonances appear in  
a single partial-wave JP 0+ 1− 2+

ℓ 0 1 2 …
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the “simplest” case: ππ elastic scattering 9

π π

π

p N,Δ

π

p N,Δ
π
π

s

t

ππ partial-waves 
— project Pℓ(cos θππ)

on-shell π exchange 
   — extrapolate to t = mπ2

extract from charged pion beams on nucleon targets

physical scattering 
has negative t

this bit is somewhat 
model dependent
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π π

π

p N,Δ

π

p N,Δ
π
π

s

t

ππ partial-waves 
— project Pℓ(cos θππ)

on-shell π exchange 
   — extrapolate to t = mπ2

extract from charged pion beams on nucleon targets

i s o s p i n =0

Graye r  1 974

i s o s p i n =2

Cohen  1 972

i s o s p i n =1

Hyams  1 973

physical scattering 
has negative t

this bit is somewhat 
model dependent
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the “simplest” case: ππ elastic scattering 10

i s o s p i n =2

ℓ=0, a.k.a “S-wave”

ℓ=2, a.k.a “D-wave”

ℓ=4, a.k.a “G-wave”

inelasticity
— indicates other final states accessible

isospin=2 phase-shift is small and negative

at low energies
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the “simplest” case: ππ elastic scattering 11

i s o s p i n =1
1282 S. D. PROTOPOPESCV et al.
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FIG. 1. Mass distributions for w+x n+p events (reaction 1) in 20-MeV bins. (a) ~'p mass distribution, all events
double counted; (b) x+n mass distribution, all events double counted; (c) w+n mass distribution with 6'+ selected
and ~t&@&0.4 GeV; (d) same as (c) but tt&at&0. 1 GeVt.

restricted sample of them later on (Sec. III C). After
the ~" selection we are left with the following:

(1') w'p-w'w d,", 32100 events, ~t» &0 4GeV', .
23400 events, t t~z, &0.1 GeV',

(2') w'p-K'K h", 682 events, t t~at &0.1 GeV',

(3') w'p-w'w w'w L", 2470 events,
~
t'q~ &0.1 GeV,

(4') w'p-w'w MMA", 9600 events,
]'~ &0.1 GeV',

(6') w'p-K'(K')A", 140 events, t~~a &0.1 GeV',
(6') w'p K'K'tt-", 63 events, t t~at &0.1 GeV'.
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FIG. 2. Mass distribution for K'K n+p events (reaction 2) in 30-MeV bins. (a) n+p mass distribution, all events;(b) K'K mass distribution, all events; (c) K+K mass distribution with b++ selected and ~t&z, ~& 0.1 GeVt.

⇢(770)

ℓ=1, a.k.a “P-wave”

resonance 
enhancement

inelasticity

isospin=1 phase-shift rises rapidly through 90° near 770 MeV

gives rise to a ‘bump’ in the cross-section

this is the famous ρ resonance



lattice QCD and the hadron spectrum | Jun 2025 | HUGS

the “simplest” case: ππ elastic scattering 12

i s o s p i n =0

ℓ=0, a.k.a “S-wave”

slow rise through 90°

rapid rise

2mK

interpretation of isospin=0  
phase-shift is interesting !

will come back to it later …

this ππ system is relativistic scattering of composite particles  
— we are going to need quantum field theory  
— but first let’s orient ourselves with good old fashioned quantum mechanics …

90°

180°

270°
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scattering 13

most easily illustrated considering one-dimensional non-relativistic quantum mechanics

imagine two identical bosons separated by a distance z  
interacting through a finite-range potential V(z)

V(z)

z

solve the Schrödinger equation

R−R
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most easily illustrated considering one-dimensional non-relativistic quantum mechanics

imagine two identical bosons separated by a distance z  
interacting through a finite-range potential V(z)

V(z)

z

E

bound 
states

scattering 
continuum

solve the Schrödinger equation

R

continuous 
momentum

−R
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scattering 16

most easily illustrated considering one-dimensional non-relativistic quantum mechanics

imagine two identical bosons separated by a distance z  
interacting through a finite-range potential V(z)

V(z)

z

E

bound 
states

scattering 
continuum

solve the Schrödinger equation

R

phase-shift

E

resonance

−R

E
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scattering 17

phase-shift

E

δ(E)

‘weak’ attraction

generally, consider 
S-matrix

elastic scattering
e.g.

c.f. ππ isospin=0 
at low energy ? 
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scattering 17

phase-shift

E

δ(E)

‘weak’ attraction

generally, consider 
S-matrix

elastic scattering
e.g.

c.f. ππ isospin=0 
at low energy ? 

E

δ(E)

‘weak’ repulsion

c.f. ππ isospin=2 ?

E

δ(E)

resonance

90°

c.f. ππ isospin=1 ?

brings in the concept of the angular momentum ‘barrier’ which causes  

suppresses higher  
partial-waves  
at low energies

scattering in three-dimensions:



lattice QCD and the hadron spectrum | Jun 2025 | HUGS

the “simplest” case: ππ elastic scattering 18

i s o s p i n =0 i s o s p i n =2i s o s p i n =1
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the “simplest” case: ππ elastic scattering 19

i s o s p i n =0 i s o s p i n =2i s o s p i n =1

narrow resonance no resonance

can make isospin=1 from qq̄ cannot make isospin=2 from qq̄

contribution to origin of the ‘quark model’ for mesons: “mesons are  bound-states”qq̄

ud̄, dū, uū − dd̄
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the “simplest” case: ππ elastic scattering 20

i s o s p i n =0 i s o s p i n =2i s o s p i n =1

contribution to origin of the ‘quark model’ for mesons: “mesons are  bound-states”qq̄

narrow resonance no resonance

can make isospin=1 from qq̄ cannot make isospin=2 from qq̄

but can this weird scattering amplitude 
be explained that way ?

can make isospin=0 from qq̄
ud̄, dū, uū − dd̄uū + dd̄, ss̄
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the “simplest” case: ππ elastic scattering 21

i s o s p i n =0 i s o s p i n =2i s o s p i n =1

a first target: can a first-principles QCD calculation lead to these kinds of behaviour ?

a next target: can we understand these behaviours in terms of resonances ?

an ultimate target: can we understand the quark-gluon make-up of these resonances ?


