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Fig. 1. Cross section ratio for e+e� ! hadrons to e
+
e
� !

µ+µ�
, which is directly proportional to the vacuum EM spec-

tral function, R = 12⇡2⇢em/M2
. Figure redrawn from Ref. [8].

peaks corresponding to ⇢, !, and �. In the intermediate-
mass region, 1.5 GeV<

⇠
M <

⇠
3 GeV, the strength of the

hadronic spectrum is essentially given by the perturbative
qq̄ continuum (subsequent hadronization does not signifi-
cantly a↵ect the short distance processes determining the
cross section). The vacuum EM spectral function there-
fore exhibits a clean transition from confined hadronic de-
grees of freedom to weakly interacting quarks and anti-
quarks as the resolution (q2 = M2) of the probe is in-
creased. In particular, the low-mass part clearly signals the
non-perturbative physics of the QCD vacuum related to
its quark and gluon condensate structures. By measuring
dilepton spectra in HICs one essentially puts this probe
into the QCD medium. This suggests that low-mass spec-
tra can monitor the fate of hadrons as temperature and
density are increased and thus reveal underlying changes
in the condensates, often referred to as chiral symmetry
restoration associated with the melting of the quark-anti-
quark condensate, hq̄qi. As will be discussed below, most
of the low-mass radiation in high-energy HICs indeed em-
anates from temperatures around the pseudo-critical chi-
ral transition temperature, T�

pc ' 155MeV [3,4], render-
ing low-mass dileptons an excellent observable to investi-
gate this transition. On the other hand, for masses above
M ' 1.5 GeV, temperature corrections to the EM spec-
tral function are small (of order O(T 2/M2)), and dilepton
spectra become an excellent thermometer of the produced
medium. As is well known [5,6], large invariant masses
exponentially favor the emission of early (hot) radiation,
dominating over the volume increase which grows with a
power (typically 5-6) in T . While the temperature slope
of the invariant-mass spectra involves a certain average
over a range of fireball temperatures, it is not distorted
by any (“Doppler”) blue shift due to the radial flow of the
expanding medium (invariant-mass distributions do not
change under Lorentz boosts). This is di↵erent for mo-
mentum spectra of thermal photons (or dileptons), where
an expanding medium imparts a significant blue shift on
the spectra which has to be deconvoluted before a “true”
temperature can be extracted [7].

In the remainder of this contribution, we first briefly
review the relevance of chiral symmetry, its breaking and
restoration in the context of dileptons and then discuss
recent work pertinent to it (Sec. 2). We present the cur-

rent state of phenomenology of EM radiation in HICs and
o↵er perspectives for the energy regime covered by NICA
(Sec. 3), followed by concluding remarks (Sec. 4).

2 Chiral Symmetry and Dileptons

The QCD Lagrangian

LQCD = q(i/D� m̂q)q �
1

4
Ga

µ⌫G
µ⌫
a

with Dµ = @µ + ig
�a

2
Aa

µ

(3)

is formulated in terms of quark fields q carrying both color
and flavor indices with a diagonal current-quark mass ma-
trix m̂q = diag(mu,md,ms, . . .). The gluon fields Aa

µ are
contracted with the 8 Gell-Mann matrices �a acting in
SU(3) color space, with a non-Abelian field-strength ten-
sor Ga

µ⌫ = @µAa
⌫ � @⌫Aa

µ � gfabcAb
µA

c
⌫ , where the fabc

are the SU(3) structure constants. The chiral symmetry
of LQCD refers to its approximate invariance under the
spin-isospin rotations in the u and d sector,

q ! exp(�i↵V · ⌧/2)q

and q ! exp(�i�5↵A · ⌧/2)q,
(4)

where ⌧ are the SU(2) isospin matrices. This symmetry
is explicitly broken by small light quark masses, mu,d ⌧

⇤QCD (which can be treated as a perturbation giving rise
to “chiral perturbation theory” as a low-energy e↵ective
theory of QCD). Chiral symmetry leads to (partially) con-
served isovector-vector and -axialvector currents,

jµV = q�µ ⌧

2
q , jA = q�µ�5

⌧

2
q , (5)

also referred to as a chiral multiplet, usually associated
with the lowest-lying resonances ⇢(770) and a1(1260) in
each channel. Other chiral multiplets are identified as,
e.g., �(500)-⇡(140), N(940)-N⇤(1535). The large splitting
of the chiral multiplets is commonly attributed to the
spontaneous breaking of chiral symmetry in the vacuum,
SU(2)L ⇥ SU(2)R ! SU(2)V, induced by the formation
of the quark condensate, hqqi ' 2fm�3 per quark flavor,
where pions arise as the pseudo-Goldstone modes of the
unbroken directions of the global symmetry.

As discussed above, the low-mass part of the EM spec-
tral function is well described by the spectral functions of
the light vector mesons,

⇢em = �
1

⇡
Im

"
m4

⇢

g2⇢
D⇢ +

m4
!

g2!
D! +

m4
�

g2�
D�

#
, (6)

known as the vector-meson dominance (VMD) [9,10] hy-
pothesis, which arises from the current-field identity jµV =
(m2

V /gV )V
µ (V 2 {⇢,!,�}). Since the contributions to

⇢em are dominated by the ⇢meson, calculations of medium
e↵ects have focused on the latter. Hadronic many-body
approaches generically find a strong broadening of the ⇢-
meson spectral function in hot/dense matter, leading to

How do hadrons emerge from QCD?

Here: Analytic methods of nonperturbative QCD

Correlation functions: QCD  hadron spectrum↔
Vacuum structure:  Condensates, symmetry breaking

Computational methods: Operator product expansion, semiclassical methods

How to compute hadron spectra and structure from QCD?

  [GeV]s

σ(e+e− → h)/σ(e+e− → μ+μ−)



2Why interesting

Analytic methods are very efficient: Calculations simple, high ratio output/input

Analytic methods are synergistic with lattice QCD:  
Explain lattice results, use input from lattice simulations

Connections with condensed matter physics: 
Complex ground state, study “small” excitations above ground state

Understand “how QCD works” in nonperturbative regime

Link up with current research: Semiclassical methods, instantons

Connections with data science: Extraction of information on hadrons from  
QCD correlation functions has characteristics of inverse problem



3Plan

Correlation functions

Spectral representation

QCD  hadron properties↔

Dynamics

Computing correlation functions

Vacuum fields and their effects

Method I: Vacuum condensates

Operator product expansion

Vacuum condensates

QCD  hadron matching (“QCD sum rules”)↔

Topological landscape and tunneling

Instanton ensemble

Chiral symmetry breaking

Gluon and quark condensate

Applications to heavy and light mesons

Method II: Vacuum fields

Meson and baryon correlation functions

Current developments

Elements
QCD fields

Composite operators

Basic properties

Perturbation theory at short distances

Limitations of method

Vacuum fields in “cooled” lattice QCD

Shifman, Vainshtein, 
Zakharov 1979

Shuryak 1982;  
Diakonov, Petrov 1984



4This lecture

Focus on concepts - what they mean, how they are connected and applied

Skip most calculations but explain basic steps

This will include some mathematics, but don’t be afraid… 

Go over material at uniform level with aim to understand “what it is about”. 
There are many more aspects, but they can be explored later

Please ask questions and give feedback at any time! 
There will be summaries after each topic - good time for questions.

Notice: References to literature still missing or incomplete



5Elements: Fields and gauge symmetry

Aμ(x) = Aa
μ(x) λa

2

Gμν(x) = ∂μAν − ∂νAμ + g[Aμ, Aν]

ψ(x), ψ̄(x)

= Ga
μν(x) λa

2

gauge potential

gauge field

matter fields

Degrees of freedom = fields, functions of space-time

 rotation in color, space-time dependentU(x)

Matter fields in fundamental representation, 
gauge fields as matrices in fundamental 
or vectors in adjoint rep

 gauge group,  (“color”)SU(Nc) Nc = 3

Use compact notation: Spinor/flavor/color 

Gauge transformations

ψ(x) → U(x) ψ(x)

Aμ → UAμU† − ig−1U∂μU†

Gμν → UGμνU†

,Ga
μν → OabGb

μν Oab = tr [ λa

2 U λb

2 U†]

 transforms non-covariantly,  covariantlyA G

Dynamics invariant under gauge transformation

Degrees of freedom = orbits under gauge transformations



6Elements: Composite operators

ψ̄(x) Γ ψ(x) ≡ JΓ(x) Physical quantities carried by fields:  
Gauge-invariant composite operators, color-singlet

Γ = γμ, γμγ5 vector, axial vector

1, iγ5

σμν

scalar, pseudoscalar

tensor

Operators characterized by spin,  
discrete quantum numbers C, P, T

Quark flavor combinations: 
  isoscalar/isovector 

  charged
ū . . u ± d̄ . . d
ū . . d, d̄ . . u

Other quark operators

Baryon operators     laterψ ψ ψ, ψ̄ ψ̄ ψ̄ →

Multilinear operators:  ,  ψ̄Γ′￼ψ ψ̄Γψ ψ̄Γ′￼
λa

2 ψ ψ̄Γ λa

2 ψ

Here: Bilinear operators,  
“meson” quantum numbers

 Γ

diagrammatic 
representation



7Elements: Composite operators

tr[Gμν(x)Gμν(x)] = Ga,μν(x)Ga
μν(x)

Gluon operators

 ≡ Gμν(x)Gμν(x)

Gμν(x)G̃a
μν(x)

scalar

pseudoscalar G̃a
μν(x) ≡ 1

2 ϵμνρσGρσ(x) dual field strength

f abc(Ga)μ
ν(Gb)ν

ρ(Gc)ρ
μ

Higher-dimension gluon operators

dim-6 etc.

GμνDα . . . GρσGluon operators with derivatives

Quark and gluon operators characterized by

Dimension: (mass)N

Spin: Rank and symmetry of Lorentz tensor 

Discrete symmetries: C, P, T

Mixed quark-gluon operators ψ̄Gμνσμνψ

etc.

etc.



8Correlation functions: Definition

⟨0 | T JΓ(x) JΓ(y) |0⟩

:  T JΓ(x) JΓ(y) x0 > y0

JΓ(y) JΓ(x) y0 > x0

Correlation functions: Vacuum expectation value 
of products of gauge-invariant operators

Basic physical objects of QCD as gauge theory 
 hadrons, observables→

Time-ordered product: Analytic properties (later)

Vacuum state : Ground state of QCD. 
Complex structure with vacuum fields 
(condensates), dynamical scales

|0⟩

Translational invariance:  
Function depends only relative coordinate  x − y

yx

Illustration of concept,  
not Feynman diagram



9Correlation functions: Momentum representation

i∫ d4xeiq(x−y) ⟨0 | T JΓ(x) JΓ(y) |0⟩ Momentum representation: 4D Fourier (x − y) → q

4D tensors  scalar functions of × q2= ∑
n

Tμν...
n (q) Πn(q2)

Specific form depends on Γ

 functions of single variable Πn(q2) q2

Example: Vector operator

i∫ d4xeiq(x−y) ⟨0 | T Jμ
V(x) Jν

V(y) |0⟩

= (qμqν −
q2

4
gμν) ΠV(q2) Current conservation   

requires 
∂μJμ

V(x) = 0
qμ( . . . )μν = 0

q q

   vector current JV(x) = ψ̄(x)γμψ(x)



10Correlation functions: Connection with hadrons

i∫ d4xeiq(x−y) ⟨0 | T JΓ(x) JΓ(y) |0⟩

q2 < 0

∑
h

|h⟩⟨h |

4-momentum spacelike, cannot produce hadrons

q2 > 0 4-momentum timelike, can produce hadrons

Im Π(q2) = ∑
h

(2π)4δ(4)(q − Ph) ⟨0 |JΓ(0) |h⟩⟨h |JΓ(0) |0⟩

Insert complete set of hadronic states

Use translational invariance to move operators to x, y = 0
Combine terms from the two time orderings

Evaluate correlation function for q2 > 0

≡ ρ(q2) > 0 spectral density

Allowed states depend on operator quantum numbers and q2

Correlation function acquires imaginary part from hadronic states

Single-hadron or multi-hadron states

q q

.
.
.

hadrons



11Correlation functions: Spectral representation

Dispersion relation

 analytic function of Π(q2) q2

No singularities at q2 < 0

Singularities (poles, cuts) at real q2 > 0

q2

Π(q2) = ∫
∞

𝗍𝗁𝗋
ds

Im Π(s)
s − q2 − iϵ

  Im Π(s) = ρ(s)

Correlation function expressed as integral  
over imaginary part at thresholdq2 >

threshold

Imaginary part = spectral density from hadronic states: 
Spectral representation hadrons  ↔

Representation valid at all : Spacelike, timelike, even complexq2

Depending on asymptotic behavior of :  
Write dispersion relation for  etc. (“subtractions”)

Π(q2)
Π(q2) − Π(0)



12Correlation functions: Basic situation

Spacelike Timelike

q2

Here we can compute

Perturbation theory −q2 → ∞
Nonperturbative methods:  
Short-distance expansion, semiclassics

Lattice QCD

Here is the information on hadrons

Spectral density  ρ = ∑
h

|⟨0 |JΓ |h⟩ |2

connected by spectral representation
In the following we will put 
“numbers” on this graph…



13Correlation functions: Spectral density

Spectral density with single pole

ρV(s) = f 2
V δ(s − M2

V)

ΠV(q2) =
f 2
V

M2
V − q2

ρV(s)

M2
V q2

M2
V

To extract meson mass and coupling,  
need to compute correlation function  
at spacelike −q2 ∼ M2

V

Realistic: Pole + continuum

Need to include continuum: 
Various techniques  following→

Inverse problem: Information loss 
between spectral density and  
spacelike correlation function



14Correlation functions: Empirical spectral densities

Vector and axial vector currents couple to leptons through electromagnetic and weak interactions

Figure 2.6: Lower panel: experimental cross section ratio Rh(s)/12π2 according to Eq. (2.85)
from a recent data compilation [79] of various experiments on e+e− annihilation [80, 81, 82, 83,
84]. The middle and upper panel show the individual experimental information on vector and
axialvector spectral densities, Eqs. (2.92) and (2.93), as extracted from e+e− → 2nπ and τ -decay
data, respectively.

is accessible from experiment as indicated in the lower panel of Fig. 2.6.
From the rates (2.82) and (2.84) a simple estimate can be made for the expected dilepton signal

when the hadronic fireball is close to the phase boundary (Fig. 1.1). As displayed in Fig. 2.7 for
T = 160 MeV and µB = 0 the predicted rates coincide above ∼ 1.5 GeV but differ greatly below
due to the ρ, ω and φ resonance structures in the electromagnetic spectral function (lower panel
of Fig. 2.6)

2.6 Vector-Axialvector Mixing

As has been discussed the quark-hadron phase transition is accompanied by the restoration of chiral
symmetry, i.e., a ’melting’ of the quark condensate at the transition temperature, Tc # 160 MeV.
The change of 〈〈ψ̄ψ〉〉 is not an experimental observable, however. On the other hand it follows

27
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Spectral densities can be measured in lepton annihilation/decay into hadrons

Vector spectral density from 
 annihilation into hadronse+e−

Axial vector spectral density from 
 lepton decay into hadronsτ

ρV(s) ∝ σ(e+e− → ∑ h)

σ(τ → ν + ∑ h)

Also pion pole at s = Mπ

Rho meson pole at ~0.77 GeV

Vector and axial vector spectral 
functions very different:  
Chiral symmetry breaking (later)

0.5 1 1.5   [GeV]s

0.5 1 1.5   [GeV]s

Fig: Rapp, Wambach 1999



15Correlation functions: More

Baryon correlation functions

Baryon operators
BΓ(x) = ϵαβγ ψα

i (x)ψβ
j (x)ψγ

k (x) Γijk Totally antisymmetric in color

Spin structure determined by spinor matrix Γ

⟨0 |T B†
Γ(x)BΓ(y) |0⟩ Hadronic states: Baryon number 1

B†
Γ(x) ↔ ψ̄(x)

3-point functions

⟨0 |T JΓ(x) 𝒪(z) JΓ(y) |0⟩ Spectral density more complex, 
describes coupling of hadrons to operator 𝒪



16Summary: Correlation functions

Correlation functions of gauge-invariant operators are the basic physical objects 
of quantum field theory  spectrum, observables↔

Hadronic states appear in spectral density: Masses, couplings

Spectral representation (dispersion relation) connects timelike and spacelike regions

Extraction of spectral information from computed spacelike correlation functions 
is inverse problem

Need methods for computation of correlation functions!



17Dynamics: Computing correlation functions

Compute correlation function

Spacelike distances x − y

Spacelike momenta q

Dynamics changes with scale

(x − y)2 < 0

q2 < 0

| − q2 | → ∞

| − q2 | ∼ μ2
𝗇𝗈𝗇𝗉𝖾𝗋𝗍

Asymptotic freedom 
Perturbative dynamics

Nonperturbative dynamics 
 need new methods→

1 GeVμ𝗇𝗈𝗇𝗉𝖾𝗋𝗍 ∼ discussed in following

q

x − y

?

q



Π(q2) = i∫
d4k

(2π)4
𝗍𝗋 [Γ G(k) Γ G(k − q)]

18Dynamics: Perturbation theory

q q
k

k − q

= + +

Feynman integral in momentum representation 
Divergent - regularization, renormalization

Π(q2) − Π(0) − q2 d
dq2

Π(0) + . . . Regularization by subtraction

Γ Γ

Alt.: Calculation in coordinate representation i 𝗍𝗋 [Γ G(x − y) Γ G(y − x)]
Finite expressions as long as x ≠ y

Vector correlation function : . 
Perturbative result can be compared directly with inclusive annihilation data

Γ = γμ Im Π(s) ∝ σ(e+e− → hadrons)
 Discussion→



19Dynamics: Vacuum fields

QCD vacuum not “empty:” 
Quantum fluctuations of fields

Fluctuations exist independently of external probes: 
“Vacuum structure”

Propagation of quarks/gluons in correlation functions in presence of “vacuum fluctuations." 
Need to take them into account

 Characterize the vacuum fluctuations→

 Compute correlation functions in their presence→

...

..

Vacuum 
fields



20Dynamics: Characterizing vacuum fields

Two main approaches:

I)  Characterize quantum averages of the vacuum fields — vacuum condensates

,   ,   higher-dimensional…⟨FμνFμν⟩ ⟨ψ̄ ψ⟩

Vacuum expectation values of gauge-invariant local operators

II)  Characterize form of fields of certain important vacuum fluctuations

,  Aμ(fluct) Fμν(fluct)

Physical nature of vacuum fluctuations: Tunneling processes, topological fields

[Lattice QCD: Average over “all” field configurations without distinction.]



21Dynamics: Vacuum condensates

Vacuum expectation values of gauge-invariant local operators 
 higher-dim𝒪(x) = FμνFμν(x), ψ̄ ψ(x),

Translational invariance: VEV is independent of position of operator . 
Constant “density” filling the vacuum

⟨𝒪(x)⟩ ≡ ⟨𝒪⟩

Operators and VEV depend on renormalization scale :  
Controls which modes of the fields are included in operator and condensate

μ

k

μ

included in 
operator

⟨𝒪⟩(μ) typically μ ∼ 1 GeV

Scale dependence governed by renormalization 
group equation for operator (“anomalous dimension”). 
Not needed in following 



22Dynamics: Gluon condensate

Emergence of mass scale in QCD

⟨GμνGμν⟩ ≡ ⟨G2⟩ ≠ 0 VEV of scalar density of gluon field

⟨
αs

π
G2⟩ = (0.36 ± 0.02 GeV)4 Empirical value (  following), depends strongly 

on renormalization scale and definition
→

at μ = 1 GeV

QCD has no “intrinsic” mass scale!

Classical action invariant under space-time rescaling (dilatation):
,xμ → λxμ Aμ → λ−1Aμ

Mass scale appears only due to quantum fluctuations: 
UV cutoff  renormalization  scale in running coupling→ →

Gluon condensate represents “emergent” mass scale: 
Scalar density in the vacuum

x

  trace of energy momentum tensor (“trace anonaly”)Tμ
μ =

β(g)
2g

GμνGμν



23Dynamics: Quark condensate

∑
f=u,d

⟨0 | ψ̄ ψ |0⟩ = ⟨0 | ūu + d̄d |0⟩ ≠ 0 Scalar density of quark/antiquark field

Empirical value at μ = 1 GeV≈ 2 × (0.22 ± 0.02 GeV)3

Chiral symmetry breaking in QCD

Left/right-handed components 
of quark field (chirality)ψL,R(x) ≡

1 ± γ5

2
ψ(x)

left right

In QCD action:  and  components of field decouple (if quark masses )L R m = 0
S = S[ψL] + S[ψR]

In ground state (vacuum):  and  components are “locked”L R

⟨0 | ψ̄ ψ |0⟩ = ⟨0 | ψ̄LψR + ψ̄RψL |0⟩ ≠ 0



24Dynamics: Quark condensate

S[ψL] + S[ψR]

⟨0 | ψ̄LψR + ψ̄RψL |0⟩ ≠ 0

Dynamics:

Ground state:

SU(2)L × SU(2)R

SU(2)L=R

independent flavor rotations 
of  and  componentsL R

identical flavor rotations  
of  and  componentsL R

Spontaneous symmetry breaking: Symmetry of ground states “less” than symmetry of dynamics

Examples in condensed matter physics: Spontaneous magnetization in spin systems

Theory: Order parameter, massless excitations — Goldstone bosons

Symmetry of ground state determines symmetry of emergent effective dynamics: 
Hadron spectrum, hadron interactions



25Summary: Dynamics

The dynamics governing QCD correlation functions changes with distance/momentum

At momenta  correlation functions can be computed using perturbation theory| − q2 | ≫ μ2
𝗇𝗈𝗇𝗉𝖾𝗋𝗍

At momenta  the correlation functions functions are essentially modified 
by the coupling to vacuum fluctuations of the fields 

| − q2 | ∼ μ2
𝗇𝗈𝗇𝗉𝖾𝗋𝗍

Vacuum condensate of gluon field represents dynamical mass scale in QCD 
arising from quantum fluctuations

Vacuum condensate of quark-antiquark fields connected with spontaneous 
breaking of chiral symmetry in QCD



26Method: Computing correlation functions

Compute correlation functions at spacelike momenta  in presence of vacuum fieldsq2 < 0

 Compute down to lower momenta → | − q2 | ≲ 1 GeV2

 Extract information on hadrons→

Spacelike Timelike

q2



27Method: Including vacuum fields

Idea: Perform asymptotic expansion of correlation function for large spacelike momenta q2 < 0

Π(q2) = [perturbative] +
A4

(−q2)2
+

A6

(−q2)3
+ …}

α𝗌 ∼
1

log(−q2/Λ2
𝖰𝖢𝖣)

Perturbative part: Logarithmic  dependenceq2

: Dimension-6, proportional to dimension-6 vacuum condensates A6

: Dimension-4, proportional to dimension-4 vacuum condensates  A4 ⟨0 |G2 |0⟩, ⟨0 |mψ̄ ψ |0⟩

…

Expansion in powers of   =  Expansion in dimension of vacuum condensates1/(−q2)

Systematic approach. Combines perturbative and nonperturbative dynamics

Language: “Power corrections”



28Method: Operator product expansion

Operator product in correlation function expanded in insertions of background field

...
= +

+ +

+ + ...

+

TJΓJΓ = C𝗉𝖾𝗋𝗍(q)1̂ + ∑
d=4,6,...

Cd(q)
Ôd

(q2)d/2

perturbative

dimension-4

dimension-6



29Method: Matching QCD and hadrons 

Techniques for spacelike-timelike comparison

q2 = s > 0
q2 < 0

OPE
hadrons

Π(q2) = ∫
∞

𝗍𝗁𝗋
ds

ρ(s)
s − q2 − iϵ spectral representation

1
n! ( d

dq2 )
n

Π(q2)
q2

0

= ∫
∞

𝗍𝗁𝗋
ds

ρ(s)
(s − q2

0)n+1
differentiation suppresses high masses 
in spectral representation (moments)

Alt: Borel transform:

  fixedn → ∞, − q2
0 /n = M2 → ∫

∞

𝗍𝗁𝗋
ds e−s/M2ρ(s) suppresses high masses 

exponentially



30Method: Charmed vector meson J/ψ

Correlation function of charm quark 
vector current  c̄γμc

+

=

Charm quark couples only to gluon 
condensate  at LO⟨0 |G2 |0⟩

c̄γμc c̄γνc c

⟨0 |G2 |0⟩

Moment sum rules predict mass 
 (= binding energy) of charmed vector meson

Input to be determined: Charm 
quark mass, gluon condensate

Simplest example of “QCD sum 
rules” method

Extensions

Higher-order perturbative,  
higher dimension OPE

Charmed pseudoscalar meson , 
excited states

ηc
Fig: Reinders, Rubinstein, Yazaki 1985

+ pert

[GeV]
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Fig. 7. Results for vector and pseudoscalar states of charmonium from the moments (2.31). All parameters as in (4.34). For comparison the
experimental mass values have also been indicated.

at Q2 = 0(~= 0) can now be written as

M~(Q2=0)= A~(Q2=0)[1+ a~(Q2—0)a, + b~(Q2=0)4’121+ c~(Q2=0)4”~~~+d~(Q2=0)4’~~~],
(4.38)

where 4’(2) 4’ and 4’(3) and 4’(4) are similar dimensionless quantities containing the matrix elements of
six and eight dimensional operators. Even at Q2 = 0 the terms c~4”3~give negligible contributions for
n  10 and we will not consider them further here.

The dimension eight terms are of the form (in the vector channel)

d~’(Q2= 0)4’~~~= (2n+5)(2n+7)(2n+9)~ (±AI~J)nJ)4’(4) (4.39)

where 4’S~= a4r(O~)/(4m2)4.The operators O~are given in (3.58) and the matrix A(I, J) in table 1. The
matrix elements of the operators O~have been discussed in section (4.2). With these matrix elements
Nikolaev and Radyushkin found that at Q2 = 0 the contributions (4.39) to the moments (4.38) are large
and grow rapidly with n. At n = 6 they are already so large (about 50% of the gluon condensate
contribution) that they invalidate the original SVZ calculation [1]. This confirms that ~ must be chosen
different from 0, in particular we have seen that for the vector channel ~= 1. Shifting the expression
(4.39) to ~  0 gives [64]

d~)4’~4>= n(n + 1)(n + 2)(n +3) (1+ ~)~4 ~ (~A(I, J) ~ n) )4’~4), (4.40a)
(2n+5)(2n+7)(2n+9) ~, ~ F(n,~,n+~p)

(exp)



31Method: ρ meson

Correlation function of isovector vector current  Jμ = ūγμu − d̄γμd
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Fig. II. The p meson mass with and without power corrections. The continuum threshold s,, = 1.5 GeV2. Also shown are the functions f~,,,and
~ defined in the text. The region between the arrows A and B is considered to be reliable for determining the resonance parameters. Figure
adopted from [I].

Without taking the ratio the sum rules can also be used to determine the p meson coupling. The final
results for the p meson parameters are

g~/4rr 2.42 (exp g~/4n-= 2.36±0.18), m
0 770 MeV (expm~= 769±3 MeV). (4.47)

cv meson. To lowest order in a, mesons with I = 0 and I = 1 in the same channel are degenerate.
Therefore we have m~= m~.From studying pw interference [73],one finds md— m~about 3MeV and
in particular a solution with vanishing u quark mass and m~unequal zero seems to be ruled out.

4’ meson. Here, mass corrections due to the strange quark mass have to be added. The main power
correction is now given by the term (m54q) which compared to the p meson results in a change of sign
of the 1/M

4 power correction. This is a pure octet term and the dynamical source of the Gell—Mann—
Okubo formula for mesons. In addition there is the correction 6m ~/M2 to the bare loop which goes
beyond octet. It amounts to about 10% of the dominant Gell—Mann—Okubo term but gives a significant
contribution to the mass and coupling. It appears that for this sum rule to give the observed mass and its
coupling requires the stringent values given by (4.17) for the strange mass and condensate [57].For the
resonance parameters we obtain

m
4, = 1010±10 (exp 1019.6±0.1), g~/4ir=13.0±0.2 (expll.7±0.9). (4.48)

Higher quark masses tend to give an unacceptably high value for the coupling. Both the mass and the
coupling depend on

5o, but both the stability of the sum rule and the spacing deduced from the string
tension require s~ 2 Ge\12.

Operator product expansion involves gluon and light quark condensates

Spectral density parametrized as ρ meson pole + continuum:   

Here: Borel transform technique

Spacelike-timelike comparison allows to determine ρ meson mass and coupling

ρ(s) = f 2
ρ δ(s − m2

ρ) + cont.

Fig: Reinders, Rubinstein, Yazaki 1985
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32Method: Extensive applications

Light meson masses and couplings

Light baryons

Heavy mesons (quarkonia), including exotics (tetraquarks)

3-point functions: Meson/baryon form factors

Finite temperature and density: Condensates depend on temperature/density

Couplings to external fields, e.g. chromomagnetic fields

Parameters

Condensates determined empirically in simple correlation functions, 
used in calculations of more complex functions

Condensates estimated using other methods: Semiclassical methods (instantons), 
lattice QCD, model assumptions

[References to be provided]



33Method: Limitations

Expansion in dimension of condensates poorly convergent in some channels: 
Reason understood - instanton effects, discussed later

Extraction of hadron properties from spacelike function limited by “inverse problem” difficulties



34Summary: Sum rule method

Effect of vacuum fields included through vacuum condensates of increasing dimension

Correlation function computed beyond perturbative regime using operator product expansion: 
Systematic parametric expansion

Hadron information extracted by applying functional transforms “filtering” spectral density, 
various method

Successful description of vector correlation function and heavy quarkonia

Extensive applications


