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System identification
● Conceptually simplest case:

– Determine system a in yi = a xi 
● from input xi and output yi

– Solution: a = Σi xiyi / Σi xi
2

● Only a little more tricky if a is a matrix 
and x and y are vectors
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System Identification of
Superconducting Cavities

SysId: determine detuning Δω and bandwidth ω12, maybe Q0 
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Cavity model

V
I+I-

Cavity

RCL bandpass

Low-level RF 
system

Power amplifier

Dynamical system of envelopes 
real and imaginary, I and Q 

Express I through forward current I+ 

Discretize with time step Δt

Isolate the known and the unknown
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Least squares

Stack multiple copies, on for each time step
Solve in the least-squares sense with
the Moore-Penrose pseudo inverse

Rewrite the mixture of unknowns and known voltages
to separate the unknowns 

Tedious to calculate
for quickly growing UT 
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Recursive least squares
Introduce , the inverse of empirical covariance matrix. 

Obtain the updated quantities pT+1 and qT+1 at the next time step
by absorbing the new information from V’ and y. 



251014, V. Ziemann SysId for cavities 7

Forgetting factor α
for time-varying systems

● Time horizon Nf  and 

● Update equations for    and    from one time-
step to the next

New yT+2 and GT+1 come from 
new currents I and voltages V’

“discount factor”
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Simulations
Cavity: 1 GHz, QL=5x105,
   fs=10 MHz, Nf=100,
   σp=10-4 Vmax, σm=10-3 Vmax

     Step in ω12 
   2 kHz oscillation of Δω 

Current step
  - Cavity starts charging
  - observe wiggle after 0.5 ms
  - Q-phase oscillates 

Reconstructed parameters
  - Bandwidth ω12 doubles
  - Frequency Δω varies (2 kHz)

Behavior is reconstructed faithfully
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Implementation on FPGA
at FREIA at Uppsala University

Tor Lofnes, UU
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ESS spoke cavity

Prel
im

ina
ry

Tor Lofnes, UU

352 MHz, directly sampled at ~3 Gs/s, digital down-conversion to 10 Ms/s or less
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Measuring the unloaded Q0
Hunting the little discrepancy between QE and QL

Gt q

with

Stack consecutive measurements
on top of each other 
  → least-squares problem

Solve by Moore-Penrose

Rewrite the right-hand side
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Recursive ...

Woodbury matrix identity to the rescue

With forgetting factor α

Technical difficulty: need to 
invert PT+1

-1 if new term is added

Substitutions
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Critically coupled cavity
f=1GHz, Q0=109, QE=0.8x109, Nf=∞

Algorithm does not work 
in steady-state, where the
equations are degenerate
  → pulsed

Track small changes:
 → need larger sample 
      time Δt~ms
 →10 seconds real time

Fairly robust against small
errors in shunt resistance R
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Over-coupled cavity
Q0=109, QE=106

Sampling time fs=0.1 ms
six seconds real time

Also works with random
errors in percent range

But!!!
Extreme sensitivity on
systematic error of R

Use RLS calibration of R
In steady-state

      V’t = R (It
++It

-)

Use RLS  to continuously
update R for many 
interations
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Conclusions
● Recursive least-squares algorithms 

are a powerful tool to continuously 
improve estimates in real time
– Computational effort per time step is 

moderate
– Colleague in Uppsala has a working 

system running close to 10 MHz
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