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ORGANIZATION OF THIS BRIEF COURSE 

Scope of the course  
• Introduce neural-network quantum states in the continuum (coordinate space)  
• Applications to the nuclear quantum few-body problem

Coding goal:  
• Solve the deuteron in pionless effective field theory using neural-network quantum states

Structure of the lectures: 
• There will be a single 60-minute lecture plus a 60-minute coding session

Coding requirements 
• We will use Jupiter notebooks; required packages are Numpy and Google-JAX (use Google 

Colab is highly recommended) 
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NUCLEAR PHYSICS
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A TALE OF SCALES

The superheavy elements represent the fourth period13, which
started with the first observations of elements Z ¼ 107–109 at the
Gesellschaft für Schwerionenforschung (GSI) in Germany in the
beginning of the 1980s. Interest in those exotic species has been
rekindled over the last decade, thanks to experimental progress in
their synthesis18–21. Isotopes of elements with the atomic number
Z ¼ 110–112 were discovered at GSI between 1994 and 199619.
Those elements are expected to be well-deformed (see Fig. 1) and
their lifetimes have been found to be very short. For instance, the
isotope AZ ¼ 277112 turned out to have a half-life of the order of
300 ms. The element 110 (darmstadtium, Ds) was independently
confirmed in 2002 by the Lawrence Berkeley Laboratory in the
USA20 and the Institute of Physical and Chemical Research (RIKEN)
in Japan21. The confirmation of Z ¼ 111 (roentgenium, Rg) and
Z ¼ 112 was also made at RIKEN. In a recent experiment, the
Japanese physicists have reported the synthesis of Z ¼ 113
(A ¼ 278)22. The production cross-section was found to be rapidly
decreasing with the atomic number (it is around 50 pb for Z ¼ 113;
1 barn ¼ 10228m2), so it was concluded that it would be very
difficult to reach still heavier elements in ‘cold’-fusion reactions
using lead or bismuth targets.

The use of ‘hot’-fusion evaporation reactions with the neutron-
rich 48Ca beam and actinide targets at the Joint Institute for Nuclear
Research in Dubna (Russia) has resulted in measurements of several
new elements with Z ¼ 113–116 and 118 (refs 23, 24), including the
isotopes of 286–290114, 290–293116, 294118, and several new isotopes of
Z ¼ 110 and 112. According to Fig. 1, these nuclei, expected to have
moderate deformations, belong to the region of shape transition
from prolate- to oblate-deformed ground states. The most signifi-
cant result is the observed increase of half-lives with increasing
neutron number. For instance, when going from 282112 (N ¼ 170)
to 285112 (N ¼ 173), the half-life increases from 1ms to 34 s
(ref. 25). This is consistent with the predicted increased stability
of superheavy elements when approaching N ¼ 184.

The hot-fusion measurements from Dubna still await confir-
mation by other laboratories. This is not going to be easy, because
these newly synthesized nuclei form an isolated island that is not
linked through a-decay chains with any known nuclei. Therefore,
alternative techniques to identify the elements, such as chemistry or
very precise mass measurements, are also being pursued.

Nuclear energy density functional
A theoretical framework aiming at the description of the structure
of superheavy nuclei must fulfil several strict requirements. Most
importantly, it must be general enough to be confidently applied to
a region of the nuclear chart whose properties are largely unknown.
Because the universal effective nucleon–nucleon interaction in
heavy nuclei has not yet been derived microscopically, the preferred
strategy is to use forces adjusted to selected experimental data. This
must be done in a way general enough that the resulting effective

Figure 1 Deformation properties of even–even superheavy nuclei calculated self-
consistently in the (N,Z)-plane with the SLy4 nuclear energy density functional. The
centre of the shell stability is predicted around N ¼ 184, Z ¼ 126. a, Deformation
energy (in MeV) defined as a difference between the ground-state energy and the
energy at the spherical shape. The Z ¼ 110–113 a-decay chains found at GSI and
RIKEN are marked by red squares. The Z ¼ 118, 116, 115 and 114 unconfirmeda-
decay chains reported in Dubna are marked by yellow squares. b, Predicted ground-
state mass quadrupole deformation b 2 (extracted using equation (7) of ref. 6 from
the calculated axial mass quadrupole moment Q 20) and corresponding nuclear
shapes for selected nuclei. Prolate shapes (b 2 . 0) are coloured red–orange,
oblate shapes (b 2 , 0) are blue–green, and spherical shapes (b 2 ¼ 0) are light
yellow.

Figure 2 Q a values for even–even nuclei with 96 # Z # 118 obtained in the self-
consistent calculations using the energy density functional SLy4. They are compared
to experimental data (closed symbols), including the recent Dubna–Livermore data
on the Z ¼ 116 and 118 a-decay chains23,24. The irregular behaviour of Q a as a
function of particle numbers can be attributed to shell effects and the resulting
deformation changes. (After ref.1.)

review article

NATURE |VOL 433 | 17 FEBRUARY 2005 | www.nature.com/nature706
© 2005 Nature Publishing Group 
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Figure 1. A schematic picture of the collective deformation.
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respectively. Thus, the density distribution is spherical for
β = 0, while for β > 0 and β < 0 it becomes prolate and
oblate shapes, respectively, as shown in !gure 1. For a posi-
tive value of β, the z′ axis makes the longest axis as shown
schematically in !gure 2.

The quadrupole deformation parameter β here corresponds
to βz de!ned by (3) (to the leading order, at least for a sharp-
cut density distribution with the radius R (θ,φ) [5]). Note that
the condition of Qx = Qy = −Qz/2, i.e. βx = βy = −βz/2
= −β/2, holds for the axially symmetric case.

If the particles in different spin states undergo different
deformations, as in the case for the electrons in atoms to be dis-
cussed in section 4, spin-dependent deformation parametersβ↑

Figure 2. A schematic picture of a collective deformation in the x′z′

plane de!ned in the intrinsic frame. The axially symmetric shape
along the z′ axis is assumed. The dashed and the solid curves
correspond to the deformation parameter of β = 0 and 0.25,
respectively.

and β↓ can be also de!ned. Since ρ (r) = ρ↑ (r) + ρ↓ (r) holds,
Q = Q↑ + Q↓ also does, where ρ↑ and ρ↓ denote the densities
of up-spin and down-spin fermions, respectively.

It should also be noted that the discussion here is based on
the intrinsic frame. In the laboratory frame, there is no criterion
to choose the symmetry axis (that is, the z axis) and the system
would show spherical distribution, even when it is deformed
in the intrinsic frame.

Microscopically, the collective deformation discussed in
this section is intimately related to the mean-!eld theory.
In this theory, particles move independently in a mean !eld
potential, which is formed self-consistently by the interac-
tion among the particles. The collective deformation occurs
as a consequence of spontaneous breaking of rotational sym-
metry. That is, a system may be intrinsically deformed and
breaks the rotational symmetry even if the total Hamiltonian
has the symmetry. This is actually a good advantage of the self-
consistent mean-!eld theory used in section 3, since a large
part of the many-body correlations can be taken into account
while keeping the simple picture of independent particles
[5, 59–61].

2.2. Single-particle contribution to deformation

In connection to the deformation in atoms discussed in the next
section, it is instructive to compute the deformation parameters
discussed in the previous subsection for a system with a spher-
ical core plus a valence particle. In this case, the quadrupole
moment of the system entirely comes from the valence parti-
cle, since (2) vanishes for the spherical density distribution. If
one assumes that the wave function for the valence particle is
given by

ψnlms (r) =
unl (r)

r
Ylm (θ,φ)χs, (10)

as a single-particle orbital in a spherical (effective) potential,
where χs is the spinor of the valence particle, the quadrupole
moments of the whole system read Qi j = q(sp)

i j with
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• Long-range: r ~ 5 fm 

Collective nuclear deformation evidenced by 
the characteristic rotational spectra 

T. Naito et al 2021 J. Phys. B 54 165201 (2021)

S. Ćwiok, et al., Nature 433, 705 (2005)



5

A TALE OF SCALES

equilateral triangles indicate significant distortions or large-amplitude
displacements of the alpha clusters. Examples of these states are
shown in the Supplementary Information. We find that all of the low-
lying states with an equilateral triangle formation have significant
overlap with an initial state composed of an antisymmetrized product
of mean-field shell model states. This constitutes the aforementioned
duality between shell model and cluster states. In contrast, all of the
low-lying states with an obtuse isosceles triangle formation have very
little overlap with shell model initial states.

In Fig. 3 we show that the SU(4) interaction and the N2LO chiral
interactions produce the same nuclear structures. We compare SU(4)
and N2LO chiral results for the 0+

1 ground state and 0+
2 Hoyle state.

TheN2LOchiral interaction calculations require anorder ofmagnitude
more computational effort due to Monte Carlo sign oscillations. The
resulting greater statistical noise for the N2LO chiral results should not
be misinterpreted as a difference in nuclear structure. To facilitate the
calculation for N2LO, the comparison is performed at smaller projec-
tion time and smaller resolution for the densities.

We note that for the obtuse triangular configurations, the dis-
tribution of obtuse angles extends all the way to 180∘. This suggests
that the intrinsic shape is not a rigid triangular shape with fixed angles,
but rather a superposition of obtuse triangular shapes spanning a
range of angles. The preference for the obtuse triangular shape can be
understood as arising from the need to satisfy wave function ortho-
gonality with respect to the other nuclear states favoring the pre-
dominantly equilateral triangle configuration.

Previous work using Green’s function Monte Carlo has also found
signals of theHoyle state, with a slightly higher excitation energy21. The
density of the ground state and the transition between the Hoyle state
and ground state is nicely reproduced. Their conclusion concerning
intrinsic shapes is in line with the results presented here, that the
ground state is dominated by an approximately equilateral distribu-
tion of alphas while the Hoyle state has an approximately linear
distribution21. In a recent publication20, the shape of Hoyle state has
also been studied in the framework of Monte Carlo shell model, and
the intrinsic density is defined in terms a Q-aligned state where each
basis state in the many-body wave function is rotated according to
their principal axes. In that work, conclusions similar to the results
presented here were obtained regarding the structure of the ground
state, Hoyle state, and 0+

3 states, though there are some differences in
the details. A detailed quantitative comparison of intrinsic shapes are
unfortunately not possible at present.

In summary, we have presented a model-independent density
projection of the geometry of the nuclear states of 12C using nuclear
lattice effective field theory. We find excellent agreement using two
different interactions, an SU(4) interaction and an ab initio N2LO chiral
interaction. We find that the Hoyle state and its 2+

2 and 4+
2 rotational

excitations are composed of an obtuse isosceles triangular arrange-
ment of alpha clusters. All of the low-lying nuclear states of 12C have an
intrinsic shape composed of three alpha clusters forming either an
equilateral triangle or an obtuse triangle. From these basic structural
formations, the various nuclear states correspond to different rota-
tional and vibrational excitations as well as either distortions or large-
amplitude displacements of the alpha clusters. Future studies are
planned to revisit this analysis using high-fidelity chiral effective field
theory interactions at higher orders and to compute decay widths of
resonance states using Euclidean time response functions.

Methods
For the lattice simulations presented here, we use a spatial lattice
spacing a = 1.64 fm and a temporal lattice spacing of at =0.55 fm/c,
where c is the speed of light. While the individual nucleonsmust reside
on lattice sites, the center of mass (CM) of the 12C nucleus is con-
strained to a much finer three-dimensional grid of lattice spacing
a/12 = 0.137 fm, which equals the resolution of our density projection
for each 12C state. resolution scale of 0.137 fm. We use two different
lattice interactions for this study. The first is the SU(4) interaction
between the nucleons that is independent of spin and isospin. It has
the form

V =
C2

2!

X

n

~ρðnÞ2 +
C3

3!

X

n

~ρðnÞ3, ð1Þ

where C2 and C3 are the two-body and the three-body interaction
coefficients, respectively. The vectorn denotes the spatial lattice sites.
The definition of the smeared density operator ~ρðnÞ is given
in Supplementary Information, and it entails two parameters, sL, and
sNL. The four parameters C2,C3, sL, and sNL are determined by a joint fit
to the ground-state energies of 4He and 12C, to the ground-state charge
radius of 12C, and to several electromagnetic transition rates. The same
type of lattice interaction has been used to describe the ground state
energies of light and medium-mass nuclei47, the thermodynamics of
symmetric nuclear matter48, and it well reproduces the low-energy
spectrum of 12C49.

Fig. 3 | Nuclear density distributions for the 0+
1 ground state and 0+

2 Hoyle
state. We compare results obtained using the SU(4) interaction and chiral inter-
action at N2LO. Same color scheme as in Fig. 2. a–d Density distributions for the
two inner angles of the triangle formed by the three alpha-clusters. a, c For the
ground state using the SU(4) and N2LO interactions. b, d For the Hoyle state using

the SU(4) andN2LO interactions. The twoaxes are for the two inner anglesθ1 and θ2
measured in degrees. e–h Two-dimensional projection of the nuclear density.
e, g For the ground state using the SU(4) and N2LO interactions. f, h For the Hoyle
state using the SU(4) and N2LO interactions.

Article https://doi.org/10.1038/s41467-023-38391-y

Nature Communications | ��������(2023)�14:2777� 4

• Intermediate-range: r ~ 2 fm 

Formation of alpha clusters 

S. Shen, et al., Nat. Comm. 14, 2777 (2023)
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6

• Short-range: r ~ 1 fm 

Overlapping nucleons 
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BROADER IMPACT
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“AB-INITIO” NUCLEAR THEORY

Illustration by APS / Alan Stonebraker
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<latexit sha1_base64="vVOM0tZ4uZv8IW8dcczQGWqSLqA="></latexit>

H =
X

i

p2
i

2m
+
X

i<j

vij +
X

i<j<k

Vijk

Realistic nuclear Hamiltonians include two- and three-body potentials 

<latexit sha1_base64="3l4fuRAyLadL9vtKRYY7qirR4+Y=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeCF48V7Ae0S8mm2TZtNlmSbKEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Xj+7nfmjBtuJJPdpqwICYDySNOiXVSc9LL+GjWK1e8qrcAXid+TiqQo94rf3X7iqYxk5YKYkzH9xIbZERbTgWblbqpYQmhYzJgHUcliZkJssW1M3zhlD6OlHYlLV6ovycyEhszjUPXGRM7NKveXPzP66Q2ugsyLpPUMkmXi6JUYKvw/HXc55pRK6aOEKq5uxXTIdGEWhdQyYXgr768TppXVf+mev14Xal5eRxFOINzuAQfbqEGD1CHBlAYwTO8whtS6AW9o49lawHlM6fwB+jzB+eYj00=</latexit>vij

<latexit sha1_base64="3wO2PPWSe5EVtR0e6C/EuK4t878=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cK9gPaUDbbTbtmswm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTR7czvPHFtRKIecJJyP6YjJULBKFqp0x7k4jGaDqo1t+7OQVaJV5AaFGgOql/9YcKymCtkkhrT89wU/ZxqFEzyaaWfGZ5SFtER71mqaMyNn8/PnZIzqwxJmGhbCslc/T2R09iYSRzYzpji2Cx7M/E/r5dheOPnQqUZcsUWi8JMEkzI7HcyFJozlBNLKNPC3krYmGrK0CZUsSF4yy+vkvZF3buqX95f1hpuEUcZTuAUzsGDa2jAHTShBQwieIZXeHNS58V5dz4WrSWnmDmGP3A+fwCAD4+i</latexit>

Vijk
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Nuclear potentials depend on the spatial position, spin, and isospin of the nucleons

≠
<latexit sha1_base64="3l4fuRAyLadL9vtKRYY7qirR4+Y=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeCF48V7Ae0S8mm2TZtNlmSbKEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Xj+7nfmjBtuJJPdpqwICYDySNOiXVSc9LL+GjWK1e8qrcAXid+TiqQo94rf3X7iqYxk5YKYkzH9xIbZERbTgWblbqpYQmhYzJgHUcliZkJssW1M3zhlD6OlHYlLV6ovycyEhszjUPXGRM7NKveXPzP66Q2ugsyLpPUMkmXi6JUYKvw/HXc55pRK6aOEKq5uxXTIdGEWhdQyYXgr768TppXVf+mev14Xal5eRxFOINzuAQfbqEGD1CHBlAYwTO8whtS6AW9o49lawHlM6fwB+jzB+eYj00=</latexit>vij

<latexit sha1_base64="3l4fuRAyLadL9vtKRYY7qirR4+Y=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeCF48V7Ae0S8mm2TZtNlmSbKEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Xj+7nfmjBtuJJPdpqwICYDySNOiXVSc9LL+GjWK1e8qrcAXid+TiqQo94rf3X7iqYxk5YKYkzH9xIbZERbTgWblbqpYQmhYzJgHUcliZkJssW1M3zhlD6OlHYlLV6ovycyEhszjUPXGRM7NKveXPzP66Q2ugsyLpPUMkmXi6JUYKvw/HXc55pRK6aOEKq5uxXTIdGEWhdQyYXgr768TppXVf+mev14Xal5eRxFOINzuAQfbqEGD1CHBlAYwTO8whtS6AW9o49lawHlM6fwB+jzB+eYj00=</latexit>vij

Need to introduce a generalized coordinate
<latexit sha1_base64="q2lGeM3k+IRPcqgrggYKAlA/aQU=">AAACDHicbVDLSsNAFJ34rPVVdelmsAguSkmKqMuCG5cV7AOaEibTm3bo5OHMpNiGfIAbf8WNC0Xc+gHu/BsnbRbaemDgcM65zL3HjTiTyjS/jZXVtfWNzcJWcXtnd2+/dHDYkmEsKDRpyEPRcYkEzgJoKqY4dCIBxHc5tN3Rdea3xyAkC4M7NYmg55NBwDxGidKSUyo/YBvuYzbGdmL7RA1dLxGpwypYOtMKVs7UTnXKrJoz4GVi5aSMcjSc0pfdD2nsQ6AoJ1J2LTNSvYQIxSiHtGjHEiJCR2QAXU0D4oPsJbNjUnyqlT72QqFfoPBM/T2REF/Kie/qZLavXPQy8T+vGyvvqpewIIoVBHT+kRdzrEKcNYP7TABVfKIJoYLpXTEdEkGo0v0VdQnW4snLpFWrWhdV6/a8XK/ldRTQMTpBZ8hCl6iOblADNRFFj+gZvaI348l4Md6Nj3l0xchnjtAfGJ8/VyibHg==</latexit>

x ⌘ {ri, sz, tz}

<latexit sha1_base64="5jz5x2o9B+CjBh2KWTOgQQfazm0=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRZBEOpuEfUiFLx4rGA/oF1KNs22odlkTbKFuvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUPLRBFaJ5JL1QqwppwJWjfMcNqKFcVRwGkzGN5O/eaIKs2keDDjmPoR7gsWMoKNlXzdfUI36Ax56BxVusWSW3ZnQMvEy0gJMtS6xa9OT5IkosIQjrVue25s/BQrwwink0In0TTGZIj7tG2pwBHVfjo7eoJOrNJDoVS2hEEz9fdEiiOtx1FgOyNsBnrRm4r/ee3EhNd+ykScGCrIfFGYcGQkmiaAekxRYvjYEkwUs7ciMsAKE2NzKtgQvMWXl0mjUvYuy979RalayeLIwxEcwyl4cAVVuIMa1IHAIzzDK7w5I+fFeXc+5q05J5s5hD9wPn8AYxCP2A==</latexit>

sz = +1/2

<latexit sha1_base64="rONsKhxP1BQBmZRC6jRl8QFd9G0=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBi3W3iHoRCl48VrAf0C4lm2bb0GyyJtlCXfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+nfnNElWZSPJhxTP0I9wULGcHGSr7uPqEbdIY8dI4q3WLJLbszoGXiZaQEGWrd4lenJ0kSUWEIx1q3PTc2foqVYYTTSaGTaBpjMsR92rZU4IhqP50dPUEnVumhUCpbwqCZ+nsixZHW4yiwnRE2A73oTcX/vHZiwms/ZSJODBVkvihMODISTRNAPaYoMXxsCSaK2VsRGWCFibE5FWwI3uLLy6RRKXuXZe/+olStZHHk4QiO4RQ8uIIq3EEN6kDgEZ7hFd6ckfPivDsf89ack80cwh84nz9mJI/a</latexit>

sz = �1/2
<latexit sha1_base64="onP+S7Rmeexa6YSsTxh7W0rfIaM=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgxbgbRL0IAS8eI5gHJEuYncwmQ2YfzvQG4pLv8OJBEa9+jDf/xkmyB00saCiquunu8mIpNNr2t5VbWV1b38hvFra2d3b3ivsHDR0livE6i2SkWh7VXIqQ11Gg5K1YcRp4kje94e3Ub4640iIKH3Acczeg/VD4glE0kovdJ3JDzohDzkmlWyzZZXsGskycjJQgQ61b/Or0IpYEPEQmqdZtx47RTalCwSSfFDqJ5jFlQ9rnbUNDGnDtprOjJ+TEKD3iR8pUiGSm/p5IaaD1OPBMZ0BxoBe9qfif107Qv3ZTEcYJ8pDNF/mJJBiRaQKkJxRnKMeGUKaEuZWwAVWUocmpYEJwFl9eJo1K2bksO/cXpWoliyMPR3AMp+DAFVThDmpQBwaP8Ayv8GaNrBfr3fqYt+asbOYQ/sD6/AFntI/b</latexit>

tz = �1/2

<latexit sha1_base64="xXda782b5bPI1TeI37uNO+RlXow=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMgCHE3iHoRAl48RjAPSJYwO5lNhsw+nOkNxCXf4cWDIl79GG/+jZNkD5pY0FBUddPd5cVSaLTtbyu3srq2vpHfLGxt7+zuFfcPGjpKFON1FslItTyquRQhr6NAyVux4jTwJG96w9up3xxxpUUUPuA45m5A+6HwBaNoJBe7T+SGnBGHnJNKt1iyy/YMZJk4GSlBhlq3+NXpRSwJeIhMUq3bjh2jm1KFgkk+KXQSzWPKhrTP24aGNODaTWdHT8iJUXrEj5SpEMlM/T2R0kDrceCZzoDiQC96U/E/r52gf+2mIowT5CGbL/ITSTAi0wRITyjOUI4NoUwJcythA6ooQ5NTwYTgLL68TBqVsnNZdu4vStVKFkcejuAYTsGBK6jCHdSgDgwe4Rle4c0aWS/Wu/Uxb81Z2cwh/IH1+QNkoI/Z</latexit>

tz = +1/2
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K. Hebeler Physics Reports 890 (2021) 1–116

Fig. 4. Contributions to NN, 3N and 4N interactions in chiral EFT at different orders in the chiral expansion within Weinberg’s power counting
without explicit � degrees of freedom for intermediate states. Solid and dashed lines denote nucleon and pion propagators, respectively. In each
panel we give the years when the terms were first derived, with corresponding references and the number of new couplings (in naive dimensional
analysis) in the upper right corner. The low-energy coupling constants that enter the 3N interactions are highlighted by vertices of different colors
and shapes. The following couplings show up first at N2LO: the long-range pion–nucleon couplings ci (l), the intermediate-range coupling cD (⌅)
and the short-range 3N coupling cE ( ). The 3N and 4N interactions at N3LO are parameter-free in the sense that they only depend on short-range
couplings that appear already at lower orders, like, e.g., the leading-order NN couplings CS and CT (u). The derivation of the 3N interactions at N4LO
is still work in progress, in particular the short-range contributions (formally indicated by the couplings ). Higher-order couplings that only enter
NN interactions up to the shown orders are indicated by white vertices. See main text for details.

In Fig. 4 we show the contributions to NN, 3N and 4N interactions from one- or multi-pion exchanges, which govern
the long- and intermediate-range forces, as well as from short-range contact interactions at different orders in the chiral
expansion. The short-range couplings are fit to low-energy data and thus capture all short-range effects relevant at low
energies. The leading-order (LO) contributions were derived by Weinberg [151,152]. These seminal works represent the
foundation of the chiral expansion of nuclear forces that is still being used today. At LO the NN interaction consists of a
long-range pion exchange interaction, which corresponds to the empirically well-known Yukawa interaction [163] and
two short-range interactions parametrized by the coupling CS and CT . In the following years this framework was extended
to higher orders in the expansion. At next-to-leading order (NLO) and next-to-next-to-leading order (N2LO) 2⇡ exchange
interactions and higher-order short-range couplings contribute to NN forces [164,165].1 For 3N interactions it was shown
that contributions at NLO cancel exactly [166–169], while the first nonvanishing contributions to 3N interactions appear at
N2LO [167,170]. The 3N interactions at this order include long-range two-pion exchange interactions V 2⇡

3N , an intermediate-
range one-pion plus contact interaction V 1⇡

3N and a pure contact interaction V contact
3N (see Fig. 5). Since these 3N interactions

play a central role in this work as well as in many recent and current nuclear structure studies, we discuss them in more
detail now. The interactions are given by the following expressions [170]:

V 2⇡
3N =

1
2

✓
gA
2f⇡

◆2 X

i6=j6=k

(� i · Qi)(� j · Qj)
(Q 2

i + m2
⇡ )(Q

2
j + m2

⇡ )
F↵�
ijk ⌧↵

i ⌧
�
j , (1)

where Qi = k0

i � ki denotes the momentum transfers, i.e., the difference between the initial and final single-particle
momenta (ki and k0

i respectively), with i, j and k = 1, 2, 3, � a
i (⌧ a

i ) the Cartesian component a of the spin (isospin) operators
of particle i and

F↵�
ijk = �↵�


�

4c1m2
⇡

f 2⇡
+

2c3
f 2⇡

Qi · Qj

�
+

X

�

c4
f 2⇡

✏↵�� ⌧
�
k �k · (Qi ⇥ Qj) . (2)

1 We note that there exist different schemes to count contributions from relativistic corrections, indicated by the white circles in Fig. 4 (see,
e.g., Ref. [15]).
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• Non relativistic many body theory aims at solving the many-body Schrödinger equation

• Nucleons are fermions, so the wave function must be anti-symmetric

THE QUANTUM MANY-BODY PROBLEM

12
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A guide to Feynman diagrams in the many-body problem

THE QUANTUM MANY-BODY PROBLEM



 Mean field: nucleons are independent particles subject to an average nuclear potential

THE MEAN-FIELD APPROXIMATION
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The mean-field ground-state wave function is a Slater determinant

THE MEAN-FIELD APPROXIMATION
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TACKLE LARGE SYSTEMS

B. S. Hu et al., Nature Phys. (2022)

Polynomially-scaling methods reach (much) larger 
systems with some approximations

ARTICLESNATURE PHYSICS

implausible LECs that yield model predictions too far from exper-
imental data. For this purpose, we use an implausibility measure 
(Methods) that links our model predictions and experimental 
observations as

�� �² �F�(�:� ) � ¬�5�Ã���õ�¬ �5�Ã�æ�¬ �5�æ�Ã���Ó�ì�Á�¬ �5�æ�ì�Á�Ã�â�� �w�a�x

relating the experimental observations z to emulated ab initio pre-
dictions M(! ) via the random variables �5�Ã���õ, " em, "method and "model 
that represent experimental uncertainties, the emulator precision, 
method approximation errors and the model discrepancy due to the 
EFT truncation at next-to-next-to leading order, respectively. The 
parameter vector !  corresponds to the 17 LECs at this order. The 
method error represents, for example, model space truncations and 
other approximations in the employed ab initio many-body solv-
ers. The model discrepancy "model can be specified probabilistically 
since we assume to operate with an order-by-order improvable EFT 
description of the nuclear interaction (see Methods for details).

The final result of the five history-matching waves is a set of 34 
non-implausible samples in the 17-dimensional parameter space 
of the LECs. We then perform ab initio calculations for nuclear 
observables in 48Ca and 208Pb, as well as for properties of infinite 
nuclear matter.

Ab initio computations of 208Pb
We employ the coupled-cluster (CC)12,30,31, in-medium similarity 
renormalization group (IMSRG)32 and many-body perturbation 
theory (MBPT) methods to approximately solve the Schrödinger 
equation and obtain the ground-state energy and nucleon densities 
of 48Ca and 208Pb. We analyse the model space convergence and use 
the differences between the CC, IMSRG and MBPT results to esti-
mate the method approximation errors (Methods and Extended 
Data Figs. 3 and 4). The computational cost of these methods 
scales (only) polynomially with increasing numbers of nucleons 
and single-particle orbitals. The main challenge in computing 
208Pb is the vast number of matrix elements of the three-nucleon 
(3N) force which must be handled. We overcome this limita-
tion by using a recently introduced storage scheme in which we 
only store linear combinations of matrix elements directly enter-
ing the normal-ordered two-body approximation19 (see Methods  
for details).

Our ab initio predictions for finite nuclei are summarized in 
Fig. 2. The statistical approach that leads to these results is com-
posed of three stages. First, history matching identified a set of 
34 non-implausible interaction parameterizations. Second, model 
calibration is performed by weighting these parameterizations—
serving as prior samples—using a likelihood measure according to 
the principles of sampling/importance resampling33. This yields 34 
weighted samples from the LEC posterior probability density func-
tion (Extended Data Fig. 5). Specifically, we assume independent 
EFT and many-body method errors and construct a normally dis-
tributed data likelihood encompassing the ground-state energy per 
nucleon E/A and the point-proton radius Rp for 48Ca, and the energy 
�"�b�´  of its first excited 2+ state. Our final predictions are therefore 
conditional on this calibration data.

We have tested the sensitivity of final results to the likelihood 
definition by repeating the calibration with a non-diagonal covari-
ance matrix or a Student t distribution with heavier tails, finding 
small (~1%) differences in the predicted credible regions. The EFT 
truncation errors are quantified by studying ab initio predictions at 
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problem. The bars highlight the years of the first realistic computations 
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NEED FOR HIGH RESOLUTION 
Continuum nuclear quantum Monte Carlo use a coordinate-space representation of many-body wave 
functions.

• They have no difficulties in treating 
“stiff” nuclear forces: test the 
convergence of nuclear EFTs;

• Access to high-momentum 
components of the nuclear wave 
functions;

R. Cruz-Torres et al., Nature Phys. 17 (2021) 3, 306

• Limited to relatively light nuclear 
systems



INCLUDING CORRELATIONS

19



20
SRC region

INCLUDING CORRELATIONS



VARIATIONAL MONTE CARLO
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VARIATIONAL MONTE CARLO
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Homogeneous liquid of 4He atoms; interaction 
parametrized by the Lennard Jones potential

The wave function must be small (large) where the 
potential is repulsive (attractive)
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! V (R) =
!

i<j

f (r ij )

<latexit sha1_base64="O1e5tJ68mBg0/Xn6NkAx0GTjfjs=">AAACKHicbZDJSgNBEIZ74h63qEcvjUFIDoYZcbuIAS8eI5goZMbQ06lJGnsWumvEMMzjePFVvIgokqtPYmc5uP3Q8PNVFdX1+4kUGm17aBVmZufmFxaXissrq2vrpY3Nlo5TxaHJYxmrG59pkCKCJgqUcJMoYKEv4dq/Ox/Vr+9BaRFHVzhIwAtZLxKB4AwN6pTOgoqq0lPqwkPiSgiwvecGivHMybP9fEwqdEL8PFO5q0Svj9Xbw4nxOqWyXbPHon+NMzVlMlWjU3p1uzFPQ4iQS6Z127ET9DKmUHAJedFNNSSM37EetI2NWAjay8aH5nTXkC4NYmVehHRMv09kLNR6EPqmM2TY179rI/hfrZ1icOJlIkpShIhPFgWppBjTUWq0KxRwlANjGFfC/JXyPjOpoMm2aEJwfp/817T2a85R7fDyoFy3p3Eskm2yQyrEIcekTi5IgzQJJ4/kmbyRd+vJerE+rOGktWBNZ7bID1mfX56Uplo=</latexit>

f (r ) = exp

!

!
1
2

"
b
r

# 5
$

;



VARIATIONAL MONTE CARLO
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The variational principle guarantees the variational energy to be larger greater than or equal to 
the ground-state energy with the same quantum numbers

Computing the variational energy requires evaluating a high-dimensional integral

<latexit sha1_base64="L5+liIT7AJRaC4TMybpmU0lnFJQ="></latexit>

EV !
"! V |H |! V #

"! V |! V #
$ E0

<latexit sha1_base64="CnbNWvweNUf7DNwbLV4/6DMeUuE="></latexit>

EV =
! ! V |H |! V "

! ! V |! V "
=

!
S

"
dR! ! V |RS"! RS|H |! V "

!
S

"
dR! ! V |RS"! RS|! V "

=

!
S

"
dR|! V (R, S)|2 ! RS |H |! V "

! RS |! V "!
S

"
dR|! V (R, S)|2

.

<latexit sha1_base64="VNjmvS6P+ZT4l2Yluw1AI7vv9/8=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAiGqkoQrwWpiIWxIPqQmihyXKe16jiR7SBVUT6BhV9hYQAhVkY2/ganzVBajmTp6Jx7r+89fsyoVJb1YywsLi2vrJbWyusbm1vb5s5uS0aJwKSJIxaJjo8kYZSTpqKKkU4sCAp9Rtr+8Cb3249ESBrxBzWKiRuiPqcBxUhpyTOP7uEVdFInRGrgB6nIPLvq9CIlq1PStZN5ZsWqWWPAeWIXpAIKNDzzW4/BSUi4wgxJ2bWtWLkpEopiRrKyk0gSIzxEfdLVlKOQSDcdH5TBQ630YBAJ/biCY3W6I0WhlKPQ15X5lnLWy8X/vG6igks3pTxOFOF48lGQMKgimKcDe1QQrNhIE4QF1btCPEACYaUzLOsQ7NmT50nrpGaf187uTiv1WhFHCeyDA3AMbHAB6uAWNEATYPAEXsAbeDeejVfjw/iclC4YRc8e+APj6xc+Ppy0</latexit>

R = { r 1, . . . , r A }
<latexit sha1_base64="//BMq8IRwCCz7XTOvrQ+3NOySdE=">AAACE3icbVDLTgIxFO3gC/GFunTTSEzAEDJjfG1MIG5cYpRHwoykUwo0dB5p75jghH9w46+4caExbt2482/sAAsFT9L05Jx7b3uPGwquwDS/jdTC4tLySno1s7a+sbmV3d6pqyCSlNVoIALZdIligvusBhwEa4aSEc8VrOEOLhO/cc+k4oF/C8OQOR7p+bzLKQEttbOHN/gC23Fe3T20rSKG5CoU7U4AqjgWK8VEqxTsUTubM0vmGHieWFOSQ1NU29kvPYdGHvOBCqJUyzJDcGIigVPBRhk7UiwkdEB6rKWpTzymnHi80wgfaKWDu4HUxwc8Vn93xMRTaui5utIj0FezXiL+57Ui6J47MffDCJhPJw91I4EhwElAuMMloyCGmhAquf4rpn0iCQUdY0aHYM2uPE/qRyXrtHRyfZwrl6ZxpNEe2kd5ZKEzVEZXqIpqiKJH9Ixe0ZvxZLwY78bHpDRlTHt20R8Ynz86/Jvb</latexit>

S = { (sz
1, tz

1), . . . , (sz
A , tz

A )}



ESTIMATING OBSERVABLES

Leverage the central limit theorem, we can estimate the above integral as

<latexit sha1_base64="iOOudrrDBKBfLOvIPxkaosj1Yqc="></latexit>

EV =

!
S

"
dR|! V (R, S)|2 ! RS |H |! V "

! RS |! V "!
S

"
dR|! V (R, S)|2

.

<latexit sha1_base64="oOUDYAQqeLyUyN7GU1/pDULceCY="></latexit>

! V (R, S) =
|! V (R, S)|2

!
S

"
dR|! V (R, S)|2

<latexit sha1_base64="jyehs9p3QvE0FvQlllwrAnYXi+g="></latexit>

EV !
1
N

!

(R i ,Si ) ! ! V

"Ri Si |H |! V #
"Ri Si |! V #

We use Metropolis Hastings to sample ! V(R,S)
<latexit sha1_base64="4mXTXJEdXSrSbBXuBL+o8v9A0GE="></latexit>

Pacc = min
!

1,
|! V (R!, S!)|2

|! V (R, S)|2

"
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THE M(RT)2 ALGORITHM



THE M(RT)2 ALGORITHM 
Goal: sample the probability distribution 
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<latexit sha1_base64="byODQozktRoWgn4F/kKWN9SBo58=">AAACJHicbZDLSsNAFIYnXmu9RV26GSxC3ZSkeAMRCm5c1mIv0MQwmU7aoZNJmJkIJe3DuPFV3Ljwggs3PovTNgvb+sPAz3fOYc75/ZhRqSzr21haXlldW89t5De3tnd2zb39howSgUkdRywSLR9JwigndUUVI61YEBT6jDT9/s243nwkQtKI36tBTNwQdTkNKEZKI8+8qnkcOpKGsFqsncBr6AQC4XToVCX1GhoNH8qj1KFcwU4NzmLPLFglayK4aOzMFECmqmd+OJ0IJyHhCjMkZdu2YuWmSCiKGRnlnUSSGOE+6pK2thyFRLrp5MgRPNakA4NI6Ke3mdC/EykKpRyEvu4MkerJ+doY/ldrJyq4dFPK40QRjqcfBQmDKoLjxGCHCoIVG2iDsKB6V4h7SKekdK55HYI9f/KiaZRL9nnp7O60ULGyOHLgEByBIrDBBaiAW1AFdYDBE3gBb+DdeDZejU/ja9q6ZGQzB2BGxs8vRZeiug==</latexit>

Rn ! P(R) =
|! V (R)|2!
dR|! V (R)|2

The M(RT)2 algorithm is based on the idea of random walk. A set of random configurations are 
generated by applying the transformation.

By recursively applying the same transformation we get

Under some very general conditions it can be proven that

<latexit sha1_base64="lWr03sn+lADf9TGt1Kqm64j9qe8=">AAACIXicbVDLSsNAFJ3UV62vqks3g0VoEUIiProRCm5cxtIXNCFMptN26GQSZiZCCf0VN/6KGxeKdCf+jJO2grYeGO7hnHuZe08QMyqVZX0aubX1jc2t/HZhZ3dv/6B4eNSSUSIwaeKIRaITIEkY5aSpqGKkEwuCwoCRdjC6y/z2IxGSRryhxjHxQjTgtE8xUlryi1XHT+m5PSnX57UCb6FLuYK9uk+h41Nt0ApsZAW6KoI/fX6xZJnWDHCV2AtSAgs4fnHq9iKchIQrzJCUXduKlZcioShmZFJwE0lihEdoQLqachQS6aWzCyfwTCs92I+Efnq5mfp7IkWhlOMw0J0hUkO57GXif143Uf2ql1IeJ4pwPP+onzCoL83igj0qCFZsrAnCgupdIR4igbDSoRZ0CPbyyaukdWHa1+bVw2WpZi7iyIMTcArKwAY3oAbugQOaAIMn8ALewLvxbLwaH8Z03pozFjPH4A+Mr2/Vj6At</latexit>

Pi +1 (Ri +1 ) =
!

dRi Pi (Ri )T(Ri ! Ri +1 )

<latexit sha1_base64="fe5/tMuRKHrX0r2LDBab6wRQeFk="></latexit>

Pn (Rn ) =
!

dR1 . . . dRn ! 1P1(R1)T(R1 ! R2) . . . T(Rn ! 1 ! Rn )

<latexit sha1_base64="RTyeuDMmQXVM0sC6BW/NQaLDApo=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VoNyURXxuh4MZlLbYVmhIm00k7dDIJMzdCCV278VfcuFDErV/gzr9x+lho64ELh3Pu5d57gkRwDY7zbeWWlldW1/LrhY3Nre0de3evqeNUUdagsYjVfUA0E1yyBnAQ7D5RjESBYK1gcD32Ww9MaR7LOxgmrBORnuQhpwSM5NuHnuCRn0kPYo/LEIYjXPNlqe7LMr7CtVK97NtFp+JMgBeJOyNFNEPNt7+8bkzTiEmggmjddp0EOhlRwKlgo4KXapYQOiA91jZUkojpTjZ5ZYSPjdLFYaxMScAT9fdERiKth1FgOiMCfT3vjcX/vHYK4WUn4zJJgUk6XRSmAkOMx7ngLleMghgaQqji5lZM+0QRCia9ggnBnX95kTRPKu555ez2tFitzOLIowN0hErIRReoim5QDTUQRY/oGb2iN+vJerHerY9pa86azeyjP7A+fwApHpkw</latexit>

lim
n !"

Pn (Rn ) = P(R)
<latexit sha1_base64="n4Rn5m2P9+uzzisQ3C9VWMlZiys=">AAAB7HicbVBNS8NAEJ31s9avqkcvi0Wol5CIX8eCF49VTFtoQ9lsN+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9Riura+sbm6Wt8vbO7t5+5eCwqZNMUebTRCSqHRLNBJfMN9wI1k4VI3EoWCsc3U791hNTmify0YxTFsRkIHnEKTFW8nGj9nDWq1Rdx50BLxOvIFUo0OhVvrr9hGYxk4YKonXHc1MT5EQZTgWblLuZZimhIzJgHUsliZkO8tmxE3xqlT6OEmVLGjxTf0/kJNZ6HIe2MyZmqBe9qfif18lMdBPkXKaZYZLOF0WZwCbB089xnytGjRhbQqji9lZMh0QRamw+ZRuCt/jyMmmeO96Vc3l/Ua07RRwlOIYTqIEH11CHO2iADxQ4PMMrvCGJXtA7+pi3rqBi5gj+AH3+AGQtjbU=</latexit>

P (R) only depends on
<latexit sha1_base64="lWr03sn+lADf9TGt1Kqm64j9qe8=">AAACIXicbVDLSsNAFJ3UV62vqks3g0VoEUIiProRCm5cxtIXNCFMptN26GQSZiZCCf0VN/6KGxeKdCf+jJO2grYeGO7hnHuZe08QMyqVZX0aubX1jc2t/HZhZ3dv/6B4eNSSUSIwaeKIRaITIEkY5aSpqGKkEwuCwoCRdjC6y/z2IxGSRryhxjHxQjTgtE8xUlryi1XHT+m5PSnX57UCb6FLuYK9uk+h41Nt0ApsZAW6KoI/fX6xZJnWDHCV2AtSAgs4fnHq9iKchIQrzJCUXduKlZcioShmZFJwE0lihEdoQLqachQS6aWzCyfwTCs92I+Efnq5mfp7IkWhlOMw0J0hUkO57GXif143Uf2ql1IeJ4pwPP+onzCoL83igj0qCFZsrAnCgupdIR4igbDSoRZ0CPbyyaukdWHa1+bVw2WpZi7iyIMTcArKwAY3oAbugQOaAIMn8ALewLvxbLwaH8Z03pozFjPH4A+Mr2/Vj6At</latexit>

Pi +1 (Ri +1 ) =
!

dRi Pi (Ri )T(Ri ! Ri +1 )



THE M(RT)2 ALGORITHM 
Let us impose the asymptotic distribution to be in an “equilibrium” state, which translates into 
detailed balance condition: that point by point there is no net flux of probability

27

We can arbitrarily split the transition probability in two terms

The detailed balance implies:

Acceptance probabilityProposal probability 

<latexit sha1_base64="C3VoUhC88hdw4dxYs8nq/uyNNu8=">AAACHnicbVDNS8MwHE39nPOr6tFLcAjbpbTi1Isw8OJxjn3BWkeapVtYmpYkFUbZX+LFf8WLB0UET/rfmHVj6OaDwMt7vx/Je37MqFS2/W2srK6tb2zmtvLbO7t7++bBYVNGicCkgSMWibaPJGGUk4aiipF2LAgKfUZa/vBm4rceiJA04nU1iokXoj6nAcVIaalrlqvFWgnWizVXRbB278aChqQEr6HW57f6nMNsrNQ1C7ZlZ4DLxJmRApih2jU/3V6Ek5BwhRmSsuPYsfJSJBTFjIzzbiJJjPAQ9UlHU45CIr00izeGp1rpwSAS+nAFM/X3RopCKUehrydDpAZy0ZuI/3mdRAVXXkp5nCjC8fShIGFQZ5x0BXtUEKzYSBOEBdV/hXiABMJKN5rXJTiLkZdJ88xyLqzy3XmhYs3qyIFjcAKKwAGXoAJuQRU0AAaP4Bm8gjfjyXgx3o2P6eiKMds5An9gfP0A/mqfSw==</latexit>

P (R)T(R ! R!) = P(R!)T(R! ! R)

<latexit sha1_base64="QQ+8oFCCv6ONNgi/lQiuOkvHOLI=">AAACInicbVDLSgMxFM3UV62vUZdugkVoN8OM+FwIFRe6rKUv6Iwlk6ZtaCYzJBmhDP0WN/6KGxeKuhL8GNN2FrX1QOBwzr3cnONHjEpl299GZml5ZXUtu57b2Nza3jF39+oyjAUmNRyyUDR9JAmjnNQUVYw0I0FQ4DPS8Ac3Y7/xSISkIa+qYUS8APU47VKMlJba5mW1UHFVCCsPbiRoQIrwCt4WKnBWg0V4DRe0tpm3LXsCuEiclORBinLb/HQ7IY4DwhVmSMqWY0fKS5BQFDMyyrmxJBHCA9QjLU05Coj0kknEETzSSgd2Q6EfV3Cizm4kKJByGPh6MkCqL+e9sfif14pV98JLKI9iRTieHurGDOqs475ghwqCFRtqgrCg+q8Q95FAWOlWc7oEZz7yIqkfW86ZdXp/ki9ZaR1ZcAAOQQE44ByUwB0ogxrA4Am8gDfwbjwbr8aH8TUdzRjpzj74A+PnF2gaoHU=</latexit>

T (R ! R!) = G(R ! R!)A(R ! R!)

It can be easily checked that the following acceptance probability satisfies the above requirement
<latexit sha1_base64="Pk630uOK8lCbEEgV7i0uxpwiDao="></latexit>

A(R ! R!) = min
!

1,
P(R!)G(R! ! R)
P(R)G(R ! R!)

"

<latexit sha1_base64="fKBs2Ctt3Qia5T9oC3S1cB7LPVU="></latexit>

A(R! ! R)
A(R ! R!)

=
P(R)G(R ! R!)
P(R!)G(R! ! R)



THE M(RT)2 ALGORITHM 
A common choice for  is a Gaussian distribution centered in zero. In this case, at each 
step of the propagations, the walkers are moved by 

G(R ! R"￼)
R"￼= R+ #

28
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<latexit sha1_base64="9cCCdF7N78/dzwrcVfZ1obiegq0=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8Lbvi6xjw4jER84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e4KU8G18bxvZ2V1bX1js7BV3N7Z3dsvHRw2dJIphnWWiES1QqpRcIl1w43AVqqQxqHAZji8nfrNJ1SaJ/LBjFIMYtqXPOKMGivV7rulsud6M5Bl4uekDDmq3dJXp5ewLEZpmKBat30vNcGYKsOZwEmxk2lMKRvSPrYtlTRGHYxnh07IqVV6JEqULWnITP09Maax1qM4tJ0xNQO96E3F/7x2ZqKbYMxlmhmUbL4oygQxCZl+TXpcITNiZAllittbCRtQRZmx2RRtCP7iy8ukce76V+5l7aJccfM4CnAMJ3AGPlxDBe6gCnVggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHqd2MzA==</latexit>

R

• In the multiple-particle case, we need to consider a three-dimensional Gaussian for each particle. 

• Since the Gaussian probability is symmetric, the acceptance probability simplifies to 
<latexit sha1_base64="UL4jnywjZH2K4zb4IsH9rhO8Oeg="></latexit>

A(R ! R!) = min
!

1,
P(R!)
P(R)

"

<latexit sha1_base64="xl0IlD5a6wuLktJOx2OFpKPL484=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8Lbvi6xjw4jGKeUCyhtlJJxkyO7vOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHeFieDaeN63s7S8srq2Xtgobm5t7+yW9vbrOk4VwxqLRayaIdUouMSa4UZgM1FIo1BgIxxeT/zGEyrNY3lvRgkGEe1L3uOMGis17x7aieIRdkplz/WmIIvEz0kZclQ7pa92N2ZphNIwQbVu+V5igowqw5nAcbGdakwoG9I+tiyVNEIdZNN7x+TYKl3Si5UtachU/T2R0UjrURTazoiagZ73JuJ/Xis1vasg4zJJDUo2W9RLBTExmTxPulwhM2JkCWWK21sJG1BFmbERFW0I/vzLi6R+6voX7vntWbni5nEU4BCO4AR8uIQK3EAVasBAwDO8wpvz6Lw4787HrHXJyWcO4A+czx8FDI/p</latexit>

R!



M(RT)2 APPLIED TO VMC 
At this point, we can describe the Metropolis algorithm for a VMC calculation
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Step 0 - Start from an arbitrary distribution of configurations on the coordinate R

Step 1 - Move the walkers according to G(R→R’), such as R’ = R + Δ

Step 2 - Compute the acceptance probability 
<latexit sha1_base64="w3eSTd5FVo/zmWn34pq+w7jbxmw="></latexit>

A(R ! R!) = min
!

1,
|! V (R!)|2

|! V (R)|

"

Step 3 -  Accept or reject the proposed move comparing with ξ~U(0,1]             

Accept: Reject
<latexit sha1_base64="PNaVOfvZTO87K/YSxPTfTvTVJxY=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgadkVXxch4MVjDOYB2TXMTibJkJndYWZWCEt+w4sHRbz6M978GyfJHjSxoKGo6qa7K5KcaeN5305hZXVtfaO4Wdra3tndK+8fNHWSKkIbJOGJakdYU85i2jDMcNqWimIRcdqKRrdTv/VElWZJ/GDGkoYCD2LWZwQbKwV1dIPqj4FUTNBuueK53gxomfg5qUCOWrf8FfQSkgoaG8Kx1h3fkybMsDKMcDopBammEpMRHtCOpTEWVIfZ7OYJOrFKD/UTZSs2aKb+nsiw0HosItspsBnqRW8q/ud1UtO/DjMWy9TQmMwX9VOOTIKmAaAeU5QYPrYEE8XsrYgMscLE2JhKNgR/8eVl0jxz/Uv34v68UnXzOIpwBMdwCj5cQRXuoAYNICDhGV7hzUmdF+fd+Zi3Fpx85hD+wPn8AdqWkOA=</latexit>

R = R! <latexit sha1_base64="4EFozYe+raj2aHbjTwMXyR6/Skw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEr4tQ8OKxFtMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQasPBh7vzTAzL0o508bzvpzSyura+kZ5s7K1vbO7V90/aOkkU4QGJOGJ6kRYU84kDQwznHZSRbGIOG1H49uZ336kSrNEPphJSkOBh5LFjGBjpaCJblCzX615rjcH+kv8gtSgQKNf/ewNEpIJKg3hWOuu76UmzLEyjHA6rfQyTVNMxnhIu5ZKLKgO8/mxU3RilQGKE2VLGjRXf07kWGg9EZHtFNiM9LI3E//zupmJr8OcyTQzVJLFojjjyCRo9jkaMEWJ4RNLMFHM3orICCtMjM2nYkPwl1/+S1pnrn/pXtyf1+puEUcZjuAYTsGHK6jDHTQgAAIMnuAFXh3pPDtvzvuiteQUM4fwC87HN3mVjcM=</latexit>

R = R;
<latexit sha1_base64="Kb8S9QQV5SnymTOKMyzmQzCYy/Y=">AAACHHicbVDLTgIxFO3gC/GFunTTSExwQ2bwuSRx4xKNPBIGSKfcgYbOw7ZjJAMf4sZfceNCY9y4MPFvLDCJCp7kJqfn3Jvee5yQM6lM88tILSwuLa+kVzNr6xubW9ntnaoMIkGhQgMeiLpDJHDmQ0UxxaEeCiCew6Hm9C/Gfu0OhGSBf6MGITQ90vWZyyhRWmpnj2xXEBoP7bJk7Wr+umWHgnlwOGwVRz/q5IntLtxi+561szmzYE6A54mVkBxKUG5nP+xOQCMPfEU5kbJhmaFqxkQoRjmMMnYkISS0T7rQ0NQnHshmPDluhA+00sFuIHT5Ck/U3xMx8aQceI7u9IjqyVlvLP7nNSLlnjdj5oeRAp9OP3IjjlWAx0nhDhNAFR9oQqhgeldMe0SnpXSeGR2CNXvyPKkWC9Zp4eTqOFcqJHGk0R7aR3lkoTNUQpeojCqIogf0hF7Qq/FoPBtvxvu0NWUkM7voD4zPbwtAoUQ=</latexit>

|! V (R!)|2

|! V (R)|2
! !

<latexit sha1_base64="eUdK0BgB0CV5ZtRqNGzY50Alc70=">AAACGXicbVC7TsMwFHV4lvIKMLJYVEhliZKK18BQiYWxIPqQmjRyXKe16jxkO4gq7W+w8CssDCDECBN/g5tGAlqOdKXjc+6V7z1ezKiQpvmlLSwuLa+sFtaK6xubW9v6zm5DRAnHpI4jFvGWhwRhNCR1SSUjrZgTFHiMNL3B5cRv3hEuaBTeymFMnAD1QupTjKSSXN20fY5wOrJrgrqN8k3HjjkNyNGoUxn/qNkTXkD7nrp6yTTMDHCeWDkpgRw1V/+wuxFOAhJKzJAQbcuMpZMiLilmZFy0E0FihAeoR9qKhiggwkmzy8bwUCld6EdcVShhpv6eSFEgxDDwVGeAZF/MehPxP6+dSP/cSWkYJ5KEePqRnzAoIziJCXYpJ1iyoSIIc6p2hbiPVFRShVlUIVizJ8+TRsWwTo2T6+NS1cjjKIB9cADKwAJnoAquQA3UAQYP4Am8gFftUXvW3rT3aeuCls/sgT/QPr8BUy6fyQ==</latexit>

|! V (R!)|2

|! V (R)|2
< !



M(RT)2 APPLIED TO VMC 

30

<latexit sha1_base64="datjK6Lb3T/0nYpyymA91nI4NaI=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkJSfC0LblxGsQ9oYphMJ+3QSTLMTISSFtz4K25cKOLWn3Dn3zh9LLT1wMDhnHu5c07IGZXKtr+NwtLyyupacb20sbm1vWPu7jVkmglM6jhlqWiFSBJGE1JXVDHS4oKgOGSkGfavxn7zgQhJ0+RODTjxY9RNaEQxUloKzAO3cnsCPS5SrlI49FxJg4aWhvfVwCzblj0BXCTOjJTBDG5gfnmdFGcxSRRmSMq2Y3Pl50goihkZlbxMEo5wH3VJW9MExUT6+STDCB5rpQOjVOiXKDhRf2/kKJZyEId6MkaqJ+e9sfif185UdOnnNOGZIgmeHooyBnXccSGwQwXBig00QVhQ/VeIe0ggrHRtJV2CMx95kTSqlnNund2clmvWrI4iOARHoAIccAFq4Bq4oA4weATP4BW8GU/Gi/FufExHC8ZsZx/8gfH5A7lQlkA=</latexit>

P (R) ! |! V (R)|2

• Sample from an initial distribution

• Random Gaussian move 

• Acceptance/rejection of the move 

• Random Gaussian move 

• Acceptance/rejection of the move 

• Iterate until convergence 



ESTIMATING OBSERVABLES

Leverage the central limit theorem, we can estimate the above integral as

<latexit sha1_base64="iOOudrrDBKBfLOvIPxkaosj1Yqc="></latexit>

EV =

!
S

"
dR|! V (R, S)|2 ! RS |H |! V "

! RS |! V "!
S

"
dR|! V (R, S)|2

.

<latexit sha1_base64="oOUDYAQqeLyUyN7GU1/pDULceCY="></latexit>

! V (R, S) =
|! V (R, S)|2

!
S

"
dR|! V (R, S)|2

<latexit sha1_base64="jyehs9p3QvE0FvQlllwrAnYXi+g="></latexit>

EV !
1
N

!

(R i ,Si ) ! ! V

"Ri Si |H |! V #
"Ri Si |! V #

We use Metropolis Hastings to sample ! V(R,S)
<latexit sha1_base64="4mXTXJEdXSrSbBXuBL+o8v9A0GE="></latexit>

Pacc = min
!

1,
|! V (R!, S!)|2

|! V (R, S)|2

"



ENERGY MINIMIZATION
The variational wave function depends on a set of variational parameters

32

<latexit sha1_base64="MxNGuMDMjK47JAz+UrbxDvEyd8Y=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiTia1lw47KCfUATwmQ6aYdOJmFmItTYL3HjQhG3foo7/8Zpm4W2HrhwOOde7r0nyjhT2nW/rZXVtfWNzcpWdXtnd69m7x+0VZpLQlsk5ansRlhRzgRtaaY57WaS4iTitBONbqZ+54FKxVJxr8cZDRI8ECxmBGsjhXbtyW8qFrZ9icWAUxTadddxZ0DLxCtJHUo0Q/vL76ckT6jQhGOlep6b6aDAUjPC6aTq54pmmIzwgPYMFTihKihmh0/QiVH6KE6lKaHRTP09UeBEqXESmc4E66Fa9Kbif14v1/F1UDCR5ZoKMl8U5xzpFE1TQH0mKdF8bAgmkplbERliiYk2WVVNCN7iy8ukfeZ4l87F3Xm94ZRxVOAIjuEUPLiCBtxCE1pAIIdneIU369F6sd6tj3nrilXOHMIfWJ8/cFqS5Q==</latexit>

|! V !
<latexit sha1_base64="tv0Dky8qvTd961Fz0uIhMC+AKb4=">AAACBHicbVDLSsNAFL2pr1pfVZfdDBahbkoivpYFNy4r2Ac0IUymk3boZBJmJkKJXbjxV9y4UMStH+HOv3HSdqGtBy4czrmXe+8JEs6Utu1vq7Cyura+UdwsbW3v7O6V9w/aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2glG17nfuadSsVjc6XFCvQgPBAsZwdpIfrny4DYV89s1N8J6GIRZMjlxJRYDTpFfrtp1ewq0TJw5qcIcTb/85fZjkkZUaMKxUj3HTrSXYakZ4XRSclNFE0xGeEB7hgocUeVl0ycm6NgofRTG0pTQaKr+nshwpNQ4Ckxnfqpa9HLxP6+X6vDKy5hIUk0FmS0KU450jPJEUJ9JSjQfG4KJZOZWRIZYYqJNbiUTgrP48jJpn9adi/r57Vm1UZ/HUYQKHEENHLiEBtxAE1pA4BGe4RXerCfrxXq3PmatBWs+cwh/YH3+AGhyl+Q=</latexit>

|! V (p)!

It is convenient to introduce the derivative operator
<latexit sha1_base64="+/Yb2evh09rDrix8SX70QWzTqDo="></latexit>

Oi |! V (p)! "
!

! pi
|! V (p)!

The gradient of the energy reads

Recall:
<latexit sha1_base64="dp71dClOEFRb9PeOAJ/FQyrXhJ0=">AAACO3icbVDLSgMxFL3js9ZX1aWbYBFclRnxtREKInRZxT6gMwyZNNOGZjJDkhHK2P9y40+4c+PGhSJu3Zu2s9DWCxdOzjk3yT1BwpnStv1iLSwuLa+sFtaK6xubW9ulnd2milNJaIPEPJbtACvKmaANzTSn7URSHAWctoLB1Vhv3VOpWCzu9DChXoR7goWMYG0ov3R77TfRJXJDiUnmcix6nCK3rpihH1DNdH5w5UQbzZtmDMgvle2KPSk0D5wclCGvul96drsxSSMqNOFYqY5jJ9rLsNSMmAuLbqpogskA92jHQIEjqrxssvsIHRqmi8JYmhYaTdjfExmOlBpGgXFGWPfVrDYm/9M6qQ4vvIyJJNVUkOlDYcqRjtE4SNRlkhLNhwZgIpn5KyJ9bGLUJu6iCcGZXXkeNI8rzlnl9OakXLXzOAqwDwdwBA6cQxVqUIcGEHiEV3iHD+vJerM+ra+pdcHKZ/bgT1nfP3QArI4=</latexit>

EV =
! ! V |H |! V "

! ! V |! V "

<latexit sha1_base64="bB90eQqWlg03jiLHus+JT2ZSHBE="></latexit>

gi !
! EV

! pi
= 2

!
"! V |Oi H |! V #

"! V |! V #
$

"! V |H |! V #
"! V |! V #

"! V |Oi |! V #
"! V |! V #

"
= "HO i # $ "H #"Oi #

<latexit sha1_base64="olxqzaMA7lSMgd2dcSc27SxK4Fo=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUTdCwY07K9gHdMaSSTNtaCYzJBmhDP0AN/6KGxeKuPUD3Pk3ZtpBtPVA4HDOuUnu8WPOlLbtL6uwtLyyulZcL21sbm3vlHf3WipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2R5eZ376nUrFI3OpxTL0QDwQLGMHaSL1y5fqOoQvkBhKT1I2x1AzzyQ9DcY9NTMqu2lOgReLkpAI5Gr3yp9uPSBJSoQnHSnUdO9Zeml1JOJ2U3ETRGJMRHtCuoQKHVHnpdJkJOjJKHwWRNEdoNFV/T6Q4VGoc+iYZYj1U814m/ud1Ex2ceykTcaKpILOHgoQjHaGsGdRnkhLNx4ZgIpn5KyJDbHrRpr+SKcGZX3mRtE6qzmm1dlOr1O28jiIcwCEcgwNnUIcraEATCDzAE7zAq/VoPVtv1vssWrDymX34A+vjG7pYm2U=</latexit>

Oi =
!

! pi



FIRST-ORDER UPDATES
Since the gradient is known, we can use stochastic gradient descent to update the parameters

33

Inspired by machine-learning application, we can consider RMS, Adam, or any other improved first-
order algorithm 

<latexit sha1_base64="eAg6SDSipIuvOX3radLfODTOy8w=">AAAB+nicbVDLTsMwEHTKq5RXCkcuFhUSpypBvI6VuHAsEn1ITVQ57qa16jjBdkBV6Kdw4QBCXPkSbvwNTpsDtIy02tHMrryeIOFMacf5tkorq2vrG+XNytb2zu6eXd1vqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8nfudB5CKxeJOTxLwIzIULGSUaCP17aoHmmBPsQjusVN3HLdv1/KeAy8TtyA1VKDZt7+8QUzTCISmnCjVc51E+xmRmlEO04qXKkgIHZMh9AwVJALlZ7PTp/jYKAMcxtKU0Him/t7ISKTUJArMZET0SC16ufif10t1eOVnTCSpBkHnD4UpxzrGeQ54wCRQzSeGECqZuRXTEZGEapNWxYTgLn55mbRP6+5F/fz2rNZwijjK6BAdoRPkokvUQDeoiVqIokf0jF7Rm/VkvVjv1sd8tGQVOwfoD6zPHxrVko0=</latexit>

! ! 0.001
<latexit sha1_base64="KL4YidROOLSzx3tWZxGZknu0vBY=">AAACH3icbZDLSsNAFIYn9VbrLerSzWARBLUkotWNUHDjsoK9QBPLZDpph04mYWYilJA3ceOruHGhiLjr2zhpg9TWHwZ+vnMOc87vRYxKZVljo7C0vLK6VlwvbWxube+Yu3tNGcYCkwYOWSjaHpKEUU4aiipG2pEgKPAYaXnD26zeeiJC0pA/qFFE3AD1OfUpRkqjrll1AqQGnp9E6WPCT+wU3sAZxOEZdIhCzukv7Wta6pplq2JNBBeNnZsyyFXvmt9OL8RxQLjCDEnZsa1IuQkSimJG0pITSxIhPER90tGWo4BIN5ncl8IjTXrQD4V+XMEJnZ1IUCDlKPB0Z7aknK9l8L9aJ1b+tZtQHsWKcDz9yI8ZVCHMwoI9KghWbKQNwoLqXSEeIIGw0pFmIdjzJy+a5nnFrlYu7y/KNSuPowgOwCE4Bja4AjVwB+qgATB4Bq/gHXwYL8ab8Wl8TVsLRj6zD/7IGP8A/MmiQg==</latexit>

pn +1 = pn ! ! gn

<latexit sha1_base64="tfUZbtD9UfA3/zvIfvN358INuc0="></latexit>

pn +1 = pn ! !
m n

"
v n + "

<latexit sha1_base64="2CbglmT3M2pm4qdC2PsD3TLfyWY=">AAACM3icbVDLSsNAFJ34rPUVdelmsAgVaUnE10YouBFXFewDmlom00k7dDIJMxOhhPyTG3/EhSAuFHHrPzhpo9jWAwOHc85l7j1uyKhUlvVizM0vLC4t51byq2vrG5vm1nZdBpHApIYDFoimiyRhlJOaooqRZigI8l1GGu7gMvUb90RIGvBbNQxJ20c9Tj2KkdJSx7x2fKT6rhf7yV3ME3gBHZco1LHhhFGyE3gIi9CGpZ/AwW+iNx7tmAWrbI0AZ4mdkQLIUO2YT043wJFPuMIMSdmyrVC1YyQUxYwkeSeSJER4gHqkpSlHPpHteHRzAve10oVeIPTjCo7UvxMx8qUc+q5OpmvKaS8V//NakfLO2zHlYaQIx+OPvIhBFcC0QNilgmDFhpogLKjeFeI+EggrXXNel2BPnzxL6kdl+7R8cnNcqFhZHTmwC/ZAEdjgDFTAFaiCGsDgATyDN/BuPBqvxofxOY7OGdnMDpiA8fUN5E6pKw==</latexit>

m n = ! 1m n ! 1 + (1 ! ! 1)gn

First-order algorithms are commonly used within the NQS community, but typically require many 
iterations to converge 

<latexit sha1_base64="q5kt/Hwdc757ac/WlBSZalE32KY="></latexit>

v n = ! 2v n ! 1 + (1 ! ! 2)(gn )2



NATURAL GRADIENT
A more powerful method consists in performing an imaginary-time evolution in the variational manifold

34

The parameters are updated as

S. Sorella, Phys. Rev. B 64, 024512 (2001)
J. Stokes, at al.,  Quantum 4, 269 (2020).

<latexit sha1_base64="p2Sc0q+BW2nKaR4yXe+1hRcfAuw="></latexit>

| ø! V (p! ! " (1 # H !" )|! V (p! )!

<latexit sha1_base64="80TDHEqbFQnExcOemEVJEn3526I="></latexit>

p ! + "! = arg max
p ! R d

! "
"! ø! V (p! )|! V (p! + "! )"

"
"2

#

<latexit sha1_base64="99ln64Xw4BFA5BJrrukBLzYQOiM=">AAACD3icbVDLSsNAFJ3UV62vqks3g0Wpm5KIr2XBjcsK9gFNCTfTSTt0MgkzE6HE/IEbf8WNC0XcunXn3zhts9DWAxcO59zLvff4MWdK2/a3VVhaXlldK66XNja3tnfKu3stFSWS0CaJeCQ7PijKmaBNzTSnnVhSCH1O2/7oeuK376lULBJ3ehzTXggDwQJGQBvJKx8/uD7I1G0olnmtqhuCHvpBGmeeqyE5cSWIAafYK1fsmj0FXiROTiooR8Mrf7n9iCQhFZpwUKrr2LHupSA1I5xmJTdRNAYyggHtGiogpKqXTv/J8JFR+jiIpCmh8VT9PZFCqNQ49E3n5F41703E/7xuooOrXspEnGgqyGxRkHCsIzwJB/eZpETzsSFAJDO3YjIECUSbCEsmBGf+5UXSOq05F7Xz27NK3c7jKKIDdIiqyEGXqI5uUAM1EUGP6Bm9ojfryXqx3q2PWWvBymf20R9Ynz96+Jzi</latexit>

| ø! V (p! )!

<latexit sha1_base64="CrRmXCgwb6cSGdM9CtetaPKIE4E=">AAACFnicbZBNSyNBEIZ7/Fg1665xPXppDAuKbJgRv46CF48RTBQyYajp1MTGnp6hu0YIY36FF//KXjwo4lW8+W/siTn49ULDw1tVdNUb50pa8v0Xb2p6ZvbH3PxC7efir99L9eU/HZsVRmBbZCozZzFYVFJjmyQpPMsNQhorPI0vDqv66SUaKzN9QsMceykMtEykAHJWVP93FbasjDrrYQp0HidlPorKkKDYDPuoCCocbYQG9EAhj+oNv+mPxb9CMIEGm6gV1Z/DfiaKFDUJBdZ2Az+nXgmGpFA4qoWFxRzEBQyw61BDirZXjs8a8b/O6fMkM+5p4mP3/UQJqbXDNHad1fL2c60yv6t1C0r2e6XUeUGoxdtHSaE4ZbzKiPelQUFq6ACEkW5XLs7BgCCXZM2FEHw++St0tprBbnPneLtx4E/imGerbI2ts4DtsQN2xFqszQS7Zv/ZHbv3brxb78F7fGud8iYzK+yDvKdX8AWfzg==</latexit>

|! V (p! + "! )!

<latexit sha1_base64="3eP/YDm+LjSzDrWocI7N/qFPf0M="></latexit>

p ! + "! = p! ! !" S! 1g!

<latexit sha1_base64="ErfRjIXoN9YHIxZLgwiJ18zXnBQ="></latexit>

Sij =
! ! V |Oi Oj |! V "

! ! V |! V "
#

! ! V |Oi |! V "
! ! V |! V "

! ! V |Oj |! V "
! ! V |! V "
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NEURAL-NETWORK QUANTUM STATES

<latexit sha1_base64="tibUHP4b5HsG/Q6j06Y+p+CyDPU="></latexit>

EV !
"! V |H |! V #

"! V |! V #
> E 0

<latexit sha1_base64="NxMWA77C5scpL2CwVTQNBcTEHOg="></latexit>

EV !
1
N

!

X ! |! V (X ) |2

"X |H |! V #
"X |! V #

<latexit sha1_base64="PLfQLqrrBxMj/9bYUmMXPT9YLeA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VPP65XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHiXlepdtVw7z+MowDGcwBl4cAU1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx8IAI2T</latexit>x1

<latexit sha1_base64="px5yU4uOiFh/gUFAGz8QCF0szW4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuCOox4MVjRPOAZAmzk95kyOzsMjMrhpBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3cz81iMqzWP5YMYJ+hEdSB5yRo2V7p96lV6x5JbdOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrJS9y3L1rlqqXWRx5OEETuEcPLiCGtxCHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHCYSNlA==</latexit>x2

<latexit sha1_base64="FlxpXv6lcQXcx5M7UOntjdTnnnI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVX8eAF08S0TwgWcLsZDYZMju7zPSKIeQTvHhQxKtf5M2/cZLsQaMFDUVVN91dYSqFQc/7cgpLyyura8X10sbm1vZOeXevYZJMM15niUx0K6SGS6F4HQVK3ko1p3EoeTMcXk395gPXRiTqHkcpD2LaVyISjKKV7h67N91yxXO9Gchf4uekAjlq3fJnp5ewLOYKmaTGtH0vxWBMNQom+aTUyQxPKRvSPm9bqmjMTTCenTohR1bpkSjRthSSmfpzYkxjY0ZxaDtjigOz6E3F/7x2htFlMBYqzZArNl8UZZJgQqZ/k57QnKEcWUKZFvZWwgZUU4Y2nZINwV98+S9pnLj+uXt2e1qpunkcRTiAQzgGHy6gCtdQgzow6MMTvMCrI51n5815n7cWnHxmH37B+fgGNOCNsw==</latexit>xN

<latexit sha1_base64="ny4kD5hfDkmYR9/GFb8REFGuxpI=">AAAB7XicbVDLSsNAFL3xWeur6tLNYBFchUR8LQtuXFawD2hDmUwn7djJJMzcCCX0H9y4UMSt/+POv3HaZqGtBwYO59zD3HvCVAqDnvftrKyurW9slrbK2zu7e/uVg8OmSTLNeIMlMtHtkBouheINFCh5O9WcxqHkrXB0O/VbT1wbkagHHKc8iOlAiUgwilZqdvsJGtKrVD3Xm4EsE78gVShQ71W+bJBlMVfIJDWm43spBjnVKJjkk3I3MzylbEQHvGOpojE3QT7bdkJOrdInUaLtU0hm6u9ETmNjxnFoJ2OKQ7PoTcX/vE6G0U2QC5VmyBWbfxRlkmBCpqeTvtCcoRxbQpkWdlfChlRThragsi3BXzx5mTTPXf/Kvby/qNbcoo4SHMMJnIEP11CDO6hDAxg8wjO8wpuTOC/Ou/MxH11xiswR/IHz+QNGNY7i</latexit> ..
.

<latexit sha1_base64="IaDI4M2foQW/fmU1bblOST/eT9E=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5IUX+Cm4MZlBfuAJoTJdNIOnUzCzESoofgrblwo4tb/cOffOGmz0NYDA4dz7uWeOUHCqFS2/W0sLa+srq2XNsqbW9s7u+beflvGqcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wegm9zsPREga83s1TogXoQGnIcVIack3D92mpH672r12I6SGQZglk1PfrNg1ewprkTgFqUCBpm9+uf0YpxHhCjMkZc+xE+VlSCiKGZmU3VSSBOERGpCephxFRHrZNP3EOtFK3wpjoR9X1lT9vZGhSMpxFOjJPKKc93LxP6+XqvDKyyhPUkU4nh0KU2ap2MqrsPpUEKzYWBOEBdVZLTxEAmGlCyvrEpz5Ly+Sdr3mXNTO784qjXpRRwmO4Biq4MAlNOAWmtACDI/wDK/wZjwZL8a78TEbXTKKnQP4A+PzB8oHlMQ=</latexit>

! V (X ; p)



To begin with, let us consider a prototypal problem: the 1d quantum harmonic oscillator
<latexit sha1_base64="P0sMQCwnXFA88fFLdQ9pYCFmOQw=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0UQxJKUom6EgpsuK9gHNLFMppN26GQSZiZiCfkRN/6KGxeKuHAj/o2TNoi2Hhg495x7uXOPFzEqlWV9GYWl5ZXVteJ6aWNza3vH3N1ryzAWmLRwyELR9ZAkjHLSUlQx0o0EQYHHSMcbX2V+544ISUN+oyYRcQM05NSnGCkt9c1aA17CU8cXCCdOhISiiN1W0x8O73UFT+CsIyuSato3y1bFmgIuEjsnZZCj2Tc/nEGI44BwhRmSsmdbkXKTbAVmJC05sSQRwmM0JD1NOQqIdJPpdSk80soA+qHQjys4VX9PJCiQchJ4ujNAaiTnvUz8z+vFyr9wE8qjWBGOZ4v8mEEVwiwqOKCCYMUmmiAsqP4rxCOkc1A60JIOwZ4/eZG0qxX7rFK7rpXrVh5HERyAQ3AMbHAO6qABmqAFMHgAT+AFvBqPxrPxZrzPWgtGPrMP/sD4/AY1WaFb</latexit>

H = !
! 2

! x2 +
x2

2

<latexit sha1_base64="qW1zcQxe47jTIVY8n8zyTrqXCVQ=">AAAB/3icbVDLSgNBEOz1GeNrVfDiZTAI8WDcDUG9CAEvHiOYBySbZXYySYbMPpiZlYQ1B3/FiwdFvPob3vwbJ8keNLGgoajqprvLiziTyrK+jaXlldW19cxGdnNre2fX3NuvyTAWhFZJyEPR8LCknAW0qpjitBEJin2P07o3uJn49QcqJAuDezWKqOPjXsC6jGClJdc8bFUkc6388BRdI9pOzobt4nlx7Jo5q2BNgRaJnZIcpKi45lerE5LYp4EiHEvZtK1IOQkWihFOx9lWLGmEyQD3aFPTAPtUOsn0/jE60UoHdUOhK1Boqv6eSLAv5cj3dKePVV/OexPxP68Zq+6Vk7AgihUNyGxRN+ZIhWgSBuowQYniI00wEUzfikgfC0yUjiyrQ7DnX14ktWLBviiU7kq5spXGkYEjOIY82HAJZbiFClSBwCM8wyu8GU/Gi/FufMxal4x05gD+wPj8ARaNlCw=</latexit>

! 0(x) = e! x 2 / 2
<latexit sha1_base64="tYQg2QKOk4BUDS56azbHRkj5+xM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU90tpXoRCiJ4rGA/pF1KNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6Z+e0nqjSL5IOZxNQXeChZyAg2Vnq87bvoGnkXlX6x5JbdOdAq8TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKrGg2k/nB0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o4INwVt+eZW0KmWvVq7eV0t1N4sjDydwCufgwSXU4Q4a0AQCAp7hFd4c5bw4787HojXnZDPH8AfO5w85446u</latexit>

E0 = 1 / 2
<latexit sha1_base64="Y1XnNOchZqNtwD9NV+Xh/jYYPEs=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnpiEhO8BLx4TMAskAyhp9OTtOlZ6O4RwpAv8OJBEa9+kjf/xs4iqOiDgsd7VVTV82LBlcb4w8qsrW9sbmW3czu7e/sH+cOjtooSSVmLRiKSXY8oJnjIWpprwbqxZCTwBOt4k+u537lnUvEovNXTmLkBGYXc55RoIzWvBvkCtms1XHJqCNtljIvViiH4olgtl5Fj4wUKsEJjkH/vDyOaBCzUVBCleg6OtZsSqTkVbJbrJ4rFhE7IiPUMDUnAlJsuDp2hM6MMkR9JU6FGC/X7REoCpaaBZzoDosfqtzcX//J6ifarbsrDONEspMtFfiKQjtD8azTkklEtpoYQKrm5FdExkYRqk03OhPD1KfqftIu2U7FLzVKhjldxZOEETuEcHLiEOtxAA1pAgcEDPMGzdWc9Wi/W67I1Y61mjuEHrLdP9YCNAg==</latexit>;

We represent the ground-state wave function with a feed-forward neural network 
<latexit sha1_base64="vvL60F3SUlNR10ob1ubXycJEhZQ="></latexit> ..

.

<latexit sha1_base64="D3KWOcgnmCU/pre9cNJ8Jtzwhvs=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfuB3aVk02wbmk2WJCuUpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Hbud5+o0kyKBzNNaBDjkWARI9hY6dHnclT1W5pdDsoVt+YugNaJl5MK5GgNyl/+UJI0psIQjrXue25iggwrwwins5KfappgMsEj2rdU4JjqIFtcPEMXVhmiSCpbwqCF+nsiw7HW0zi0nTE2Y73qzcX/vH5qopsgYyJJDRVkuShKOTISzd9HQ6YoMXxqCSaK2VsRGWOFibEhlWwI3urL66RzVfMatfp9vdJ08ziKcAbnUAUPrqEJd9CCNhAQ8Ayv8OZo58V5dz6WrQUnnzmFP3A+fwDLZZBM</latexit>

log(! )
<latexit sha1_base64="J6DkZ0d1SbjWWP2FOp8zhaloSCg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVK3c3jKMIJnMI5eHAFdbiFBrSAAcIzvMKb8+C8OO/Ox6K14OQzx/AHzucP472M8w==</latexit>x
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1D QUANTUM HARMONIC OSCILLATOR



To begin with, let us consider a prototypal problem: the 1d quantum harmonic oscillator

1D QUANTUM HARMONIC OSCILLATOR
<latexit sha1_base64="P0sMQCwnXFA88fFLdQ9pYCFmOQw=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0UQxJKUom6EgpsuK9gHNLFMppN26GQSZiZiCfkRN/6KGxeKuHAj/o2TNoi2Hhg495x7uXOPFzEqlWV9GYWl5ZXVteJ6aWNza3vH3N1ryzAWmLRwyELR9ZAkjHLSUlQx0o0EQYHHSMcbX2V+544ISUN+oyYRcQM05NSnGCkt9c1aA17CU8cXCCdOhISiiN1W0x8O73UFT+CsIyuSato3y1bFmgIuEjsnZZCj2Tc/nEGI44BwhRmSsmdbkXKTbAVmJC05sSQRwmM0JD1NOQqIdJPpdSk80soA+qHQjys4VX9PJCiQchJ4ujNAaiTnvUz8z+vFyr9wE8qjWBGOZ4v8mEEVwiwqOKCCYMUmmiAsqP4rxCOkc1A60JIOwZ4/eZG0qxX7rFK7rpXrVh5HERyAQ3AMbHAO6qABmqAFMHgAT+AFvBqPxrPxZrzPWgtGPrMP/sD4/AY1WaFb</latexit>

H = !
! 2

! x2 +
x2

2

<latexit sha1_base64="qW1zcQxe47jTIVY8n8zyTrqXCVQ=">AAAB/3icbVDLSgNBEOz1GeNrVfDiZTAI8WDcDUG9CAEvHiOYBySbZXYySYbMPpiZlYQ1B3/FiwdFvPob3vwbJ8keNLGgoajqprvLiziTyrK+jaXlldW19cxGdnNre2fX3NuvyTAWhFZJyEPR8LCknAW0qpjitBEJin2P07o3uJn49QcqJAuDezWKqOPjXsC6jGClJdc8bFUkc6388BRdI9pOzobt4nlx7Jo5q2BNgRaJnZIcpKi45lerE5LYp4EiHEvZtK1IOQkWihFOx9lWLGmEyQD3aFPTAPtUOsn0/jE60UoHdUOhK1Boqv6eSLAv5cj3dKePVV/OexPxP68Zq+6Vk7AgihUNyGxRN+ZIhWgSBuowQYniI00wEUzfikgfC0yUjiyrQ7DnX14ktWLBviiU7kq5spXGkYEjOIY82HAJZbiFClSBwCM8wyu8GU/Gi/FufMxal4x05gD+wPj8ARaNlCw=</latexit>

! 0(x) = e! x 2 / 2
<latexit sha1_base64="tYQg2QKOk4BUDS56azbHRkj5+xM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU90tpXoRCiJ4rGA/pF1KNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6Z+e0nqjSL5IOZxNQXeChZyAg2Vnq87bvoGnkXlX6x5JbdOdAq8TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKrGg2k/nB0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o4INwVt+eZW0KmWvVq7eV0t1N4sjDydwCufgwSXU4Q4a0AQCAp7hFd4c5bw4787HojXnZDPH8AfO5w85446u</latexit>

E0 = 1 / 2
<latexit sha1_base64="Y1XnNOchZqNtwD9NV+Xh/jYYPEs=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnpiEhO8BLx4TMAskAyhp9OTtOlZ6O4RwpAv8OJBEa9+kjf/xs4iqOiDgsd7VVTV82LBlcb4w8qsrW9sbmW3czu7e/sH+cOjtooSSVmLRiKSXY8oJnjIWpprwbqxZCTwBOt4k+u537lnUvEovNXTmLkBGYXc55RoIzWvBvkCtms1XHJqCNtljIvViiH4olgtl5Fj4wUKsEJjkH/vDyOaBCzUVBCleg6OtZsSqTkVbJbrJ4rFhE7IiPUMDUnAlJsuDp2hM6MMkR9JU6FGC/X7REoCpaaBZzoDosfqtzcX//J6ifarbsrDONEspMtFfiKQjtD8azTkklEtpoYQKrm5FdExkYRqk03OhPD1KfqftIu2U7FLzVKhjldxZOEETuEcHLiEOtxAA1pAgcEDPMGzdWc9Wi/W67I1Y61mjuEHrLdP9YCNAg==</latexit>;

We represent the ground-state wave function with a feed-forward neural network 
<latexit sha1_base64="vvL60F3SUlNR10ob1ubXycJEhZQ="></latexit> ..

.

<latexit sha1_base64="D3KWOcgnmCU/pre9cNJ8Jtzwhvs=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfuB3aVk02wbmk2WJCuUpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Hbud5+o0kyKBzNNaBDjkWARI9hY6dHnclT1W5pdDsoVt+YugNaJl5MK5GgNyl/+UJI0psIQjrXue25iggwrwwins5KfappgMsEj2rdU4JjqIFtcPEMXVhmiSCpbwqCF+nsiw7HW0zi0nTE2Y73qzcX/vH5qopsgYyJJDRVkuShKOTISzd9HQ6YoMXxqCSaK2VsRGWOFibEhlWwI3urL66RzVfMatfp9vdJ08ziKcAbnUAUPrqEJd9CCNhAQ8Ayv8OZo58V5dz6WrQUnnzmFP3A+fwDLZZBM</latexit>

log(! )
<latexit sha1_base64="J6DkZ0d1SbjWWP2FOp8zhaloSCg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVK3c3jKMIJnMI5eHAFdbiFBrSAAcIzvMKb8+C8OO/Ox6K14OQzx/AHzucP472M8w==</latexit>x
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FERMION MANY-BODY WAVE FUNCTIONS
The fermion antisymmetry must be built in the wave function

<latexit sha1_base64="8iRmZnvKzI/ZW0qWN64jYc7i04E=">AAACS3icbZDNS8MwGMbT6XTOr6pHL8EhTJijHaJehIkXjxPcB2ylpFm6xaVpSVLZKPv/vHjx5j/hxYMiHsy2Hra5FwI/nud9SPJ4EaNSWda7kVlbz25s5rby2zu7e/vmwWFDhrHApI5DFoqWhyRhlJO6ooqRViQICjxGmt7gbuI3n4mQNOSPahQRJ0A9Tn2KkdKSa3qdmqQuLw5duwQ73VBJOHRpiiXNT3N8ewZv4DmEqzLze3Qh45oFq2xNB/4HO4UCSKfmmm86jeOAcIUZkrJtW5FyEiQUxYyM851YkgjhAeqRtkaOAiKdZNrFGJ5qpQv9UOjDFZyq84kEBVKOAk9vBkj15bI3EVd57Vj5105CeRQrwvHsIj9mUIVwUizsUkGwYiMNCAuq3wpxHwmEla4/r0uwl7/8HxqVsn1Zth8uCtVKWkcOHIMTUAQ2uAJVcA9qoA4weAEf4At8G6/Gp/Fj/M5WM0aaOQILk8n+ARV1rqo=</latexit>

 n(x1, . . . xi, . . . , xj , . . . , xA) = � n(x1, . . . xj , . . . , xi, . . . , xA)

• Slater-Jastrow:

• Hidden Fermions:

Different ansatzë have been put forward 

• Neural Pfaffian:

<latexit sha1_base64="nQd8Y4ITC+BWqsjPDyDcVmjCdGI=">AAACE3icbVC7TsMwFHXKq5RXgJHFokJqGaoE8VqQKrEwBkHaoiZEjuu0Vp2HbAepivIPLPwKCwMIsbKw8Te4bQZoOdLVPTrnXtn3+AmjQhrGt1ZaWFxaXimvVtbWNza39O2dlohTjomNYxbzjo8EYTQitqSSkU7CCQp9Rtr+8HLstx8IFzSObuUoIW6I+hENKEZSSZ5+6FiCeq1ap35B7jNb9Rw61oB62U1eu/Myh4fQD3Kl1z29ajSMCeA8MQtSBQUsT/9yejFOQxJJzJAQXdNIpJshLilmJK84qSAJwkPUJ11FIxQS4WaTm3J4oJQeDGKuKpJwov7eyFAoxCj01WSI5EDMemPxP6+byuDczWiUpJJEePpQkDIoYzgOCPYoJ1iykSIIc6r+CvEAcYSlirGiQjBnT54nraOGedo4uT6uNo0ijjLYA/ugBkxwBprgCljABhg8gmfwCt60J+1Fe9c+pqMlrdjZBX+gff4A2ZGcNw==</latexit>

! V (X ) = eU (X ) " S (Ybf (X ))
<latexit sha1_base64="JeYO1a4YkyeyiYpEA16gIk2Iah4=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURXxuh4MZlRNMWmhgm00k7dDIJMxOhhOzc+CtuXCji1l9w5984fSy09cAwZ865lzv3hCmjUlnWt1FaWFxaXimvVtbWNza3zO2dpkwygYmLE5aIdogkYZQTV1HFSDsVBMUhI61wcDXyWw9ESJrwOzVMiR+jHqcRxUhpKTD3PUfSoFlrH12S+9zVdwE9p0+D/LbQj8CsWnVrDDhP7CmpgimcwPzyugnOYsIVZkjKjm2lys+RUBQzUlS8TJIU4QHqkY6mHMVE+vl4jwIeaqULo0TowxUcq787chRLOYxDXRkj1Zez3kj8z+tkKrrwc8rTTBGOJ4OijEGVwFEosEsFwYoNNUFYUP1XiPtIIKx0dBUdgj278jxpHtfts/rpzUm1YU3jKIM9cABqwAbnoAGugQNcgMEjeAav4M14Ml6Md+NjUloypj274A+Mzx9CSpeb</latexit>

! V (X ) = eU (X ) " S (X )
<latexit sha1_base64="syXpKiyjk7O17Q7ny927XzIOBQY=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8Ei1E1JxNdGKAjSZQT7gCaEyXTaDp08mJkIJXbhr7hxoYhbf8Odf+O0zUJbD1w4c869zL0nSDiTyrK+jcLS8srqWnG9tLG5tb1j7u41ZZwKQhsk5rFoB1hSziLaUExx2k4ExWHAaSsY3kz81gMVksXRvRol1AtxP2I9RrDSkm8euI5kfrPSPrl2nQHzs/rtWD98s2xVrSnQIrFzUoYcjm9+ud2YpCGNFOFYyo5tJcrLsFCMcDouuamkCSZD3KcdTSMcUull0/3H6FgrXdSLha5Ioan6eyLDoZSjMNCdIVYDOe9NxP+8Tqp6V17GoiRVNCKzj3opRypGkzBQlwlKFB9pgolgeldEBlhgonRkJR2CPX/yImmeVu2L6vndWblm5XEU4RCOoAI2XEIN6uBAAwg8wjO8wpvxZLwY78bHrLVg5DP78AfG5w/fPJSt</latexit>

! V (X ) = " HF (X )
<latexit sha1_base64="YBUPNKaB7A9Jif/8J2sJNn9CLVM=">AAACB3icbVBNS8MwGE79nPOr6lGQ4BDmZbTi10UYePFYwW6DtZY0S7ewNC1JKozSmxf/ihcPinj1L3jz35htPejmAyFPnud9efM+YcqoVJb1bSwsLi2vrFbWqusbm1vb5s5uSyaZwMTFCUtEJ0SSMMqJq6hipJMKguKQkXY4vB777QciJE34nRqlxI9Rn9OIYqS0FJgHniNp0Kp3jq/Ife7qu4CeM6BB7hT6EZg1q2FNAOeJXZIaKOEE5pfXS3AWE64wQ1J2bStVfo6EopiRouplkqQID1GfdDXlKCbSzyd7FPBIKz0YJUIfruBE/d2Ro1jKURzqyhipgZz1xuJ/XjdT0aWfU55minA8HRRlDKoEjkOBPSoIVmykCcKC6r9CPEACYaWjq+oQ7NmV50nrpGGfN85uT2tNq4yjAvbBIagDG1yAJrgBDnABBo/gGbyCN+PJeDHejY9p6YJR9uyBPzA+fwA9speY</latexit>

! V (X ) = eU (X ) " P (X )
<latexit sha1_base64="xpEM9RhzRyEsz/xRTwxf8tqVNAk=">AAACE3icbVC7TsMwFHV4lvIKMLJYVEgtQ5UgXgtSJRbGIJG2qAmR4zqtVceJbAepivIPLPwKCwMIsbKw8Te4jwFajnR1j865V/Y9YcqoVJb1bSwsLi2vrJbWyusbm1vb5s5uUyaZwMTFCUtEO0SSMMqJq6hipJ0KguKQkVY4uBr5rQciJE34rRqmxI9Rj9OIYqS0FJhHniNp0Ky2a5fkPnd1L6Dn9GmQO0X1Lsg9EcMwKrReC8yKVbfGgPPEnpIKmMIJzC+vm+AsJlxhhqTs2Faq/BwJRTEjRdnLJEkRHqAe6WjKUUykn49vKuChVrowSoQuruBY/b2Ro1jKYRzqyRipvpz1RuJ/XidT0YWfU55minA8eSjKGFQJHAUEu1QQrNhQE4QF1X+FuI8EwkrHWNYh2LMnz5Pmcd0+q5/enFQa1jSOEtgHB6AKbHAOGuAaOMAFGDyCZ/AK3own48V4Nz4mowvGdGcP/IHx+QPU1Zw0</latexit>

! V (X ) = eU (X ) " P (Ybf (X ))

Pfau et al., PRR 2, 033429 (2020)

Hermann et al., Nature Chemistry, 12, 891 (2020)

J. R. Moreno, et al., PRL 125, 076402  (2022)

J. Stokes et al., PRB, 102, 205122 (2020)
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Pfau et al., Physical Review Research 2, 033429 (2020)

Hermann et al., Nature Chemistry 12, 891 (2020)

J. Stokes et al., Physical Review B 102, 205122 (2020)

SLATER JASTROW ANSATZ

<latexit sha1_base64="QClO2BzXo36FZvVOjHDZRCnSpUs="></latexit>

! V (X ) = eJ (X ) ! det

!

"
"
"
#

! 1(x1) ! 1(x2) á á á ! 1(xN )
! 2(x1) ! 2(x2) á á á ! 2(xN )

...
...

. . .
...

! N (x1) ! N (x2) á á á ! N (xN )

$

%
%
%
&
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Mean-field component: Slater determinant of single-particle orbitals 

(If needed) The center of mass motion is 
automatically removed by

<latexit sha1_base64="UN64kV2KYz3L0zypso0aULrScbY="></latexit>

ør i = r i ! R CM

<latexit sha1_base64="QClO2BzXo36FZvVOjHDZRCnSpUs="></latexit>

! V (X ) = eJ (X ) ! det

!

"
"
"
#

! 1(x1) ! 1(x2) á á á ! 1(xN )
! 2(x1) ! 2(x2) á á á ! 2(xN )

...
...

. . .
...

! N (x1) ! N (x2) á á á ! N (xN )

$

%
%
%
&

<latexit sha1_base64="mwuw0y42kzTGHAcaLLa9yjw82BA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfF2EgBePEcwDkyXMTjrJkNnZZWZWCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDv1m0+oNI/kgxnH6Id0IHmfM2qs9NipDXm5dUpuSLdYcivuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR28YScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/tp1zGiUHJ5ov6iSAmItP3SY8rZEaMLaFMcXsrYUOqKDM2pIINwVt8eZk0zireZeXi/rxUdbM48nAEx1AGD66gCndQgzowkPAMr/DmaOfFeXc+5q05J5s5hD9wPn8Ah/yPeQ==</latexit>

! (X ) =

<latexit sha1_base64="vvL60F3SUlNR10ob1ubXycJEhZQ="></latexit> ..
.
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“Manually” imposing permutation-invariance scales factorially with A
<latexit sha1_base64="ss4NHAKOFZu+bkVMNyPI/gLRXgc="></latexit>

J (X ) = j (x1, x2, x3) + j (x1, x3, x2) + j (x2, x1, x3) + j (x2, x3, x1) + j (x3, x1, x2) + j (x3, x2, x1)
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On the Limitations of Representing Functions on Sets

Edward Wagstaff * 1 Fabian B. Fuchs* 1 Martin Engelcke * 1 Ingmar Posner1 Michael Osborne1

Abstract

Recent work on the representation of functions
on sets has considered the use of summation in
a latent space to enforce permutation invariance.
In particular, it has been conjectured that the di-
mension of this latent space may remain Þxed
as the cardinality of the sets under consideration
increases. However, we demonstrate that the ana-
lysis leading to this conjecture requires mappings
which are highly discontinuous and argue that this
is only of limited practical use. Motivated by this
observation, we prove that an implementation of
this model via continuous mappings (as provided
by e.g. neural networks or Gaussian processes)
actually imposes a constraint on the dimensional-
ity of the latent space. Practical universal function
representation for set inputs can only be achieved
with a latent dimension at least the size of the
maximum number of input elements.

1. Introduction

Machine learning models have had great success in taking
advantage of structure in their input spaces: recurrent neural
networks are popular models for sequential data (Sutskever
et al., 2014) and convolutional neural networks are the state-
of-the-art for many image-based problems (He et al., 2016).
Recently, however, models for unstructured inputs in the
form of sets have rapidly gained attention (Ravanbakhsh
et al., 2016; Zaheer et al., 2017; Qi et al., 2017a; Lee et al.,
2018; Murphy et al., 2018; Korshunova et al., 2018).

Importantly, a range of machine learning problems can nat-
urally be formulated in terms of sets; e.g. parsing a scene
composed of a set of objects (Eslami et al., 2016; Kosiorek
et al., 2018), making predictions from a set of points form-
ing a 3D point cloud (Qi et al., 2017a;b), or training a set
of agents in reinforcement learning (Sunehag et al., 2017).

* Equal contribution1Department of Engineering Science, Uni-
versity of Oxford, Oxford, United Kingdom. Correspondence to:
< { ed, fabian, martin} @robots.ox.ac.uk> .

Proceedings of the36th International Conference on Machine
Learning, Long Beach, California, PMLR 97, 2019. Copyright
2019 by the author(s).
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Figure 1: Illustration of the model structure proposed in
several works (Zaheer et al., 2017; Qi et al., 2017a) for
representing permutation-invariant functions. The sum op-
eration enforces permutation invariance for the model as a
whole. ! and" can be implemented by e.g. neural networks.

Furthermore, attention-based models perform a weighted
summation of a set of features (Vaswani et al., 2017; Lee
et al., 2018). Hence, understanding the mathematical prop-
erties of set-based models is valuable both in terms of set-
structured applications as well as better understanding the
capabilities and limitations of attention-based models.

Many popular machine learning models, including neural
networks and Gaussian processes, are fundamentally based
on vector inputs1 rather than set inputs. In order to adapt
these models for use with sets, we must enforce the property
of permutation invariance, i.e. the output of the model must
not change if the inputs are reordered. Multiple authors, in-
cludingRavanbakhsh et al.(2016), Zaheer et al.(2017) and
Qi et al.(2017a), have considered enforcing this property
using a technique which we termsum-decomposition, illus-
trated in Figure1. Mathematically speaking, we say that a
functionf deÞned on sets of sizeM is sum-decomposable
via Z if there are functions! : R ! Z and" : Z ! R such
that2

f (X ) = "
!
! x ! X ! (x)

"
(1)

We refer toZ here as thelatent space. Since summa-
tion is permutation-invariant, a sum-decomposition is also
permutation-invariant.Ravanbakhsh et al.(2016), Zaheer
et al. (2017) andQi et al. (2017b) have also considered
the idea of enforcing permutation invariance using other
operations, e.g.max(á). In this paper we concentrate on a
detailed analysis of sum-decomposition, but some of the lim-
itations we discuss also apply whenmax(á) is used instead
of summation.

1Or inputs of higher rank, i.e. matrices and tensors.
2We useR here for brevity Ð see DeÞnition2.2 for the fully

general deÞnition.
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<latexit sha1_base64="/5FeG6X0mbtH5JWhrjmlT22q374="></latexit>

F (R, S) = ! F

! "

i

"#F (ør i , si )
#

<latexit sha1_base64="ep2M3U3l9ya+y5FfeVEB2oqUoFQ=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvIinCOYByRJmJ7PJkJnZZWZWCEt+wYsHRbz6Q978G2eTPWhiQUNR1U13VxBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNxmfueJKs0i+WimMfUFHkkWMoJNJt1Xu+eDcsWtuXOgVeLlpAI5moPyV38YkURQaQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1RiQbWfzm+doTOrDFEYKVvSoLn6eyLFQuupCGynwGasl71M/M/rJSa88VMm48RQSRaLwoQjE6HscTRkihLDp5Zgopi9FZExVpgYG0/JhuAtv7xK2vWad1W7fLioNOp5HEU4gVOoggfX0IA7aEILCIzhGV7hzRHOi/PufCxaC04+cwx/4Hz+AA9rjY8=</latexit>

J (X )Solution: “deep-sets”

Wagstaff et al., arXiv:1901.09006 (2019) Zaheer et al., arXiv:1703.06114 (2017)

“Manually” imposing permutation-invariance scales factorially with A
<latexit sha1_base64="ss4NHAKOFZu+bkVMNyPI/gLRXgc="></latexit>

J (X ) = j (x1, x2, x3) + j (x1, x3, x2) + j (x2, x1, x3) + j (x2, x3, x1) + j (x3, x1, x2) + j (x3, x2, x1)
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The nodal structure is improved with neural back-flow transformations <latexit sha1_base64="G1beph7PBF36GRZq8Bk4B5KdhNI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1lw47KCrYWmlMn0ph06mYSZiVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU37vF+tuXV3BrJMvILUoECzX/3yBzFLI5SGCap113MT08uoMpwJnFb8VGNC2ZgOsWuppBHqXjbLPCUnVhmQMFb2SUNm6u+NjEZaT6LATuYZ9aKXi/953dSE172MyyQ1KNn8UJgKYmKSF0AGXCEzYmIJZYrbrISNqKLM2JoqtgRv8cvLpH1W9y7rF3fntYZb1FGGIziGU/DgChpwC01oAYMEnuEV3pzUeXHenY/5aMkpdg7hD5zPH30WkfA=</latexit>x i
<latexit sha1_base64="cCV+xE9bYJ98Z0xtcmkQiOQmmBs=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKUpUoQL4mlEgtjkehDaqLIcZ3W1HGC7SCqKJ/Awq+wMIAQKyMbf4PTdigtR7J0fM69uvceP2ZUKsv6MQoLi0vLK8XV0tr6xuaWub3TlFEiMGngiEWi7SNJGOWkoahipB0LgkKfkZY/uMr91gMRkkb8Vg1j4oaox2lAMVJa8sxDJ+7TihMi1feD9DHz6OXUJ71zOLmHNDvyzLJVtUaA88SekDKYoO6Z3043wklIuMIMSdmxrVi5KRKKYkaykpNIEiM8QD3S0ZSjkEg3HR2UwQOtdGEQCf24giN1uiNFoZTD0NeV+bJy1svF/7xOooILN6U8ThTheDwoSBhUEczTgV0qCFZsqAnCgupdIe4jgbDSGZZ0CPbsyfOkeVy1z6qnNyflmjWJowj2wD6oABucgxq4BnXQABg8gRfwBt6NZ+PV+DA+x6UFY9KzC/7A+PoFjwadgA==</latexit>

! (x i ; x j != i )

NEURAL BACKFLOW CORRELATIONS

43

Di Luo and B. K. Clark, Phys. Rev. Lett. 122, 226401 (2019)
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• Nucleon-nucleon potential fit to s-wave np scattering lengths and effective ranges

<latexit sha1_base64="dapbZ8cagwIpAqTmb3y/314QPUo="></latexit>

Op=1 ,4
ij = (1 , ! ij , " ij , " ij ! ij )
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R. Schiavilla, AL, PRC 103, 054003 (2021)

<latexit sha1_base64="EP4nzi5itThDhdF3lB9wOXPIgA8="></latexit>

vCI
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Let us examine the different spin-isospin operators

NUCLEAR HAMILTONIAN
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The spin-isospin operator is just the combination of the above two
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LET’S SOLVE THE DEUTERON
The deuteron is the lightest nucleus, composed of a proton and a neutron

The total spin is , the total isospin is S= 1 T = 0
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LET’S SOLVE THE DEUTERON
Taking into account the spatial dependencies, the most general wave function can be 
parameterized as

<latexit sha1_base64="8cycir4hiAChw1Ce3AN8jZHh/UU=">AAACCnicbVDJSgNBEO1xjXGLevTSGoQJSJgJbhch4MVjNGaBJA49nZqkSc9Cd48Qhpy9+CtePCji1S/w5t/YSeagiQ8KHu9VUVXPjTiTyrK+jYXFpeWV1cxadn1jc2s7t7Nbl2EsKNRoyEPRdIkEzgKoKaY4NCMBxHc5NNzB1dhvPICQLAzu1DCCjk96AfMYJUpLTu6gXZHMvD2uFvAlhvukZgonsUujwgi3K31mVgtOLm8VrQnwPLFTkkcpKk7uq90NaexDoCgnUrZsK1KdhAjFKIdRth1LiAgdkB60NA2ID7KTTF4Z4SOtdLEXCl2BwhP190RCfCmHvqs7faL6ctYbi/95rVh5F52EBVGsIKDTRV7MsQrxOBfcZQKo4kNNCBVM34ppnwhClU4vq0OwZ1+eJ/VS0T4rnt6c5MtWGkcG7aNDZCIbnaMyukYVVEMUPaJn9IrejCfjxXg3PqatC0Y6s4f+wPj8AQBKl+I=</latexit>

! (R, S) = eU (r 12 ) " (S)

• Since  only depends on the distance , the wave function is symmetric 
under the exchange of spatial coordinates

U(r12) r12 = ! r12!

• However,  is antisymmetric under the exchange of spin-isospin coordinates$ (S)

• Hence, the total wave function  is antisymmetric under the exchange of two particles%(R,S)
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LOCAL ENERGY
Reminder: the energy can be estimated as

<latexit sha1_base64="jyehs9p3QvE0FvQlllwrAnYXi+g="></latexit>
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We need to compute the local energy, which is the sum of a kinetic and potential contribution
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Automatic differentiation (and tailored variants) are employed to efficiently compute it. 
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LOCAL ENERGY
The potential energy is particularly complicated in Nuclear Physics!

We pre-compute the local operators corresponding to exchanging the spin, the isospin, and both.
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LOCAL ENERGY
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LOCAL ENERGY FOR THE DEUTERON
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<latexit sha1_base64="PzP6XKnq3M/Xl0EIpS8r3kkGiM8=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAimKql4LUiVWBiLRB9SE0WO66RWbSeyHaQq9BNY+BUWBhBiZWTjb3DbDLTlSFc6Pude+d4Tpowq7Tg/1tLyyuraemmjvLm1vbNr7+23VJJJTJo4YYnshEgRRgVpaqoZ6aSSIB4y0g4HN2O//UCkoom418OU+BzFgkYUI22kwD7xFI05CnK3NoKPXqNPPYlEzAi8nnkGdsWpOhPAReIWpAIKNAL72+slOONEaMyQUl3XSbWfI6kpZmRU9jJFUoQHKCZdQwXiRPn55KARPDZKD0aJNCU0nKh/J3LElRry0HRypPtq3huL/3ndTEdXfk5Fmmki8PSjKGNQJ3CcDuxRSbBmQ0MQltTsCnEfSYS1ybBsQnDnT14krVrVvaie351V6k4RRwkcgiNwClxwCergFjRAE2DwBF7AG3i3nq1X68P6nLYuWcXMAZiB9fULA56ciQ==</latexit>

! 12|! ! = |! !

Therefore, the potential becomes effectively spin-isospin independent 

<latexit sha1_base64="Lj3gJGt9vKD3c6lOdSSc7hPRKz0=">AAACG3icbZDLSsNAFIYn9VbrrerSzWAR3FiSet0IBTcuK9gLNCGcTKft0MkkzEyEEvsebnwVNy4UcSW48G2cpl3U1h8GPv5zDmfOH8ScKW3bP1ZuaXlldS2/XtjY3NreKe7uNVSUSELrJOKRbAWgKGeC1jXTnLZiSSEMOG0Gg5txvflApWKRuNfDmHoh9ATrMgLaWH6x4irWC8FPncrI1ZBkgB/dWp+5EkSPU3yNT05nDb9Ysst2JrwIzhRKaKqaX/xyOxFJQio04aBU27Fj7aUgNSOcjgpuomgMZAA92jYoIKTKS7PbRvjIOB3cjaR5QuPMnZ1IIVRqGAamMwTdV/O1sflfrZ3o7pWXMhEnmgoyWdRNONYRHgeFO0xSovnQABDJzF8x6YMEok2cBROCM3/yIjQqZeeifH53Vqra0zjy6AAdomPkoEtURbeohuqIoCf0gt7Qu/VsvVof1uekNWdNZ/bRH1nfv/5moLc=</latexit>

! 12"12|! ! = " 3|! !

<latexit sha1_base64="Yfq8+7nW4rJ4un+1iA2N2E2vTT0=">AAACEHicbVDLSsNAFL3xWesr6tLNYBHdWJL63AgFNy4r2Ac0oUymk3boZBJmJkKJ/QQ3/oobF4q4denOv3H6WNTWAxcO59zLvfcECWdKO86PtbC4tLyymlvLr29sbm3bO7s1FaeS0CqJeSwbAVaUM0GrmmlOG4mkOAo4rQe9m6Fff6BSsVjc635C/Qh3BAsZwdpILfvI0zhtZW5pgB69Spd5EosOp+ganZxOCy274BSdEdA8cSekABNUWva3145JGlGhCcdKNV0n0X6GpWaE00HeSxVNMOnhDm0aKnBElZ+NHhqgQ6O0URhLU0KjkTo9keFIqX4UmM4I666a9Ybif14z1eGVnzGRpJoKMl4UphzpGA3TQW0mKdG8bwgmkplbEeliiYk2GeZNCO7sy/OkViq6F8Xzu7NC2ZnEkYN9OIBjcOESynALFagCgSd4gTd4t56tV+vD+hy3LliTmT34A+vrF2BenCI=</latexit>

! 12|! ! = " 3|! !

<latexit sha1_base64="WeW6bT2O35rc7j0P2s+FaKgz+nk="></latexit>

!RS|V |! V "
!RS|! V "

=
!

i<j

"
vc(r ij ) # 3v! (r ij ) + v" (r ij ) # 3v"! (r ij )

#
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• Three-nucleons potential adjusted to reproduce the energy of 3H.

R. Schiavilla, AL, PRC 103, 054003 (2021)

<latexit sha1_base64="Kn1Ao0R9Hqm4sEsogGYkh0vnTDc="></latexit>

Vijk ! cE

!

cyc

e! ( r 2
ij + r 2

jk ) /R 2
3

SOLVING THE DEUTERON 
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VMC+NQS: UNDERSTAND NUCLEAR FORCES



NEUTRON STARS

55 Image Credit: Jane Kim
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BACKUP
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GITHUB REPOSITORY
https://github.com/alelovato/EIC_School/

https://github.com/alelovato/EIC


QUANTUM HARMONIC OSCILLATOR
Let us consider the prototypal problem of a collection of A independent (decoupled) quantum 
Harmonic oscillators, in N dimensions with unit mass

59

We assume a variational wave function of the exponential form

<latexit sha1_base64="Y483vpo3Q47yb4l8B6eB8d0mBB0="></latexit>

H = !
1
2

A!

i =1

" 2
i +

A!

i =1

r 2
i

2

<latexit sha1_base64="alQyJYyySeQ+nqcIXiZ43m94k+0="></latexit>

! V (R) ! " R|! V #= exp

!

$ b
A"

i =1

r 2
i

#

Note that the exact ground state is recovered by taking b = 1/2

<latexit sha1_base64="TmM4aEyDPwnGZPUHQqCzP52bX5A="></latexit>

! 0(R) = exp

!

!
1
2

A"

i =1

r 2
i

#
<latexit sha1_base64="jLF/Q23aLGFrhUoBv+lGGn3a4OI=">AAACDHicbVDLSsNAFL2pr1pfVZduBovgKiTF10aoiOBKKtgHNKFMppN26OTBzEQoIR/gxl9x40IRt36AO//GaRtBWw8MHM45lzv3eDFnUlnWl1FYWFxaXimultbWNza3yts7TRklgtAGiXgk2h6WlLOQNhRTnLZjQXHgcdryhpdjv3VPhWRReKdGMXUD3A+ZzwhWWuqWK1ddC52jC+QoFlCJbn6I4wtMUjtLq5lOWaY1AZondk4qkKPeLX86vYgkAQ0V4VjKjm3Fyk2xUIxwmpWcRNIYkyHu046mIdYL3XRyTIYOtNJDfiT0CxWaqL8nUhxIOQo8nQywGshZbyz+53US5Z+5KQvjRNGQTBf5CUcqQuNmUI8JShQfaYKJYPqviAywbkHp/kq6BHv25HnSrJr2iXl8e1SpmXkdRdiDfTgEG06hBtdQhwYQeIAneIFX49F4Nt6M92m0YOQzu/AHxsc38TWZpg==</latexit>

E0 = A ! N !
1
2



QUANTUM HARMONIC OSCILLATOR
The local energy is the sum of the kinetic and potential contributions

60

The kinetic energy involves the second derivative of the variational wave function 

<latexit sha1_base64="vvLhVUlzAhJMetFYr9n2zWz+9uI="></latexit>

EL (R) !
"R|H |! V #

"R|! V #
=

"R|T|! V #
"R|! V #

+
"R|V |! V #
"R|! V #

<latexit sha1_base64="LWIab2CJ4Iu2pFdH3SYywK1/WCg="></latexit>

TL (R) = !
1
2

A!

i =1

" 2
i ! V (R)
! V (R)

= !
1
2

A!

i =1

(! 2bN + 4b2r 2
i ) =

A!

i =1

(bN ! 2b2r 2
i )

Let us first compute the first derivative analytically 
<latexit sha1_base64="jE91cdW0r6WSMf+P1ccby43gQzQ=">AAACF3icbVDLSsNAFJ34rPUVdelmsAh1YUiKr41QcOOyin1AE8JkOmmHTiZhZiKU0L9w46+4caGIW935N07aLGrrgQuHc+7l3nuChFGpbPvHWFpeWV1bL22UN7e2d3bNvf2WjFOBSRPHLBadAEnCKCdNRRUjnUQQFAWMtIPhTe63H4mQNOYPapQQL0J9TkOKkdKSb1ouRwFDPoVuQ1K/Vb0/gdfwtBa4EVKDIMzEeNbzzYpt2RPAReIUpAIKNHzz2+3FOI0IV5ghKbuOnSgvQ0JRzMi47KaSJAgPUZ90NeUoItLLJn+N4bFWejCMhS6u4ESdnchQJOUoCnRnfq2c93LxP6+bqvDKyyhPUkU4ni4KUwZVDPOQYI8KghUbaYKwoPpWiAdIIKx0lGUdgjP/8iJp1Sznwjq/O6vUrSKOEjgER6AKHHAJ6uAWNEATYPAEXsAbeDeejVfjw/icti4ZxcwB+APj6xfZEJ3N</latexit>

! i ! V (R) = " 2br i ! V (R)

So that: 
<latexit sha1_base64="Fefdvvq/I/jqM16E1NPiDZg7CBo="></latexit>

! 2
i ! V (R) = ( " 2Nb + 4b2r 2

i )! V (R)

<latexit sha1_base64="YrRMT5TKeGDO8o4shXDwXd01Ias="></latexit>

TL (R) =
A!

i =1

(bN ! 2b2r 2
i )



QUANTUM HARMONIC OSCILLATOR
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The potential energy is more immediate to evaluate, as it is diagonal in coordinate space

The total energy then reads
<latexit sha1_base64="z/gZeFd9eOnB8aOZ8roxAI4JEdg="></latexit>

EL (R) =
A!

i =1

"
bN +

#
1
2

! 2b2
$

r 2
i

%

<latexit sha1_base64="q4i0i9ortsANMYais3kP0NZBS0I=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5AUX5tCxY0LF1XsA5o2TKaTdujkwcxEKCF/4cZfceNCEbe682+ctFlo64ELh3Pu5d573IhRIU3zWyssLa+srhXXSxubW9s7+u5eS4Qxx6SJQxbyjosEYTQgTUklI52IE+S7jLTd8VXmtx8IFzQM7uUkIj0fDQPqUYykkhzdaDk3lbtjWIO2iH0noTUr7V9C2+MIJ7aP5Mj1Ep46tF9Nk2rq6GXTMKeAi8TKSRnkaDj6lz0IceyTQGKGhOhaZiR7CeKSYkbSkh0LEiE8RkPSVTRAPhG9ZPpXCo+UMoBeyFUFEk7V3xMJ8oWY+K7qzC4V814m/ud1Y+ld9BIaRLEkAZ4t8mIGZQizkOCAcoIlmyiCMKfqVohHSEUiVZQlFYI1//IiaVUN68w4vT0p1408jiI4AIegAixwDurgGjRAE2DwCJ7BK3jTnrQX7V37mLUWtHxmH/yB9vkDZKae1g==</latexit>

VL (R) =
A!

i =1

r 2
i

2

Question: what happens when b = 1/2?

Question 2: do you notice anything “strange”? 

<latexit sha1_base64="subSba2hfvsldQZT0R7pZMSE/oA=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARKkhJireNUJGCC5Eq9gJNCJPppB06uTAzEUrIS7jxVdy4UMSt4M63cdpG0NYDAx//fw5nzu9GjAppGF9abm5+YXEpv1xYWV1b39A3t5oijDkmDRyykLddJAijAWlIKhlpR5wg32Wk5Q4uRn7rnnBBw+BODiNi+6gXUI9iJJXk6Ac156p0uw/P4Dm0JPWJgNc/YHkc4cRMk0qq/JpjOHrRKBvjgrNgZlAEWdUd/dPqhjj2SSAxQ0J0TCOSdoK4pJiRtGDFgkQID1CPdBQGSK21k/FVKdxTShd6IVcvkHCs/p5IkC/E0HdVp49kX0x7I/E/rxNL79ROaBDFkgR4ssiLGZQhHEUEu5QTLNlQAcKcqr9C3EcqC6mCLKgQzOmTZ6FZKZvH5aObw2K1nMWRBztgF5SACU5AFVyCOmgADB7AE3gBr9qj9qy9ae+T1pyWzWyDP6V9fAPKGpwQ</latexit>

EL (R) = A ! N !
1
2

= E0



QUANTUM HARMONIC OSCILLATOR
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The potential energy is more immediate to evaluate, as it is diagonal in coordinate space

The total energy then reads
<latexit sha1_base64="z/gZeFd9eOnB8aOZ8roxAI4JEdg="></latexit>

EL (R) =
A!

i =1

"
bN +

#
1
2

! 2b2
$

r 2
i

%

<latexit sha1_base64="q4i0i9ortsANMYais3kP0NZBS0I=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5AUX5tCxY0LF1XsA5o2TKaTdujkwcxEKCF/4cZfceNCEbe682+ctFlo64ELh3Pu5d573IhRIU3zWyssLa+srhXXSxubW9s7+u5eS4Qxx6SJQxbyjosEYTQgTUklI52IE+S7jLTd8VXmtx8IFzQM7uUkIj0fDQPqUYykkhzdaDk3lbtjWIO2iH0noTUr7V9C2+MIJ7aP5Mj1Ep46tF9Nk2rq6GXTMKeAi8TKSRnkaDj6lz0IceyTQGKGhOhaZiR7CeKSYkbSkh0LEiE8RkPSVTRAPhG9ZPpXCo+UMoBeyFUFEk7V3xMJ8oWY+K7qzC4V814m/ud1Y+ld9BIaRLEkAZ4t8mIGZQizkOCAcoIlmyiCMKfqVohHSEUiVZQlFYI1//IiaVUN68w4vT0p1408jiI4AIegAixwDurgGjRAE2DwCJ7BK3jTnrQX7V37mLUWtHxmH/yB9vkDZKae1g==</latexit>

VL (R) =
A!

i =1

r 2
i

2

Question: what happens when b = 1/2?

Question 2: do you notice anything “strange”? 

<latexit sha1_base64="subSba2hfvsldQZT0R7pZMSE/oA=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARKkhJireNUJGCC5Eq9gJNCJPppB06uTAzEUrIS7jxVdy4UMSt4M63cdpG0NYDAx//fw5nzu9GjAppGF9abm5+YXEpv1xYWV1b39A3t5oijDkmDRyykLddJAijAWlIKhlpR5wg32Wk5Q4uRn7rnnBBw+BODiNi+6gXUI9iJJXk6Ac156p0uw/P4Dm0JPWJgNc/YHkc4cRMk0qq/JpjOHrRKBvjgrNgZlAEWdUd/dPqhjj2SSAxQ0J0TCOSdoK4pJiRtGDFgkQID1CPdBQGSK21k/FVKdxTShd6IVcvkHCs/p5IkC/E0HdVp49kX0x7I/E/rxNL79ROaBDFkgR4ssiLGZQhHEUEu5QTLNlQAcKcqr9C3EcqC6mCLKgQzOmTZ6FZKZvH5aObw2K1nMWRBztgF5SACU5AFVyCOmgADB7AE3gBr9qj9qy9ae+T1pyWzWyDP6V9fAPKGpwQ</latexit>

EL (R) = A ! N !
1
2

= E0



ZERO-VARIANCE PRINCIPLE
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The Monte Carlo variance vanishes for exact variational wave functions

<latexit sha1_base64="EJdpD1aPrca1GRRuWkIsAQ2//iM="></latexit>

! E V =

!
!E 2

L " # ! EL "2

Ns # 1

<latexit sha1_base64="NXR0rQjRUySDaVid7n/6eq9kQTE="></latexit>

EV ! " EL # $
1

Ns

!

R n

EL (Rn )
<latexit sha1_base64="eRPMyhYWaMhu6/thWSArwwtUi48="></latexit>

!E 2
L " #

1
Ns

!

R n

E 2
L (Rn );

For an exact variational wave function, the local energy is independent of the sample
<latexit sha1_base64="Vt3Wof+BtJBYPxC6HzqUFxJ/IIk="></latexit>

EL (R) !
"R|H |! V #

"R|! V #
= E0

"R|! V #
"R|! V #

= E0

;

As a consequence:
<latexit sha1_base64="fjaLTzshh6BPUKgpO3rSUK5azvQ=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWwdUwI942QkEEFy4q2At0SsmkZ9rQTGZIMkIZihtfxY0LRdz6FO58G9N2Ftr6Q+DLf84hOX+QcKa0635bhYXFpeWV4mppbX1jc8ve3qmrOJUUajTmsWwGRAFnAmqaaQ7NRAKJAg6NYHA1rjceQCoWi3s9TKAdkZ5gIaNEG6tj7/mciB4HfN25xb6c8qW5uR277DruRHgevBzKKFe1Y3/53ZimEQhNOVGq5bmJbmdEakY5jEp+qiAhdEB60DIoSASqnU1WGOFD43RxGEtzhMYT9/dERiKlhlFgOiOi+2q2Njb/q7VSHV60MyaSVIOg04fClGMd43EeuMskUM2HBgiVzPwV0z6RhGqTWsmE4M2uPA/1Y8c7c07vTsoVJ4+jiPbRATpCHjpHFXSDqqiGKHpEz+gVvVlP1ov1bn1MWwtWPrOL/sj6/AHf9JXA</latexit>

!EL " = E0

<latexit sha1_base64="HbqX0RzbuU2rG0LaXb0kpXXHpNo=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECyCq2Gm+NoIBSm4cFHBtkKnlkyaaUMzmSHJCKV05cZfceNCEbd+gzv/xrSdhbYeuHByzr3k3hMknCntut9WbmFxaXklv1pYW9/Y3LK3d+oqTiWhNRLzWN4FWFHOBK1ppjm9SyTFUcBpI+hfjv3GA5WKxeJWDxLainBXsJARrI3Utvd9jkWXU1S5L7WvkS+nrwtUabtGsYuu406A5omXkSJkqLbtL78TkzSiQhOOlWp6bqJbQyw1I5yOCn6qaIJJH3dp01CBI6paw8kZI3RolA4KY2lKaDRRf08McaTUIApMZ4R1T816Y/E/r5nq8Lw1ZCJJNRVk+lGYcqRjNM4EdZikRPOBIZhIZnZFpIclJtokVzAheLMnz5N6yfFOnZOb42LZyeLIwx4cwBF4cAZluIIq1IDAIzzDK7xZT9aL9W59TFtzVjazC39gff4ASweXCA==</latexit>

!E 2
L " = E 2

0

<latexit sha1_base64="6HxS0iMMvXW0Q+cJ3lSiYrsnh/0=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgKiTiayMURHBZwT6gDWEynbZDZyZhZlIooX/ixoUibv0Td/6N0zYLrR64cDjnXu69J04508b3v5zSyura+kZ5s7K1vbO75+4fNHWSKUIbJOGJasdYU84kbRhmOG2nimIRc9qKR7czvzWmSrNEPppJSkOBB5L1GcHGSpHrdjUbCBzld1Fzim6QH7lV3/PnQH9JUJAqFKhH7me3l5BMUGkIx1p3Aj81YY6VYYTTaaWbaZpiMsID2rFUYkF1mM8vn6ITq/RQP1G2pEFz9edEjoXWExHbToHNUC97M/E/r5OZ/nWYM5lmhkqyWNTPODIJmsWAekxRYvjEEkwUs7ciMsQKE2PDqtgQguWX/5LmmRdcehcP59WaV8RRhiM4hlMI4ApqcA91aACBMTzBC7w6ufPsvDnvi9aSU8wcwi84H980oJKs</latexit>

! E V = 0
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