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Microscopic (or ab initio) Description of Nuclei

that describes quantitatively and predictably
nuclear structure and reactions

Requirements:

1. Accurate understanding of the interactions/correlations between
nucleons in paris, triplets, ... (two- and three-nucleon forces)

2. Accurate understanding of the electroweak interactions of
external probes (electrons, neutrinos, photons) with nucleons,
correlated nucleon-pairs, ... (one- and two-body electroweak
currents)

3. Computational methods to solve the many-body nuclear
problem of strongly interacting particles

Erwin Schrodinger

HY =EY



1. Many-nucleon Interactions

The energy of the nucleus is approximated by the many-body Hamiltonian

H=T+V = Zt + ) v+ Y Vit -

1<J 1<g<k

where v and V are two- and three-nucleon operators
correlatlng nucleons in pairs and triplets.

The derivation of these operators is based on experimental data
fitting with parameters that subsume underlying QCD.

The non-relativistic description is justified by the observation that
nucleon typical velocity inside the nucleus v? ~ 0.05.




2. Many-nucleon Electroweak Currents

J4 Vd

one-body two-body

Many-nucleon electroweak currents describe the
interaction of external electroweak probes
(electrons, , , ...) with single
nucleons and pairs of correlated nucleons.

Nuclear Charge Operator
A

p:Zpﬁ-Zpi,ﬁ-...

i=1 1<J
Nuclear (Vector) Current Operator

A
Jj= ij‘ + Zjij + ...
i=1

i<y




Many-nucleon forces & electroweak currents: history

1930s: Yukawa potential

[ J
o
e 1950-1990: Highly sophisticated ~"'phenomenological” potential based on meson exchange theory
e 1990-: Effective field theory approach
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Chiral Effective Field Approach

XEFTs preserve the symmetries exhibited by QCD, especially the approximated chiral symmetry, to
constraint the interactions among pions, nucleons, deltas, and external

The pion couples with nucleons, deltas, ... by power of its momentum, with a strength specified by
unknown Low Energy Constants (LECs).

LEC*Q | - - -

N

S. Weinberg, Phys. Lett. B251, 288 (1990); Nucl. Phys. B363, 3 (1991); Phys. Lett. B295, 114 (1992)




Chiral Effective Field Approach

XEFTs provide Lagrangians 1’s, N’s, A’s, ... interactions that are expanded in powers n of the
perturbative (small) parameter Q/Ax where the LECs are the coefficients of the expansion:

Lefr = |£7(r2) (M, Fy) + £ (lh,...7)

HE® (90) + £5 (mcr, . 2) + £8) (dr,...28) + L8y (ex,... 1)
=h ‘cl(\?IZI (CSa CT) ~5 ‘Cl(\IN (Cl,...,7) Iz ‘CNN (Dl,...,12) + ES}%{N (D) e

e (B) + Ly (Br,...10) 5

NAx ~ 1 GeV sets the scale where the low-energy approximation breaks down.

S. Weinberg, Phys. Lett. B251, 288 (1990); Nucl. Phys. B363, 3 (1991); Phys. Lett. B295, 114 (1992)




Nuclear force at the lowest order

The nuclear force in the lowest orders in the chiral expansion is based on
the effective Lagrangian

il 1 - 1
£O = Z§.x. 01 — ~M?*n?2+ Nt i00+g—ATE-V7r——T- X)) | N
o 2 2F 4F?

1 1
— 5(Js(z\m\f)u\mv) - §CT(NT5N)(NT(?N) + ...,

LEC*Q| - - -




Chiral Effective Field Approach

Due to the chiral expansion, many-nucleon operators can in principle be derived at the desired degree of
accuracy in perturbative expansion parameter (Q/Ax)" with a theoretical error set by the terms left out with
with k>n. This is called

1

1—x

= Zx”: l4x4+x2+x...
n=0

Perturbative techniques are then restored in the low-energy regime.

ChiEFT : x ~ Q/Ax
Large N, : x~ 1/N_

S. Weinberg, Phys. Lett. B251, 288 (1990); Nucl. Phys. B363, 3 (1991); Phys. Lett. B295, 114 (1992)



Chiral Effective Field Approach

The systematic expansion in the perturbative (small) parameter Q/Ay naturally gives the observed scaling
of the many-body operators:

< ﬁ> 1—body > < ﬁ>2—b0dy > < ﬁ> 3—body

Many-nucleon interactions and currents derived consistently within the same theoretical framework.

The LECs are unknown and increase with increasing n. Need a strategy to determine the LECs without
impinging on the predictive power of the theory.

S. Weinberg, Phys. Lett. B251, 288 (1990); Nucl. Phys. B363, 3 (1991); Phys. Lett. B295, 114 (1992)



1. Many-nucleon interactions

A
H:T—FV:ZQ—FZUU—F Z ‘/;7/.(;4-
i=1 1<J

i<j<k




Strong vertices implied by Chiral EFT: Q'

e ) ~Q
} k, a ‘
H._NN H:na

HﬂNN:%—A deT(x) [O'-TaN(x) — Vo.nN = —1=—

™

h
Hova = 22 / dx AT(x) [S - Vra(0)] TaN(x) —> Vina = —dod

1 T . .
WQ(X) = zp: ﬁ [Cp,ae P 4 h.C.] Pion field Known LECs
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Strong vertices implied by Chiral EFT: Q° and Q?

Cs, Cr Ci
- X ~a(
Hero Hero

FS:1, I'r=o /

Unknown LECs

/ 2
Homs = 1 [ ax [[VIVN]?+ (9) NP N é}@l.pﬁp’l-p;w@?



Amplitude in time-ordered perturbation theory

The many-nucleon operators are obtained by direct evaluation of the transition amplitude.

vij < (N'N’ | T | NN) = (N'N’ |

(o%e) n—1
1
—H, | NN)
— \Ei —|Hot+in

Interacting Tr, N, and A, Hamiltonians Free T, N, and A Hamiltonians
implied by the chiral Lagrangians

After insertion of complete sets of eigenstates of H, the transition amplitude reads

1
(FIT |0y =(f |Hil 7) ‘|‘Z<f |H,| 11>E- o +7;77<11 |H,| )
nI !
1 1 .
+Z<f |H, | I2>Ei —E2+i17<]2 |H, | [1>E¢ ) +i77<11 [Hil 4) + ...

I, I2

P a0 B



Power counting

The power counting is a naive way to estimate the size of each contribution to the transition amplitude

N a; = # of derivatives (momenta) in Hq;

HQO”_BZ’/? x Q-1 O3L B; = # of 's;

i1 S—g— St N = # of vertices; N — 1 = # of intermediate states;
- _~ denominators loop integration E = # of IOOpS

Hjscaling

H; scaling~ Q' x Q' x Q' xQ 2~ Q!
~—~ ~— ~—
Hﬂ’NA Hﬂ'7rNN H‘rrNA

1 1 1 1
;-
Ei-H0| ) 2mpy — (ma + my + wy) ma — MmN + Wy Q

denominators ~

neglecting nucleons’ kinetic energies; static limit.

(22:Q1 XQ_2 XQ3




Technicalities |: reducible diagrams

Reducible diagrams are accounted for in the iterated solution of the Schrodinger Eq.

v+vGov+vGovGov—+ ...
Two strategies have been developed to avoid double counting of these terms:

1.  The method of the unitary transformation (Bochum-Bonn group) Epelbaum at al.
Nucl. Phys. A 671, 295 (2000); Nucl. Phys. A 714,535 (2003); Nucl. Phys. A 747, 362 (2005);
Epelbaum, Krebs, Patrick, Frontiers in Physics, 8 (2020); Kélling et al. PRC80(2009)045502 & PRC84(2011)054008
2. Order by order subtraction of the Lippmann-Schwinger terms from the transition amplitude

(JLab-Pisa group) SP et al. PRC78(2008)064002, PRC80(2009)034004, PRC84(2011)024001,
PRC87(2013)014006



From amplitudes to potentials

QO = 70O
QoM = 70 (]|

Q2 @ = 7@ {[,© g, 0© Govm)}

Lippmann-Schwinger terms



Two-nucleon potential at leading order: Q°

k
’
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Two-nucleon potential at NLO (no Delta’s): Q?

7 new unknown LECs that multiply contact terms with 2 derivatives acting on the nucleon fields (V N).

Operators at NLO

=Y v (r)OF
V12 ;vlz() 12 [012:[1,0-1-Gz,Slz,L.S]@)[l,Tl-TZ]]

LECs are determined through fits to the NN scattering data, for different values of cutoff used to
remove singularities at small r (or large q), and for different representations of the contact
interactions.



Technicalities Il: Cutoff

Operators in ChiEFT have a power law behaviour in Q.
Cutoff are introduced to remove divergences at large Q.
For example, one could use:

CA = e_(Q/A)n

However, n should be large enough so as to not generate spurious contributions:

CAf\Jl—(%) + ...

For each value of the cutoff lambda, one should re-fit the LECs to the data.



A simple nucleon-nucleon potential at N2LO
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SP et al. PRC80(2009)034004



Hierarchy of the chiral many-nucleon interaction

Chiral 2N Force Chiral 3N Force

A-less Additional in A-full A-less Additional in A-full
LO LO
¢ B

Q MA —my ~ 2y
NLO Qé‘i:;|::::= H"3"11|U:W??‘W:“ NLO \M Including the delta

Q

v [ : : | th
L - _— convergence of the
/’ NLO [ chi expansion.

NNl 7 R ¢ IR

Q / SN !_ECS are

/ | s L I;alttur.ated by the

N°LO Qﬂi ﬁiH,ﬁi{\l ‘«\ N?}‘O -

| /// |
N;;() |H+ N(;() Prog.Part.Nucl.Phys. 137

(2024) 104117



ChiEFT interactions: references

ChiEFT many-nucleon interactions have been extensively developed in the past two decades. A very
incomplete list of references is provided below:

Reinert, Krebs, Epelbaum (Springer Proc. Phys. 238497-501 (2020)

Entem and Machleid (Phys.Rept.503(2011)1)

Ekstrom et al. (PRL 110, 192502 2013;JPG 42, 034003 2015)

Epelbaum et al. (PRL.112, 102501, 2014; EPJ A 51, 53 2015; PRL. 115, 122301, 2015)
Entem et al. (PRC 91, 014002,2015; PRC 92, 064001 2015, PRC 96, 024004 (2017)

Many-nucleon ChiEFT interactions suitable for Quantum Monte Carlos methods have been developed in:

Gezerlis et al. (PRL 111, 032501 2013, PRC 90, 054323 2014); Lynn et al. (PRL 113,192501, 2014)
Piarulli et al. (PRC 91, 024003 2015,PRC 94, 054007 2016)



Norfolk Two-body Potentials
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Granada database (2700-3700 data
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NV2-| fits data up to 125 MeV
NV2-Il fits data up to 200 MeV

/
Contact terms functional representation
CRS (T) 6_(T/RS)2

B 73/2R3

- J

Singularities are removed using
Cro(r) =1— -

N (r/Ry)® et —R/as 41

RL, RS cutoff parameters

NV2-a: 1.2, 0.8 fm
NV2-b: 1.0, 0.7 fm




Norfolk Three-body Potentials

—-——[_—— /l‘/ Cg Cp S

3 LECs fixed on pion-nucleon

observables N

LECs cp and cpare fitted to:

trinucleon B.E. and nd doublet scattering length <" - :

Baroni et al. PRC98(2018)044003




Energies with Norfolk potentials
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ChiEFT many-nucleon interactions

Chiral interactions constrained only in the 2N and 3N sector explain the spectra of A<= 12 nuclei within
1-2% of expt data. This result can be regarded as a validation of the microscopic approach of nuclear
properties emerging from nucleonic dynamics.

Robust uncertainty quantification of the theoretical error is possible.

The interactions are expressed in terms of OPE, TPE and contact like contributions with strengths
specified by LECs.

The determination of LECs require development of strategies to efficiently optimize the interactions.

The presence of regulators and functional representations of the short-range interactions slightly spoils
the claimed consistency of chiral interactions and currents.



Optimization of Nuclear Two-body Interactions
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2. Many-nucleon Electroweak Currents

J4 Vd

one-body two-body

Many-nucleon electroweak currents describe the
interaction of external electroweak probes
(electrons, , , ...) with single
nucleons and pairs of correlated nucleons.

Nuclear Charge Operator
A

p:Zpﬁ-Zpi,ﬁ-...

i=1 1<J
Nuclear (Vector) Current Operator

A
Jj= ij‘ + Zjij + ...
i=1

i<y

» .
LY .
correlated partner
\ proton or neutron




Electromagnetic currents in ChiEFT

The construction of the current operators follows the prescription outlined for the strong interactions

o0 1 n—1
=A% p—Ajoc (N'N' | T| NN:~) = (N'N' | H H NN:
= A A (VN | TI NN = NN L () V50)

Terms generated in the Lippmann-Schwinger equation are subtracted from the transition amplitude:

3 (=3) _ 7(-3) - .
Q”° vy =T] - N &P &L
Q2 vg_z) = T,§*2) — vg_g) Go 00 4 (@) Go vg—?’)} , " Y e
: - q
Q! vg_l) = Tv(_l) ~ vg_?’) G 'Y Gyu® 4 permutations] 1 2 1 2
i 'vg—m Gov© + 4@ G, Ug—m} ,

- J




Electromagnetic vertices implied by Chiral EFT

~eQ° ~eQ° ~eQ
H, NN H,.na H,rr H,cr

“"Minimal” Hamiltonians
Minimal Hamiltonians are obtained by minimal substitution in the 1T- and N-derivative
couplings (p — p + e A).
Vre(x) — [VFieA(x)] ¢ (x)
VN(x) — [V—ieeyA(Xx)|N(x), ey =(14+1;)/2

This ensures consistency between the strong and electromagnetic sectors. Moreover, the strong and
the corresponding minimal electromagnetic vertices share the same LECs.



Electromagnetic vertices implied by Chiral EFT

! U ! ! !’
dg, dy, di Ci5, Clg
:’% /
, X
e
(2)
Hn,,mz\;y HCT“, ,nm

“"Non-minimal” Hamiltonians

Non-minimal Hamiltonians are generated by electromagnetic tensor interactions with the
hadrons.

Fuy = (duAy — dvAy)

They involve 5 new unconstrained LECs.



Vector electromagnetic current at N3LO

LO :j2 ~eQ 2

5

NLO :j=Y ~eQ1 7

5

- l'%'i OPE long range

2 . 3(=0 0 L. .
NZLO 1§ ~ eQ »/+ One-body relativistic corrections

wor- (Rl F
I H

|§1 J TPE intermediate range

unknown LEC's=» -rrl‘,—'

X

There are no three-body
currents at this order.

5 LEcs need to be determined
in order to constrain the current
operator.

Analogous expansions have
been derived for the
electromagnetic charge
operator. There, two-nucleon
contributions appear at N3LO.



A fitting strategy

ds,dy,dy A
J 1 X Isovector HJ+ J 1

. dY = 4u*hy /9my(mp —my) and
S 4V Vv

&, d;, and'a’2 could be determined by d?/ — 025 % dV

%7-production dat on the nucleon assuming A—resonance saturation

Left with 3 LECs: Fixed in the A = 2 — 3 nucleons’ sector

* Jsoscalar sector:
* % and ¢ from EXPT p, and pus(CH/ He)

* Jsovector sector:

* ¢V from EXPT npdy xsec.
or
* ¢V from EXPT uy(H/He) m.m.

* Regulator C(A) = exp(—(p/A)*) with A = 500 — 600 MeV



An order by order prediction

np capture x-section/ uy of A = 3 nuclei
bands represent nuclear model dependence [NN(N3LO)+3N(N2LO) — AV18+UIX]

360
3.3 —-1.8
L u,CH/ He)
340 |-
i 2
20 ————————
22
e T =
= £
300 — 1o _— 24
- | — NLO
N3LO (no LECs) -2.6
I N3LO (full)
260 |— EXP 23
L | | |
500 600
A (MeV) A (MeV)

* npdy x-section and uv(3H/3He) m.m. are within 1% and 3% of EXPT

+ negligible dependence on the cutoff

Observables o< (¥r|j|¥;)



Error bands
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PRC86(2012)047001 & PRC87(2013)014006



Phenomenological vs Chiral Approach

B Y (@) Y (b) 7
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61 U ]

| EXP ] EXP 060
B N3LO(full) ]
0.4 N3LO(full) m 40
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Girlanda et al. PRL105(2010)232502

Observables o< (¥ j|¥;)

Power Counting doesn’t know about suppressions/cancellations at LO
Suppression at LO is a nuclear feature due to “pseudo-orthogonality” of initial and final wave functions

Observable sensitive to many-body components



Electromagnetic currents from ChiEFT

ChiEFT currents consist of OPE, TEP, and contact like contributions. At N3LO, there are 5 LECs to be
determined.

OPE EM vector current appears at NLO, OPE charge operators appear at N3LO.

ChiEFT currents are qualitatively in agreement with phenomenological, currents. However, ChiEFT
provides a framework to systematically improve them

However there are challenges and open questions:

e numbers of LECs increases as higher orders are accounted for;
e the presence of cutoffs makes is hard to have a consistent description of nuclear interactions and

currents;
e Simple power counting not sufficient to predict the correct scaling of the operators; nuclear structure

effects can lead to non trivial suppressions and cancellations.



3. Many-body Nuclear Problem

Nuclear Many-body Hamiltonian rgﬂﬂﬂfiﬂf
H=T+V = Zt +> v+ D> Vie+ .
1<J <j<k
‘P(rl,rz, sy KA 5 8]580 5 wevsSA LT 5 T ...,tA) http://exascaleage.org/np/
Y are spin-isospin vectors in 3A dimensions with 24 x ﬁ components
' ' “He : 96
®Li: 1280
Develop Computational Methods to solve 8|_i - 14336

(numerically) exactly or within approximations that 12~ .
are under control the many-body nuclear problem C : 540572



Current Status
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Quantum Monte Carlo methods in a nutshell

VMC CVMC GFMC AFDMC

L B BN
12 ... , GFMC light systems A<12
=

§ AFDMC
10 .-
e CVMC light to medium-
i — AFDMC  heavy nuclei A~50
Al E > E, E = E,
minimization T propagation AFDMC infinite matter A— o0

Class of computational methods based on stochastic methods.
Required interactions in r-space.

J. Carlson et al., RMP. 87, 1067 (2015)



Variational Monte Carlo Methods

Minimize the expectation value of the nuclear Hamiltonian: H=T +ov.. + Vl.jk

J
\IJV H \Ijv

By=+_"—_"7
YT ey T

using the trial wave function:

| @4 (JMTT3))

ch rlj

i<j

|1PV yH1+UU+ZU1/L
i<j k#i.j

* single-particle ®4 (JMTT3) is fully antisymmetric and translationally invariant
* central pair correlations f.(r) keep nucleons at favorable pair separation

* pair correlation operators Uj; reflect influence of v;; (AV18)

.
3

triple correlation operators U reflect the influence of V. (IL7)

Lomnitz-Adler, Pandharipande, and Smith NPA361(1981)399
Wiringa, PRC43(1991)1585



Diffusion Quantum Monte Carlo

Diffusion Monte Carlo methods [are used to project the exact ground state of a given Hamiltonian via a

propagation in imaginary time.

-

0
i W (t)) = (H - Br) [9(1))

(1)) = e E )

Real time

.

~

/

lim e
T—>00

Orthonormal basis of H

/

o

~

2 (H — Bg) [9(7))

1¥()) =

(7)) = e H=EOT[Tr)

/

Imaginary time

—(H—Eo

7 |Wr) oc coto.



Green’s Function Monte Carlo
U(r) = expl—(H — Bo)r| ¥y = 3 exp[~(En — Fo)r]antn
W(r — o0) = aoto
The time evolution is carried out in small steps in imaginary time
(7)) = [e-E=E)A7]" |wy)

This procedure allows to further improve the variational
wave function by removing excited states contaminations.

E(t) (MeV)

-20

-30

-50
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=3
T L

* 0 . .
» ¢ & (@ B @ I N
L

To0s T or T ois T oz
T (MeV!)

Wiringa et al. PRC62(2000)014001




Expectation values and mixed estimates

Ideally the evaluation of operators would be done between two propagated waves as

(¥(7)|O]¥ (7)) o e i

O = ") "

In practice, we evaluate a “mixed” estimates

0() = f<\<P‘I(’E’)C|)(|)‘LTT()T>)>i ~ (O(T))Mixed <0(T)>];/ﬁxed —(O)v
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