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First: Theoretical  framework for Polarized electron  
          DIS off Polarized Light Nuclei with Tagging	
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M = ū(k0, s0e)�
µ (1+�5/se)

2 u(k, se)
e2

q2 J
µ
A

Jµ

A

= � †
X

(p
x

, s
x

)�µ

" P
sN

u(pN ,sN )ū(pN ,sN )
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Off-Diagonal Terms
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Second: Final state interaction studies in Tagged-DIS
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Final State Interaction off the Spectator Nucleons 
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Feynman Mechanism

Minimal Fock Component
Approximation

�⇤N DIS Interaction
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Minimal Fock Component
Approximation

Feynman Mechanism
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- First term recovers PWIA contribution
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ψD(ps) →

∫
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NN(k) = δ3(ps − k) +
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t̂off shell
NN (ps,k)

k2
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s − iε

- First term recovers PWIA contribution

- Pole term cancels due to orthogonality 

- Non-Pole (off-shell) term accounts for FSI 

Feynman Mechanism

Tuesday, March 10, 15



W.Cosyn(&(M.S.,(PRC(2011( Data, Klimenko et al, PRC 2006
First data on e+ d ! e0p+X at large Bjorken x and moderate Q2
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W.Cosyn(&(M.S.,(PRC(2011(

!!For!the!DIS!processes!of!!!e+!d!!!e’!+!X!+!ps!

Data, Klimenko et al, PRC 2006

!!For!quasielas,c!of!!!e+!d!!!e’!+!pf!+!ps!

MS, PRC 2010 Data, Boeglin et al, PRL 2011

Tuesday, March 10, 15



Extend the FSI Calculations to Moderate to Small x ~ 0.1
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Third: Extracting Virtually “Free” Neutron Structure Function 
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ū(ps)Γd =< X|Jµ

em(Q2, ν, ps)
p/d − p/s + m

m2

N − t
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Md

) ≈ −
|εB |

2

Plane Wave Impulse Approximation

Chew and Low, 1959,  for n+d p+n+n

Polet = (ps � pd) ! m2
N
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N

(d)

Δ  

∫
dp0

s′

1

p2

s′
−m2

N
+ε

= − 2π
2Es′

AFSI =

∫
d3ps′

(2π)3
〈X, s|AFSI |X ′s′〉〈X ′|Jem(Q2, x)|N〉ū(pd − ps′)ū(ps′)

2Es′

Γd

m2
N − (pd − ps′)2

Introducing k = ps − ps′

AFSI =

∫
d3k

(2π)3
〈X, s|AFSI |X ′s′〉〈X ′|Jem(Q2, x)|N〉ū(pd − ps − k)ū(ps − k)

2(mN + Ts − k0)

Γd

−M2
d + 2Md(m + Ts − k0)

AFSI =

∫
d4ps′

i(2π)4
〈X, s|AFSI|X′s′〉〈X′|Jem(Q2

,x)|N〉ū(pd − ps′)ū(ps′)

p2
s′
− m2

N
+ ε

Γd

(pd − ps′)2 − m2
N

Loop Theorem

Final State Interaction
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∫

d3k

Md|εb| + 2MdTs − 2Mdk0

k0 =
√

m2
N

+ p2
s −

√

m2
N

+ (ps − k)2 =
"ps

"k

mN

−
k2

2mN

analytic continuation Ts → − |εb|
2

k2dk

2Md(
k2

2mN
)
→

1

2

N

(d)

Δ  N

(d)

Δ  

∼

const

Ts +
|εB |
2

const2

at Ts → −
|εB |
2
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FSI
2D(x, Q2, αs, pt) = S(αs, pt)

mNν

pq

×

[

(1 + cosδ)2(α +
pq

Q2
αq)

2 +
1

2
sin2δ

p2
t

m2

N

]

F eff
2N (x̃, Q2, α, pt),

FSI
1D(x, Q2, αs, pt) = S(αs, pt)

[

F eff
1N (x̃, Q2, α, pt) +

p2
t

2pq
F eff

2N (x̃, Q2, α, pt)

]

.

DWIA

DWIA

S
DWIA

∼

∣

∣

∣

∣

const1

t − m2
n

− const2

∣

∣

∣

∣

2

Analytic Property of Distorted Spectral Function

Extraction ProcedureExtracting “Free” Neutron Structure Function:
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Model Independent Model For FSI

SDWIA
V N = Es

Md

2(Md − Es)

[

Ψ2

d(ps)−

1

2

√

Md − Es

Es

Im

∫

d2kt

(2π)2
f(kt)

[

Ψ†
d
(ps)Ψd(p̃s) − iΨ†

d
(ps)Ψ

′
d(p̃s)

]

+

(

1

4

√

Md − Es

Es

)2
∣

∣

∣

∣

∫

d2kt

(2π)2
f(kt)[ψd(p̃s) − iψ′(p̃s)]

∣

∣

∣

∣

2



 ,

where p̃s ≡ (p̃sz, p̃st) = (psz − ∆V N , pst − kt)

∆V N = (Md+ν)
q

(Es − m) + W
2
−W

2

0

2q

where W 2 = (q + Md − ps)2 and W 2
0 = (q + m)2.
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Extraction Factor

I(ps, t) =
1

Es

(m2

N − t)2

[Res(Ψd(Tpole))]2
·

1
mN ν

pq

[

(1 + cosδ)2(α + pq
Q2 αq)2 + 1

2
sin2δ

p2

t

m2

N

] ,

“Free” Nucleon Structure Function 

F extr
2N (Q2, x, t) = I(ps, t) · F

SI,EXP
2D (x, q2, αs, pt),

t → m2
n

or Ts → −
|εB

2

F extr
2N

is a quadratic function of t
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Second: Extracting “Free” Neutron Structure Function: Estimations

R =
F extr

2N (Q2, x, t)

F free
2N (Q2, x)

0

0.2

0.4

0.6

0.8

1

1.2

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
-(t-m2), GeV2

F 2ex
tr

/F
2fr

ee Q2=10 GeV2, x=0.7

Os=300

Os=900

Os=1500

(↵ > 1)

(↵ < 1)

W 2
N ⇡ ↵W 2

N,0 + (↵� 1)(Q2 �m2
N )

(↵ ⇡ 1)
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Second: Extracting “Free” Neutron Structure Function: Estimations

R =
F extr

2N (Q2, x, t)

F free
2N (Q2, x)

0

0.2

0.4

0.6

0.8

1

1.2

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
-(t-m2), GeV2

F 2ex
tr

/F
2fr

ee Q2=10 GeV2, x=0.7

Os=300

Os=900

Os=1500
Is not ideally quadratic, 

due to higher mass poles

(↵ > 1)

(↵ < 1)

W 2
N ⇡ ↵W 2

N,0 + (↵� 1)(Q2 �m2
N )

(↵ ⇡ 1)

Tuesday, March 10, 15



t = m
2

n

Extrapolation to the pole

0.9923, 0.9888x=0.8

x=0.9 0.9868, 0.9828

54MeV/c,   89MeV/c,  114MeV/c

Ps Points fitted

PWIA,   DWIA

↵s = 1

0.9983, 0.9946

1.0078, 1.0036

VN
LF

LF
VN
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Forth: Conclusion and Outlook     

- Working to  develop a theoretical framework for ~e+ ~A ! e0 +NS +X

at collider reference frame & kinematics

reactions

- Studies of DIS FSI for Tagged Reactions

- Pole extrapolation procedures for spectator N and 2N 
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Some additional slides

~e+ ~A ! e0 +NS +X reactions
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(a) (b)

(a) (b)

Figure 1: IA (a) and FSI (b) diagrams

where four independent nuclear structure functions, F D
L,T,TL,TT depend on Q2, x,αs, pst, with

αs = 2Es−pz
s

mD
being light cone momentum fraction of the deuteron carried out by recoil nucleon.

The latter is normalized in such way that the sum of αs +α = 2, where α is the similar quantity
for the target nucleon. The Bjorken x = Q2

2mN ν
and y = ν

Ee
. The z axis aligned in the direction

of "q. In many practical considerations one integrates over the azimuthal angles φ of the recoil
nucleon, which yields:

dσ

dxdQ2d3ps/Es

=
4πα2

em

xQ4
(1 − y −

x2y2m2
n

Q2
)

[

F SI
2D + 2tan2(

θ

2
))

ν

mN

F SI
1D

]

, (3)

where: F SI
2D(x, Q2,αs, pt) = F D

L + Q2

2q2

ν
mN

F D
T and F SI

1D(x, Q2,αs, pt) = F D
T

2 .

The theoretical description of the reaction (1) at not very large values of ps < 700MeV/c
is based on the assumption that it proceeds through the interaction of virtual photon off one

of the bound nucleons in the deuteron with subsequent recoiling of the spectator nucleon in

the final state of the reaction. Two main diagrams will contribute to the cross section of the

reaction (1): impulse approximation (IA) (Fig.1a) and diagrams representing the rescattering of

the recoil nucleon off the products of the DIS scattering (Fig.1b), which we will refer as final

state interaction (FSI) diagrams.

2.1 Impulse Approximation (IA)

In IA the recoil nucleon is a spectator of γ∗ scattering off the bound nucleon N . One can apply
Feynman diagram rules to write down the IA amplitude in a formal form (see e.g. [12, 13]):

Aµ
IA =< X|Jµ

em(Q2, ν, ps)
p/d − p/s + m

m2
N − (pd − ps)2

ū(ps)Γd =< X|Jµ
em(Q2, ν, ps)

p/d − p/s + m

m2
N − t

ū(ps)Γd

(4)

where Γd is the covariant d → pn transition vertex which is not singular at the pole of the struck
nucleon propagator, and Ĵµ

em(Q2, ν, x) represents the electromagnetic DIS operator of electron
scattering off the bound nucleon. Here we suppressed the polarization indices of the deuteron

and the nucleons.

4

ΨNR
d (ps) =

ū(ps)ū(pd − ps)Γd

2
√

(2π)3Es m2
n − (pd − ps)2

Plane Wave Impulse Approximation

Virtual Nucleon (VN) Approximation

F.Gross
Relativistic Quantum Mechanics

& Field Theory 1993
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N

(d)

Δ  N

(d)

Δ  

2

Virtual Nucleon (VN) Approximation

F
D,(V N)
L,T,TL,TT = SV N (αs, pt) FN

L,T,TL,TT (x, Q2, αs, pt)

where SV N is deuteron spectral function normalized as:
∫

SV N (αs, pt)(2 − αs)dαsd
2pt = 1

∫
SV N (αs, pt)(2 − αs)

2dαsd
2pt < 1

Can be modeled

SV N (αs, pt) = Es
Md

2(Md − Es)
Ψ2

d(ps)

Es =

√

m2

N
+ p2

s

Md − Es = Eoff
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FSI
2D(x, Q2, αs, pt) = S(αs, pt)

mNν

pq

×

[

(1 + cosδ)2(α +
pq

Q2
αq)

2 +
1

2
sin2δ

p2
t

m2

N

]

F eff
2N (x̃, Q2, α, pt),

FSI
1D(x, Q2, αs, pt) = S(αs, pt)

[

F eff
1N (x̃, Q2, α, pt) +

p2
t

2pq
F eff

2N (x̃, Q2, α, pt)

]

.

Virtual Nucleon (VN) Approximation

Tuesday, March 10, 15



Plane Wave Impulse Approximation

(a) (b)

(a) (b)

Figure 1: IA (a) and FSI (b) diagrams

where four independent nuclear structure functions, F D
L,T,TL,TT depend on Q2, x,αs, pst, with

αs = 2Es−pz
s

mD
being light cone momentum fraction of the deuteron carried out by recoil nucleon.

The latter is normalized in such way that the sum of αs +α = 2, where α is the similar quantity
for the target nucleon. The Bjorken x = Q2

2mN ν
and y = ν

Ee
. The z axis aligned in the direction

of "q. In many practical considerations one integrates over the azimuthal angles φ of the recoil
nucleon, which yields:

dσ

dxdQ2d3ps/Es

=
4πα2

em

xQ4
(1 − y −

x2y2m2
n

Q2
)

[

F SI
2D + 2tan2(

θ

2
))

ν

mN

F SI
1D

]

, (3)

where: F SI
2D(x, Q2,αs, pt) = F D

L + Q2

2q2

ν
mN

F D
T and F SI

1D(x, Q2,αs, pt) = F D
T

2 .

The theoretical description of the reaction (1) at not very large values of ps < 700MeV/c
is based on the assumption that it proceeds through the interaction of virtual photon off one

of the bound nucleons in the deuteron with subsequent recoiling of the spectator nucleon in

the final state of the reaction. Two main diagrams will contribute to the cross section of the

reaction (1): impulse approximation (IA) (Fig.1a) and diagrams representing the rescattering of

the recoil nucleon off the products of the DIS scattering (Fig.1b), which we will refer as final

state interaction (FSI) diagrams.

2.1 Impulse Approximation (IA)

In IA the recoil nucleon is a spectator of γ∗ scattering off the bound nucleon N . One can apply
Feynman diagram rules to write down the IA amplitude in a formal form (see e.g. [12, 13]):

Aµ
IA =< X|Jµ

em(Q2, ν, ps)
p/d − p/s + m

m2
N − (pd − ps)2

ū(ps)Γd =< X|Jµ
em(Q2, ν, ps)

p/d − p/s + m

m2
N − t

ū(ps)Γd

(4)

where Γd is the covariant d → pn transition vertex which is not singular at the pole of the struck
nucleon propagator, and Ĵµ

em(Q2, ν, x) represents the electromagnetic DIS operator of electron
scattering off the bound nucleon. Here we suppressed the polarization indices of the deuteron

and the nucleons.

4

Light Front (LF) Approximation

ΨLC
d (αs, pst) =

Γd

2
√

(2π)3 (
4(m2+p2

st
)

αs(2−αs) − M2
d )

L. Frankfurt,  M. Strikman 
Phys.Rept. 1981

Tuesday, March 10, 15



N

(d)

Δ  N

(d)

Δ  

2

II) Taking the pole at the on-shell p+ = (Es+psz) value in the Light Cone Reference Frame

Light Front  (LF) Approximation

F
D,LC

L,T,TL,TT
=

SLC(αs,pt)

(2 − αs)2
FN

L,T,TL,TT(x,Q2, αs,pt)

where SLC is the Ligh Cone deuteron spectral function normalized as:

∫

SLC(αs,pt)

(2 − αs)

dαs

αs

d2pt = 1

Can be modeled (Frankfurt and Strikman (1976))

SLC(αs,pt) = EkΨ
2
LC,d(pk)

where

αs =
Ek + kz

Ek

pk =

√

m2
N

+ p2
t

αs(2 − αs)
− m2

N

ps+ =
m

2
N

+ p
2
t

mNαs

PD+ − ps+ = p+

∫
SLC(αs, pt)

(2 − αs)
dαsd

2pt = 1Baryonic Number
Conservation

Momentum Sum 
Rule
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Integrated Semi-Inclusive Cross section

dσ

dxdQ2d3ps/Es

=
4πα2

em

xQ4
(1 − y −

x2y2m2
N

Q2
)

[

FSI
2D + 2tan2(

θ

2
)

ν

mN

FSI
1D

]

F SI
2D(x, Q2, αs, pt) = A · S(αs, pt)

mNq0

pq

[

(1 + cosδ)2(α +
pq

Q2
αq)

2 +
1

2
sin2δ

p2

t

m2
N

]

F
eff
2N (x̃, Q2, α, pt)

F SI
1D(x, Q2, αs, pt) = A · S(αs, pt)

[

F
eff
1N (x̃, Q2, α, pt) +

p2

t

2pq
F

eff
2N (x̃, Q2, α, pt)

]

AV N = 1 and ALC = α−2

F SI
2D(x, Q2, αs, pt) = A · S(αs, pt) · α · F

eff
2N (x̃, Q2, α, pt)

F SI
1D(x, Q2, αs, pt) = A · S(αs, pt) · F

eff
1N (x̃, Q2, α, pt)

in the Bjorken limit Q2
→ ∞; q0 → ∞; x fixed
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N

(d)

Δ  

AFSI =
∑
X′

∫
d4ps′

i(2π)4
〈X, s|ÂFSI ·G(X ′)·Ĵem(Q2, x)

p/d − p/s′ + mN

(pd − ps′)2 − m2
N

+ iε

p/s′ + mN2

p2
s′ − m2

N1
+ iε

Γd

Final State Interaction
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Model Independent Model For FSI

SDWIA
V N = Es

Md

2(Md − Es)

[

Ψ2

d(ps)−

1

2

√

Md − Es

Es

Im

∫

d2kt

(2π)2
f(kt)

[

Ψ†
d
(ps)Ψd(p̃s) − iΨ†

d
(ps)Ψ

′
d(p̃s)

]

+

(

1

4

√

Md − Es

Es

)2
∣

∣

∣

∣

∫

d2kt

(2π)2
f(kt)[ψd(p̃s) − iψ′(p̃s)]

∣

∣

∣

∣

2



 ,

where p̃s ≡ (p̃sz, p̃st) = (psz − ∆V N , pst − kt)

∆V N = (Md+ν)
q

(Es − m) + W
2
−W

2

0

2q

where W 2 = (q + Md − ps)2 and W 2
0 = (q + m)2.

Tuesday, March 10, 15


