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Part 1: High-energy scattering and rapidity evolution of color
dipoles:
m Rapidity factorization for small-x DIS
m Shock-wave picture of high-energy scattering.
m Non-linear rapidity evolution of color dipoles
m Rapidity evolution of color dipoles at the NLO
Part 2: Rapidity-only TMD factorization and power corrections
m TMD factorization for particle production in hadron collisions.
m Leading-N. power corrections for DY hadronic tensor.
m Results for Z-boson production: angular asymmetries.
m Estimates for unpolarized SIDIS at EIC.
Part 3: Rapidity factorization and rapidity evolution of TMDs:
m Rapidity-only cutoff vs UV+rapidity regularization
m Rapidity evolution of TMDs in the Sudakov region.
m Argument of coupling constant by BLM.
m Rapidity-only factorization at one loop.

Conclusions
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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*N — ~*N scattering reduces to the matrix
element of a two-Wilson-line operator (color dipole).
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Space-time picture in the target (proton) frame.
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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*N — ~*N scattering reduces to the matrix
element of a two-Wilson-line operator (color dipole).
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Space-time picture in the target (proton) frame.

Energy dependence of amplitude is governed by the rapidity evolution
of color dipoles
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Spectator frame: propagation in the shock-wave background.

- /\/I\/
Boosted Field

Each path is weighted with the gauge factor Pe’¢ / 44" Quarks and gluons
do not have time to deviate in the transverse space =- we can replace the
gauge factor along the actual path with the one along the straight-line path.

Wilson Line

[ x — z: free propagation]x
[U%(z,) - instantaneous interaction with the 1 < 7, shock wave] x
[ z — y: free propagation ]
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Rapidity factorization for DIS at small x

7 - rapidity factorization scale
Rapidity Y > n - coefficient function (“impact factor”)
Rapidity Y < n - matrix elements of (light-like) Wilson lines with rapidity
divergence cut by n
Ul = Pexp {ig/ dx A" (x+,xL)]

—00

4
Al(x) = /(;Zﬂ];40(e”— g |)e A, (k)
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High-energy OPE in color dipoles

o

T e : — : D e— — . : D—

The high-energy operator expansion is

T{]}J« .]V } /d2Z1d2Z2 IL Z17Z27-x7y)Tr{Ug] ngn}
+ NLO contribution
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High-energy OPE in color dipoles

+...
n - rapidity factorization scale
Evolution equation for color dipoles
itr{U’?UT”} = / dzz&[tr{U"UT”}tr{U"UT"}
dn 7Y 272 (x—2)%(y —2)? ) Y

— N{UTUI"}] + aKnpotr{UTUS} + O(a?)

(Linear part of Knpo = KNLo BFKL)
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Evolution equation for color dipoles

|
To get the evolution equation, consider the dipole with the rapidies up
to n; and integrate over the gluons with rapidities n; > n > n,. This
integral gives the kernel of the evolution equation (multiplied by the
dipole(s) with rapidities up to 7).

as(nl - 772)Kevol ®

I. Balitsky (JLAB & ODU) Rapidity factorization USM seminar



Evolution equation in the leading order

d_ . . -
d—nTr{UnyT} = KLoTr{U,Uf} + ... =

d A ~ A
% (TI'{ U, U;[ }>shockwave = <KLOTr{ UU ;[ }>shockwave

U = Te{r"ULUT} = (UUN) = (UUD™ + o (m — ) (ULUTUUS )™

= Evolution equation is non-linear
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Non linear evolution equation

() = 1= {00 (1)}

BK equation

N, d*z (x —y)?
272 ) (x—2)*(y — 2)?

) = {i(e,2) +0(z.y) ~ e, y) ~ Ux, e, ) )

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)
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Non-linear evolution equation

() = 1= {00 (1)}

BK equation

d -~ asN, d*z (x —y)? 5 3 " . .
i) = 55 | o Tt o) + ) () - U @ ) |

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)

LLA for DIS in pQCD = BFKL (LLA: oy < 1, c4m ~ 1)
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Non-linear evolution equation

() = 1= {00 (1)}

BK equation

d - _aNe [ dPz(x—y)* (- - 5 5 .
) = 53 | G D) + () — Uley) — Ul () |
I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)
LLA for DIS in pQCD = BFKL (LLA: oy < 1, 5m ~ 1)

LLA for DISin sQCD = BKegn  (LLA: a5 < 1, a5 ~ 1, a,A'/3 ~ 1)
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Sample diagrams for NLO BK kernel

() - (i)

‘- [z - (i) - (Vi)

X . Xty ¢ (xin)
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NLO evolution of “composite dipoles” in QCD

[. B. and G. Chirilli

d o
a UL UL = 25 [ ({U, U e{U, UL} - Nar{, UL e
X g [1 + 2eNe (b Inzi,u? + IJL3 ~ In 413 + o7 _ ﬂj)}

RN ar . 213233 B 9 3

Qs /d224 { { o4 214223 + 254213 — 4 In 5%4'&}

2| 4 (2 2 2 2 2 2
am= ) 25 2(214223 — 224213) 24313

x [te{U,, Ul yur{U,, Ul MU, UL} — «{U,, UL U, UL U UL} — (24 — 23)]
1%2?%4 ) In Z%ﬂ%zx}

22 22 2 2
21324 — 423404

+ 1%21%4 {2 In 1%21%4
2 2 2 2

213304 223274

X [tr{ UZ] U; }tr{ U23 U; }tl‘{ U24 U;fz} - tI‘{ UZ[ UL UZs UZT,Z UZ4 U;,Lg} - (Z4 — 3 )] }

_ 11 2

+(1+
223274

KnrLo Bk = Running coupling part + Conformal "non-analytic" (in j) part

+ Conformal analytic (N = 4) part
Linearized Kno gk reproduces the known result for the forward NLO BFKL

kernel.
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Argument of coupling constant

d -~
de/{(Zl,Zz)

as(?1 )N, 2 A N N N N
2 / = Ll Z1,Z3)+U(Z3,Zz)—U(ZhZz)—U(Zl,Z3)U(23,Z2)}
2 Z13 %
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Argument of coupling constant

d -~
IU(Zl,Zz)

Oés

N A N N
/ le U(z1,23) + U(z3,22) — U(z1,22) —U(11,Z3)U(23722)}
13 23

BLM or renormalon approach: summation of quark bubbles

2. _ 1 2.
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Argument of coupling constant (rcBK)

d (z ) - P
d—nTr{U ULy = =22 / d*z [Tr{U., UI }Tr{U., U } — N.Tr{U., U} }]
y [ Zi +1<as(ﬁ3) _1>+1(as(zz 3) _1>}

2 .2 2 2

3%y 23 Nas(ay) 253 \ai(2d3)

[.B.; Yu. Kovchegov and H. Weigert (2006)

When the sizes of the dipoles are very different the kernel reduces to:

ag(2) 7,

LI |212| < |Zl3|, |Z23|
(2

Sl 23] < |z1a), 223l
(2

C;;%gj |223| < |z12], |z13]

= the argument of the coupling constant is given by the size of the
smallest dipole.
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Part 2: Rapidity-only TMD factorization and power
corrections
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TMD factorization

TMD factorization formula for particle production in hadron-hadron scattering
looks like

do 2 [ »
m = Z ef/d kLDf/A(xAvkL)Df/B(XBa‘ZJ_ —k1)C(q, k1)

flavors

+ power corrections + “Y — terms”

m Dy/4(xa, k1) is the TMD density of a parton f in hadron A with fraction of
momentum x4 and transverse momentum k_,

® Ds/p(x,q1 — k1) is a similar quantity for hadron B,

m Ci(q,k) are determined by the cross section o (ff — ™t ™) of production of
DY pair of invariant mass ¢? in the scattering of two partons.

Examples: Drell-Yan process with Q being the mass of DY pair and Higgs
production by gluon-gluon fusion

TMD approach is relevant when the transverse momentum ¢, < Q
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Long-term project: TMD factorization valid at small and moderate x

do s [ »
m = Z ef/d kLDf/A(xAvkL)Df/B(xBaqL —k1)C(g, k1)

flavors

+ power corrections + “Y — terms”

The quantities D4 (xa, k1), Dy/p(xs,q1 — k1), and C(q, k1) are defined with
cutoffs. The dependence on the cutoffs cancels in their product order by order in
.

At moderate x4, xz: CSS/SCET approach. The TMDs D, /4 (x4, k1) are defined
with a combination of UV and rapidity cutoffs.

At x4, xp < 1: kp-factorization approach. The TMDs are defined with rapidity-only
cutoffs.

It is impossible to extend CSS to small x. (Recently: LO BFKL from SCET)

It is possible to study TMD factorization at moderate x using small-x methods
(rapidity-only factorization etc.) (A. Tarasov, G. Chirilli, 1.B, 2015-2023)

Example: full list of power corrections ~ é for DY hadronic tensor.
They are not obtained (yet?) by CSS or SCET
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Classical example: DY hadronic tensor

DY cross section is given by the product of leptonic tensor and hadronic tensor.
The hadronic tensor W,,,, is defined as

1 —igx
W (pa,pB,q) = W/d“xe “(pa,pBlJ,.(x)J,(0)|pa, pB)

pba

1S
Y

PB

pa,pe = hadron momenta, ¢ = the momentum of DY pair, and J,, is the
electromagnetic or Z-boson current.

There are four tensor structures Wy, Wi, Wa, Wana
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TMD factorization from rapidity factorization

Sudakov variables:

—to
Il

!

(SN
|
]

p = api+pp2+pi, P12~ pa, P2 =pp, P

“Projectile” fields : |8] < o,

pA

“Central” fields

“Target” fields : || < oy

pPB

The result of the integration over “central” fields in the background of projectile
and target fields is a series of TMD operators made from projectile (or target)
fields multiplied by powers of é = power corrections

USM seminar 20/47
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TMD representation for W;

The hadronic tensor in the Sudakov region ¢> = 0 >> ¢% can be studied by
TMD factorization. For example, functions Wy and Waa can be represented as

= > ef/dsz_D Jaxa kL )D /B(XBan_ k1)Ci(q, kL)
flavors
+ power corrections + Y — terms

There is, however, a problem with this equation for the functions W, and Wa.

Wr and Wana are determined by leading-twist quark TMDs,

2
but Wa and W, start from terms ~ % and ~ 2—5 determined by

quark-quark-gluon TMDs.

The power corrections ~ % were found more than two decades ago but there

was no calculation of power corrections ~ @ until recently.

USM seminar
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Goal: TMD factorization formula

TMD factorization formula structure :

PhoPsl )T ()lpasps) = > dzy dzy dw dwy €i(x1, 2,5, wit 3 0, 07)

TMD operators *
X (PO (2 320520 s 31 ) Ipe) (Pl OF (25 s %232 ) Plg)
g% < Q% = no dynamics in the transverse space (to be demonstrated below)
@f” - “projectile” TMD operators with 3 < o), cutoff, e.g
O(zi—,21,,22-,22,) = dfi(zlf,zu)[zl,,700]ZILF[700,zz+]Z2w(zz+,zzL)

@f” - “target” TMD operators with o < o, cutoff, e.g

O(z14,21, 204,22, ) = '(Z(ZH»yZlL)[ZH»,7OO]Z|LF[7007ZZ+]:2LQ/)(ZZ+7ZZL)-
Standard notation for straight-line gauge link

[x,y] = Peisodu (=) Aulurt(1-u)) _ gauge link

Convenient notations

Peooyeley = P02y, 0,20, sy = [, 04,205, 04,2 ]

1. Balitsky (JLAB

USM seminar



Means: “double operator expansion”

Intermediate step: double operator expansion
j(xl)j(xz) = Z/dzfdz;dw?dchlu(xl,xz;zf,w,»*;ap,a,)
1,J

AP (= AC (A v ot
x Oy (Zz » X215 7xl¢)011(22 » X252 JX1,)

To find relevant operators and coefficients, it is convenient to consider “matrix”
elements of the I.h.s. and r.h.s. in suitable background field

Suitable field A: solution of classical YM equations with boundary condition that
at the remote past the field is a sum of projectile and target fields

Tx)J(x2))a = Z/dzfdz;dwfdw?&;(xl,xz;zf,wi*;0,,,0,)
1J

N N .
X <O[p(22 7‘x2J_;Z] 7le_)O‘L/ﬂ(Z;7x2J_;Zi"vxlj_)>A
Method of solution:

m Start with Wysa = ¢4 + 15 and Ayia = A, + B,, in the gauge A™ =0, A~ =0
m Correct by computing Feynman diagrams (with retarded propagators) with
sources (P + m)(ya + ) and J, = D*F' (A + B)
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¢ in the tree approximation

It is convenient to choose projectile/target fields as
Projectile fields: 5 =0= A(x",x1), ¥a(x",x1)
Target fields: a« = 0 = B(x™,x1), v¥p(x~,x1)

Yo

T

|

Classical background fields: ¥, A,

e = sum of tree diagrams in external A, )4 and B, ¢ fields
with sources

Jy = (P+m) (s +p),  J, = D'F' (A + B)

1. Balitsky (JLAB & ODU)

Rapidity factorization

USM seminar



Classical fields in the leading order in pi/pﬁ S a%

The solution of such YM equations in general case is yet unsolved problem
(goes under the name “glasma” < scattering of two “color glass condensates”).

Fortunately, for our case of particle production with % < 1 we can use this small
parameter and construct the approximate solution.

At the tree level transverse momenta are ~ ¢* and longitudinal are ~ Q* =

U, A = series in%: U=y 04 A=a0 4 A0 4

NB: After the expansion

1 | R S

- = : = -5 - 4 ; +
PP iy pt—pitiepo  pt o pl+iepo pt+iepo

the dynamics in transverse space is trivial.

Fields are either at the point x, or at the point 0; = TMDs
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Leading-N,. power corrections

2
Power corrections are ~ leading twist x (% or %2) X (1+ 5 + %)

NB: almost all §Gg TMDs not suppressed by ,% are determined by the gg TMDs
due to QCD equations of motion

Leading twist (for the projectile nucleon): 0=+/s/2

/dx*dle eioe HDL (NI (™ x1) B(0)IN) = filan kD)

8m3s
Power correction:

o3 dxfde_ efiagx’Jri(k,x)L
TS

X (NI x )AG, x0)py b (0)|N)

= kifi(a, k) — Olk,'[ 1 (k) + igl(a,kl)],

(Mulders & Tangerman, 1996)
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Application: angular coefficients of Z-boson production

In CMS and ATLAS experiments s = 8 TeV, Q = 80 — 100 GeV and O,
varies from 0 to 120 GeV.

Our analysisisvalidat 9, =10 —-30GeVand Y ~ 0 (x4 ~ xg ~ 0.1) so that
power corrections are small but sizable.

Angular distribution of DY leptons in the Collins-Soper frame (c4 = cos ¢,

s = sin ¢ etc.)

do 3 do Ao
_99 2 Y )+ 32)+A
d0%dydSy 16 dgidy |\ T G0+ 7 (1= 3¢p) + Avsaneo +

+ Aszsgcy + Agcy + A5S§S2¢ + Ags205¢ + A7S9S¢}

A

2
SoC
202¢>

Back-of-the envelope estimation: take only f; contribution at large N,, use
“factorization hypothesis” for TMD f; (x, k1 ) ~ f(x)g(kL) and calculate integrals
over k in the leading log approximation using fi (x,k3 ) ~ %

L
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Comparison of A, with LHC results

Logarithmic estimate of Ay (m. - Z-boson mass, m - proton mass)

2/
4 @ (+)
0 = m% 14 Q% nm?/Q%
m? In Q% /m?
020
0151
010}
005 _—
_—
| — —
| . . . . .
10 15 20 25 30 35 0

Figure: Comparison of prediction (x) with lines depicting angular coefficient Ay
in bins of 0, and Y < 1 from CMS (arXiv:1504.03512) and ATLAS
(arXiv1606.00689)
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Comparison of A, with LHC results

Logarithmic estimate of A,

o 1
S + G /e, "
m? In in /m?

012 S
o1of .
008 L
006
004f L
0.02} /7

E —

AT I » = 0 s 0,

Figure: Comparison of prediction (xx) with lines depicting angular coefficient
Ay inbins of 0, and Y < 1 from CMS (arXiv:1504.03512) and ATLAS
(arXiv1606.00689)
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Result of estimation

Result of the estimation: Ay and A, in agreement with data, rest of

A; =0.

Experimentally, at ¢, < %mz other A; are an order of magnitude smaller
that Ag ~ A,

= it looks like f; is numerically the most important TMD for unpolarized
DY cross sections.
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Application: unpolarized SIDIS

Result for power corrections in SIDIS: PCS™PS(g) = PCPY(—g) with
replacements f; (—cy, —q1 — k1) — Dy (z =andL ko),

hll(—aq, —q1 — kl) — —Hll (Z = oz%ﬂql + kl) elc.
Hopefully, our analysis is valid for EIC kinematics at O > 10 GeV and
0, ~ 3GeV so that power corrections are small but sizable.

The unpolarized cross section is parametrized by four functions
2¢,
Fyur, Fuue, Fp o F?f;,#’

Estimation: similarly to the DY case, take only f; and D, contribution at large N,

Fyur = xz/ko_ (1 - z(qéif)l)q)(%/u)

4K%
Fyur = x dkj_@<1>(q7k1_)

le:/ol;‘-d)h _ X/dkLz(%k)l@(q’kL)
0q.1

2 7k COS 2¢ COS ¢
F;:jo;Z;ﬁh _ *X/dkl (qu)ch)(%kl) = FUU2W _ 7%17[”;’0/,

®(q,k1) = Di(z,q1 +ki)fi(x, k1) +Di(z, g1 + ki )fi(x, k)
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Back-of-the-envelope estimation

To understand the magnitude of power corrections, define

COS ¢y, cos 2¢p
R _ Fuur 1 R _ Four  eosen . Fuu cos2¢, _ Fuu
uur = . ’ UUL = T uu - Lt. uu - 1.t
Fyir Fuir Fuir Fuir

Back-of-the envelope estimation: similarly to the DY case, take only f; and D,
contribution at large N,, use “factorization hypothesis” for TMD PDFs and FFs
o(x, k1) ~ ¢(x) (k) and calculate integrals over &, in the leading log

approximation using fi (x,k3) ~ ‘& and Dy (z.43) ~ 2
L €
Result:
2

cos 2 q COS q.L

Ryvr = Ryy o= j‘y RUU% = _E
2
Rops — il fdkﬂk g+k)10(qk) Al
’ Q2 Q? [dk, ®(q,k) 0? m%

This estimate does not depend on z and x.
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Part 3: Rapidity factorization and rapidity evolution of
TMDs
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B

“Central” fields

“Target” fields : |a| < oy

C
ol
B
la| <oy
gt
c

1. Balitsky (JLAB & ODU)
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Rapidity factorization

Rapidity-only cutoffs and matching of logs

“Projectile” fields : || < o,

Matching: In o,

in the projectile
TMDs and In o,

in the target
TMDs should
cancel with Ing,
and Inoy in
the coefficient
functions.

ANB,k; ~m,:
Glauber gluons

ANB k; <my:
soft gluons

ANBgluons =
soft/Glauber (sG)
gluons cancel out
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Rapidity-only cutoff

Typical diagram in the background
field U(s,ps,) = ofdetdes W(zt, 2. )elehss —ipn)

(I, =00l T (y*,y1 ) e = g%er / dBpdps, e " TV(Bp,pp,)

2

D0 At

oo a —i—L oAT+i(p,A)

se” a5

X / d‘oz/i};L Py R + divergent as o — o
0 Pl aBps+ (p—pp)i +ie

. " _i 1
(et —oel Tt v, =0 e = gzc‘”/dﬁsdpsﬁ TV (Bp, pp. ) 7=
oo a i AT Hipa—y) L
X / d‘a/%ﬂBse 3 —e ' < convergent as o — 00
0 pi aPps+ (p—pg)i +ie
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Rapidity-only cutoff vs UV+rapidity regularization

Typical divergent integral (¢ = 4 — 2, @"p = )

o 1 1 s(B — Bp) i)
" /dadﬁdpJ‘B —ieafs fpi +iea(B — Bp)s fpi + ie(l ¢ )
e [ApL iy [ABBE—B8 _ 1 T(e) [PdBBs—p

K /Pi (1-e ) o B B—ie 872 (K2 p2)E Sy B B —ic

Regularization with A=(z7) — A~ (z7)e"

1L T(e)
872 (x3 p2)=.

2

B8 dp By — B I I )X By
el BN — — P ) (I 2 -1
/() Bp B —id 8773( € o 4 +E ( ! —i0 )

Rapidity-only cutoff

: | —ia _ .
—i/dozdﬁdlu . ) SR v ﬁB)z (1)
B —ieafs —pl +ica(B — PBp)s —p7 +ie
"dp. v /OO Brs  _ja ooy s X
= — (1 — gl(pv“‘>L do—————¢e ' = In? ( — ifpos—e
/ P ( ) 0 afps + p* 1672 o 4 )
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Rapidity evolution of TMDs

Quark TMD operator

O@14,21, 224,22, ) = Y(@14,21,) 214, —00]; I[—00, 224 |0, ¥(224, 22, )

Sudakov regime: Q%> QF & zi24z12- K 2y,

Yovioieee e e,
..... Paips N f“‘{ I
a) b) c)
............ )j L7 R
ot ’ R
d) e) f)
9) h) i)

Figure: Diagrams for leading-order rapidity evolution of quark TMD in the Sudakov
regime.
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Conformally invariant evolution at the LO

Evolution equation (A = o(x — y)3 %)
d
A;O(X+7Y+§A)
o i > O@(xg,y15N) — Oxpt,y 5 A
_ |:/ dx; . i elx+—y+ O(x+,y+;)\) _/ dyq_ ()C+ Y+ /) — (x+ Vi )
Xy Y+ e

| RSV / &, O(xp,y+5A) — O,y )

Xy —xy

If we use rapidity cutoff at o = ‘Hﬁiiﬁ S A =clx — y]\/s,
the solution

22 22
& 2(x—=y)5 < 2(x=y)7
i (lnz =07 2 (=7 5

S
O(xy,ysi0) = e e ) e /dx'+dy'+ O, ¥, 1 00)

(1 —ang) (1 —éans)
- 1-&@3}

Ay ln ‘
x (x+y ) [ <
( o (xgp — x| —ie)

iT(1—aIng) iT(1—ang) ]

R e
Xy — X+ ie) e

X

1—ayIn =

< - In~
T e =y —ig

v+ =¥ +ie)

is obviously invariant under the inversion x, — 3, y, — 4.
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Argument of coupling constant by BLM/renormalon method

A problem with leading-order rapidity evolution: what is the argument of coupling
constant?

In CSS approach - no problem, argument is defined by renormgroup

With rapidity-only evolution (BFKL, BK and the like) - argument of o, may be
obtained from the NLO calculations. BLM approach: calculate the small part of
the NLO result, namely quark loop contribution to gluon propagator, and
promote —2n, to the full b = LN, — Zn,.

%‘%@w

Figure: Quark loop correction to quark TMD evolution

Result: BLM optimal scale is logarithmically halfway between transverse
—1/
momentum (bﬁ’z) and energy (o ps) of TMD both for quarks and gluons
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Coefficient function for TMD factorization at one loop

Particle production by gluon fusion

s2Q° > Qlzm?
C=EQT =M, Qi=d

Goal: one-loop TMD factorization formula for hadronic tensor.

Result of calculations:

W(pa,ps;q) = /de_ ¢ WOLDy 1 (x4, b1304)Dyyp(x5, b1 5 0p)
asN, [ 5 biscrpo, XA XB 772] }
Al 1,2 2159000 _ 51, X4 In 28 T

xexp{ o | 7 (Hgt+7)(n0p+7)+2

+ NLO terms ~ O(af) -+ power corrections
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One-loop coefficient function

Calculation of coefficient function ¢ in the background field A = A+ B+ C

- - + + asNe - o
/a’z2 dzp | dz; dzy  dw{dwy  dwy dwy | . Ci(x1, X252 ,2i s Wi, Wiy ;0p, 01)

X FH ez JF U T2y 2, JFP (e )
Nc271 4/10a pauv b bAp
= Tg <FH1/F (XZ)F)\pF (x1)>A = A+B

- <@lj’ap(x2_7x2L;xl_vxli)éij;m(x;rvsz;xrvle))A = A+B

(for the purpose of calculating leading-twist coefficient function the “correction
field” C can be neglected: A = A + B)
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Diagrams for (F¢, F** (x;)F} F"*(x1)) 4 in background fields

“Virtual” diagrams

X2

(a) (b) (c) (d)

“Real” diagrams

(b) (©
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Diagrams for subtracted TMD matrix elements

“Projectile” TMD matrix elements.

Thee '™ regularization is depicted by point splitting: positions of F’s are separated from
the beginnings of gauge links. (Violations of gauge invariance are power corrections).

“Target” TMD matrix elements. The e~'= regularization is depicted by point splitting.
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Result for the coefficient function

1

T (N2 = 1) (P, Phl&°F o, ™ (x2) 8" F3 ,F" (x1) pa i)

= (phlOF (7 ,x2, 27,31, ) pa) (PRl 0% (x5 32, 5 2,31, ) )

+ / dzy dzy dwdwy

agN, R
o Cy(x1, %252 , W50, 04)

< (PhlOF (25 %2, 5211, ) Ipa) (PRl OV (2F  xa, 5 2 31, ) Ips)

€1 (0, aa, By, Bri X1, %23 0p, 1)
2 . . PN . . .
X, $0p01 (—iad)e: I (=iBy)e I (—icyg)er In (—ifp)eE g

4 oy op oy op

= In?

The solution of TMD evolution equations compatible with this first-order result is

asNe

€(x1,, %2, 50, O, By, Bp; 0p,01) = €2

€ (x12, ,0, QB ,860,01)
= hadronic tensor is
agNe

(0l By By 2, ) = / dald oud Bt By o5 O enlBiono)

X @A‘égl’(aiuaaax2¢7x1L)|pA><p;?|@ij:m(ﬁl/ﬂﬁbvx2L>x1¢)‘pB> +
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Forward case (= particle production by gluon fusion)

Recall a, = x4, 8, = xp.
W(pa,ps;q) = /dbi LW (pa, pp; g, By b1 ),

2
T o .
W(PAvPB?%pﬂqva) = nggt'jp(aqabL;pA)gj7 (ﬁqbeJpB)

agN, [, 5 b’ 50,0, oy By w2
Boe 2 2229070 (1 2e ] —]}
XeXp{zn[n 4 (na,’w)(n,ﬁ”“z
+ NLO terms ~ 0(043) + power corrections (1)
where ga” ;; are gluon TMDs:

1
(pA|O;”(z_,O_7bl)\pA) = fgzgz/ du ugg”(mbL)cosqu_,
0

1
(pslOF (z7,07,b1)|ps) = fgza)z/ du uGy'(u,b.) cosuoz™ .
0
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Matching of coefficient function and TMDs

The r.h.s. of this evolution formula (1) does not depend on cutoffs o, and o, as long as
_2 -2

op > 0p = % and o, > 6, = ‘% Thus, the result of double-log Sudakov evolution
reads

2
T = .
W(pa;ps; xa, X, b1) = TQZQI;(;"(XMbL;PA)Q‘U’U'(xB,bL;PB)
YNC 2b2
Xexp{—a‘ [(an L
2m

2
+ 27)2 -2 — %} } + O(af) terms + power corrections

This result is universal for moderate x and small-x hadronic tensor. The difference lies in
the continuation of the evolution beyond Sudakov region.

Double-log Sudakov evolution should stop at x5,s ~ b >. After that:

—2
m If x3 ~ 1 - DGLAP-type evolution from &, = % to ofn = @ :
—2
summation of (a;In 2"
N

—2 —2
m If x3 < 1 - BFKL-type evolution from &, = % to ofn = '} : summation of (« lnxg)"
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Conclusions

The rapidity-only factorization is the most convenient tool for
high-energy QCD.

m Current status of the BFKL/BK evolution: NLO evolution and NLO
impact factors. (For A/ =4 SYM - NNLO)

m Impact factors for various processes from shock-wave approach:
LO and NLO

m “Hybrid factorization” - phenomenological mix of DGLAP and BK
evolutions

Rapidity-only TMD factorization works:

m Full list of é power corrections for DY and SIDIS.

m Back-of-the-envelope estimates of power corrections seems to
agree with exp. data.

m Rapidity-only evolution with BLM prescription for running coupling
gives the same universal formula for Sudakov double logs at both
small and moderate x for both quark and gluon TMDs.

m Rapidity factorization at the one-loop level gives Sudakov-type
double logs for both small and intermediate xp
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The rapidity-only factorization is the most convenient tool for
high-energy QCD.

m Current status of the BFKL/BK evolution: NLO evolution and NLO
impact factors. (For A/ =4 SYM - NNLO)

m Impact factors for various processes from shock-wave approach:
LO and NLO

m “Hybrid factorization” - phenomenological mix of DGLAP and BK
evolutions

Rapidity-only TMD factorization works:

m Full list of é power corrections for DY and SIDIS.

m Back-of-the-envelope estimates of power corrections seems to
agree with exp. data.

m Rapidity-only evolution with BLM prescription for running coupling
gives the same universal formula for Sudakov double logs at both
small and moderate x for both quark and gluon TMDs.

m Rapidity factorization at the one-loop level gives Sudakov-type
double logs for both small and intermediate xp

Thank you for attention!
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