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Quasi PDFs

Bringewatt et al [JAM], PRD 103 (2021)

Large momentum effective theory (LaMET) connects light-cone PDFs to Euclidean 
matrix elements that can be calculated using lattice QCD 

<latexit sha1_base64="z2GHEkoH4GBkEXqSKT1WKwqobMo="></latexit>

eq(x, Pz) =

Z 1

�1

dz

4⇡
e�ixzPz hh(Pz)|q(z)�4W (z, 0)q(0)|h(PZ)iQuasi PDF:

Review: Ji et al, Rev. Mod. Phys. 93, 35005 (2021)

For large       , quasi PDFs can be related 
to light-cone PDFs by perturbative 
matching coefficients

<latexit sha1_base64="I52zt47W1g8BlWpEWb6hVkD0sEo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTSfb331CtX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3x5mTTPqt5F9fzuvFK7zuMowhEcwyl4cAk1uIU6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w9AUo3K</latexit>

Pz

Increasingly refined quasi PDF calculations 
are being actively pursued

For e.g. isovector polarized nucleon 
PDFs, LQCD results can already 
improve global fits

See Snowmass white paper arXiv:2202.07193



Quasi TMDPDFs
The construction of quasi TMDPDFs is more complicated than collinear PDFs

⌘

<latexit sha1_base64="5OH5Yik+VWjMdJ4a0VOPKM2jT54=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmltfWNzq7xd2dnd2z+oHh61bZQYxlsskpHpBtRyKTRvoUDJu7HhVAWSd4LJXe53nrixItKPOI25r+hIi1AwirnU50gH1Zpbd+cgq8QrSA0KNAfVr/4wYoniGpmk1vY8N0Y/pQYFk3xW6SeWx5RN6Ij3Mqqp4tZP57fOyFmmDEkYmaw0krn6eyKlytqpCrJORXFsl71c/M/rJRje+KnQcYJcs8WiMJEEI5I/TobCcIZymhHKjMhuJWxMDWWYxVPJQvCWX14l7Yu6d1m/erisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c5L86787FoLTnFzDH8gfP5Awt6jkA=</latexit>

Quasi beam functions can be constructed that are related to light-cone beam 
functions by a Lorentz boost

<latexit sha1_base64="OgiW4fA42ys9IKAY04DgBrQJuA4="></latexit>

eq(x, bT , Pz) = lim
⌘!1

Z 1

�1

dz

4⇡
e�ixzPz

D
h(Pz)|q(bT )�4W (bT , ⌘ + bT )W

†
T (⌘ + bT , ⌘)W

†
z (⌘, 0)q(0)|h(PZ)

E

Ji, PRL 110 (2013)

Ebert, Stewart, Zhao, JHEP 1909 (2019)

3
Rapidity evolution of TMDPDFs governed by Collins-Soper kernel can be computed 

from ratios of quasi TMDPFs where many complications cancel



The CS kernel from LQCD
Collins-Soper kernel from LQCD with fully quantified systematic uncertainties:
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Avkhadiev, Shanahan, MW, Zhao, PRL 132 (2024)

• Continuum extrapolation from 3 lattice spacings

• All ensembles use physical pion masses

• “Brute force” DFT from  to  space, truncation effects explicitly studiedbz x
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The continuum limit
Discretization effects subtracted by fitting to parameterization of continuum CS kernel 

+ lattice artifacts

Avkhadiev, Shanahan, MW, Zhao, PRL 132 (2024)

<latexit sha1_base64="m3oarkhimA/n2FGzYWQoq4/o7dc="></latexit>
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• Variety of other parameterizations, e.g. with  terms, explored(a /bT)2

• AIC used for data-driven model selection
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Continuum-limit LQCD results can be directly 
included in future global fits by fixing CS 
kernel to pQCD+LQCD parameterization 
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Avkhadiev, Shanahan, MW, Zhao, PRL 132 (2024)

c0 = 0.32(12)

Nonperturbative effects can summarized by 
one parameter fit to LQCD data:

Other parameterizations also give 
acceptable fits, e.g. hadron 
structure oriented (HSO)

<latexit sha1_base64="xxrGTJllwUPdXKq8eUBgnB6wTpY="></latexit>

Dres(b
⇤, µ) =

Z µ

µb⇤

dµ0

µ0 �cusp[↵s(µ
0)] + d[↵s(µb⇤)]

<latexit sha1_base64="7tS2kZ3qjYoAO1mwvn15wVScl9I="></latexit>

�MS
q (bT , µ) = �2Dres(b

⇤(bT ), µ)� 2DNP(bT )

<latexit sha1_base64="UDNVl7G3QYGUmls8IcFEgLXnxkQ=">AAACF3icbVDLSsNAFJ34rPUVdelmsAjVRUhEqhuhqAtXUqEvaGKYTCft0MmDmYlQQv7Cjb/ixoUibnXn3zhps9DWAwOHc+7lzjlezKiQpvmtLSwuLa+sltbK6xubW9v6zm5bRAnHpIUjFvGuhwRhNCQtSSUj3ZgTFHiMdLzRVe53HggXNAqbchwTJ0CDkPoUI6kkVzegHSA5xIil15mb2jyAt42s6rnNI3gBsWtCRaF3fzyVXL1iGuYEcJ5YBamAAg1X/7L7EU4CEkrMkBA9y4ylkyIuKWYkK9uJIDHCIzQgPUVDFBDhpJNcGTxUSh/6EVcvlHCi/t5IUSDEOPDUZB5CzHq5+J/XS6R/7qQ0jBNJQjw95CcMygjmJcE+5QRLNlYEYU7VXyEeIo6wVFWWVQnWbOR50j4xrJpRuzut1C+LOkpgHxyAKrDAGaiDG9AALYDBI3gGr+BNe9JetHftYzq6oBU7e+APtM8fi7yc/g==</latexit>

DNP(bT ) = c0bT b
⇤(bT )

<latexit sha1_base64="nH2LtYEP0E5gMZjgs9X/E7M1x6Y=">AAACH3icbVDLSgMxFM34rPVVdekmWISqUGeKVDdC0YUuK/QFbS2Z9NaGZh4md8Qy9E/c+CtuXCgi7vo3po+FVg+EnJxzLzf3uKEUGm17aM3NLywuLSdWkqtr6xubqa3tig4ixaHMAxmomss0SOFDGQVKqIUKmOdKqLq9y5FffQClReCXsB9C02N3vugIztBIrVTevT3MuK3SAT2n5qLHtKHvFcYOPRq9b3NGyeRoA+ERY3oFlcGB0QatVNrO2mPQv8SZkjSZothKfTXaAY888JFLpnXdsUNsxkyh4BIGyUakIWS8x+6gbqjPPNDNeLzfgO4bpU07gTLHRzpWf3bEzNO677mm0mPY1bPeSPzPq0fYOWvGwg8jBJ9PBnUiSTGgo7BoWyjgKPuGMK6E+SvlXaYYRxNp0oTgzK78l1RyWSefzd+cpAsX0zgSZJfskQxxyCkpkGtSJGXCyRN5IW/k3Xq2Xq0P63NSOmdNe3bIL1jDb7a1nn8=</latexit>

b⇤(bT ) = bT /
q

1 + b2T /(2 GeV)2

<latexit sha1_base64="GR9Z48qiJa9ZsRX49EUXh3h9H38=">AAACAnicbVA9SwNBEN2LXzF+Ra3EZjEIVvEuhGgjBG0sI5gPSM6wt9lLluzdHrtzYjiCjX/FxkIRW3+Fnf/GTXKFJj4YeLw3w8w8LxJcg21/W5ml5ZXVtex6bmNza3snv7vX0DJWlNWpFFK1PKKZ4CGrAwfBWpFiJPAEa3rDq4nfvGdKcxnewihibkD6Ifc5JWCkbv6gQwf8roRPcQfYAyQ96Y/xBbaL5W6+YBftKfAicVJSQClq3fxXpydpHLAQqCBatx07AjchCjgVbJzrxJpFhA5Jn7UNDUnAtJtMXxjjY6P0sC+VqRDwVP09kZBA61Hgmc6AwEDPexPxP68dg3/uJjyMYmAhnS3yY4FB4kkeuMcVoyBGhhCquLkV0wFRhIJJLWdCcOZfXiSNUtGpFCs35UL1Mo0jiw7RETpBDjpDVXSNaqiOKHpEz+gVvVlP1ov1bn3MWjNWOrOP/sD6/AGSCpWg</latexit>

�2/dof = 0.4

Aslan et al, PRD 110 (2024)
<latexit sha1_base64="lQo5MuQniAxP2AAu5FXY2d7rGJQ=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0hUqh6EohfBSwX7AW0sm+2mXbrZhN2NUkL/hxcPinj1v3jz37htc9DWBwOP92aYmefHnCntON/WwuLS8spqbi2/vrG5tV3Y2a2rKJGE1kjEI9n0saKcCVrTTHPajCXFoc9pwx9cj/3GI5WKReJeD2PqhbgnWMAI1kZ68Du36BI5dvmk5F4cdQpFx3YmQPPEzUgRMlQ7ha92NyJJSIUmHCvVcp1YeymWmhFOR/l2omiMyQD3aMtQgUOqvHRy9QgdGqWLgkiaEhpN1N8TKQ6VGoa+6Qyx7qtZbyz+57USHZx7KRNxoqkg00VBwpGO0DgC1GWSEs2HhmAimbkVkT6WmGgTVN6E4M6+PE/qx7Zbtst3p8XKVRZHDvbhAErgwhlU4AaqUAMCEp7hFd6sJ+vFerc+pq0LVjazB39gff4Ax36QHA==</latexit>

bK = 0.63(19)
<latexit sha1_base64="+AzHVuNRt+E0Tca3a1qOgFqvI/k=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXNWklOpGKLpxWcE+oIllMpm0QycPZm7EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nu8RHAFlvVtLC2vrK6tFzaKm1vbO7vm3n5LxamkrEljEcuORxQTPGJN4CBYJ5GMhJ5gbW94PfbbD0wqHkd3MEqYG5J+xANOCWipZx46dMDvK2cOsEfI/DjI8SW2ytWeWbLK1gR4kdgzUkIzNHrml+PHNA1ZBFQQpbq2lYCbEQmcCpYXnVSxhNAh6bOuphEJmXKzyQM5PtGKj4NY6ooAT9TfExkJlRqFnu4MCQzUvDcW//O6KQQXbsajJAUW0emiIBUYYjxOA/tcMgpipAmhkutbMR0QSSjozIo6BHv+5UXSqpTtWrl2Wy3Vr2ZxFNAROkanyEbnqI5uUAM1EUU5ekav6M14Ml6Md+Nj2rpkzGYO0B8Ynz/d7JVM</latexit>

�2/dof = 0.4
6

LQCD results
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CS kernel is relatively easy; still took 5 years and insights from multiple collaborations

• Universality lets CS kernel calculations use pion states instead of nucleon states

• Renormalization effects largely cancel in ratios governing rapidity evolution

What’s so hard about large momentum LQCD calculations?

Shanahan, MW, Zhao, PRD 102 (2020)

Zhang et al [LPC], PRL 125 (2020)

Schlemmer et al, JHEP 08 (2021)

Li et al [ETMC+], PRL 128 (2022) Shu et al, PRD 108 (2023)

Shanahan, MW, Zhao, PRD 104 (2021)

Chu et al [LPC], PRD 106 (2022) ASWZ, PRL 132 (2024)

ASWZ, PRD 108 (2023)

LQCD for LaMET is hard

• Computable from TMD wavefunctions — 2-point vs 3-point functions
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Boosted states are noisy

Avkhadiev, Shanahan, MW, Zhao, PRL 132 (2024)

Exponential signal-to-noise degradation 
common to all large-momentum 
correlation functions used for LaMET

e.g. pion state

<latexit sha1_base64="69QLJ8dYxfA2mmHRxlufdIDhhdc=">AAACDnicbVDJSgNBEO1xN26jHr00hkA8GGZEogcRMQgeIxgVMmPo6dQkTXoWumuEMOQLvPgrXjwo4tWzN//GznJwe1DweK+KqnpBKoVGx/m0pqZnZufmFxYLS8srq2v2+saVTjLFocETmaibgGmQIoYGCpRwkypgUSDhOujVhv71HSgtkvgS+yn4EevEIhScoZFadsmTEOIRrbW8VFBPiU4Xj6mnRUThNt89K9d3KA5adtGpOCPQv8SdkCKZoN6yP7x2wrMIYuSSad10nRT9nCkUXMKg4GUaUsZ7rANNQ2MWgfbz0TsDWjJKm4aJMhUjHanfJ3IWad2PAtMZMezq395Q/M9rZhge+rmI0wwh5uNFYSYpJnSYDW0LBRxl3xDGlTC3Ut5linE0CRZMCO7vl/+Sq72KW61UL/aLJ6eTOBbIFtkmZeKSA3JCzkmdNAgn9+SRPJMX68F6sl6tt3HrlDWZ2SQ/YL1/AYEXmoE=</latexit>

→Cω↑ ↓ e→E(P )t

<latexit sha1_base64="xVjGrykq/mmRiwG7woKJR/CB8wA=">AAACFXicbVDLSgNBEJz1bXxFPXoZDEICGnZFokdRBE8SH9FAdg2zk44OmdldZnrFsOQnvPgrXjwo4lXw5t84iTn4Kmgoqrrp7goTKQy67oczMjo2PjE5NZ2bmZ2bX8gvLp2bONUcajyWsa6HzIAUEdRQoIR6ooGpUMJF2Nnv+xc3oI2IozPsJhAodhWJtuAMrdTMr/sIt5idHp30ivtNPxEl6huhKFxmG42DYrVEN6jq6wHFXjNfcMvuAPQv8YakQIaoNvPvfivmqYIIuWTGNDw3wSBjGgWX0Mv5qYGE8Q67goalEVNggmzwVY+uWaVF27G2FSEdqN8nMqaM6arQdiqG1+a31xf/8xoptneCTERJihDxr0XtVFKMaT8i2hIaOMquJYxrYW+l/JppxtEGmbMheL9f/kvON8tepVw53irs7g3jmCIrZJUUiUe2yS45JFVSI5zckQfyRJ6de+fReXFev1pHnOHMMvkB5+0TXZSdDw==</latexit>

SNR(Cω) → e→[E(P )→mω ]t
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Boosted pion correlation functions are complex in background gauge fields

Variance of real part includes distinct contributions:

At large , variance dominated by first term describing two pions at restt

<latexit sha1_base64="UVo+qt+T26uFmOLT1CRIpTYcF88=">AAACDnicbVA9SwNBEN3z2/gVtbRZDIFYGO6CREvRxlLBRCF3HnubSbJk9+7YnRPDkV9g41+xsVDE1trOf+MmptDog4HHezPMzItSKQy67qczMzs3v7C4tFxYWV1b3yhubjVNkmkODZ7IRF9HzIAUMTRQoITrVANTkYSrqH868q9uQRuRxJc4SCFQrBuLjuAMrRQWyz7CHeZNpoeV09BPxR71jVAUbvL9GlUjheIwLJbcqjsG/Uu8CSmRCc7D4offTnimIEYumTEtz00xyJlGwSUMC35mIGW8z7rQsjRmCkyQj98Z0rJV2rSTaFsx0rH6cyJnypiBimynYtgz095I/M9rZdg5CnIRpxlCzL8XdTJJMaGjbGhbaOAoB5YwroW9lfIe04yjTbBgQ/CmX/5LmrWqV6/WLw5KxyeTOJbIDtklFeKRQ3JMzsg5aRBO7skjeSYvzoPz5Lw6b9+tM85kZpv8gvP+Bbp7m0Y=</latexit>

Var(Cω) → e→2mωt

<latexit sha1_base64="zZJTEmP0TnPWwoyzuDdg0xFq9Z4="></latexit>

Cω =
∑

εx

ω(εx, t)ω†(0)ei
εP ·εx

<latexit sha1_base64="a5OeL+LLYs9GqNotnlVICkm2udI="></latexit>

|Cω|2 =
∑

εx,εy

ω(εx, t)ω†(εy, t)ω†(0)ω(0)ei
εP ·(εx→εy)

<latexit sha1_base64="jNDmcqyHwDpBbYjmlMAAb39OZmI="></latexit>

Var(Cω) =
〈
[Re(Cω)]

2
〉
→ ↑Cω↓2

<latexit sha1_base64="Lya0mYaL87pAzdaM0Paxg3vm/0w="></latexit>

=
1

2

〈
|Cω|2

〉
+

1

2

〈
C2

ω

〉
→ ↑Cω↓2

<latexit sha1_base64="69QLJ8dYxfA2mmHRxlufdIDhhdc=">AAACDnicbVDJSgNBEO1xN26jHr00hkA8GGZEogcRMQgeIxgVMmPo6dQkTXoWumuEMOQLvPgrXjwo4tWzN//GznJwe1DweK+KqnpBKoVGx/m0pqZnZufmFxYLS8srq2v2+saVTjLFocETmaibgGmQIoYGCpRwkypgUSDhOujVhv71HSgtkvgS+yn4EevEIhScoZFadsmTEOIRrbW8VFBPiU4Xj6mnRUThNt89K9d3KA5adtGpOCPQv8SdkCKZoN6yP7x2wrMIYuSSad10nRT9nCkUXMKg4GUaUsZ7rANNQ2MWgfbz0TsDWjJKm4aJMhUjHanfJ3IWad2PAtMZMezq395Q/M9rZhge+rmI0wwh5uNFYSYpJnSYDW0LBRxl3xDGlTC3Ut5linE0CRZMCO7vl/+Sq72KW61UL/aLJ6eTOBbIFtkmZeKSA3JCzkmdNAgn9+SRPJMX68F6sl6tt3HrlDWZ2SQ/YL1/AYEXmoE=</latexit>

→Cω↑ ↓ e→E(P )t

Parisi, Phys. Rept. 103 (1984)

Lepage, TASI (1989)

Parisi-Lepage for boosted states
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Momentum smearing
Precision of highly boosted states in LQCD 

greatly enhanced by using operators 
with momentum smearing

Bali, Lang, Musch, Schäfer [RQCD], PRD 93 (2016)

Gaussian wavefunctions for quarks at rest 
have poor overlap with high-momentum 
quark states

Adding non-zero mean to momentum-space Gaussian wave function leads to much 
larger overlap and better SNR for highly boosted hadron states

Outperforms other physically motivated wavefunctions previously explored such as 
Lorentz contracted “pancake” wavefunctions

Roberts et al, PRD 86 (2012) Della Morte, Jaeger, Rae, Wittig, Eur. Phys. J. A 48 (2012)
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What about spin?

<latexit sha1_base64="J7k7KNKZx5f1+L5ZnCUK9OO4TFo=">AAAB/3icbZDLSgMxFIbP1Futt1HBjZtgEYRimRGpboSiG5cV7AXaYcikmTY0cyHJCGXswldx40IRt76GO9/GTDsLbT0Q8vH/55CT34s5k8qyvo3C0vLK6lpxvbSxubW9Y+7utWSUCEKbJOKR6HhYUs5C2lRMcdqJBcWBx2nbG91kfvuBCsmi8F6NY+oEeBAynxGstOSaB71YMnSFssutoMoMTl2zbFWtaaFFsHMoQ14N1/zq9SOSBDRUhGMpu7YVKyfFQjHC6aTUSySNMRnhAe1qDHFApZNO95+gY630kR8JfUKFpurviRQHUo4DT3cGWA3lvJeJ/3ndRPmXTsrCOFE0JLOH/IQjFaEsDNRnghLFxxowEUzvisgQC0yUjqykQ7Dnv7wIrbOqXavW7s7L9es8jiIcwhGcgA0XUIdbaEATCDzCM7zCm/FkvBjvxsestWDkM/vwp4zPH41dlIg=</latexit>

ω = ω+ + ω→

<latexit sha1_base64="hyYwSDv0K2rZPD2kJxS66J+EZw4=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjNFqptC0Y3LCvYBnaFk0kwbmszEJCOUYb7Gjb/ixkVFxJ2fYqYdRFsPBA7nnMvNPb5gVGnb/rQKa+sbm1vF7dLO7t7+QfnwqKOiWGLSxhGLZM9HijAakrammpGekARxn5GuP7nJ/O4jkYpG4b2eCuJxNAppQDHSRhqUG65QdJC4gqewAd1AIpw4aeKqB6mTWppCd4Q4RybBRfrDs/R8sFyxq/YccJU4OamAHK1BeeYOIxxzEmrMkFJ9xxbaS5DUFDOSltxYEYHwBI1I39AQcaK8ZH5mCs+MMoRBJM0LNZyrvycSxJWact8kOdJjtexl4n9eP9bBlZfQUMSahHixKIgZ1BHMOoNDKgnWbGoIwpKav0I8RqYqbZotmRKc5ZNXSadWderV+t1FpXmd11EEJ+AUnAMHXIImuAUt0AYYPIEXMANv1rP1ar1bH4towcpnjsEfWF/fYcim/A==</latexit>

ω± =
1→
2
ε→ε±ω

Quark spins in 
pion at rest

Formally, light-cone dynamics dominated by  spinor componentsψ+

Burkardt, Ji, Yuan, Phys. Lett. B 545 (2002) Xi, Ma, Yuan, Eur. Phys. J. C 33 (2004)

<latexit sha1_base64="9ExXpdMdxwTaLVGSHBJicQ1zr1E="></latexit>

u†
+ω5d+ =

→
2uω+ω5d

Pion operator constructed from  components:ψ+

Lepage, Brodsky, Phys. Lett. B 87 (1979)

Efremov, Radyushkin, Phys. Lett. B 94 (1980)

Quark spins in 
boosted pion?
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 pions, Euclidean versionψ+

Zhang, Grebe, Hackett, MW, Zhao, arXiv:2501.00729

For a pion at rest, this is a much worse operator than the usual 
<latexit sha1_base64="wuQamIBkkJ6mfezKdHE0GoIXCXs=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIVpdFNy4r2Ac0IUwmk3bozCTMTIQSu/BX3LhQxK2/4c6/cdJmoa0HBg7n3MO9c8KUUaUd59taWl5ZXVuvbFQ3t7Z3du29/Y5KMolJGycskb0QKcKoIG1NNSO9VBLEQ0a64eim8LsPRCqaiHs9TonP0UDQmGKkjRTYh15i7CKdZxNvgDhHwQWMArvm1J0p4CJxS1IDJVqB/eVFCc44ERozpFTfdVLt50hqihmZVL1MkRThERqQvqECcaL8fHr/BJ4YJYJxIs0TGk7V34kccaXGPDSTHOmhmvcK8T+vn+n4ys+pSDNNBJ4tijMGdQKLMmBEJcGajQ1BWFJzK8RDJBHWprKqKcGd//Ii6ZzV3Ua9cXdea16XdVTAETgGp8AFl6AJbkELtAEGj+AZvII368l6sd6tj9noklVmDsAfWJ8/LrSWNg==</latexit>

uω5d

Wick rotation to Euclidean spacetime straightforward for  pion operatorψ+

<latexit sha1_base64="z/qzUapKbvTU1cissGxaxnUor1U=">AAACP3icbVDLSgMxFM3UV62vqks3wSJUhDIjWl0W3bisYB/QKSWTybShyWRIMkId+mdu/AV3bt24UMStO9N2lD68EDicBzf3eBGjStv2i5VZWl5ZXcuu5zY2t7Z38rt7dSViiUkNCyZk00OKMBqSmqaakWYkCeIeIw2vfz3SG/dEKirCOz2ISJujbkgDipE2VCdfd4WRR+kkHkK3izhHnZNfcA596EZSRFrAGWMxNTzAP68+nkp18gW7ZI8HLgInBQWQTrWTf3Z9gWNOQo0ZUqrl2JFuJ0hqihkZ5txYkQjhPuqSloEh4kS1k/H9Q3hkGB8GQpoXajhmpxMJ4koNuGecHOmemtdG5H9aK9bBZTuhYRRrEuLJoiBm0NQxKhP6VBKs2cAAhCU1f4W4hyTC2lSeMyU48ycvgvppySmXyrdnhcpVWkcWHIBDUAQOuAAVcAOqoAYweASv4B18WE/Wm/VpfU2sGSvN7IOZsb5/AIOiryk=</latexit>

uω+ω5d → u(ωz + ωt)ω5d

Different irrep of  
and cubic group

SO(3)
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Wick rotation to Euclidean spacetime straightforward for  pion operatorψ+

For a pion at rest, this is a much worse operator than the usual 
<latexit sha1_base64="wuQamIBkkJ6mfezKdHE0GoIXCXs=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIVpdFNy4r2Ac0IUwmk3bozCTMTIQSu/BX3LhQxK2/4c6/cdJmoa0HBg7n3MO9c8KUUaUd59taWl5ZXVuvbFQ3t7Z3du29/Y5KMolJGycskb0QKcKoIG1NNSO9VBLEQ0a64eim8LsPRCqaiHs9TonP0UDQmGKkjRTYh15i7CKdZxNvgDhHwQWMArvm1J0p4CJxS1IDJVqB/eVFCc44ERozpFTfdVLt50hqihmZVL1MkRThERqQvqECcaL8fHr/BJ4YJYJxIs0TGk7V34kccaXGPDSTHOmhmvcK8T+vn+n4ys+pSDNNBJ4tijMGdQKLMmBEJcGajQ1BWFJzK8RDJBHWprKqKcGd//Ii6ZzV3Ua9cXdea16XdVTAETgGp8AFl6AJbkELtAEGj+AZvII368l6sd6tj9noklVmDsAfWJ8/LrSWNg==</latexit>

uω5d

with large boost better

Boosted  pionsψ+

<latexit sha1_base64="z/qzUapKbvTU1cissGxaxnUor1U=">AAACP3icbVDLSgMxFM3UV62vqks3wSJUhDIjWl0W3bisYB/QKSWTybShyWRIMkId+mdu/AV3bt24UMStO9N2lD68EDicBzf3eBGjStv2i5VZWl5ZXcuu5zY2t7Z38rt7dSViiUkNCyZk00OKMBqSmqaakWYkCeIeIw2vfz3SG/dEKirCOz2ISJujbkgDipE2VCdfd4WRR+kkHkK3izhHnZNfcA596EZSRFrAGWMxNTzAP68+nkp18gW7ZI8HLgInBQWQTrWTf3Z9gWNOQo0ZUqrl2JFuJ0hqihkZ5txYkQjhPuqSloEh4kS1k/H9Q3hkGB8GQpoXajhmpxMJ4koNuGecHOmemtdG5H9aK9bBZTuhYRRrEuLJoiBm0NQxKhP6VBKs2cAAhCU1f4W4hyTC2lSeMyU48ycvgvppySmXyrdnhcpVWkcWHIBDUAQOuAAVcAOqoAYweASv4B18WE/Wm/VpfU2sGSvN7IOZsb5/AIOiryk=</latexit>

uω+ω5d → u(ωz + ωt)ω5d

Same irrep of little group 
leaving  invariant̂z
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Signal enhancement

<latexit sha1_base64="PIyimfKRtw5kJptgqxZQr7hTXTU="></latexit>〈
ω|dεµε5u|!

〉
→ iZfωPµ

<latexit sha1_base64="b5u/nz3uHtB/5cvZqN4XrDBi/2o="></latexit>

Signal[uωµω5d]

Signal[uω5d]
→

P 2
µm

2
q

m4
ω

↑
P 2
µ

m2
ω

<latexit sha1_base64="EqpOJaUojnXlKXsjngnNwKxTIQI="></latexit>〈
ω|dε5u|!

〉
→ 1

mq
ϑµ

〈
ω|dεµε5u|!

〉
→ iZfωm

2
ω/mq

Lorentz covariance of axial-vector opertors:

Partially conserved axial current (PCAC) relation:

Together imply  enhancement of ground-state overlap (=“signal”) for axial-
vector over pseudoscalar operators

O(P2/m2
π)
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SNR enhancement

<latexit sha1_base64="bLDUwmy9PMbe9qznkYi3Y0RWh0E="></latexit>

SNR[uωµω5d]

SNR[uω5d]
→

P 2
µ

m2
ω

<latexit sha1_base64="S1gt+XMUTZmyMQdQLhXN+PyZGmg="></latexit>

Signal[uωµω5d]

Signal[uω5d]
→

P 2
µ

m2
ω

Same logic leading to signal enhancement 
applies to variance correlator…but variance 
dominated by pions at rest!

<latexit sha1_base64="1rwZffgJtJTouSoNUPxUau7Nz5g="></latexit>

Noise[uωµω5d]

Noise[uω5d]
→ m2

ω

m2
ω

→ 1

Signal enhancement translates into SNR enhancement
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Scaling

Numerically observed SNR enhancement 
consistent with theoretical expectation

<latexit sha1_base64="bLDUwmy9PMbe9qznkYi3Y0RWh0E="></latexit>

SNR[uωµω5d]

SNR[uω5d]
→

P 2
µ

m2
ω
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<latexit sha1_base64="DK7ha6WJh95Ji/WEx56909TBNuY=">AAACP3icbVDLSgMxFM3UV62vqks3wSJUhDKjtbosunFZwT6gMwyZNG1Dk8mQZIQy9M/c+Avu3LpxoYhbd6btKLb1QuBwHtzcE0SMKm3bz1ZmaXlldS27ntvY3Nreye/uNZSIJSZ1LJiQrQApwmhI6ppqRlqRJIgHjDSDwfVYb94TqagI7/QwIh5HvZB2KUbaUH6+4Qojj9NJPIJuD3GO/JMfcA470I2kiLSAM8ZiajiDv97y8Z+Uny/YJXsycBE4KSiAdGp+/sntCBxzEmrMkFJtx460lyCpKWZklHNjRSKEB6hH2gaGiBPlJZP7R/DIMB3YFdK8UMMJ+zeRIK7UkAfGyZHuq3ltTP6ntWPdvfQSGkaxJiGeLurGDJo6xmXCDpUEazY0AGFJzV8h7iOJsDaV50wJzvzJi6BxWnIqpcptuVC9SuvIggNwCIrAARegCm5ADdQBBg/gBbyBd+vRerU+rM+pNWOlmX0wM9bXN62WrqI=</latexit>

uω+ω5d → u(ω3 + ω4)ω5d

Ground-state energy improvement

Ground-state energies extracted using filtered Lanczos (= Prony = GPOF = Rayleigh-Ritz)
MW, arXiv:2406.20009, accepted by PRL

Abbott, Hackett, Fleming, Pefkou, MW, arXiv:2503.17357

Hackett, MW, arXiv:2412.04444, accepted by PRDHackett, MW, arXiv:2407.21777

Ostmeyer et al, Eur. Phys. J. A 61 (2025)

Chakraborty et al, arXiv:2412.01900 
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KPS convergence theory

Paige, PhD thesis 1971

Lanczos converges exponentially faster than power iteration (= effective mass) 
for transfer matrices with small gaps (e.g. for small )a

Saad, SIAM 17 (1980)

Kaniel, Mathematics of 
Computation 20, 369 (1966) 

• Approximate form valid near continuum limit where 1 ≫ δ ≫ δ

Block Lanczos converges exponentially faster than GEVP
<latexit sha1_base64="Z1n6pHKHf27LNYR9LfQvJ+zZwsA=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBeWRKS6EYpScFnBPqAN4WYyaYdOHsxMhBK68VfcuFDErZ/hzr9x2mah1QOXezjnXmbu8RLOpLKsL6OwtLyyulZcL21sbm3vmLt7bRmngtAWiXksuh5IyllEW4opTruJoBB6nHa80c3U7zxQIVkc3atxQp0QBhELGAGlJdc86PuUK3AFvsJQaeh+ihuudeKaZatqzYD/EjsnZZSj6ZqffT8maUgjRThI2bOtRDkZCMUIp5NSP5U0ATKCAe1pGkFIpZPNDpjgY634OIiFrkjhmfpzI4NQynHo6ckQ1FAuelPxP6+XquDSyViUpIpGZP5QkHKsYjxNA/tMUKL4WBMggum/YjIEAUTpzEo6BHvx5L+kfVa1a9Xa3Xm5fp3HUUSH6AhVkI0uUB3doiZqIYIm6Am9oFfj0Xg23oz3+WjByHf20S8YH99k9JRZ</latexit>

�r = a(Er � E0)

<latexit sha1_base64="btG7M5LqxWrdYihswat1+dxMtf8="></latexit>���E0 � E(m)
0

��� / e�2t
p
�

<latexit sha1_base64="yzVOqsRrPK4kdCmmNLjb52+PNTI="></latexit>���E0 � E(m)
0

��� / e�2t
p
�r

<latexit sha1_base64="RrtxDHIxsafIYXcv63ADQtRqSQo="></latexit>��E0 � EGEVP
0 (t)

�� / e�t�r

<latexit sha1_base64="dtc+DVJUYZ06g0iKUjWGGPZS3MY="></latexit>��E0 � Ee↵
0 (t)

�� / e�t�

Lanczos Power iteration

Block Lanczos GEVP

Saad, SIAM 17 (1980)

• Prony / GPOF have identical convergence, but the rate wasn’t known before



18

Physical noise filtering

Using bootstrap median estimators, 
results become highly correlated 
with constant SNR for large t
— No fitting needed

Simple and robust estimators for matrix elements

“Spurious states” arising from noise can be removed using arcane mathematics or 
simple physics — demand real energies and non-zero overlap with initial state

Hackett, MW, arXiv:2407.21777

MW, arXiv:2406.20009, accepted by PRL

Hackett, MW, arXiv:2412.04444, accepted by PRD

Cullum and Willoughby, J. Comp. Phys. 44, 329 (1981)



Residual bounds
• Lanczos approximation error after finite number of iterations directly computable:

See Parlett, The Symmetric 
Eigenvalue Problem (1980)

Eigenvectors of 𝑇 (𝑚)

Matrix element 𝑇 (𝑚)
𝑚(𝑚+1)

Rigorous quantification of excited-state effects!

<latexit sha1_base64="YvcLQ/EYcLghAEo4t6QGTRU+LIY="></latexit>

min
�2{�n}

|�(m)
0 � �|  |�m+1!

(m)
m0 |

𝐸0 − 𝐸(𝑚)
0 ∝ 𝑒−4𝑚 𝛿     ≪    𝐸0 − 𝐸eff(2𝑚) ∝ 𝑒−2𝑚𝛿

19



𝐸0 − 𝐸(𝑚)
0 ∝ 𝑒−4𝑚 𝛿     ≪    𝐸0 − 𝐸eff(2𝑚) ∝ 𝑒−2𝑚𝛿

20

Zanotti et al [CSSM], PRD 68 (2003)

Braun et al, Null. Phys. B 589 (2000)

Burkardt, Ji, Yuan, Phys. Lett. B 545 (2002)

Xi, Ma, Yuan, Eur. Phys. J. C 33 (2004)

Generic nucleon operator:

 nucleonsψ+

<latexit sha1_base64="hc47m/UNhLh+ogbYEfdKNe15CYg="></latexit>

N! = ωabc(d
T
aC!ub)(1 + ε4)uc

Leading-twist spin:
<latexit sha1_base64="+jRLov//a5WE7LRjbtZZKzRradQ=">AAACFHicbZDLSgMxFIYzXmu9jbp0EyyCUCkzotVl0YUuK9gLdIaSSTNtaJIZkoxQhj6EG1/FjQtF3Lpw59uYaUfQ1h8CX/5zDsn5g5hRpR3ny1pYXFpeWS2sFdc3Nre27Z3dpooSiUkDRyyS7QApwqggDU01I+1YEsQDRlrB8Cqrt+6JVDQSd3oUE5+jvqAhxUgbq2uXvWvEOYIeFdBLvX526ZaPYU5nP1CG3rhrl5yKMxGcBzeHEshV79qfXi/CCSdCY4aU6rhOrP0USU0xI+OilygSIzxEfdIxKBAnyk8nS43hoXF6MIykOULDift7IkVcqREPTCdHeqBma5n5X62T6PDCT6mIE00Enj4UJgzqCGYJwR6VBGs2MoCwpOavEA+QRFibHIsmBHd25XlonlTcaqV6e1qqXeZxFMA+OABHwAXnoAZuQB00AAYP4Am8gFfr0Xq23qz3aeuClc/sgT+yPr4BRG2dFw==</latexit>

! → {ω+, ω5ω+}
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𝐸0 − 𝐸(𝑚)
0 ∝ 𝑒−4𝑚 𝛿     ≪    𝐸0 − 𝐸eff(2𝑚) ∝ 𝑒−2𝑚𝛿

20

Zanotti et al [CSSM], PRD 68 (2003)

Braun et al, Null. Phys. B 589 (2000)

Burkardt, Ji, Yuan, Phys. Lett. B 545 (2002)

Xi, Ma, Yuan, Eur. Phys. J. C 33 (2004)

Generic nucleon operator:

 nucleonsψ+

<latexit sha1_base64="hc47m/UNhLh+ogbYEfdKNe15CYg="></latexit>

N! = ωabc(d
T
aC!ub)(1 + ε4)uc

Leading-twist spin:
<latexit sha1_base64="+jRLov//a5WE7LRjbtZZKzRradQ=">AAACFHicbZDLSgMxFIYzXmu9jbp0EyyCUCkzotVl0YUuK9gLdIaSSTNtaJIZkoxQhj6EG1/FjQtF3Lpw59uYaUfQ1h8CX/5zDsn5g5hRpR3ny1pYXFpeWS2sFdc3Nre27Z3dpooSiUkDRyyS7QApwqggDU01I+1YEsQDRlrB8Cqrt+6JVDQSd3oUE5+jvqAhxUgbq2uXvWvEOYIeFdBLvX526ZaPYU5nP1CG3rhrl5yKMxGcBzeHEshV79qfXi/CCSdCY4aU6rhOrP0USU0xI+OilygSIzxEfdIxKBAnyk8nS43hoXF6MIykOULDift7IkVcqREPTCdHeqBma5n5X62T6PDCT6mIE00Enj4UJgzqCGYJwR6VBGs2MoCwpOavEA+QRFibHIsmBHd25XlonlTcaqV6e1qqXeZxFMA+OABHwAXnoAZuQB00AAYP4Am8gFfr0Xq23qz3aeuClc/sgT+yPr4BRG2dFw==</latexit>

! → {ω+, ω5ω+}

Euclidean analogs
<latexit sha1_base64="1QserlfhRH+vT4YrEZ/zD3wSR34=">AAACMXicbZDLSgMxFIYzXmu9jbp0EyyCCykzotVl0YVdVrAX6AxDJk3b0CQzJBmhHfpKbnwTcdOFIm59CTPtLLT1QODL/59Dcv4wZlRpx5laK6tr6xubha3i9s7u3r59cNhUUSIxaeCIRbIdIkUYFaShqWakHUuCeMhIKxzeZX7riUhFI/GoRzHxOeoL2qMYaSMFds27R5wj6FEBvdTrZ5dAn8OcruCSNF42x9CbBHbJKTuzgsvg5lACedUD+9XrRjjhRGjMkFId14m1nyKpKWZkUvQSRWKEh6hPOgYF4kT56WzjCTw1Shf2ImmO0HCm/p5IEVdqxEPTyZEeqEUvE//zOonu3fgpFXGiicDzh3oJgzqCWXywSyXBmo0MICyp+SvEAyQR1ibkognBXVx5GZoXZbdSrjxclqq3eRwFcAxOwBlwwTWoghqogwbA4Bm8gXfwYb1YU+vT+pq3rlj5zBH4U9b3D/zoqOY=</latexit>

! → {ωt, ω5ωt, ωz, ω5ωz}

Large SNR improvement for 
 GeVPz ≳ 2



𝐸0 − 𝐸(𝑚)
0 ∝ 𝑒−4𝑚 𝛿     ≪    𝐸0 − 𝐸eff(2𝑚) ∝ 𝑒−2𝑚𝛿

21Zhang, Grebe, Hackett, MW, Zhao, arXiv:2501.00729

 nucleon matrix elementsψ+

Quasi-PDF matrix elements exhibit similar SNR enhancements

<latexit sha1_base64="1QserlfhRH+vT4YrEZ/zD3wSR34=">AAACMXicbZDLSgMxFIYzXmu9jbp0EyyCCykzotVl0YVdVrAX6AxDJk3b0CQzJBmhHfpKbnwTcdOFIm59CTPtLLT1QODL/59Dcv4wZlRpx5laK6tr6xubha3i9s7u3r59cNhUUSIxaeCIRbIdIkUYFaShqWakHUuCeMhIKxzeZX7riUhFI/GoRzHxOeoL2qMYaSMFds27R5wj6FEBvdTrZ5dAn8OcruCSNF42x9CbBHbJKTuzgsvg5lACedUD+9XrRjjhRGjMkFId14m1nyKpKWZkUvQSRWKEh6hPOgYF4kT56WzjCTw1Shf2ImmO0HCm/p5IEVdqxEPTyZEeqEUvE//zOonu3fgpFXGiicDzh3oJgzqCWXywSyXBmo0MICyp+SvEAyQR1ibkognBXVx5GZoXZbdSrjxclqq3eRwFcAxOwBlwwTWoghqogwbA4Bm8gXfwYb1YU+vT+pq3rlj5zBH4U9b3D/zoqOY=</latexit>

! → {ωt, ω5ωt, ωz, ω5ωz}



𝐸0 − 𝐸(𝑚)
0 ∝ 𝑒−4𝑚 𝛿     ≪    𝐸0 − 𝐸eff(2𝑚) ∝ 𝑒−2𝑚𝛿
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Zhang, Grebe, Hackett, MW, Zhao, arXiv:2501.00729

Kinematically-enhanced interpolating 
operators for boosted hadrons

Boosted hadron states in LQCD are 
easier to study using operators 
built from leading-twist  spinorsψ+

• SNR enhanced by O(P2/M2)

• Excited-state effects reduced for 
sufficiently large P

• Theoretical enhancement seen in real LQCD data: 2000x / 100x improvement in 
effects statistics for pions / nucleons with ~2 GeV momenta

• Easy to implement — just add a  or  to your pion and nucleon operators!γt γz


