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Outline

» Background and motivation: why dihadron fragmentation?

» Recent DiFF (and multi-hadron FF) theory developments: new definition and its
number density mterpretation, sum rules, and evolution equations

» Comments on previous DiFF definitions, dihadron cross section results, and
other claims in the literature (especially regarding the compatibility of our new
definition with factorization)

» Summary
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Background and Motivation
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From Bianconi, et al. (2000)
Bianconi, et al. (2000); Bacchetta, Radici (2003, 2004), ...
Po=Pi+P, R=(Pi—P)/2 &=P k= & =Pk

E=&6+& (=P —FP)/P = (& —&)/¢

M2+ R2 1 a M2+ R2 1-— .
P1:< i T +CP,;,RT> P2:< 2+ Ivp CP,;,—RT>

(1+Q)p, " 2 1-¢)P; 2
- 1—¢? 1-¢ 1+
R N Y R S VAV

Note: Sometimes the variable £ = (1 + {)/2 has been used, which is different from
the momentum fraction ¢ above. 1
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» Dihadron fragmentation involves more structures than single-hadron
fragmentation (only unpolarized hadron FFs are shown below)

Single-hadron FFs

AN (g kp) — DIM(E, E2k2), —

17 1.7
ép ki
M,

H-9(¢, €203

Dihadron FFs hih Sy =y o 5
Dll Q/q(gagvavRTakT°RT)y

(Biancont, et al. (2000);
Bacchetta, Radici (2003, 2004)) 6%‘2 R’?Z” kj

L Gi_ hlh2/‘](€7 Cv ]Z’_Z%a éf%a ET ’ ET):

AMP/(E ¢ kp, Ry) ——= i pi
50 VL R / e -
Lyt helt (e, ¢ k2, B2 kr - Rr),
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» Dihadron fragmentation involves more structures than single-hadron
fragmentation (only unpolarized hadron FFs are shown below)

Single-hadron FFs

/dQET AM (¢ ) — DY9(g)

Dihadron FFs — hihsa/q

Dl (f?C?Rg”))
/dQET Ahth/q(€7 C7 ETaﬁT) — %]

e’ RJT

Hfhlh?/q(f, C) R’%)
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» Dihadron fragmentation involves more structures than single-hadron
fragmentation (only unpolarized hadron FFs are shown below)

Single-hadron FFs

/d% AM (¢ ) — DY9(g)

Dihadron FFs

 ~hiho =
Dl /q(€7C7R%>7
/dQET Ahth/q(€7 C7 ETa ET) —

ij pi )

_Mfy

chiral-odd “interference” FF (IFF)

(Collins, et al. (1994); Bianconi, et al. (2000); Bacchetta, Radici (2003, 2004); Courtoy, et al. (2012);
Matevosyan, et al. (2018); Radici, et al. (2013, 2015, 2018); Benel, et al. (2020), Courtoy, et al. (2014, 2022);
Cocuzza, et al. (2024))
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Asin(gbR+¢S) o Zq G@Hf’q(z7 Mh)

o - X, e fi(a) Di(z, Mp)

h,(x) = transversity PDF - connection to the tensor
charges of the nucleon

2 <,q M, rq ~4,q
o S R0 3 @t n)

>.q €5 J1(x) Di(z, Mp)

e(x) = twist-3 PDF - connection to the decomposition of the nucleon mass

(Collins, et al. (1994); Bianconi, et al. (2000); Bacchetta, Radici (2003, 2004); Courtoy, et al. (2012);
Matevosyan, et al. (2018); Radici, et al. (2013, 2015, 2018); Benel, et al. (2020), Courtoy, et al. (2014, 2022);

Cocuzza, et al. (2024))
3
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» DiFFs are interesting in their own right, e.g., one can test models for

(un)polarized parton fragmentation/hadronization (Collins, Ladinsky (1994); Jaffe,
et al. (1998); Bianconi, et al. (2000); Bacchetta, Radici (2006); Matevosyan, et al. (2017, 2018);
Kerbizi, et al. (2019, 2023))

7T T
] \
hy I \
Q,., Hy h; :/,,71' 7T~\\|
H H!
H; g L [p,o  po 1
N >
\\ Q3 //
:13 qa = q4 )
0 ha h2
,y*
From Kerbizi, et al. (2019) From Jaffe, et al. (1998)
Y
hiy
p 4
ﬁ Y
>
q a,
q, S
4

3
From Matevosyan, et al. (2017) hz N o
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» There is also a complicated/interesting resonance structure that can/must be
analyzed

Belle (2017)

S0F 0.20 <z<0.25

0.25<2z<0.30 o 0.30<z<0.35 0.35<z<0.40

d®c / dzdm [ub/GeV]

0.40 <z<0.45 0.45<2<0.50 | 0.50<2<0.55 | 0.55 <z < 0.60

o / dzdm [ub/GeV]

0.60 <z <0.65 0.65<2<0.70 [ 0.70<2<0.75 | 0.75 <z < 0.80

o / dzdm [ub/GeV]
L4 N WA OO

0.80<z<0.85 0.85<z<0.90 [ 090<z<0.95 [ 095<z<1.00

o / dzdm [ub/GeV]
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Recent DIiFF Theory Developments
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> An aside: notation and reference frames

* For n-hadron FFs, & =

Zé}

* The arguments of the FF will denote in Wthh variables it 1s a number
density, e.g., hlh?/q(& £5, Py 1, P> )is a number density in (&1, &2, P, P)

* “Parton frame” (p): parton has no transverse momentum, hadron has
transverse momentum P, - useful in the formulation of FFs as number
densities and proofs of sum rules

* “Hadron frame” (h): hadron has no transverse momentum, parton has
transverse momentum A, - more practical for phenomenology

Vo =V, =V~
Vot = (kr/k7)2 V)24 VT —kr - Vi [k~

Vi =—(kp/k" )V~ + Vi
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» (TMD) PDFs and (single-hadron) FFs are defined in a way so that they are
number densities in a parton model framework

Number sum rules

’L/N . i/N — (B is the baryon number,
Z / df ) 1 (f)] B e.g.,= 3 for a proton)

1=u,d,s,..

Z/ df D?/z (f) _ <_/\/’> (<IN> is the expectation value for the
0

total number of hadrons produced
when the parton fragments)

Momentum sum rules

Z/déff’/N(f)zl Z/O dg & Dy (€) =

Note: Paper by Collins, Rogers (2024) has questioned sum rules for FFs, but their analysis
does not affect the validity of the fundamental definition of single-hadron FFs, our DiFF (or
n-hadron FF) definitions, nor their interpretations as a number densities.



& .
[ ebanon Valley Colleg D. Pitonyak :

+ L
D¢, B) = %5/ O e I O e, ) a0 2P X)

X (P; X[1h,(0%,07, 0, )W(0, oo)]O)V_]




-
K

e T Ty [{O\W(oo, ), (7,07, 7,)|P; X)

@ .
[ ebanon Valley College D. Pitonyak

— 1 1 d:E_'_deJ_
D¢, P) = —— /
1 (57 J_) Nc 4€ (27_‘_)3

9 «P;xwwqaﬁyo—,6L>vv«Looﬂo>v—]

S S 11 o . .
Z/ d¢ (2B, DM(¢, P)) = ﬁi/dﬁd?:m ek m*Tr[<0|W(oo,x)¢q(x+,o,@)szq(oto,og

AW(0,00)[0) 7]

1
Introduce “good” quark fields ¥— ; = §’y+’y_¢q, insert their anticommutator, and use

{@D_,q(iﬂ—i_, O_afJ_)a wT—,q(O—i—a 0_7 6J_)} — %7—'_7_5(56_*—)5(2) (fl)

1
ZA%d@mW@ﬁFMO
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ha /i da:+d2x hy /i
AMhlie) e, By By ) = %ﬁ/ L ik hiha/i )

xr =

quark fragmentation (N; = N,)

ON () =(0|W(00, )tg.a(a™,07,71)|Pr, Po; X)
X <P17 P27 X|77;q,5(0+7 0_7 GJ_)W(Oa OO)|O>

gluon fragmentation (N;= N2 - 1)

0219 () =(0|Wh* (00, ) F . (a7
x (Py, Py; X|F§ 5(07,

NB: we will focus on quark fragmentation, but similar results hold for gluon fragmentation
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647735152

10
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Ir [Ahth/q(é'l)gQa ﬁlJ.a P)ZJ_)’Y_} — D?1h2/q(£17£27 ﬁlJ_? ﬁQJ-)

647"35152

ZZ/d&d Pu/d&d Py D2l ¢y BBy

hi1  ho

]\17 ;/dx+d2 ik Tr[<O|W(oo z) (0 (ZZNthh2 ZNh1>¢q(0+,0,5¢)
hl h2 ]’Ll
< W0, 50)[0) fy]

. dP dQPJL dé . d? J2
J— /\T N ] JL A A
where Np, = / SE 2P_ Gy, Qh; = /< )5 2¢, ah A,

1-¢&2 .
d¢ ¢, [Py, [P, D9y 60, P, Py ) = (NN = 1))
;hZ/ 2/ 1/ 1J_/ 21 1,82 1.1 21

v

Expectation value for the total number of hadron
pairs produced when the parton fragments 4,
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We can also show the number density interpretation of Di”hQ/q(gl, &9, ﬁu, ﬁu) by
starting from the operator definition and using expressions for the quark field operator
Y(x) in terms of (quark) lightcone creation and annihilation operators to find

d(N(N _ 1)) .

DIt ¢y 6, Byy, Py )iy ) = (F A
hZ; 1 6o Pu Po) ) = (Ril e

For the single hadron case, the analogous result reads (Collins (2011))

h —
Eh Dy (& Po)(klke) = <k1‘d§d2fl [F2)

In both cases, the relevant number operator is differential in the momentum fractions and
transverse momenta of the final-state hadrons.

11
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1 I Ry o
—T[Ah1h2/q &9, Py, P ]:D12q &, PP
647m3&1 & t (€1,&2, Pri, Por )y 1 (&1,&2, P11, Poy)

! 5 P e!R\ P} L
— T [Ah1h2/q ’ ’P 7P — ] e N & hJ_G 1ha/q 7 ,P ,P
GAT3E Ly (81,82, 1, P2 )y s M 1 (€1,82, P11, Pl )

1 5 =4 ) eszj ,h, h — —
— T [Ahlhz/q : ,P 7P . 4 ] - _ L J_H<I 1ha/q 7 ,P ,P
GAm3E ey (§1,62, Pro, o1 )io" s M, 1 (€1,82, Pro, Pay)

el b

Hlj_ h1h2/q(€17 527 ﬁlL) ﬁQL)

ZMh

NB: number density interpretation holds not only for unpolarized quarks (y~ projection) but
also for longitudinally (y"y> projection) and transversely (ic'” y> projection) polarized quarks

12
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Number sum rule

1 1€ B B o
SN [ e [ de [P [ Bt 60 P P = W - 1)
hi  he 0 0

) D"/ (w, 2, Y, Z) =T - D" (&, 6, Py, Pyl

is a number density
Jacobian for the variable transformation

from (fl,fz, ﬁu_, ﬁgj_) to (’LU,LE, ?, Z)

13
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Number sum rule

1 1€ B B o
SN [ e [ de [P [ Bt 60 P P = W - 1)
hi  he 0 0

) D"/ (w, 2, Y, Z) =T - D""(&, &, Py, Py)

is a number density
Jacobian for the variable transformation

from (51, 52, ﬁu_, ﬁgJ_) to (’LU, xZ, }7, Z)
Using this prescription, we can define a DiFF that is a density in

any momentum variables of choice for the number of hadron
pairs (h, h,) fragmenting from the parton

13
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Number sum rule

1 1€ B B o
SN [ e [ de [P [ Bt 60 P P = W - 1)
hi  he 0 0

) D"/ (w, 2, Y, Z) =T - D" (&, 6, Py, Pyl

is a number density
Jacobian for the variable transformation

from (51,{{2, ﬁu_, ﬁgj_) to (’LU,LE, ?, Z)

Momentum sum rule

1-&2 . , . . . .
Z/ dgl/dQPM & DY &, 6, Py, Poy) = (1- &) DY (&, Pyl )
hy ”0

13
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Generalization to n-hadron fragmentation

1
1(1673)7 1€ - &,

e[ AU a({g AP )y | = DI (g AP L)

22 / A - & / @*Pry - &Py DY ({6 n AP Yn) = <hw— k>>
h1 hy

k=0

14
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» Connection to phenomenology/experiment - work in a frame where the dihadron
has no transverse momentum and integrate over k; (and perhaps {)

—

D?th/i(w7xa }77 Z) = j ) D?1h2/i(€17£2’ ﬁlLa ﬁQL)

NB: The following are number densities in the respective function arguments

phiha/a 5 ) _ § /dQE Ahiha/q BB
1 (€7C,RT) 327_‘_3(1 _ CQ) T (517527 11, 2J_)
Dhth/q(f &, Rr) = L/CZQET AMh2lag, ¢, P, Py))
1 1,82, 647T3€1£2 ) ) )
&My,

D?lfm/q(f? Mh)

=23 /d( /d2ET APha/a(g, & Py Py )

15
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» Connection to phenomenology/experiment - work in a frame where the dihadron
has no transverse momentum and integrate over k; (and perhaps {)

—

D?th/i(’w,,CIj, }77 Z) = j ) D?1h2/’i(€1’£2’ ﬁlLaﬁQJ_)

NB: The following are number densities in the respective function arguments

phiha/a 5 ) _ § /dQE Ahiha/q BB
1 (€7C,RT) 327_‘_3(1 _ C2) T (517527 11, 2J_)
Dhth/q(§1 52 ﬁT) — L /dQET Ah1h2/q(€1 €2 P)lj_ P)QJ_)
1 ) ’ 647T3€1€2 ) 3 )
&My,

RLERITN A / dc / Py AM/(g, ¢, By By))

6472

This DiFF is especially relevant for phenomenology and analyzing
experimental data. This operator definition appeared for the first
time in our work in Phys. Rev. Lett. 132, 011902 (2024).

15
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» Another check of the correct definition as a number density is to perform

parton model calculations of cross sections, e.g., in et e™ — (hihgy) X

_|_ —
ete” — (hth)X ete” > hX

47TNCOéem o h/
=) 302 egD?h/q(Z»Mh) —Z 66 D1

/

total partonic cross section for ete” — Y — qq = (70
NB: also checked it works for gluon DiFF using e " e™ — H — qg

q

This is exactly the structure do should have if D, has a
number density interpretation

16
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» Another check of the correct definition as a number density is to perform
parton model calculations of cross sections, e.g., in et e™ — (hihgy) X

_|_ —
e+e_ — (hth)X ete” > hX

47TNCO‘em 1M2 > — 5 h/q
Z 3002 egp?h/q('vaaRT) ZUCJD

/

total partonic cross section for ete” — Y — qq = (70
NB: also checked it works for gluon DiFF using e " e™ — H — qg

dz d(de Ry

q

This is exactly the structure do should have if D, has a
number density interpretation

16
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» Evolution equations for DiFFs
hy " 'lh2 | \‘ \‘
11 | (W

|
(a)

hiha/1 hiha/j

“Homogeneous term”

|
(0)
Di’/th/?: _ Dill/j ®Dil2/k

“Inhomogeneous term”

17
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» Evolution equations for DiFFs

[ B W | [ | \
hl'lh,z (WA} hll \
1 I 1 I | \

| |
(a) (b)

Dil1h2/’b N D?th/J Dillh2/z R Dill/] ®Dil2/k
“Homogeneous term” “Inhomogeneous term”

/

hihs/q,(b = 1 Cpra, 1752 dz hy o ho 1422
D1 /o )(€1>€2>RT§,UJ) — E—Z 902 / le /q(fl/Z)Dl /9(52/(1 — Z)) T3
T 1

The inhomogeneous terms are not UV divergent at O(«) when one keeps the dependence
on Ry (see also Ceccopieri, et al. (2007))

17
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» Evolution equations for DiFFs

kit & by o « Evolution is independent of the target (in the case of
11

' PDFs) or final state (in the case of FFs) (Collins (2011))

mmmm) The evolution equations for the DiFFs have the
same splitting functions as single-hadron
| collinear FFs. The only potential change is in the
| integration measure of the convolution integral
(a) depending on which DiFF is under consideration.

§
32m3(1 — (2

Diblha/q(ga G, ET) — )/d2ET Tr {Ahllm/q(gla &2, ﬁlJ.a ﬁ2L)7_

18
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» Evolution equations for DiFFs

kit & by o « Evolution is independent of the target (in the case of
11

' PDFs) or final state (in the case of FFs) (Collins (2011))

mmmm) The evolution equations for the DiFFs have the
same splitting functions as single-hadron
| collinear FFs. The only potential change is in the
| integration measure of the convolution integral
(a) depending on which DiFF is under consideration.

DY/, ¢, Rr) © /d2ET TI‘{Ahlhﬂq(flan,ﬁu,ﬁuw_

~ 3281 -0)

—~ ¢ dependence is not altered by evolution

paey =& (2R e ja/a(e, i)y )

18
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» Evolution equations for DiFFs

h1" "hz | "N * Evolution is independent of the target (in the case of
I 1

' PDFs) or final state (in the case of FFs) (Collins (2011))

mmmm) The evolution equations for the DiFFs have the
same splitting functions as single-hadron
| collinear FFs. The only potential change is in the
| integration measure of the convolution integral

(a) depending on which DiFF is under consideration.
aDh1h2/i(€7C’ R’T;IM) 15 R ¢ B A

where D = Dy or Hy
“ \

use unpolarized use transversely polarized
time-like splitting splitting kernels
kernels

19
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» Evolution equations for DiFFs

kit & by o « Evolution is independent of the target (in the case of

R R PDFs) or final state (in the case of FFs) (Collins (2011))

mmmm) The evolution equations for the DiFFs have the
same splitting functions as single-hadron
| collinear FFs. The only potential change is in the
| integration measure of the convolution integral

(a) depending on which DiFF is under consideration.
D!t (¢ My; 1) Y42 | pnayir (€ do Yazlde . /2
9 ’ — iy 1in2/v S . (3 < > — __D 1 2(—,M>
alnMQ ; : 2 D1 <2>Mh7,u>Pz—>l (Z) dZth s s 1ds 1 3 h

20
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» Evolution equations for DiFFs

kit & by o « Evolution is independent of the target (in the case of
11

' PDFs) or final state (in the case of FFs) (Collins (2011))

mmmm) The evolution equations for the DiFFs have the
same splitting functions as single-hadron
| collinear FFs. The only potential change is in the
| integration measure of the convolution integral

(a) depending on which DiFF is under consideration.
D!t (¢ My; 1) Y42 | pnayir (€ do Ydslde .,
) NP D (2 My [P ()] . - D12(,M>
H1n 12 .z 1 (g’Mh’“>PH@ (2) dzdM, |/), 2|dz z0

%Di“’”/"(f,c, Fir)

aDilth/i(flaﬁzaéT 1) Z/ h1h2/1< 5_2 éT'M) P (3)
Y A 9 11—/
3

USing Dflh2/9(£1, 527 ET) -

01n p?

20
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» Evolution equations for DiFFs

kit & by o « Evolution is independent of the target (in the case of

R R PDFs) or final state (in the case of FFs) (Collins (2011))

mmmm) The evolution equations for the DiFFs have the
same splitting functions as single-hadron
| collinear FFs. The only potential change is in the
| integration measure of the convolution integral

(a) depending on which DiFF is under consideration.
0D} " (¢, My; ) Y2 | nyha g (€ do Yd2|de
’ ! = — TN . (2 < > — D ! 2(A7M>
Oln p? z ¢ 2 )1 (2’Mh’“>PHZ ) dzdM, |J, z|dz "

. 1ho =4 2 1ha 5
Using D'"/9(¢y, &5, Ry) = S DI"2/9(¢, ¢, By)

§
aD?1h2/i(§17€2a éTaM) _ Z 1d2 Dh1h2/l gl 52 é A P . (2) — dg = 1dZ do_Dhlh2( 2_2 R)T)
0ln /JQ B 7 17¢€ 22 1 2 37 TR )i d21d2:2d2éT 2 22 dz 27 37

mm) Agrees with Majumder, Wang (2004), Ceccopieri, et al. (2007), and de Florian, Vanni (2004)

20
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Comments on Other Results
and Claims in the Literature
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» The original DiFF definition written down in Bianconi, et al. (2000) has the same
prefactor as the single-hadron fragmentation case (see also Rogers, et al. (2025))

— — - g 1 3 »)
plaha/aBBIR e - F2 B2 b By - ETr [Ahm/q(&,fzapuaPu)’Y_}

21
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» The original DiFF definition written down in Bianconi, et al. (2000) has the same

prefactor as the single-hadron fragmentation case (see also Rogers, et al. (2025))

— — - g 1 3 »)
plaha/aBBIR e - F2 B2 b By - ETr [Ahlh?/q(&,fzapuaPu)’f}

— 1673 5152 Dhth/q(& 2,P1,Py))

_ 8(€1ag2aﬁlLaﬁ2L)

8(§7C7€ET7]/\@)
[My,| = My, /V3273, dur, = bry

DIl (e) &y P Py )

mmmm) BBJR definition is a number density in (&, ¢, €ET, ]\AJh) or any set of
variables with unit Jacobian relative to those

21
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1
» Rogers, et al. (2025) define a n-hadron FF with the same 7¢ prefactor and motivate
its use as “fundamental” due to the fact that is arises in a (parton model) derivation
of factorization for a small mass cluster of # hadrons, eTe™ — (hy---h,) X

d(&, —Ekr, {Py}) = % Adhits

22
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1
» Rogers, et al. (2025) define a n-hadron FF with the same 7¢ prefactor and motivate
its use as “fundamental” due to the fact that is arises in a (parton model) derivation
of factorization for a small mass cluster of # hadrons, eTe™ — (hy---h,) X

- 1
hz’ n
d(&, —Ehp, {Pr}) = — Al
/ 4’5/
No clear statement in which -
‘ detd?z, ., _
3n variables this function is Athitn = Ty % / - = PO Y(@)| Py, Pos X))

a number density x(Pp,... ,Pn;XW(OHOHx_:O
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1
» Rogers, et al. (2025) define a n-hadron FF with the same 7¢ prefactor and motivate
its use as “fundamental” due to the fact that is arises in a (parton model) derivation
of factorization for a small mass cluster of # hadrons, eTe™ — (hy---h,) X

d(&, —Ekr, {Py}) = %A{m}n

43k
Usual hard factor for the

production of an on-shell
massless parton

n 1 A )
([0 =1 [ (B9 i) o

~ < Z;
NB:z = - +Dp.s., ngz’—l-p.s.

§
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» The claim in Rogers, et al. (2025) is that our n-hadron FF definition will not arise
in a factorization formula with the same hard factors and splitting functions as
single-hadron fragmentation

1

4(1673)" &y -+ &n

DM (&, {Pri}n) =
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» The claim in Rogers, et al. (2025) is that our n-hadron FF definition will not arise
in a factorization formula with the same hard factors and splitting functions as
single-hadron fragmentation

1

4(1673)" &y -+ &n

DM (&, {Pri}n) =

(1673)" "L 21 -+ 2, 1 £

Notethat 1 = X X
otetha i =1 7 (1673)n—16, - &,
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» The claim in Rogers, et al. (2025) is that our n-hadron FF definition will not arise
in a factorization formula with the same hard factors and splitting functions as
single-hadron fragmentation

1

4(1673)" &y -+ &n

DI (&b n AP, }n) =

(167r3)”_1,21---zn>< 1 y £
: T X TG g

!

n . 3 3\n—1 . 1 A 2EA 2 3d/\ 2 ~
H 2E1(21T> do = (167—( ) <1 Zn / Ad’z k:( ﬂ;) g | 5 /d2l€T A{hi}n + p.S.
d3P7; 22 ; sn—1 d3/% 4(16%3)”_151 .. fn

1=1

Notethat 1 =

_ 2 [ 27 {hi}n . %3
We have a factorization formula with ournew =& [@ k7 D177 ({&i}ns 1 Pi1 }n)
definition that has the usual hard factor

NB: for n = 2, this agrees with the structure of the NLO

calculation of de Florian, Vanni (2004) for do /dz1dz2 ”
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» We also mention an inconsistency in the literature between unpolarized cross
section formulas for dihadron production in e*e- and SIDIS

* Eq.(9) of Courtoy, etal. (2012) eTe™ — hihy X

do Z 47N .«
dzdM;, 302

This is the expected result if D,(z,M,) is defined as a number density in (z,M,),
and also what we obtained

2
em 2 hih2/q
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» We also mention an inconsistency in the literature between unpolarized cross
section formulas for dihadron production in e*e- and SIDIS

* Eq.(9) of Courtoy, etal. (2012) eTe™ — hihy X

em 2Dhlh2/q(Z,Mh)

do Z An N .o?
dzdM;, 302

This is the expected result if D,(z,M,) is defined as a number density in (z,M,),
and also what we obtained

* Eq. (2.5) of Radici, et al. (2015) e N — €'(h1hs) X

do B 47ra

dedydzdM;,  yQ?

(1 -y+y°/2) Ze N [4 M), D29z, Mh)|RCBG15}

This is NOT the expected result if D,(z,M,) is defined as a number density in (z,M,)

Therefore, Courtoy, et al. (2012) and Radici, et al. (2015) seem to
be inconsistent in terms of the DiFF that is used
25
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» Our results for the unpolarized cross section for dihadron production in e*e- and
SIDIS give exactly the formulas one expects 1f D,(z,M,) 1s defined correctly as a
number density in (z,M),)

€+6_ — hlhg X

do _ Z 47T]VCOdem 2Dh1h2/Q(z Mh)

dz dM, 3()?
eN — Gl(hlhg) X
do 477042

m(1—y+y2/2) Y €2 [N (x) DYz, M)

q

drdydzdM, — yQ?
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Summary

» We have introduced a new definition of dihadron fragmentation functions, as
well as a generalization to n-hadron fragmentation, that has a clear number
density interpretation.

» This was justified by proving within a parton model framework certain number
and momentum sum rules as well calculating cross sections ine™e™ — hihy X.

» We developed a simple prescription for how to define DiFF (and n-hadron FF)
operators that are number densities in any variables of interest.

» We derived the O(a,) evolution of the DiFFs, which have the same splitting
functions as for single-hadron FFs.

» We showed that our new definition arises in a factorization formula with the
usual hard factors from single-hadron fragmentation.

> We addressed erroneous recent claims about our work.
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