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Motivation

Matrix elements for Operators of composite particles with arbitrary spin

Covariant decomposition of matrix element in independent non-perturbative objects

〈
p′, s′ |jµ| p, s

〉
= ū(p′,s′)Γ

µ
(p′,p)u(p,s) −→

spin1/2
ū(p′,s′)

[
F1(t2)γ

µ − F2(t2)

i

2m
σµνqν

]
u(p,s)

〈
d′ |jµ| d

〉
= −

(
G1

(
Q2
) [
ε′
∗ · ε

]
−G3

(
Q2
) (q · ε′∗) (q · ε)

2m2
d

)
2Pµ +GM

(
Q2
) [(

q · ε′∗
)
εµ − (q · ε) ε′∗µ

]

Spin-j fields embedded in objects with > 2j + 1 components

Polarization four-vector (spin 1), Rarita Schwinger (spin 3/2), Fierz-Pauli (spin 2)

Need for constraints, Kinematical singularities

Use (2j + 1)-component (chiral) spinors: (j, 0) & (0, j)
[Joos; Barut-Muzinich-Williams 63; Weinberg’s 64-65]
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Motivation

Advantages

Same formalism for any spin j → systematic approach

“Basic” algebraic construction → su(2) → su(2j + 1) → sl(2, C)

Covariant multipole basis emerges → physical interpretation

Parity conserving interactions → generalized Dirac algebra

Easy to implement different types of spin → (canonical, helicity, light front)

Exact degrees of freedom → no need for constraints
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Introduction: Lorentz Group Basics

Algebra for Generators of the Lorentz group

[Jl, Jm] = iεlmnJn , [Jl,Km] = iεlmnKn , [Kl,Km] = −iεlmnJn

Two independent su(2) subalgebras → irreps (jA, jB)

Am = 1
2(Jm + iKm) , Bm = 1

2(Jm − iKm)

[Al,Am] = iεlmnAn , [Bl,Bm] = iεlmnBn , [Al,Bm] = 0

Simplest irreps that contain spin-j → (2j + 1 components)

Right-handed (j, 0): Km → −iJm

Left-handed (0, j): Km → +iJm
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Introduction: Chiral Reps

Some Representations constructed out of the Chiral ones

(0, 0) → Scalar

(1/2, 0) & (0, 1/2) → Right & Left Chiral spinors

(1/2, 0)
⊕

(0, 1/2) → Dirac (spin 1/2) spinors (Extended by Parity / direct sum)

(1/2, 1/2) → Vector

(1, 0) & (0, 1) → Right & Left Chiral spinors

(1, 0)
⊕

(0, 1) → Dirac (spin 1) spinors (Extended by Parity / direct sum)

(1, 1) → Tensor
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Introduction: Weinberg’s Causal Chiral Fields (massive)

Causal chiral fields (massive, left- right-handed)

Lorentz invariant S-matrix:

U[Λ,a]ψσ(x)U
−1
[Λ,a] =

∑
σ′

(
D

(j)
[Λ−1]

)
σσ′

ψσ′ (Λx+a)

No EoM for chiral fields (only obey KG eq.)

Spinors appearing in the fields (not invariants, depend on boost choice)

D
(j)
[L(p)] = e−p̂·

~J(j)θ

D̄
(j)
[L(p)] = e+p̂· ~J(j)θ

Canonical →
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Introduction: Propagators and Spinors: t-tensors

Propagator numerator

(invariant)

Π
(j)

σσ′(~p, ω) = m2jD
(j)

σσ′ [L(~p)]
(
D

(j)

σ′σ′′ [L(~p)]
)†

= m2j
(
e−2p̂·~J(j)θ

)
σσ′

Π̄
(j)

σσ′(~p, ω) = m2jD̄
(j)

σσ′ [L(~p)]
(
D̄

(j)

σ′σ′′ [L(~p)]
)†

= m2j
(
e2p̂·~J(j)θ

)
σσ′

Introduction of 2j-rank t-tensors (symmetric & traceless)

Central role of t-tensors

boosts/spinors and more ...

Π
(j)
σσ′(~p, ω) = t

µ1µ2...µ2j

σσ′ pµ1pµ2 . . . pµ2j

D
(j)
[L(p)] = tµ1µ2...µ2j p̃µ1

p̃µ2
. . . p̃µ2j

p̃µ Parameters NOT 4-vector

Same for any Spin!
Canonical: p̃µC =

√
1

2m(m+p0) (p0 +m, ~p )

Similar for Helicity and LF spinors (but C-numbers)
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Introduction: Bi-Spinors (j, 0)
⊕

(0, j)

For Parity conserving interactions → Gamma matrices (Weyl rep.)
(like the spin 1/2 case)

γµ1···µ2j =

(
0 tµ1···µ2j

t̄µ1···µ2j 0

)
, β = γ0···0 =

(
0 1(j)

1(j) 0

)
, γ5 =

(
−1(j) 0

0 1(j)

)

Bi-spinor satisfy the Dirac eq.
(like the spin 1/2 case)

(called Weinberg-Joos eq.)

(
γµ1···µ2jpµ1 · · · pµ2j −m2j

)
u

(j)
(p,s) = 0

ū
(j)
(p,s)

(
γµ1···µ2jpµ1 · · · pµ2j −m2j

)
= 0

Product of Gamma matrices involve alternating “barring” pattern: tt̄t · · ·
(like the spin 1/2 case)

γµ1···µ2jγν1···ν2j =

(
tµ1···µ2j t̄ν1···ν2j 0

0 t̄µ1···µ2j tν1···ν2j

)
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Constructing the t-tensors

Generalization of σµ = (1,σ) & σ̄µ = (1,−σ) to arbitrary spin

Intertwining map:
(j, 0)⊗ (0, j) [rank-2 in SL(2,C)]

l
(j, j) [rank-2j symm. traceless in SO(3,1)]

Recursion relation for higher spins (Clebsch-Gordan)

t
µ1µ2...µ2j

στ̇ = 〈jσ|j − 1
2
σ1

1
2
σ2〉 〈jτ̇ |j − 1

2
τ̇1

1
2
τ̇2〉 t

µ1µ2...µ2j−1

σ1τ̇1
t
µ2j

σ2τ̇2

Efficient numerical implementation(
t+1···+a−1···−bR1···RcL1···Ld

)
σσ̇′

= 22j

√
(a+c)!(a+d)!(b+c)!(b+d)!

(2j)! δσ, a−b+c−d2
δσ̇′, a−b−c+d2

v± = v0 ± v3 , vR/L = v1 ± iv2 , a, b, c, d ∈ {0, · · · , 2j} , a+ b+ c+ d = 2j

Contain a basis of su(N=2j + 1) used to expand: 〈λ′|Ô|λ〉.
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t-tensor for Spin 1/2 & 1

Spin 1/2

(Pauli matrices)

0-th powers of Ji: t0 = 1

Linear in Ji: t1 =

(
0 1
1 0

)
, t2 =

(
0 −i
i 0

)
, t3 =

(
1 0
0 −1

)

Spin 1 0-th powers in Ji: t00 = 1

Linear in Ji: t01 = 1√
2

(
0 1 0
1 0 1
0 1 0

)
, t02 = i√

2

(
0 −1 0
1 0 −1
0 1 0

)
, t03 =

(
1 0 0
0 0 0
0 0 −1

)

Quadratic in Ji: t11 =

(
0 0 1
0 1 0
1 0 0

)
, t22 =

(
0 0 −1
0 1 0
−1 0 0

)
, t33 =

(
1 0 0
0 −1 0
0 0 1

)

t12 =

(
0 0 −i
0 0 0
i 0 0

)
, , t13 = 1√

2

(
0 1 0
1 0 −1
0 −1 0

)
, t23 = i√

2

(
0 −1 0
1 0 1
0 −1 0

)
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Algebra of t-tensors: Reduction of Quadratic Products

Central role of the covariant t-tensors (spinors, boosts, propagators, gamma matrices)

Bilinear calculus involve products with alternating “barring” pattern: tt̄t · · ·

Matrices in t-tensors form a basis of su(2j + 1) → Products can be linearized

tµ1···µ2j t̄ρ1···ρ2j = 1
(2j)!2 S{(ρ)}

∑2j
m=0

[(
2j
m

)
S

{(µρ)}

(∏m
l=1Q

µlρlαl
red

∏2j
k=m+1 g

µkρkηαk
)]
tα1···α2j

Qµραred = −gραηµ + gµαηρ + iεµρσαησ

ηµ = (1, 0, 0, 0)

each 0 ≤ m ≤ 2j corresponds to a Lorentz independent tensor

T
(µρ)
m ≡

∏m
l=1Q

µlρlαl
red

∏2j
r=m+1 η

αr tα1···α2j =
∏m
l=1Q

µlρlαl
red tα1···αm0···0

Trade matrix multiplication by number multiplication
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Basis for Operators

T(µρ)
m =

∏m
l=1Q

µlρlαl
red tα1···αm0···0 , Qµραred = −gραηµ + gµαηρ + iεµρσαησ

tα1···α2j
→ Basis for Hermitian matrices

T(µρ)
m → Basis for General matrices

Relation between Lorentz Gen & t-tensors & T-tensors:

Mµρ = iQµραred (j)tα0···0 = i(j)T
(µρ)
1

T(µρ)
m are covariantly independent[

Mνσ,T(µρ)
m

]
= i
∑m
n=1 (gµnσTµ1ρ1,...,µn−1ρn−1,νρn,µn+1ρn+1,...,µmρm

m

−gµnνTµ1ρ1,...,µn−1ρn−1,σρn,µn+1ρn+1,...,µmρm
m

+gρnσTµ1ρ1,...,µn−1ρn−1,µnν,µn+1ρn+1,...,µmρm
m

−gρnνTµ1ρ1,...,µn−1ρn−1,µnσ,µn+1ρn+1,...,µmρm
m )
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Orthogonal Basis for Operators

T(µρ)
m =

∏m
l=1Q

µlρlαl
red tα1···αm0···0 , Qµραred = −gραηµ + gµαηρ + iεµρσαησ

tα1···α2j → Basis for Hermitian matrices

T(µρ)
m → Basis for General matrices

Orthogonalization

T µ1ρ1···µmρm
m = T(µρ)

m −
∑m
n=(m mod 2)Nm,n S{(µρ)}

T µ1ρ1···µnρn
n

∏m−1
a=n+1,n+3,··· C

µaρaµa+1ρa+1

red

Lowest rank Invariant:
(+ correct symmetry)

Cµ1ρ1µ2ρ2
red = −gµ1µ2gρ1ρ2 + gµ1ρ2gρ1µ2 + iεµ1ρ1µ2ρ2
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Meaning of this Orthogonal Basis for Operators: sl(2,C) Multipoles

sl(2,C) Multipole of order m: Mµ1ρ1,··· ,µmρm
m = 1

m! S{(µρ)}
∏m
r=1 Mµrρr − (Traces)

Multipoles vs. Orthogonal T -tensors: Mµ1ρ1,··· ,µmρm
m = im

2mm!
(

2j
m

)
T µ1ρ1,··· ,µmρm
m

Multipoles up to order 3: M0 = 1(j) = T0

Mµρ
1 = Mµρ = iQµρα1

red

(∏2j
s=2 η

αs
)

(j)tα1···α2j

Mµ1ρ1,µ2ρ2
2 = 1

2j(2j − 1)
(
−Qµ1ρ1β1

red Qµ2ρ2β2

red tβ1β20···0 + 1
3C

µ1ρ1µ2ρ2
red 1(j)

)
Decompose operators with physical interpretation for each term

→ monopole, dipole, quadrupole, ...

See also [Cotogno, Lorcé, Lowdon, Morales PRD 2020)]
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Dirac Bilinear Calculus

Generalized Bilinears:

ū
(j)

(pf ,sf )Γu
(j)

(pi,si)
=
◦
u

(j)
sf
†

(
0 tβ1···p̃fβ1···

t̄β1···(p̃fβ1···)
∗ 0

)
Γ

(
tα1···p̃iβ1··· 0

0 t̄ᾱ1···(p̃iα1···)
∗

)
◦
u

(j)
si

Generalized Dirac basis: Γ → 1 , γ5 , γ
µ1···µ2j , γµ1···µ2jγ5 , Gm

µ1ρ1···ρmµm , 1 ≤ m ≤ 2j

γµ1···µ2jγρ1···ρ2j → Gm
µ1ρ1···ρmµm =

( ∏m
l=1Q

µlρlαl
red tα1···αm0···0 0

0
∏m
l=1 Q̄

µlρlαl
red t̄α1···αm0···0

)

2j-rank Tensor bilinear P̃ = 1
2

(p̃f + p̃i), ∆̃ = p̃f − p̃i

ūf γ
µ1···µ2j uf = m2j∏2j

l=1

[
2
(
P̃µl P̃ τl − 1

4
∆̃µl∆̃τl

)
−
(
P̃ 2 − 1

4
∆̃2
)
gµlτl + iεµlτlP̃ ∆̃

]
〈λf |tτ1···τ2j |λi〉

+m2j∏2j
l=1

[
2
(
P̃µl P̃ τl − 1

4
∆̃µl∆̃τl

)
−
(
P̃ 2 − 1

4
∆̃2
)
gµlτl + iεµlτlP̃ ∆̃

]∗
〈λf |t̄τ1···τ2j |λi〉

Generalized Gordon Identities: Reduces number of independent bilinears
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Generalization On-Shell (Gordon) Identities

Using Dirac equation
(
γµ1...µ2j pµ1 . . . pµ2j −m2j

)
usp = 0

ūs
′
p′ (Γ)usp = us

′
p′

({
P/(j),Γ

}
+

1

2

[
∆/(j),Γ

])
usp

0 = ūs
′
p′

(
1

2

{
∆/(j),Γ

}
+
[
P/(j),Γ

])
usp

Pµ1...µ2j = 1
2

(
p′µ1

. . . p′µ2j
+ pµ1 . . . pµ2j

)
∆µ1...µ2j = p′µ1

. . . p′µ2j
− pµ1 . . . pµ2j

Pµ1...µ2j∆µ1...µ2j = 0

P
µ1...µ2j

(p′,p) = P
µ1...µ2j

(p,p′)

∆
µ1...µ2j

(p′,p) = −∆
µ1...µ2j

(p,p′)

Useful to reduce independent Dirac structures
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EM Current: Spin-1

Local current:
(using all constraints)

〈pf , λf |jµ(0)| pi, λi〉 = ū(pf , λf ) Γµ(P,∆) u(pi, λi)

Γµ = Pµ
(
FC(∆2)M0 + FQ(∆2)Mνρ,ξσ

2 gρσ
∆ν∆ξ

M2

)
+ i

2M FD(∆2)Mµρ
1 ∆ρ

Monopole M0 =

(
1(j) 0

0 1(j)

)
=

(
t00 0
0 t̄00

)

Dipole Mµρ
1 =

(
Mµρ 0

0 M̄µρ

)
=

(
i(j)Qµραred tα0 0

0 −i(j)Q̄µραred t̄α0

)
Quadrupole

Mµ1ρ1,µ2ρ2
2 = − j(2j−1)

2

(
Qµ1ρ1β1

red Qµ2ρ2β2
red tβ1β2 + 1

3
Cµ1ρ1µ2ρ2

red 1 0

0 Q̄µ1ρ1β1
red Q̄µ2ρ2β2

red t̄β1β2 + 1
3
C̄µ1ρ1µ2ρ2

red 1

)

Bilinear expressions are evaluated using t-algebra relations.
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Summary

Construction allows for efficient and manifestly covariant calculations

Central role of covariant t-tensors → spinors, boosts, propagators, gamma matrices

Simple/basic ingredients → reps. of generators of rotations

Covariant sl(2,C)-multipole basis for operators → transparent interpretation

Unique framework for any spin → intuition from spin-1/2 carries over

Avoid calculations with (Dirac) matrices.
Everything reduces to number multiplication → Cµρσα, Qµρα
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Thank You For Your Time!

Questions?
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Backup Slides
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Algebra of t-tensors: Reduction for Cubic Monomials

Central role of the covariant t-tensors (spinors, boosts, propagators, gamma matrices)

Bilinear calculus involve products with alternating “barring” pattern: tt̄t · · ·

Matrices in t-tensors form a basis of su(2j + 1) → Products can be linearized

Cubic products are reduced with an Invariant Tensor

tµ1···µ2j t̄ρ1···ρ2j tσ1···σ2j =
1

[(2j)!]2
S

{ρ1...ρ2j}
S

{σ1...σ2j}

(
2j∏
l=1

Cµlρlσlαl
)
tα1···α2j

t̄µ1···µ2j tρ1···ρ2j t̄σ1···σ2j =
1

[(2j)!]2
S

{ρ1...ρ2j}
S

{σ1...σ2j}

(
2j∏
l=1

C̄µlρlσlαl
)
t̄α1···α2j

Cµραβ = gµρgαβ − gµαgρβ + gµβgρα + iεµραβ (Lorentz Invariants)

Trade matrix multiplication by number multiplication
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Algebra of t-tensors: Reduction for Quadratic Monomials

Central role of the covariant t-tensors (spinors, boosts, propagators, gamma matrices)

Since, t0···0 = t̄ 0···0 = 1 → tµ1···µ2j t̄ν1···ν2j = tµ1···µ2j t̄ν1···ν2j
(
tρ1···ρ2jηρ1 · · · ηρ2j

)
tµ1···µ2j t̄ρ1···ρ2j = 1

(2j)! S
{ρ1...ρ2j}

(∏2j
l=1 Cµlρlσlαlησl

)
tα1···α2j

ηµ = (1, 0, 0, 0)

Qµρα = Cµρσαησ = gµρηα − gραηµ + gµαηρ + iεµρσαησ (Rotational Invariant)

General result (Qµραred ≡ C
µρσαησ − gµρηα)

tµ1···µ2j t̄ρ1···ρ2j =
∑2j
m=0

1
(2j)! S

{ρ1...ρ2j}

[∑B2j
m

n=1

(∏
l∈πm,n Q

µlρlαl
red

∏
k∈π{

m,n
gµkρkηαk

)]
tα1···α2j

each 0 ≤ m ≤ 2j corresponds to a Lorentz independent tensor
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