Observables for scattering on targets with arbitrary spin

Frank Vera

POETIC 2025

February 23, 2025

In collaboration with Wim Cosyn (FIU)

c 2
Jefferson Lab

Frank Vera (POETIC :



Motivation

Matrix elements for Operators of composite particles with arbitrary spin

@ Covariant decomposition of matrix element in independent non-perturbative objects
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Spin-j fields embedded in objects with > 25 + 1 components
@ Polarization four-vector (spin 1), Rarita Schwinger (spin 3/2), Fierz-Pauli (spin 2)

@ Need for constraints, Kinematical singularities

Use (2j + 1)-component (chiral) spinors: (7,0) & (0, 7)
[Joos; Barut-Muzinich-Williams 63; Weinberg’s 64-65]
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Motivation

Advantages

@ Same formalism for any spin 7 — systematic approach

“Basic” algebraic construction — su(2) — su(2j + 1) — sl(2,C)

Covariant multipole basis emerges — physical interpretation

Parity conserving interactions — generalized Dirac algebra
@ Easy to implement different types of spin — (canonical, helicity, light front)

Exact degrees of freedom — no need for constraints
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Introduction: Lorentz Group Basics

o Algebra for Generators of the Lorentz group
U, dm] = t€mndn s [, K] = i€mnKy . [K, K] = —i€mndn
e Two independent su(2) subalgebras — irreps (ja,jB)
Am =30m+iKn) , Bpn=30m—iKn)
AL AL =demnAn . B, Bl =iepmnBn ,  [ABR] =0
e Simplest irreps that contain spin-j — (2j + 1 components)
o Right-handed (5,0): K,, = —il.n

o Left-handed (0,5): K, — +iJ,,
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Introduction: Chiral Reps

Some Representations constructed out of the Chiral ones

e (0,0) — Scalar

e (1/2,0) & (0,1/2) — Right & Left Chiral spinors

e (1/2,0)6p(0,1/2) — Dirac (spin 1/2) spinors (Extended by Parity / direct sum)
e (1/2,1/2) —  Vector

e (1,0) & (0,1) — Right & Left Chiral spinors

e (1,0)&p(0,1) — Dirac (spin 1) spinors (Extended by Parity / direct sum)

e (1,1) —  Tensor

Frank Vera (POETIC 2025) Observables for targets with any spin February 23, 2025



Introduction: Weinberg’s Causal Chiral Fields (massive)

Causal chiral fields (massive, left- right-handed)

@ Lorentz invariant S-matrix:

U[A,a]l/Jo—(x)U[X,IG] = Z (D[(,{)fl]%a, Yo' (Az+a)

@ No EoM for chiral fields (only obey KG eq.)

@ Spinors appearing in the fields (not invariants, depend on boost choice)
DU T
)]
Canonical —

SG) _ +p T
Dy =€
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Introduction: Propagators and Spinors: ¢-tensors

. o . t _ o
@ Propagator numerator 1Y, (5,w) = m* DY), [L(p)] (DC(,J/)G// [L(mo =m% (6—21”(”9)

(invariant)

oo’

/ i HU ~G t P
1Y, (5,w) = m* DY), [L(p)] (Dgf,)a,, [L(ﬁ)]) Y (62p-J(J)9)

oo’

Introduction of 2j-rank ¢-tensors (symmetric & traceless)

) /= 2.2
@ Central role of ¢-tensors o (hw) =t " Py Pys - oy

boosts/spinors and more ... j JU _
/ D[(i/)(l’)] = tm,mmu%pmpuz c 'p/~b2j

p* Parameters NOT 4-vector ) o 1 0 .
Same for any Spin! Canonical: pc = V W(p +m,p)

Similar for Helicity and LF spinors (but C-numbers)
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Introduction: Bi-Spinors (j,0) @(0, )

@ For Parity conserving interactions — Gamma matrices (Weyl rep.)
(like the spin 1/2 case)

g 0 e h2g 0 10 —-1G) o
TR = ( CRY 0 ) , B=7"0= ( 16) ¢ > , V5 = ( 0 1G)

@ Bi-spinor satisfy the Dirac eq. (yrb2ipy, Py, —mP) UJEQS) =0
(like the spin 1/2 case)
(called Weinberg-Joos eq.) EEQS) (f),ul--ﬂszul Dy — mQJ) =0

@ Product of Gamma matrices involve alternating “barring” pattern: ttt- - -
(like the spin 1/2 case)

. Vo tul.Nlle{Vlﬂ.sz 0
,)/[Ll /.LQJ ,.ylll U2] _ _
0 fH e p2g gL v2g
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Constructing the t-tensors

@ Generalization of o# = (1,0) & " = (1,—0) to arbitrary spin

(7,0) ® (0,5) [rank-2 in SL(2,C)]
o Intertwining map: T
3, 7) [rank-2j symm. traceless in SO(3,1)]

@ Recursion relation for higher spins (Clebsch-Gordan)

toi 2 = (jolj — forgoa) (71j — sTugte) tork T G,

Efficient numerical implementation

t1ta—1—pRiReLi-La _ 525 V(ato)l(atd)!(b+c)!(b+d)!
(t )m.r, =2 @ 6U7a—b-§c—d5dl7a—b;c+d

vE =00 0%, v =0 £i0?, a,be,de {0,---,25}, a+b+c+d=2j

o Contain a basis of su(N=2j + 1) used to expand: (X'|O|\).

Frank Vera (POETIC 25 Observables for ta s with any spin February 23, 2025



t-tensor for Spin 1/2 & 1

@ Spin 1/2 0-th powers of J;: t° =1
(Pauli matrices) )
Linear in J;: = 0 1 12 = 0 —i t3 = Lo
1 0 ’ i 0 ’ 0 -1

@ Spin 1 0-th powers in J;: 90 =1

" 01 0 A B o 10 0
Linear in J;: t'= L[ 1 0 1 , P =21 0o -1 , =0 0 o0
V2\o 1 0 V2\lo 1 o 0 0 -1
0 0 1 0 0 -1 1 0 0
Quadratic in Ji:  ¢'=( 0 1 0 |, ¢t*®?= 0 1 0 B3 =10 -1 0
10 0 -1 0 0 0 0 1
b 0 0 —i , 0 1 0 ”s 0 -1 0
t?=(0 0 o0 L=l 1 o -1 |, tB=21 0 1
i 0 0 V2\o -1 o V2 o -1 0
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Algebra of t-tensors: Reduction of Products

@ Bilinear calculus involve products with alternating “barring” pattern: ttt - - -

Central role of the covariant t-tensors (spinors, boosts, propagators, gamma matrices)

@ Matrices in t-tensors form a basis of su(2j + 1) — Products can be linearized
s ToL s 2
@ tHL B2 P P2 — (2])' {(‘E)} Zml |:( ) (Hl 1 fé(glal Ic m+1 g#kpknak>:| Loy -ag;
e = =g 0"+ g’ + i€,
77“ = (1’ 0’ 07 O)

each 0 < m < 2 corresponds to a Lorentz independent tensor
T =T, Q™ T 1™ =% Qd" ™ oy amo-0

@ Trade matrix multiplication by number multiplication
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Basis for Operators

_ 1T opLar ppa _ :
° ngp) =121 Qeed M tasamo0 s red = —9° " + ghn? + i€,
t — Basis for Hermitian matrices

[e3RaNe Y]

TP s Basis for General matrices
@ Relation between Lorentz Gen & t-tensors & T-tensors:
M# = QU0 () tao-0 = 1()TH"”
° ngp) are covariantly independent

{Mua, T%P)} — iz;r;l (g}tnUT%lpl7“‘1“n71pn7111’pn1;u'n+1pn+11~-wl"mpm
_g,u,-,LVT,uflpla~~~7ﬂn71pn—17o'pnyun+1pn+1y~-~7ll/7np'm
m
PnOMTHLIPL-- s Hhn—1Pn—1MnVshn+1Pn+1s-sHmPm
_|_g n Tm [RREE) 5 )

7ganT¢‘n1pl5"~7/‘n*1pn717/‘/na"l‘n+lpn+17~~uufmpm)
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Orthogonal Basis for Operators

_ m POy ppo « ; «
° TS,‘;P) =J[2; Qe taramo0 red = —9°N" + gtnP + ielP7%n,
t — Basis for Hermitian matrices

[eSRaNe Y]

TP Basis for General matrices

@ Orthogonalization

P1 — m(ep) _ m H1P1 o P m—1 HaPala+1Pa+1
wail 1 mpPm — Tm Zn:(m mod 2) Nm,n{(l‘?p)}n e a=n+1,n+3,--- Cred
Lowest rank Invariant: CHIP1H2P2 = _ghinzgp1pz 4 ghiPz gPikiz 4 jel1Pikzpz

(4 correct symmetry)




Meaning of this Orthogonal Basis for Operators: sl(2,C) Multipoles

@ sl(2,C) Multipole of order m: ~ MHE1PLHmPm — HT ; Mi#rPr — (Traces)

L
m! {(u
@ Multipoles vs. Orthogonal T-tensors: = MHK1PL skmPm — %m!(%)Tﬁlpl’”"“’”pm

@ Multipoles up to order 3: My, =19 =7,

25 .
MU = M#P = jQHP (HSJ:Q nas) C)—
MHaPLb2p2 1 (25 — 1) Q#lplﬁl Q#2P2ﬁ2 ¢ 10#191#2[’21(])
2 - 2«7 J red B1B20---0 + 3-red

@ Decompose operators with physical interpretation for each term

— monopole, dipole, quadrupole, ...
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Dirac Bilinear Calculus

@ Generalized Bilinears:
=3 ey YR )
prosg)t Hpis) TS gl ) 0 0 B (P ) ‘
Generalized Dirac basis: ' — 1, 5, yH1H2i | P ob2i~ye G FPT Pk ] < < 27

m Hipro
,yMl"'sz,ypl"'sz — G, HrPL P — =1 Qred laj-a,,0--0 v Aup a07
1P1
0 =1 Qred tal‘ ca;,0:-0

@ 2j-rank Tensor bilinear P = L (s +pi), A= Df — Di
gy gy = m2 HlQil [2 (ﬁ”l P izulﬁn) - (]'52 _ iA2) gt + isuznﬁﬁ] <)\f‘t7—1»-»7—2j|ki>
+m? Hl2i1 [2 (ﬁmﬁn _ izmﬁn) _ (ﬁZ _ iA2> gMm + igmnﬁﬁ}* <)\f‘t_,.1..,7—2j|>\i>

@ Generalized Gordon Identities: Reduces number of independent bilinears
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Generalization On-Shell (Gordon) Identities

@ Using Dirac equation (y#1-#2ip,, ...pp,;

’
S

Upr

(D) ul = us) ({yﬁ),r} + % [4&<J’>,FD ul

0=u

P (a e+ ] )

_ 1
Puy.poy =35 (P:Ll ---P;sz +Puy "'pH2j)
pHLH2i Pm--{-uzj
_ p’,p D,P
Apy .o *p:n"'p;tzj T Pur - Pugj Wi )
v A#1,~-<M2j _ _Al—blw;ﬂzj
PHUH2 Ay s =0 (p’.,p) (p,p")

@ Useful to reduce independent Dirac structures

Frank Vera (POETIC

Observables for ta

s with any spin




EM Current: Spin-1

@ Local current: (P, Ap137(0) piy Ai) = @pg, Ap) TH(P, A) u(pi, i)
(using all constraints) P;,Si Ps, St

T = P (Fo(A) Mo + F(AR) M g0 55 ) + 5 Fp(A%) M{7A,

()
e Monopole Mg = ( 1Y 0 ) _ ( too 0 )

0o 1@ 0 ‘oo
. » MHP 0 i(5) Q™ tao 0
Dipol mr = - = red = _
e Yipole My 0 M 0 —i(5) QP Eag
e Quadrupole
AMEPIH2P2 j2i-1) Qiﬁeldmﬁl Qﬁtezdﬂzlh t, 3y + %Cfteldpumml . - , _0 .
2 2 0 Qitcldpl 1 Qitczdpz 2 5,65 + %Citcldpluzwl

@ Bilinear expressions are evaluated using t-algebra relations.
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e Construction allows for efficient and manifestly covariant calculations

Central role of covariant t-tensors — spinors, boosts, propagators, gamma matrices

Simple/basic ingredients — reps. of generators of rotations

e Covariant sl(2,C)-multipole basis for operators — transparent interpretation

Unique framework for any spin — intuition from spin-1/2 carries over

Avoid calculations with (Dirac) matrices.
Everything reduces to number multiplication — CHP7 OHPY
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Thank You For Your Time!

Questions?
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Algebra of t-tensors: Reduction for Monomials

e Central role of the covariant t-tensors (spinors, boosts, propagators, gamma matrices)
e Bilinear calculus involve products with alternating “barring” pattern: ttt - - -

e Matrices in t-tensors form a basis of su(2j 4+ 1) — Products can be linearized
@ Cubic products are reduced with an Invariant Tensor
1 2
PR  EP1 P2 41025 - S S creoren Ny o
[(25)12 {p1--p2;}{o1..02; } (H ) r

=1

2j

- . 1 - _

A S e A A A - S S ||C””’“’"’l tag ag;
[(23)!}2{pl.np%}{m‘.m}( ) e

=1

CrraB = ghegelB _ gnagerB 4 guBgee 4 jeneal  (Lorentz Invariants)

e Trade matrix multiplication by number multiplication
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Algebra of t-tensors: Reduction for Monomials

e Central role of the covariant ¢-tensors (spinors, boosts, propagators, gamma matrices)
e Since, 070 = F00 =1 5 gHrp V) — g 2 V2 (tm--'ﬂzjnpl . '77p2-)
J

1o Fp1p2y — L 25 HipLora
tH 2P P2) = 4(2j)!{p1.‘.$p2j} (Hl 1C et lnaz)tar--och'

77“ - (17 07 07 0)
QHPe = CHPTp, = g — gPnt + g"nP +ie"*"*n,  (Rotational Invariant)

o General result (QL5 =7y, — g"'n)

B2J
anl (HIETrm,n Qfelcfl)lal HkEﬂ'c

m,mn

R PP P2 — Z%:O 7(2;)1 gﬂkpknak)} talmoqj

{P1~‘~S'.ﬂ21} {

each 0 < m < 2j corresponds to a Lorentz independent tensor
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