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Generalized ππ Distribution Amplitudes = The twin sisters of π GPDs

Crossing DVCS amplitude to γ∗γ → NN̄ or γ∗γ → ππ

N N ′

GPD(x, ξ, t)

q′2 = 0e−
e−

q

(a) Factorization of GPDs in DVCS
whenQ2 >> −t

h

h

gs

g

CF GDA

Q2

s

t

(b) Factorization of GDAs in
γ∗(Q2)γ → h hwhenQ2 >> s

Measured at BELLE
Bright future at BELLE 2 and BESS III

Other channels to be studied : e−e+ → γππ (seen at BABAR)
e−e+ → γNN̄
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Nucleon GPDs and their (moderate ?) success story

→THECHIRAL-EVEN SECTOR

Nucleon GPDs contribute to DVCS, TCS, DDVCS, DVMP... (and Nucleon EMT)
Meson GPDs very difficult to unravel (but Sullivan processes at EIC; see 2203.16947)

→THECHIRAL-ODD SECTOR (also called TRANSVERSITY)

Chiral-odd quark GPDs DO NOT contribute to DVCS, TCS, DVMP at leading twist
Some hope in 2→ 3 processes such as γN → γρTN ′ at large invariant mass of γρT
Various attempts (Goloskokov-Kroll) to modelize DVMP with twist 3 DA and C-O GPDs.

▶ Gluon transversity GPDs contribute at NLO to DVCS / TCS amplitudes
The transversity sector is the most elusive part of hadron tomography !
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GDAs

Definition of GDAs : a straightforward generalization of GPDs.
For simplicity consider spin 0 mesons (Wilson lines not explicitly written)

〈
π0 (p1)π+ (p2)

∣∣ū (x) γ+d (0)
∣∣ 0

〉
←→

〈
π+ (p2)

∣∣ū (x) γ+d (0)
∣∣π0 (p1)

〉

〈
π0 (p1)π+ (p2)

∣∣ū (x)σ+id (0)
∣∣ 0

〉
←→

〈
π+ (p2)

∣∣ū (x)σ+id (0)
∣∣π0 (p1)

〉

▶ Same operators, same decomposition, (Mueller-94,Diehl-98,Polyakov-99)
Spin 0 : 2 GPDS, 2 GDAs . Spin 1/2 : 8 GPDs, 8 GDAs.

▶ Same Collinear factorization : A= coefficient function x GDA
▶ Same ERBL evolution equations for GDAs and meson DAs

(Efremov, Radyushkin, Brodsky, Lepage)
Known asymptotic solutions ϕV (z, ζ, s) ∼ 6zz̄(ζ − ζ̄)B(s)eiδ(s) Note: phase eiδ(s)
But who believes in asymptopia ? why not holographic shape∼ √zz̄ or anything else ?

▶ Feasibility of measuring it in spacelike and timelike regions (BELLE, BABAR).
First extraction by Kumano-Song-Teryaev 2018
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Kinematics

▶ Graphical representation of GDA correlator and kinematical variables:

GPD(x, ξ, t)→GDA(z, ζ, s)
z̄P

zP

z̄P

zP

z̄P

zP π+(p1)

π0(p2)

ȳK

yK π−(p3)

π0(p4)

z =light cone momentum fraction of quark
ζ, ζ̄ = light cone momentum fraction of final mesons
(related to angle of meson p⃗i in dimeson CMS)

▶ Impact parameter picture: similar to GPDs (Fourier transform pT → bT )
M. Diehl / Physics Reports 388 (2003) 41–277 105

ζ 
b−

1−ζ 

b

π +

 −π

1−z

z

1−ζ 

 ζ

Fig. 13. Impact parameter representation of the two-pion distribution amplitude. Plus-momentum fractions z and ! refer
to the sum of the pion plus-momenta.

3.10.2. GDAs in impact parameter space
In close analogy to the case of GPDs one can derive an impact parameter representation for

GDAs, as shown by Pire and Szymanowski [147]. One starts by introducing two-pion states in the
impact parameter representation,

|"+(p+; b)"−(p′+; b′)〉out

=
∫

d2p
16"3

d2p′

16"3 e−ipb−ip′b′ |"+(p+; p)"−(p′+; p′)〉out : (157)

Strictly speaking, one has to form appropriate wave packets to ensure that in the far future one has
two pions with a large separation along the z axis (even though their separation in the transverse
plane may be small, even compared with the pion radius). Only then may one neglect their inter-
actions, treat them as individual free particles, and interpret (157) as two separate pions with !xed
plus-momenta and transverse positions. One proceeds by decomposing the invariant mass of the pair
into terms coming from longitudinal and transverse momentum components,

s =
m2

!(1 − !)
+ !(1 − !)D2 ; (158)

where the vector D is de!ned in the GDA channel by

D =
p
!

− p′

1 − !
: (159)

One then !nds for the GDA in impact parameter space
∫

d2D
(2")2 e−iDb#q(z; !; s)

=N−1 !2 + (1 − !)2

!2(1 − !)2 out

〈
"+
(
p+;−b

!

)
"−
(
p′+;

b
1 − !

)∣∣∣∣O(0)
∣∣∣∣ 0
〉

(160)

with the same quark–antiquark operator O and normalization factor N as above. The physical
interpretation is shown in Fig. 13: a quark–antiquark pair at transverse position zero hadronizes
into two pions with transverse separation !−1(1 − !)−1b. The overall center of plus-momentum is
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Double Distributions link GPDs and GDAs

▶ Spectral Representation of GPDs and GDAs : Various angles for the integration line
▶ BUTOne universal Double distribution

90 M. Diehl / Physics Reports 388 (2003) 41–277
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Fig. 9. Support region for double distributions, and lines of integration to obtain GPDs in the regions (a) x ∈ [!; 1] and
(b) x ∈ [ − !; !] according to (124). The momentum fractions xin

j , xout
j , xin

j′ are given in (167) and (170) with xj = x.

βP−(1+α )Δ/2 

P−Δ/2 P+Δ/2

βP+(1−α )Δ/2 

Fig. 10. Momenta associated with the partons and hadrons in a double distribution, as explained in the text.

the Fourier transform with respect to z− one !nds the relations

Hq(x; !; t) =
∫

d" d# $(x − " − !#)fq("; #; t) + sgn(!)Dq
(
x
!
; t
)

;

Eq(x; !; t) =
∫

d" d# $(x − " − !#)kq("; #; t) − sgn(!)Dq
(
x
!
; t
)

: (124)

Notice that because of its support property, the D-term only contributes in the region |x|¡ |!|. The
lines of integration over the double distributions in the "–# plane are shown in Fig. 9. They have
slope −1=! and cut the " axis at x. Furthermore, they intersect the edges of the support rhombus
at points where |"| is the momentum fraction of one or the other parton with respect to its parent
hadron in the GPD (given in (167) and (170)). The forward quark density is simply obtained by
integration over the vertical line " = x,

q(x) =
∫ 1−x

x−1
d#fq(x; #; 0) (125)

for x¿ 0, with an analogous relation for x¡ 0.
From the arguments of the Fourier transform in (123) one can associate the two variables " and

# with a "ow of momentum as shown in Fig. 10. For % = 0 one clearly obtains the kinematics of
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Fig. 11. (a) Support region of GPDs following from the reduction formula (124). (b) Line of integration to obtain a GDA
from a double distribution according to the reduction formula (149).

In fact, one can represent the crossed matrix element relevant for GDAs by double distributions
and a D-term in full analogy to (123). For the simpler case of pions one has [129,131]

〈!+(p)!−(p′)| !q(− 1
2x)x,q( 1

2x)|0〉|x2=0

= (p − p′)x
∫

d" d# e−i"(p−p′)x=2+i#(p+p′)x=2 fq("; #; s)

− (p + p′)x
∫

d# ei#(p+p′)x=2 Dq(#; s) (148)

as crossed version of (138), and a reduction formula

−1
2

$q(z; %; s) = (1 − 2%)
∫

d" d# &((1 − 2z) − "(1 − 2%) − #)fq("; #; s) + Dq(1 − 2z; s) :

(149)

Analogous expressions hold for gluons. The spectral functions fq("; #; s) and Dq(#; s) are the analytic
continuation of the double distributions to positive values of the invariant t (which in the GDA
channel we call s). For positive t, integrals of double distributions over the lines with slope between
−1 and 1 in Fig. 11b thus generate GDAs in their physical region, with the slope equal to 2% − 1
and the intercept with the #-axis at 1 − 2z. The case of zero slope, i.e. integration over " at "xed
# corresponds to a GDA at the particular point % = 1

2 . This con"rms the interpretation of # as a
DA-like variable, which underlies most intuition about what the functional dependence of double
distribution may be.

Let us assume that one has obtained H or E in the unphysical region |'|¿ 1, for instance by
analytically continuing the corresponding p !p distribution amplitudes from their physical region to
s¡ 0. It is then indeed possible to invert the reduction formula (124): the particular integral over
the double distribution there is known as a Radon transform (for references see [130,129]), whose
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In fact, one can represent the crossed matrix element relevant for GDAs by double distributions
and a D-term in full analogy to (123). For the simpler case of pions one has [129,131]
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Analogous expressions hold for gluons. The spectral functions fq("; #; s) and Dq(#; s) are the analytic
continuation of the double distributions to positive values of the invariant t (which in the GDA
channel we call s). For positive t, integrals of double distributions over the lines with slope between
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2 . This con"rms the interpretation of # as a
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Let us assume that one has obtained H or E in the unphysical region |'|¿ 1, for instance by
analytically continuing the corresponding p !p distribution amplitudes from their physical region to
s¡ 0. It is then indeed possible to invert the reduction formula (124): the particular integral over
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Figure: From the same DD, different lines of integration lead to GPDs in the DGLAP (l) or ERBL (m)
regions and to GDAs (right).
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e−(l−)e+(l+)→ (π+(p1)π0(p2)) + (π−(p3)π0(p4))

l−

l+

p4

p2p3

p1

ϕ3 − ϕ0

ϕ1 − ϕ0

Longitudinal (left) and transverse (right) view of our process
▶ Production of two dipions with invariant masses s12, s34 << Q2 = s

e−(l−)e+(l+)→ (π+(p1)π0(p2)) + (π−(p3)π0(p4))
(l+ + l−)2 = Q2 = s , (p1 + p2)2 = s12, (p3 + p4)2 = s34

▶ Pion momenta parametrized on Sudakov basis P,K
p1 = zP + p−1 K + δT12/2 , p2 = z̄P + p−2 K − δT12/2
p3 = yK + p+3 P + δT34/2 , p4 = ȳK + p−4 P − δT34/2

▶ Each dipion contributes to the factorized amplitude through its GDAsΦV (z, ζij, sij) and
ΦT (z, ζij, sij)
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The scattering amplitudes

e+

e−

z̄P

yK

ȳK

zP

+ 3 diagrams

e+

e−

z̄P

ȳK

yK

zP

e+

e−

z̄P

ȳK

yK

zP

The 1 photon exchange amplitude (C−; see left) is the usual e-m form factor one (ΦT does NOT
contribute ):

T −
=

e2g2CF

Nc
v̄(l′)P̂u(l)

2

s2

∫ 1

0

dzdy

yz
Φ
V
(z, ζ12, s12)Φ

V
(y, ζ34, s34)

The 2 photon exchange amplitude (C+; see center + right) has two components (ΦVΦV andΦTΦT DO
contribute ):

T V
= Cv̄(ℓ′)ℓ̂⊥u(ℓ)

8

s2

∫
dzdy

ΦV (y, ζ12, s12)

ȳy

ΦV (z, ζ34, s34)

z̄z

ȳy + z̄z

(̄zy − z̄u − ūy)(̄yz − ȳ̄u − uz)
,

T T
= −C

8

s2 f⊥2
2π

[δ
µ
12 δ

ν
34 + δ

ν
12δ

µ
34 − g⊥µνδ34 · δ12] v̄(l′)γµ

T u(l)lν⊥ ·

∫
dzdy

ΦT (z, ζ12, s12)

z̄z(2ζ12 − 1)

ΦT (y, ζ34, s34)

ȳy(2ζ34 − 1)

−1 + ȳz + z̄y

(̄zy − z̄u − ūy)(̄yz − ȳ̄u − uz)
,
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Cross-section

dσ̄ =
1
S

1
2s

1
(2)9

1
(2π)7

Σ̄ |T |2 dcosθ ds12 ds34 dΩ12 dΩ34

√
λ(s, s12, s34)

s

√
λ(s12,m2

π,m2
π)

s12

√
λ(s34,m2

π,m2
π)

s34
,

Σ̄|T |2 = Σ̄|T +|2 + Σ̄|T −|2 + 2Σ̄ReT +T −∗

Σ̄
∣∣∣T +

∣∣∣2 =
e4
ℓ
e2f1

e2f2
32N2

c s
3

×

2s2 ūu
(
u − ū)2

)
ΨVΨ

∗
V − 2s

(
u − ū)2

)
[2 (ℓ · δ12)

(
ℓ · δ34

)
− ℓ

2
(δ12 · δ34]

ΨVΨ∗
T + Ψ

q
TΨ

q∗
V

s

+4

[
−8(ℓ · δ34)

2
(ℓ · δ12)

2
+ 2ūu(u − ū)2δ12 · δ34

(
ℓ · δ34 ℓ · δ12

)
− δ12 · δ34ℓ2/4

ℓ2
+

1

2s
(.....)

]
ΨTΨ

∗
T

}

Σ̄|T −|2 = (e2g2
CF

Nc
)
22s2 ūu

∣∣Ψγ
∣∣2

2ReT +T −∗
= 4s(u − ū)

e2g2CF

Nc

−2

9

e2

16Nc
Re[Ψ∗

γ (lT
2
Ψ

V − (lT
2
δ12 · δ34 − 2lT · δ12 lT · δ34)Ψ

T
/4] ,

ΨV ≡
8

s2

∫ dy

ȳy

∫ dz

z̄z

(
ȳy + z̄z

(ȳz − ūz − ȳu + i0)(̄yz − uz − ȳ̄u + i0)

)
ΦV (y, ζ12, s12) ΦV

(
z, ζ34, s34

)

ΨT ≡
−32

s2 f⊥2
2π

∫ dy

ȳy

∫ dz

z̄z

(
1

ȳz − ūz − ȳu + i0
+

1

ȳz − uz − ȳ̄u + i0

)
ΦT (y, ζ12, s12) ΦT

(
z, ζ34, s34

)
(2ζ12 − 1) (2ζ34 − 1)

Ψγ =
2

s2

∫
dz
∫

dy
ΦV (z, ζ12, s12)ΦV (y, ζ34, s34)

ȳz
.
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Cross-section estimates (Preliminary)

To estimate the cross-sections, we use asymptotic DAs and normalize the C-odd GDA
with f⊥2π = 1 GeV.We take the same phases δ(sij) for the C-odd and C-even GDAs

Figure: Charge-even (left) and charge-odd (right) squared amplitudes as a function of u

Chiral-odd GDAs dominate the charge-even cross-section, but the charge-odd cross section is
much larger.
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Separating the various components

▶ Define charge conjugation odd -asymmetries to separate T +T −∗ u ↔ ū∫
du(u− ū)Σ̄|T |2 =

∫
du(u− ū)2ReT +T −∗

Recall u− ū = cos θ; (θ = angle between l⃗ and p⃗1 + p⃗2) ; this is a forward-backward asymmetry.

.

▶
∫
dφ1dφ3 cos(2φ0 − φ1 − φ3)2ReT +T −∗ singles out the chiral odd contributionΨ∗

γΨT

φ1 − φ0 = angle between l⃗ and δ⃗12;φ2 − φ0 = angle between l⃗ and δ⃗34 in the transverse plane.
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Conclusions& Future Work

▶ Chiral-odd GDAs contribute to the process e−e+ → (π+π0)(π−π0) in our kineamtics
▶ cross sections are small; distinctive interference effects exist but may be difficult to separate.
▶ the processes e−e+ → (π+π−)(π−π+) and e−e+ → (π0π0)(π0π0) have no leading twist

Charge-odd contributions. Smaller but better suited cross-sections.
▶ feasibility study for Bes III and BELLE 2 needed
▶ lattice studies needed for both chiral-even and chiral-odd GDAs
▶ improve inverse Radon transform techniques to link π GPDs and ππ GDAs
▶ replace π+π0 by p n̄→ access the chiral-odd proton-antineutron GDA, related to nucleon

transversity GPD
Last remark : ππ chiral-even GDAs contribute to and can be extracted from electroproduction of pion
pairs at JLab and EIC (cfWarkentin-Diehl-Ivanov-Schaefer)

Thank you!
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