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Spin puzzle: quarks carry only about 30% of the proton’s 
spin: , which is much smaller than predicted by 
the quark model 

ΔΣ ≈ 0.33
ΔΣ ≈ 0.6

Quark helicity Gluon helicity Orbital angular 
momentum
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The small value of  can be explained as due to the interplay between 
parton dynamics and the topology of the QCD vacuum in the helicity 
structure of the proton 

ΔΣ

Proton spin

 Physics Opportunities at EIC: by measuring a certain class of spin 
dependent observables in the high-energy scattering we get access to 
fundamental topological properties of QCD

→

How does the spin of the nucleon arise?



Deep inelastic scattering
The helicity structure of the proton which can be measured in 
the polarized DIS 
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e(l) +N(P, S) ! e(l0) +X

The process is characterized by its virtuality  
and Bjorken variable .

Q2 = − q2

xB = Q2/(2P ⋅ q)
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q = l � l0
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Fig. 3. The spin-dependent structure function xgp
1 at the measured values of Q 2 as 

a function of x. The COMPASS data at 200 GeV (red squares) are compared to the 
results at 160 GeV (blue circles) and to the SMC results at 190 GeV (green crosses) 
for Q 2 > 1 (GeV/c)2. The bands from top to bottom indicate the systematic un-
certainties for SMC 190 GeV, COMPASS 200 GeV and COMPASS 160 GeV. (Coloured 
version online.)

Fig. 4. World data on the spin-dependent structure function gp
1 as a function of 

Q 2 for various values of x with all COMPASS data in red (full circles: 160 GeV, full 
squares: 200 GeV). The lines represent the Q 2 dependence for each value of x, as 
determined from a NLO QCD fit (see Section 6). The dashed ranges represent the 
region with W 2 < 10 (GeV/c2)2. Note that the data of the individual x bins are 
staggered for clarity by adding 12.1–0.7i, i = 0 . . .17. (Coloured version online.)

6. NLO QCD fit of g1 world data

We performed a new NLO QCD fit of the spin-dependent struc-
ture function g1 in the DIS region, Q 2 > 1 (GeV/c)2, considering 
all available proton, deuteron and 3He data. The fit is performed in 
the MS renormalisation and factorisation scheme. For the fit, the 
same program is used as in Ref. [20], which was derived from pro-
gram 2 in Ref. [17]. The region W 2 < 10 (GeV/c2)2 is excluded as 
it was in recent analyses [21]. Note that the impact of higher-twist 

effects when using a smaller W 2 cut is considered in Ref. [22]. The 
total number of data points used in the fit is 495 (see Table 2), the 
number of COMPASS data points is 138.

The neutron structure function gn
1 is extracted from the 3He 

data, while the nucleon structure function gN
1 is obtained as 

gN
1 (x, Q 2) = 1

1 − 1.5 ωD
gd

1(x, Q 2), (9)

where ωD is a correction for the D-wave state in the deuteron, 
ωD = 0.05 ± 0.01 [27], and the deuteron structure function gd

1 is 
given per nucleon. The quark singlet distribution "qS(x), the quark 
non-singlet distributions "q3(x) and "q8(x), as well as the gluon 
helicity distribution "g(x), which appear in the NLO expressions 
for gp

1 , gn
1 and gN

1 (see e.g. Ref. [17]), are parametrised at a refer-
ence scale Q 2

0 as follows: 

" fk(x) = ηk
xαk (1 − x)βk (1 + γkx )

∫ 1
0 xαk (1 − x)βk (1 + γkx )dx

. (10)

Here, " fk(x) (k = S, 3, 8, g) represents "qS(x), "q3(x), "q8(x) and 
"g(x) and ηk is the first moment of " fk(x) at the reference 
scale. The moments of "q3 and "q8 are fixed at any scale by the 
baryon decay constants (F + D) and (3F − D), respectively, assum-
ing SU(2)f and SU(3)f flavour symmetries. The impact of releasing 
these conditions is investigated and included in the systematic 
uncertainty. The coefficients γk are fixed to zero for the two non-
singlet distributions as they are poorly constrained and not needed 
to describe the data. The exponent βg, which is not well deter-
mined from the data, is fixed to 3.0225 [28] and the uncertainty 
from the introduced bias is included in the final uncertainty. This 
leaves 11 free parameters in the fitted parton distributions. The 
expression for χ2 of the fit consists of three terms, 

χ2 =
Nexp∑

n=1




Ndata

n∑

i=1



 gfit
1 − Nn gdata

1,i

Nnσi




2

+
(

1 − Nn

δNn

)2



 + χ2
positivity .

(11)

Only statistical uncertainties of the data are taken into account in 
σi . The normalisation factors Nn of each data set n are allowed 
to vary taking into account the normalisation uncertainties δNn . 
If the latter are unavailable, they are estimated as quadratic sums 
of the uncertainties of the beam and target polarisations. The fit-
ted normalisations are found to be consistent with unity, except 
for the E155 proton data where the normalisation is higher, albeit 
compatible with the value quoted in Ref. [16].

In order to keep the parameters within their physical ranges, 
the polarised PDFs are calculated at every iteration of the fit 
and required to satisfy the positivity conditions |"q(x) + "q̄(x)| ≤
q(x) + q̄(x) and |"g(x)| ≤ g(x) at Q 2 = 1 (GeV/c)2 [29,30], which 
is accomplished by the χ2

positivity term in Eq. (11). This proce-
dure leads to asymmetric values of the parameter uncertainties 
when the fitted value is close to the allowed limit. The unpo-
larised PDFs and the corresponding value of the strong coupling 
constant αs(Q 2) are taken from the MSTW parametrisation [28]. 
The impact of the choice of PDFs is evaluated by using the MRST 
distributions [31] for comparison.

In order to investigate the sensitivity of the parametrisation of 
the polarised PDFs to the functional forms, the fit is performed for 
several sets of functional shapes. These shapes do or do not include 
the γS and γg parameters of Eq. (10) and are defined at reference 
scales ranging from 1 (GeV/c)2 to 63 (GeV/c)2. It is observed [8]
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C.Adolph et al. (COMPASS), PLB 753 (2016) 

A key observable to study the proton helicity structure is the 
polarized structure function :g1(xB, Q2)
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First moment of the  structure functiong1
The helicity can be extracted from the first moment of the  structure functiong1

Formally  can be define as a matrix element of the isosinglet axial 
vector current  operator between proton states:

ΔΣ
Jμ

5
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A3 = F +D
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A8 = 3F →D
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The anomaly equation

http://www.physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/QCDvacuum/

Topological charge density 

The fundamental property of the  current is the anomaly equation.Jμ
5

@µJ5
µ(x) =

nf↵s

2⇡
Tr

⇣
Fµ⌫(x)F̃

µ⌫(x)
⌘
= 2nf @µK

µ
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Chern-Simons current:

The isosinglet current couples to the topological charge 
density in the polarized proton!

Kazuo Fujikawa

The anomaly arises from the non-invariance of the path 
integral measure under chiral ( ) rotations. Topological 
properties of the QCD vacuum!

γ5
K. Fujikawa, PRL. 42, 1195 (1979) 

Related to the first moment of g1



p↵
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Jµ
5In the leading order the anomaly is generated by the triangle 

diagram and can be seen from the structure of the diagram in the 
the off-forward limit:

Exact result!

The triangle diagram is not local! The anomaly manifests itself as an infrared pole. 
Taking a divergence we obtain the anomaly equation

R. L. Jaffe, A. Manohar
Nucl. Phys., B337, 509 (1990) 
Shore, Veneziano (1990) 
Narison, Shore, Veneziano, 
hep-ph/9812333  
K.-F. Liu (1992)

infrared 
(anomaly) pole topological charge 

density
Adler-Bell-Jackiw anomaly
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The triangle diagram
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k1
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Infrared pole in the box diagram
Similarly the infrared pole was observed in the off-forward box diagram 

  structure function, GPDs (talk by S. Bhattacharya)→ g1

Tarasov, Venugopalan (2020-2022) 
Bhattacharya, Hatta, Vogelsang (2023)  infrared pole

non-pole 
terms
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Anomaly pole and the  problemUA(1)
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There is no Goldstone pole just as there is no anomaly pole 
in the QCD spectrum

The dynamical interplay between the physics of the anomaly, and that 
of the isosinglet pseudoscalar  sector of QCD resolves both 
problems simultaneously: the lifting of the  pole by topological mass 
generation of the  and the cancellation of the anomaly pole

UA(1)
η̄

η′ 
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Tarasov, Venugopalan (2022),
see also Bhattacharya, Hatta, Schoenleber (2024) in 
the context of GPDs

the same 
mechanism
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This mechanism relates the helicity  to the topology 
of the QCD vacuum

ΔΣ

The resolution of the anomaly pole is deeply related to the 
famous  problem in QCD: instead of an infrared pole 

 of a “primordial” ninth Goldstone boson  there is a 
heavy  ( )

UA(1)
1/l2 η̄

η′ mη′ 
≈ 957MeV



Topological screening
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Anomaly cancellation and topological screeening

Computations on the lattice… Bali et al., arXiv:2106.05398

Sum rule analysis in good agreement 
with HERMES and COMPASS data
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Anomaly cancellation and topological screeening

Computations on the lattice… Bali et al., arXiv:2106.05398

Sum rule analysis in good agreement 
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What about finite quark mass?
The previous results where obtained in the chiral limit. 
Can the finite quark mass resolve the infrared pole?

p↵
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k

whose divergence is

∂µKµ =
1

2
εµνεβGa

εβG
a
µν (5.38)

(so that j5µ → f εs
2πKµ is conserved).

An explicit computation by Forte [247] of 〈PS|εs
2πK

µ|PS〉 in (5.36) has revealed that εs
2πffg =

εs
2πffg→ +Λ where ffg→ corresponds to the gauge invariant hard piece of the anomaly which may
be identified with the usual perturbative partonic definition used thus far; the remaining gauge
variant Chern–Simons (instantonic) piece Λ is the soft non–perturbative contribution to the
triangle anomaly which does not correspond to a hard (large–kT ) subprocess and thus should
be absorbed into the definition of the conserved total quark polarisation, i.e. ff∆off → f εs

2πffg =
(ff∆off → fΛ)→ f εs

2πffg→ ↔ ff∆→ → f εs
2πffg→. This leaves us formally with our original expression

(5.26) with both terms being now separately gauge invariant. The term →fΛ may be interpreted
as an additional sea polarization induced by instantonic eΣects. A first attempt [418] to evaluate
〈PS|εs

2πK
µ|PS〉 on a (small) lattice yielded the bound 3|εs

2πffg→ + Λ| < 0.05. This surprisingly
small result can obviously not be used to extract some information about ffg→.

It should be noted that Eq. (5.35) is really a representation of (chiral invariant) massless
QCD. If fermion masses are introduced, the anomaly Eq. (5.34) is modified according to

∂µj5µ = 2iψ̄γ5Mψ +
f

2

αs

2π
ϕµνεβGa

εβG
a
µν (5.39)

where M=diag(mu,md,ms) is the fermion mass matrix. The mass term in this equation is able
to conceal the eΣect of the anomalous term under certain circumstances. To examine this eΣect,
we write down the anomaly equation Eq. (5.39) in momentum space for the case of one fermion
with mass m

(p + q)εffiµν
ε (p, q) = 2mffiµν(p, q)→

αs

π
ϕµνεβpεqβ . (5.40)

Here ffiµν
ε (p, q) is the triangle diagram (c.f. Fig. 21) and

ffiµν(p, q) = m
αs

π
ϕµνεβpεqβ

∫ 1

0
dx

∫ 1↑x

0

dy

m2 → (p+ q)2xy
. (5.41)

the contribution from the mass term. If (p+ q)2 ≤ m2, the two terms on the right hand side of
Eq. (5.40) (i.e. the anomalous contribution and the mass contribution) cancel each other, up to

terms of order (p+q)2

m2 , so that the anomaly is concealed.
A similar eΣect occurs in Eq. (5.35) if one includes the quark mass. Namely,the anomalous

gluon term ∼ ffg disappears and one formally recovers the naive Eq. (5.33). Thus the contribu-
tion to g1 from the anomaly is hidden in the massive theory (as well as in the MS subtraction
scheme). This result will be derived in detail in the next section.

The anomaly induces a pointlike interaction between the axial-vector current and the gluons
because the amplitude ffiεµν(p, q) does not depend on the momentum transfer p→q when m = 0.
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Triangle diagram at finite quark mass
It is convenient to perform the calculation in the 
formalism of the effective action

where the action contains coupling of the quark fields to the scalar ( ), 
pseudoscalar ( ), vector ( ), and axial-vector ( ) fields:

Φ
Π Aμ Bμ
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!̃

<latexit sha1_base64="GIdZu++fk/XgFjL8ZYoauOYAPmQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lEqseqF48VrC00IWw2m3bpbhJ2J4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MBNcg+N8W5W19Y3Nrep2bWd3b//APjx60mmuKOvQVKSqFxLNBE9YBzgI1ssUIzIUrBuO7mZ+d8yU5mnyCJOM+ZIMEh5zSsBIgW17wEXEiptp4Gk+kCSw607DmQOvErckdVSiHdhfXpTSXLIEqCBa910nA78gCjgVbFrzcs0yQkdkwPqGJkQy7Rfzy6f4zCgRjlNlKgE8V39PFERqPZGh6ZQEhnrZm4n/ef0c4mu/4EmWA0voYlGcCwwpnsWAI64YBTExhFDFza2YDokiFExYNROCu/zyKnm6aLjNRvPhst66LeOoohN0is6Ri65QC92jNuogisboGb2iN6uwXqx362PRWrHKmWP0B9bnD81ak8k=</latexit>

Ãω

<latexit sha1_base64="6OQEqYE8ZtPqBvwFHigIuOijZqw=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR5LvXisYD+gu5RsNm1Dk+yaZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+G7udyZUaRbLRzNNaCDwULIBI9hYKfAN4xHNGrO+L9J+ueJW3QXQOvFyUoEczX75y49ikgoqDeFY657nJibIsDKMcDor+ammCSZjPKQ9SyUWVAfZ4ugZurBKhAaxsiUNWqi/JzIstJ6K0HYKbEZ61ZuL/3m91Axug4zJJDVUkuWiQcqRidE8ARQxRYnhU0swUczeisgIK0yMzalkQ/BWX14n7auqV6vWHq4r9UYeRxHO4BwuwYMbqMM9NKEFBJ7gGV7hzZk4L86787FsLTj5zCn8gfP5AwvAkkw=</latexit>

B̃µ
<latexit sha1_base64="ihSIVvjG7xOQJL20gG5H3iaN7LA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWw223bpZhN2J0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTKUw6LpfTmltfWNzq7xd2dnd2z+oHh51TJJpxtsskYnuhdRwKRRvo0DJe6nmNA4l74aT27nffeTaiEQ94DTlQUxHSgwFo2gl30chI577rbGYDao1t+4uQP4SryA1KNAaVD/9KGFZzBUySY3pe26KQU41Cib5rOJnhqeUTeiI9y1VNOYmyBc3z8iZVSIyTLQthWSh/pzIaWzMNA5tZ0xxbFa9ufif189weB3kQqUZcsWWi4aZJJiQeQAkEpozlFNLKNPC3krYmGrK0MZUsSF4qy//JZ2LuteoN+4va82bIo4ynMApnIMHV9CEO2hBGxik8AQv8OpkzrPz5rwvW0tOMXMMv+B8fANNX5Hg</latexit>

!̃

<latexit sha1_base64="ihSIVvjG7xOQJL20gG5H3iaN7LA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWw223bpZhN2J0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTKUw6LpfTmltfWNzq7xd2dnd2z+oHh51TJJpxtsskYnuhdRwKRRvo0DJe6nmNA4l74aT27nffeTaiEQ94DTlQUxHSgwFo2gl30chI577rbGYDao1t+4uQP4SryA1KNAaVD/9KGFZzBUySY3pe26KQU41Cib5rOJnhqeUTeiI9y1VNOYmyBc3z8iZVSIyTLQthWSh/pzIaWzMNA5tZ0xxbFa9ufif189weB3kQqUZcsWWi4aZJJiQeQAkEpozlFNLKNPC3krYmGrK0MZUsSF4qy//JZ2LuteoN+4va82bIo4ynMApnIMHV9CEO2hBGxik8AQv8OpkzrPz5rwvW0tOMXMMv+B8fANNX5Hg</latexit>

!̃

<latexit sha1_base64="mSG32u2uvBJeJtSBIb5+N0ZGKKU="></latexit>

eiW[!,”,A,B] =

∫
D!̄D!eiSfermion[#̄,!,”,A,B,#]

The expectation value of  in the proton can be obtained by taking  the 
functional derivative of :

Jμ
5

W
<latexit sha1_base64="Sb16WIuKnIN5WpvPEjqh5jD/5+I="></latexit>

→P →, S|Jµ
5 |P, S↑ = →P →, S|

∫
d4y

ωWI [A,B]

ωBµ(y)

∣∣∣
Bµ=0

eily|P, S↑ ↓ →P →, S|!µ
5 [l]|P, S↑

<latexit sha1_base64="6p+5RWJrpGQxCx/8fLdgbojGfuE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVrR6LXsRTBfsB7VqyabYNTbJLkhXK0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45vMbz9RpVkkH8wkpr7AQ8lCRrCxUvvusSeS/kW/XHGr7gxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2ns3On6MQqAxRGypY0aKb+nkix0HoiAtspsBnpRS8T//O6iQmv/JTJODFUkvmiMOHIRCj7HQ2YosTwiSWYKGZvRWSEFSbGJlSyIXiLLy+T1lnVq1Vr9+eV+nUeRxGO4BhOwYNLqMMtNKAJBMbwDK/w5sTOi/PufMxbC04+cwh/4Hz+ANoXj0U=</latexit>

Jµ
5



Worldline representation of the effective action
In practice, for the calculation we use the worldline representation of the 
effective action: integration over trajectories  and  of the quark 
instead of the quantum fields

x(τ) ψ(τ)

D’Hoker, Gagne (1996)

<latexit sha1_base64="1gf66Vg2P+V1/PzD+xZI4O4fies=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa9UG5YlftOcg6cXJSgRyNQfmn78csDTHSTFCleo6daDejUnMmcFrqpwoTysZ0iD1DIxqicrP5oVNyYRSfBLE0FWkyV/9OZDRUahJ6pjOkeqRWvZn4n9dLdXDnZjxKUo0RWywKUkF0TGZfE59LZFpMDKFMcnMrYSMqKdMmm6Utyjw1Qn9aMsk4qzmsk/ZV1bmpXjevK7V6nlERzuAcLsGBW6jBAzSgBQwQXuAV3qxn6936sD4XrQUrnzmFJVhfv2V8lag=</latexit>

B

<latexit sha1_base64="x0MspzDAER7N8YEfpg9pJYv5XTA=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRIRdVl147IF+4A2lMnkph06mYSZiVBC8QPc6ie4E7d+i1/gbzhts7CtBy4czrmXe+/xE86Udpxvq7C2vrG5Vdwu7ezu7R+UD49aKk4lxSaNeSw7PlHImcCmZppjJ5FIIp9j2x/dT/32E0rFYvGoxwl6ERkIFjJKtJEat/1yxak6M9irxM1JBXLU++WfXhDTNEKhKSdKdV0n0V5GpGaU46TUSxUmhI7IALuGChKh8rLZoRP7zCiBHcbSlND2TP07kZFIqXHkm86I6KFa9qbif1431eGNlzGRpBoFnS8KU27r2J5+bQdMItV8bAihkplbbTokklBtslnYosxTQwwmJZOMu5zDKmldVN2r6mXjslK7yzMqwgmcwjm4cA01eIA6NIECwgu8wpv1bL1bH9bnvLVg5TPHsADr6xdj45Wn</latexit>

A

<latexit sha1_base64="x0MspzDAER7N8YEfpg9pJYv5XTA=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRIRdVl147IF+4A2lMnkph06mYSZiVBC8QPc6ie4E7d+i1/gbzhts7CtBy4czrmXe+/xE86Udpxvq7C2vrG5Vdwu7ezu7R+UD49aKk4lxSaNeSw7PlHImcCmZppjJ5FIIp9j2x/dT/32E0rFYvGoxwl6ERkIFjJKtJEat/1yxak6M9irxM1JBXLU++WfXhDTNEKhKSdKdV0n0V5GpGaU46TUSxUmhI7IALuGChKh8rLZoRP7zCiBHcbSlND2TP07kZFIqXHkm86I6KFa9qbif1431eGNlzGRpBoFnS8KU27r2J5+bQdMItV8bAihkplbbTokklBtslnYosxTQwwmJZOMu5zDKmldVN2r6mXjslK7yzMqwgmcwjm4cA01eIA6NIECwgu8wpv1bL1bH9bnvLVg5TPHsADr6xdj45Wn</latexit>

A

<latexit sha1_base64="sh70gfrKYNxxDgbbxlRssleEOQQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEYwTwgWcLsZDYZMju7zPSKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rUeujYjVA44T7kd0oEQoGEUrtZ7KXaTpea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/m507JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nvpC80ZyjHllCmhb2VsCHVlKFNqGBD8JZfXiXNi4pXrVTvL0u1myyOPJzAKZTBgyuowR3UoQEMRvAMr/DmJM6L8+58LFpzTjZzDH/gfP4AyXSPOg==</latexit>

x(ω)
<latexit sha1_base64="fuDxJ8d296OOGq35aGUWspS5ukE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQLyURqR6LXjxWsB/YhLLZbtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878zhNTmsfyAScJ8yMylDzklKCRHr1E86qHJD3vlytOzZnDXiVuTiqQo9kvf3mDmKYRk0gF0brnOgn6GVHIqWDTkpdqlhA6JkPWM1SSiGk/m188tc+MMrDDWJmSaM/V3xMZibSeRIHpjAiO9LI3E//zeimG137GZZIik3SxKEyFjbE9e98ecMUoiokhhCpubrXpiChC0YRUMiG4yy+vkvZFza3X6veXlcZNHkcRTuAUquDCFTTgDprQAgoSnuEV3ixtvVjv1seitWDlM8fwB9bnDw6+kIg=</latexit>

ω(ε)

where the worldline Lagrangian:

10

Here the “0” in parenthesis on the l.h.s and in subscripts on the r.h.s denotes the proper time at which this Jacobian
is evaluated. Likewise, the Lagrangian in Eq. (33) simplifies to

L(ω)(ω)
∣∣∣
singlet

=
( ẋ2

2E
+

1

2
εε̇ → iẋµAµ +

iE

2
εµεε(ϑµAε → ϑεAµ) +

E

2
ϖ2!2 +

E

2
”2

)(
1 0
0 1

)

+
(
→ iϖẋµBµ + ϖ

iE

2
εµεε(ϑµBε → ϑεBµ)

)(
1 0
0 →1

)

→ϖEεµε5

(
ϑµ! → {Bµ, ”}

)(
0 1
→1 0

)
+ iEεµε5

(
ϑµ” + ϖ2

{Bµ, !}

)(
0 1
1 0

)
. (35)

A. The AVV triangle at finite quark mass

Recalling Eq. (16), we need to take the functional derivative of the imaginary part of the e#ective action with
respect to Bµ, which gives

ϱWI
ϱBµ(x)

= →
iE

64

∫
1

→1

dϖ

∫ ↑

0

dTN

∫

P
DxDε exp

[
→

∫ T

0

dωL(ω)(ω)
][

tr ς
ϱφ̄(0)

ϱBµ(x)
→

∫ T

0

dω1 tr ςφ̄(0)
ϱL(ω)(ω1)

ϱBµ(x)

]
.

(36)

Using Eqs. (34) and (35), we can then straightforwardly compute

ς
ϱφ̄(0)

ϱBµ(x)

∣∣∣
singlet

= →4ε5

0

(
iϑµ

0
→

4i

E
εε

0
εµ

0
ẋ0ε

)
ϱ(x0 → x)

(
1 0
0 1

)
, (37)

and

ϱL(ω)(ω1)

ϱBµ(x)

∣∣∣
singlet

= ϖ
(
→ iẋµ

1
+

iE

2
2εε

1
εµ

1
ϑ1

ε

)
ϱ(x1 → x)

(
1 0
0 →1

)

+ϖEεµ
1
ε5

1
d000”1ϱ(x1 → x)

(
0 1
→1 0

)
+ iϖ2

Eεµ
1
ε5

1
d000!1ϱ(x1 → x)

(
0 1
1 0

)
. (38)

Here d000 denotes the symmetric structure constant of U(3) flavor corresponding to the singlet sector- in general dabc

has non-zero labels that span a, b, c = 0, 3, 8.
The scalar field ! appearing in Eq. (21) has the structure of a mass term - we can write it as !(x) = m → S(x),

where S sources the quark condensate. For the moment, we will not consider the existence of the quark condensate
(as in the case of QED) and set ! = m = constant. This allows us to simplify the derivative

ϱWI
ϱBµ(x)

∣∣∣
singlet

Bµ=0;!=0;”=m
= →

iE

64

∫
1

→1

dϖ

∫ ↑

0

dTN

∫

P
DxDε

↑ exp
[
→

∫ T

0

dω
( ẋ2

2E
+

1

2
εε̇ → iẋµAµ +

iE

2
εµεε(ϑµAε → ϑεAµ) +

E

4
d000ϖ

2m2

)]

↑

[
→ 8ε5

0

(
iϑµ

0
→

4i

E
εε

0
εµ

0
ẋ0ε

)
ϱ(x0 → x) → 8iϖ2

2

E
εε

0
ẋ0εm

∫ T

0

dω1

{
Eεµ

1
ε5

1
d000mϱ(x1 → x)

}]
. (39)

Rewriting this equation as

ϱWI
ϱBµ(x)

∣∣∣
singlet

Bµ=0;!=0;”=m
=

E

8

∫
1

→1

dϖ

∫ ↑

0

dT exp
[
→ T

Ed000ϖ2m2

4

]
N

∫

P
DxDε exp

[
→

∫ T

0

dω
{ ẋ2

2E
+

1

2
εε̇

}]

↑ exp
[
i

∫ T

0

dω
{

ẋϑ + Eεϑεωϑω

}
Aϑ

][
→ ε5

0

(
ϑµ
0
→

4

E
εε

0
εµ

0
ẋ0ε

)
ϱ(x0 → x) → 2d000m

2ϖ2εε
0
ẋ0ε

∫ T

0

dω1

{
εµ

1
ε5

1
ϱ(x1 → x)

}]
,

(40)

The scalar field can be rewritten as
<latexit sha1_base64="FZ4LKHamM1LWyn9d0z3+TK20XEE=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEurDMiFQ3QtGNy4r2AZ2hZNK0DU0yQ5IRy1Dc+CtuXCji1q9w59+YaWehrQcuHM65l3vvCSJGlXacbyu3sLi0vJJfLaytb2xu2ds7DRXGEpM6DlkoWwFShFFB6ppqRlqRJIgHjDSD4VXqN++JVDQUd3oUEZ+jvqA9ipE2Usfe82oDWno4uoD82ONIDzBiye3YKB276JSdCeA8cTNSBBlqHfvL64Y45kRozJBSbdeJtJ8gqSlmZFzwYkUihIeoT9qGCsSJ8pPJC2N4aJQu7IXSlNBwov6eSBBXasQD05leqWa9VPzPa8e6d+4nVESxJgJPF/ViBnUI0zxgl0qCNRsZgrCk5laIB0girE1qBROCO/vyPGmclN1KuXJzWqxeZnHkwT44ACXggjNQBdegBuoAg0fwDF7Bm/VkvVjv1se0NWdlM7vgD6zPH3WCljc=</latexit>

!(x) = m→ S(x)here  is a source of the quark 
condensate, for the triangle we set it 
to zero (as in the case of QED)

S(x)

<latexit sha1_base64="B0Ra3sErCq/e9EQvIiL9Gu3gJtM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwhs/YzJJDZVkuShMOTIxyh9HY6YoMXxmCSaK2VsRibDCxNh4KjYEb/XlddK9qnuNeuPhuta6LeIowxmcwyV40IQW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPmS44q</latexit>

!

<latexit sha1_base64="TW284CiBOtGcIW2ixeVCcca22SM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh15D9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAir424</latexit>

!

Defines interaction of 
the worldline (quark) 
with external fields 

<latexit sha1_base64="RC8PVKmciVuwoI/zlJpYnH2Oq0s="></latexit>

WI = → iE
64

∫ 1

→1
dω

∫ ↑

0
dTN

∫

P
DxDε tr ϑϖ̄(0) exp

[
→

∫ T

0
dϱL(ω)(ϱ)

]



Triangle diagram at finite mass (AVV) the triangle in the 
chiral limit

finite mass correction 
to the chiral limit

compare the finite mass term with the derivative 
of the effective action with  (PVV):Π

<latexit sha1_base64="Tg4/To2u9/5A63KApyuni+5sx4c="></latexit>∫
d4x eilxωµ

εWI
εBµ(x)

∣∣∣
singlet

Bµ=0;!=0;”=m
= → 1

4ϑ2

∫
d4x eilxFωε(x)F̃

ωε(x)

<latexit sha1_base64="Gmjs+UKXVpSeOb4eU2Ch+Fxp9BA="></latexit>

+m2
(∫ 1

0
du2

∫ 1

0
du4

1

G(u0, u2, u4) +m2

) 1

4ω2

∫
d4xeilxFωε(x)F̃

ωε(x)

<latexit sha1_base64="GtVjGH6MR7t6SYTAOrZvfgXPAm8="></latexit>∫
d4x eilx

ωWI
ω!(x)

∣∣∣
singlet

Bµ=0;!=0;”=m
= →m

2

(∫ 1

0
du2

∫ 1

0
du4

1

G(u0, u2, u4) +m2

) 1

4ε2

∫
d4xeilxFωε(x)F̃

ωε(x)

same expression

<latexit sha1_base64="+m3UzVcOQ26dAZpOeaPQP6+cXtA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHqxWME84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knN615XD1WvVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2bUTdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq6EILFl5dJ87wSVCvV+4ty7SaPowDHcAJnEMAl1OAO6tAAAo/wDK/w5invxXv3PuatK14+cwR/4H3+AGJkjwY=</latexit>

Aω
<latexit sha1_base64="+onP+gHk8V2e/OIBqJj0eQAww1k=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHqxWME84BkCbOT2WTIPNaZWSEs+QkvHhTx6u9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knt617XsIHAvVLZr/gzoGUS5KQMOeq90le3r0gqqLSEY2M6gZ/YMMPaMsLppNhNDU0wGeEB7TgqsaAmzGb3TtCpU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4UZk0lqqSTzRXHKkVVo+jzqM02J5WNHMNHM3YrIEGtMrIuo6EIIFl9eJs3zSlCtVO8vyrWbPI4CHMMJnEEAl1CDO6hDAwhweIZXePMevRfv3fuYt654+cwR/IH3+QPgX4/i</latexit>

Aω

<latexit sha1_base64="AoUJpr3196TcCpO0KjUHKXOY8IU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt2kO2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vVv43SeqNIvlo5klNBB4LFnECDZW8lvDgUiH1Zpbd3OgdeIVpAYF2sPq12AUk1RQaQjHWvc9NzFBhpVhhNN5ZZBqmmAyxWPat1RiQXWQ5cfO0YVVRiiKlS1pUK7+nsiw0HomQtspsJnoVW8h/uf1UxPdBhmTSWqoJMtFUcqRidHiczRiihLDZ5Zgopi9FZEJVpgYm0/FhuCtvrxOOld1r1FvPFzXmq0ijjKcwTlcggc30IR7aIMPBBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8foPqOlg==</latexit>

Bµ

<latexit sha1_base64="86+SY2XxY1REIli2Kf3txxlQQXk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqiH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A15uM+w==</latexit>

l

<latexit sha1_base64="6sGXyOmjzYGYbqtktuqMR0FpXBU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw7hf7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrViler1O4vy/WbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AH86Y2f</latexit>

k2
<latexit sha1_base64="ANGaI+Mv1YR9qE4kxE0AwH4SgZw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3H/sl+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcAAI2h</latexit>

k4

<latexit sha1_base64="+m3UzVcOQ26dAZpOeaPQP6+cXtA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHqxWME84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knN615XD1WvVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2bUTdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq6EILFl5dJ87wSVCvV+4ty7SaPowDHcAJnEMAl1OAO6tAAAo/wDK/w5invxXv3PuatK14+cwR/4H3+AGJkjwY=</latexit>

Aω
<latexit sha1_base64="+onP+gHk8V2e/OIBqJj0eQAww1k=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHqxWME84BkCbOT2WTIPNaZWSEs+QkvHhTx6u9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knt617XsIHAvVLZr/gzoGUS5KQMOeq90le3r0gqqLSEY2M6gZ/YMMPaMsLppNhNDU0wGeEB7TgqsaAmzGb3TtCpU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4UZk0lqqSTzRXHKkVVo+jzqM02J5WNHMNHM3YrIEGtMrIuo6EIIFl9eJs3zSlCtVO8vyrWbPI4CHMMJnEEAl1CDO6hDAwhweIZXePMevRfv3fuYt654+cwR/IH3+QPgX4/i</latexit>

Aω

<latexit sha1_base64="TW284CiBOtGcIW2ixeVCcca22SM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh15D9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAir424</latexit>

!
<latexit sha1_base64="86+SY2XxY1REIli2Kf3txxlQQXk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqiH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A15uM+w==</latexit>

l

<latexit sha1_base64="6sGXyOmjzYGYbqtktuqMR0FpXBU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw7hf7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrViler1O4vy/WbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AH86Y2f</latexit>

k2
<latexit sha1_base64="ANGaI+Mv1YR9qE4kxE0AwH4SgZw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3H/sl+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcAAI2h</latexit>

k4



Triangle diagram at finite mass

As expected the result is consistent with the 
anomaly equation at finite mass:

<latexit sha1_base64="rp/NZRUnY9H4wzv9amMAAm9tDzk="></latexit>∫
d4x eilxωµ

εWI
εBµ(x)

∣∣∣
singlet

Bµ=0;!=0;”=m
= → 1

4ϑ2

∫
d4x eilxFωε(x)F̃

ωε(x)

→2m

∫
d4x eilx

εWI
ε!(x)

∣∣∣
singlet

Bµ=0;!=0;”=m

<latexit sha1_base64="JD5yY1vrRtQqkVVptkH1shxoW0E="></latexit>

ωµJ5
µ,f =

εS

2ϑ
Tr

(
Fµω F̃

µω
)
+ 2imf q̄fϖ5qf

<latexit sha1_base64="+m3UzVcOQ26dAZpOeaPQP6+cXtA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHqxWME84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knN615XD1WvVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2bUTdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq6EILFl5dJ87wSVCvV+4ty7SaPowDHcAJnEMAl1OAO6tAAAo/wDK/w5invxXv3PuatK14+cwR/4H3+AGJkjwY=</latexit>

Aω
<latexit sha1_base64="+onP+gHk8V2e/OIBqJj0eQAww1k=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHqxWME84BkCbOT2WTIPNaZWSEs+QkvHhTx6u9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knt617XsIHAvVLZr/gzoGUS5KQMOeq90le3r0gqqLSEY2M6gZ/YMMPaMsLppNhNDU0wGeEB7TgqsaAmzGb3TtCpU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4UZk0lqqSTzRXHKkVVo+jzqM02J5WNHMNHM3YrIEGtMrIuo6EIIFl9eJs3zSlCtVO8vyrWbPI4CHMMJnEEAl1CDO6hDAwhweIZXePMevRfv3fuYt654+cwR/IH3+QPgX4/i</latexit>

Aω

<latexit sha1_base64="AoUJpr3196TcCpO0KjUHKXOY8IU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt2kO2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vVv43SeqNIvlo5klNBB4LFnECDZW8lvDgUiH1Zpbd3OgdeIVpAYF2sPq12AUk1RQaQjHWvc9NzFBhpVhhNN5ZZBqmmAyxWPat1RiQXWQ5cfO0YVVRiiKlS1pUK7+nsiw0HomQtspsJnoVW8h/uf1UxPdBhmTSWqoJMtFUcqRidHiczRiihLDZ5Zgopi9FZEJVpgYm0/FhuCtvrxOOld1r1FvPFzXmq0ijjKcwTlcggc30IR7aIMPBBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8foPqOlg==</latexit>

Bµ

<latexit sha1_base64="86+SY2XxY1REIli2Kf3txxlQQXk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqiH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A15uM+w==</latexit>

l

<latexit sha1_base64="6sGXyOmjzYGYbqtktuqMR0FpXBU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw7hf7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrViler1O4vy/WbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AH86Y2f</latexit>

k2
<latexit sha1_base64="ANGaI+Mv1YR9qE4kxE0AwH4SgZw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3H/sl+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcAAI2h</latexit>

k4



Triangle diagram at finite mass in the 
forward limit

<latexit sha1_base64="Tg4/To2u9/5A63KApyuni+5sx4c="></latexit>∫
d4x eilxωµ

εWI
εBµ(x)

∣∣∣
singlet

Bµ=0;!=0;”=m
= → 1

4ϑ2

∫
d4x eilxFωε(x)F̃

ωε(x)

<latexit sha1_base64="Gmjs+UKXVpSeOb4eU2Ch+Fxp9BA="></latexit>

+m2
(∫ 1

0
du2

∫ 1

0
du4

1

G(u0, u2, u4) +m2

) 1

4ω2

∫
d4xeilxFωε(x)F̃

ωε(x)

In the forward limit :l2 = 0
<latexit sha1_base64="rLgu0dcnI2sudVE97F+VV5MScMk=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0WooCUppboRSl3osoJ9QBPDZDpth04ezEyEEvMVbvwVNy4UcSvu/BsnbRbaemAuh3Pu5c49bsiokIbxreWWlldW1/LrhY3Nre0dfXevLYKIY9LCAQt410WCMOqTlqSSkW7ICfJcRjru+DL1O/eECxr4t3ISEttDQ58OKEZSSY5+anlIjjBi8VVSihzjBEZOJS3VY6tBhw9OzO4q8AIaSVocvWiUjSngIjEzUgQZmo7+ZfUDHHnEl5ghIXqmEUo7RlxSzEhSsCJBQoTHaEh6ivrII8KOp2cl8EgpfTgIuHq+hFP190SMPCEmnqs60yPEvJeK/3m9SA7O7Zj6YSSJj2eLBhGDMoBpRrBPOcGSTRRBmFP1V4hHiCMsVZIFFYI5f/IiaVfKZq1cu6kW640sjjw4AIegBExwBurgGjRBC2DwCJ7BK3jTnrQX7V37mLXmtGxmH/yB9vkDohmcfw==</latexit>

G(u0, u2, u4)
∣∣∣
l2=0

= 0

<latexit sha1_base64="Tg4/To2u9/5A63KApyuni+5sx4c="></latexit>∫
d4x eilxωµ

εWI
εBµ(x)

∣∣∣
singlet

Bµ=0;!=0;”=m
= → 1

4ϑ2

∫
d4x eilxFωε(x)F̃

ωε(x)

<latexit sha1_base64="6I5pVP5cjJClyd11pr02+ywg1CI="></latexit>

+
1

4ω2

∫
d4x eilxFωε(x)F̃

ωε(x)

<latexit sha1_base64="6cPUYNZSHq+ru0tltNc+FoJR8hA=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqswUqS6LblxWsA9ox5JJ77ShmcyYZIRS+hNuXCji1t9x59+YtrPQ1gOBwzn3kntOkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZua3nlBpHst7M07Qj+hA8pAzaqzUFg+VromJ2yuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+75ScWaVPwljZJw2Zq783JjTSehwFdjKiZqiXvZn4n9dJTXjlT7hMUoOSLT4KU0FsxFl40ucKmRFjSyhT3N5K2JAqyoytqGBL8JYjr5JmpexVy9W7i1LtOqsjDydwCufgwSXU4Bbq0AAGAp7hFd6cR+fFeXc+FqM5J9s5hj9wPn8AGzSPYA==</latexit>

l2 → 0
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Triangle diagram at finite mass in the 
forward limit
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singlet

Bµ=0;!=0;”=m
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• The ``anomaly" pole from the AVV triangle is exactly 
canceled by the PVV pole in the forward limit. This is a 
well known result in QED.

• There is no anomaly pole in QED. The pole is regulated 
by the finite electron mass.

• The cancellation would not occur for massless electrons 
. Massless QED is not a well-defined theory m = 0

Lampe, Reya (1998) 
Adler, Bardeen (1969) 
G. ’t Hooft (1976)
see also  Castelli, Freese, Lorce, Metz, Pasquini, Rodini (2024)

However, the mechanism of resolution of the anomaly pole 
in QCD is dramatically different. In the chiral limit the QCD 
is a well-defined theory!



The QCD generating functional
Why the QED resolution of the anomaly pole doesn’t work 
in the case of QCD? Confinement, formation of the quark 
condensate, coupling to the proton etc.

To take into account this effects we write 
the full QCD generating functional in the 
presence of the external sources
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eiZ[B,S,!,”] =

∫
DA

∫
D!̄D!eiS[A,#̄,#,B,S,!,”]

<latexit sha1_base64="KwzGZn2ue/Z1gZTjzgTBcY5abp0="></latexit>

S[A, !̄,!, B,S,”,#] =

∫
d4x

(
LQCD +Bµ!̄ωµω5!+ S!̄!+”!̄iω5!+#$

)
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! =
ωs

4ε
Tr

(
Fµω F̃

µω
)

the quark condensate responsible 
for spontaneous chiral symmetry 
breaking in QCD
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The fundamental chiral Ward identity 
for the QCD generating functional 
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ωµ
εZ

εBµ
→ 2Nf

εZ

ε!
→ 2m

εZ

ε”
+ 2S εZ

ε”
→ 2”

εZ

εS = 0
Shore, Veneziano (1992)
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ωµJ5
µ,f =

εS

2ϑ
Tr

(
Fµω F̃

µω
)
+ 2imf q̄fϖ5qf new terms in QCD

quark 
condensate

If we assume the QED mechanism  in QCD, the  and  
terms cancel each other, but it still doesn’t address the last two terms in 
the equation

δZ/δΘ 2mδZ/δΠ

The mechanism of regularization of the anomaly pole in QCD is different!



The QCD generating functional and the 
matrix element of the current
The anomaly pole in QCD is regulated by non-perturbative effects, the mechanism 
can be formalized in the effective action formalism. Using this formalism we can 
represent the matrix element of the current as

16

the chiral Ward identities that result by taking functional derivatives of this e!ective action. Further progress can
be made, as we will discuss, with the assumptions of polology and expectations based on the smooth behavior of the
topological susceptibility in pure Yang-Mills and in QCD in the forward limit. Finally, we will end this section with
a discussion of large Nc phenomenology, and relate our conclusions to experimental data, and to nonperturbative
results from QCD sum rules and lattice QCD.

a b c
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FIG. 6. Contributions to the matrix element of the isosinglet axial-vector current J
5
µ in the polarized proton. The first term

a) denotes the direct nonperturbative coupling of J5
µ to the proton, whose strength, given by gJ5

µNN , is simply related to its

isosinglet axial charge. The other two terms, b) and c), respectively, represent indirect couplings of the composite fields ! and
ω5, corresponding to the topological charge density and an isosinglet pseudoscalar field ω5. The latter field is simply related to
the physical ε→. Further discussion in text.

A. Deriving chiral Ward identities from the Wess-Zumino e!ective action

To understand the interplay between perturbative and nonperturbative e!ects in the proton’s quark helicity, it is
not su”cient to use the e!ective action for the Dirac fermions in Eq. (20). Instead, we need to start with the full
QCD generating functional

eiZ[B,S,!,”] =

∫
DA

∫
D#̄D#eiS[A,#̄,#,B,S,!,”] , (65)

where the action for the theory, in the presence of the external sources Bµ, S, and $, we discussed previously, is given
by

S[A, #̄, #, B,S, $, %] =

∫
d4x

(
LQCD + Bµ#̄ωµω5# + S#̄# + $#̄iω5# + %&

)
. (66)

Further, % is the external source for the topological charge density &.
As shown in [9], by taking functional derivatives of the e!ective action in Eq. (65) with respect to the sources, one

can represent the matrix element of the axial-vector current at finite momentum transfer lµ = P →µ
→ Pµ as

↑P →, S|Jµ
5
|P, S↓ = →igJµ

5 NN (l2) ū(P →, S)ωµω5u(P, S)

→i
ε2Z

εBµε%
(l2) g$NN (l2) ū(P →, S)ω5u(P, S) → i

ε2Z

εBµε$
(l2) gω5NN (l2) ū(P →, S)ω5u(P, S) , (67)

The anomaly can be absorbed 
into the contribution of the two-
point Green functions

a b c
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Jµ
5

<latexit sha1_base64="9wEEqzAx/C1jsqPOO2tg9xVeywY=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4Krui1WPRi8cK9gPapWTTbBubTUKSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuZFijNjff/bW1ldW9/YLGwVt3d29/ZLB4dNI1NNaINILnU7woZyJmjDMstpW2mKk4jTVjS6nfqtJ6oNk+LBjhUNEzwQLGYEWyc1u2rIepe9Utmv+DOgZRLkpAw56r3SV7cvSZpQYQnHxnQCX9kww9oywumk2E0NVZiM8IB2HBU4oSbMZtdO0KlT+iiW2pWwaKb+nshwYsw4iVxngu3QLHpT8T+vk9r4OsyYUKmlgswXxSlHVqLp66jPNCWWjx3BRDN3KyJDrDGxLqCiCyFYfHmZNM8rQbVSvb8o127yOApwDCdwBgFcQQ3uoA4NIPAIz/AKb570Xrx372PeuuLlM0fwB97nD0TojvI=</latexit>

ω5
<latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

!<latexit sha1_base64="IcaoiJU4Ok0YJhGYwX5OSza4Ojo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIVpdFN+KiVLAPaGOYTCft0MkkzEOoIV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5AwKpXjfFuFldW19Y3iZmlre2e3bO/tt2WsBSYtHLNYdAMkCaOctBRVjHQTQVAUMNIJxtdTv/NIhKQxv1eThHgRGnIaUoyUkXy7PPTT24d+pP30PGs0Mt+uOFVnBrhM3JxUQI6mb3/1BzHWEeEKMyRlz3US5aVIKIoZyUp9LUmC8BgNSc9QjiIivXR2eAaPjTKAYSxMcQVn6u+JFEVSTqLAdEZIjeSiNxX/83pahZdeSnmiFeF4vijUDKoYTlOAAyoIVmxiCMKCmlshHiGBsDJZlUwI7uLLy6R9WnVr1drdWaV+lcdRBIfgCJwAF1yAOrgBTdACGGjwDF7Bm/VkvVjv1se8tWDlMwfgD6zPH6Njkxg=</latexit>gJµ
5 NN

<latexit sha1_base64="0DUbDyTuV6Q6B/xlNu/X4qWQZ5I=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjzVCvYD2qVk02wbmmTXJFsoS3+HFw+KePXHePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4eNXWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRrczvzWmSrNIPppJTH2BB5KFjGBjJX/QS7v3gg4wqtWmvWLJLbtzoFXiZaQEGeq94le3H5FEUGkIx1p3PDc2foqVYYTTaaGbaBpjMsID2rFUYkG1n86PnqIzq/RRGClb0qC5+nsixULriQhsp8BmqJe9mfif10lMeO2nTMaJoZIsFoUJRyZCswRQnylKDJ9Ygoli9lZEhlhhYmxOBRuCt/zyKmlelL1KufJwWareZHHk4QRO4Rw8uIIq3EEdGkDgCZ7hFd6csfPivDsfi9ack80cwx84nz8+t5HG</latexit>g!NN
<latexit sha1_base64="wkXMN1v+Q1rLahIcQKtfqZZPA7s=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eiF0+lgv2ANoTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuGlz0NYHA4/3ZpiZ58ecKW3b31ZhbX1jc6u4XdrZ3ds/KB8etVWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57Tjj+8yvzOhUrFIPOppTN0QDwULGMHaSO7QS/vxiHlXqNGYeeWKXbXnQKvEyUkFcjS98ld/EJEkpEITjpXqOXas3RRLzQins1I/UTTGZIyHtGeowCFVbjo/eobOjDJAQSRNCY3m6u+JFIdKTUPfdIZYj9Syl4n/eb1EBzduykScaCrIYlGQcKQjlCWABkxSovnUEEwkM7ciMsISE21yKpkQnOWXV0n7ourUqrWHy0r9No+jCCdwCufgwDXU4R6a0AICT/AMr/BmTawX6936WLQWrHzmGP7A+vwBIIyRsg==</latexit>gω5NN

The equation has a nice 
diagrammatic representation



The QCD generating functional and the 
matrix element of the current

a b c

<latexit sha1_base64="6p+5RWJrpGQxCx/8fLdgbojGfuE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVrR6LXsRTBfsB7VqyabYNTbJLkhXK0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45vMbz9RpVkkH8wkpr7AQ8lCRrCxUvvusSeS/kW/XHGr7gxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2ns3On6MQqAxRGypY0aKb+nkix0HoiAtspsBnpRS8T//O6iQmv/JTJODFUkvmiMOHIRCj7HQ2YosTwiSWYKGZvRWSEFSbGJlSyIXiLLy+T1lnVq1Vr9+eV+nUeRxGO4BhOwYNLqMMtNKAJBMbwDK/w5sTOi/PufMxbC04+cwh/4Hz+ANoXj0U=</latexit>

Jµ
5

<latexit sha1_base64="6p+5RWJrpGQxCx/8fLdgbojGfuE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVrR6LXsRTBfsB7VqyabYNTbJLkhXK0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45vMbz9RpVkkH8wkpr7AQ8lCRrCxUvvusSeS/kW/XHGr7gxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2ns3On6MQqAxRGypY0aKb+nkix0HoiAtspsBnpRS8T//O6iQmv/JTJODFUkvmiMOHIRCj7HQ2YosTwiSWYKGZvRWSEFSbGJlSyIXiLLy+T1lnVq1Vr9+eV+nUeRxGO4BhOwYNLqMMtNKAJBMbwDK/w5sTOi/PufMxbC04+cwh/4Hz+ANoXj0U=</latexit>

Jµ
5

<latexit sha1_base64="6p+5RWJrpGQxCx/8fLdgbojGfuE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVrR6LXsRTBfsB7VqyabYNTbJLkhXK0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45vMbz9RpVkkH8wkpr7AQ8lCRrCxUvvusSeS/kW/XHGr7gxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2ns3On6MQqAxRGypY0aKb+nkix0HoiAtspsBnpRS8T//O6iQmv/JTJODFUkvmiMOHIRCj7HQ2YosTwiSWYKGZvRWSEFSbGJlSyIXiLLy+T1lnVq1Vr9+eV+nUeRxGO4BhOwYNLqMMtNKAJBMbwDK/w5sTOi/PufMxbC04+cwh/4Hz+ANoXj0U=</latexit>

Jµ
5

<latexit sha1_base64="9wEEqzAx/C1jsqPOO2tg9xVeywY=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4Krui1WPRi8cK9gPapWTTbBubTUKSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuZFijNjff/bW1ldW9/YLGwVt3d29/ZLB4dNI1NNaINILnU7woZyJmjDMstpW2mKk4jTVjS6nfqtJ6oNk+LBjhUNEzwQLGYEWyc1u2rIepe9Utmv+DOgZRLkpAw56r3SV7cvSZpQYQnHxnQCX9kww9oywumk2E0NVZiM8IB2HBU4oSbMZtdO0KlT+iiW2pWwaKb+nshwYsw4iVxngu3QLHpT8T+vk9r4OsyYUKmlgswXxSlHVqLp66jPNCWWjx3BRDN3KyJDrDGxLqCiCyFYfHmZNM8rQbVSvb8o127yOApwDCdwBgFcQQ3uoA4NIPAIz/AKb570Xrx372PeuuLlM0fwB97nD0TojvI=</latexit>

ω5
<latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

!<latexit sha1_base64="IcaoiJU4Ok0YJhGYwX5OSza4Ojo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIVpdFN+KiVLAPaGOYTCft0MkkzEOoIV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5AwKpXjfFuFldW19Y3iZmlre2e3bO/tt2WsBSYtHLNYdAMkCaOctBRVjHQTQVAUMNIJxtdTv/NIhKQxv1eThHgRGnIaUoyUkXy7PPTT24d+pP30PGs0Mt+uOFVnBrhM3JxUQI6mb3/1BzHWEeEKMyRlz3US5aVIKIoZyUp9LUmC8BgNSc9QjiIivXR2eAaPjTKAYSxMcQVn6u+JFEVSTqLAdEZIjeSiNxX/83pahZdeSnmiFeF4vijUDKoYTlOAAyoIVmxiCMKCmlshHiGBsDJZlUwI7uLLy6R9WnVr1drdWaV+lcdRBIfgCJwAF1yAOrgBTdACGGjwDF7Bm/VkvVjv1se8tWDlMwfgD6zPH6Njkxg=</latexit>gJµ
5 NN

<latexit sha1_base64="0DUbDyTuV6Q6B/xlNu/X4qWQZ5I=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjzVCvYD2qVk02wbmmTXJFsoS3+HFw+KePXHePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4eNXWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRrczvzWmSrNIPppJTH2BB5KFjGBjJX/QS7v3gg4wqtWmvWLJLbtzoFXiZaQEGeq94le3H5FEUGkIx1p3PDc2foqVYYTTaaGbaBpjMsID2rFUYkG1n86PnqIzq/RRGClb0qC5+nsixULriQhsp8BmqJe9mfif10lMeO2nTMaJoZIsFoUJRyZCswRQnylKDJ9Ygoli9lZEhlhhYmxOBRuCt/zyKmlelL1KufJwWareZHHk4QRO4Rw8uIIq3EEdGkDgCZ7hFd6csfPivDsfi9ack80cwx84nz8+t5HG</latexit>g!NN
<latexit sha1_base64="wkXMN1v+Q1rLahIcQKtfqZZPA7s=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eiF0+lgv2ANoTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuGlz0NYHA4/3ZpiZ58ecKW3b31ZhbX1jc6u4XdrZ3ds/KB8etVWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57Tjj+8yvzOhUrFIPOppTN0QDwULGMHaSO7QS/vxiHlXqNGYeeWKXbXnQKvEyUkFcjS98ld/EJEkpEITjpXqOXas3RRLzQins1I/UTTGZIyHtGeowCFVbjo/eobOjDJAQSRNCY3m6u+JFIdKTUPfdIZYj9Syl4n/eb1EBzduykScaCrIYlGQcKQjlCWABkxSovnUEEwkM7ciMsISE21yKpkQnOWXV0n7ourUqrWHy0r9No+jCCdwCufgwDXU4R6a0AICT/AMr/BmTawX6936WLQWrHzmGP7A+vwBIIyRsg==</latexit>gω5NN

<latexit sha1_base64="eCriBoRfjrTMFkOryNkDMo/G1Sc="></latexit>

→P →, S|Jµ
5 |P, S↑ = ū(P →, S)

[
ωµω5GA(l

2) + lµω5GP (l
2)
]
u(P, S)

the representation of the form factors
<latexit sha1_base64="nGbreywNtbH/mTRAy5ri/C+X7aQ=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqwpIUrW6EqgvFRalgH9BHmEwn7dDJg5mJUEL2bvwVNy4UcesPuPNvnKZZaOuBC4dz7uXee+yAUSEN41tbWFxaXlnNrGXXNza3tvWd3YbwQ45JHfvM5y0bCcKoR+qSSkZaASfItRlp2qOrid98IFxQ37uX44B0XTTwqEMxkkqy9Ny1dVFgvdIhPIdHFA6s6LbXcUMrOomr1ThxLD1vFI0EcJ6YKcmDFDVL/+r0fRy6xJOYISHaphHIboS4pJiRONsJBQkQHqEBaSvqIZeIbpT8EsMDpfSh43NVnoSJ+nsiQq4QY9dWnS6SQzHrTcT/vHYonbNuRL0glMTD00VOyKD04SQY2KecYMnGiiDMqboV4iHiCEsVX1aFYM6+PE8apaJZLpbvjvOVyzSODNgHOVAAJjgFFXADaqAOMHgEz+AVvGlP2ov2rn1MWxe0dGYP/IH2+QMDhpiK</latexit>

GA(l
2) = →igJµ

5 NN (l2)

<latexit sha1_base64="neZrRaVfR52YU52tZ3PK+9fG6WA="></latexit>

GP (l
2) = →i

lµ
l2

[ ω2Z

ωBµω!
(l2) g!NN (l2) +

ω2Z

ωBµω”
(l2) gω5NN (l2)

]

The anomaly in the two-point Green 
functions should be regulated by the non-
perturbative effects, i.e.  exchanges. 
The functions should vanish in the 
forward limit. How can we realize that?

η̄



What do we know about the two-point 
Green functions?

<latexit sha1_base64="hxPq+L1nOPvYWlLc9tgmSBP3SMs="></latexit>

ω2Z

ωBµω!
(l2) = i

∫
d4x eilx →0|TJµ

5 (x)”(0)|0↑
<latexit sha1_base64="RAZ0VggjAbccgsoKL4cS+i36LjI="></latexit>

ω2Z

ωBµω!
(l2) = i

∫
d4x eilx →0|TJµ

5 (x)ε5(0)|0↑

The two-point functions are constraint by the chiral Ward 
identities. There are relations between different types of the 
two-point functions:

<latexit sha1_base64="nAHW+9Dg+xTfasTOeB+GwvDHOxs="></latexit>

ilµ
ω2Z

ωBµω!
(l2)→ 2Nf

ω2Z

ω!ω!
(l2)→ 2m

ω2Z

ω”ω!
(l2) = 0

<latexit sha1_base64="FmZYbZx1B73k0MUy00XMLa/xeEg="></latexit>

ilµ
ω2Z

ωBµω!
(l2)→ 2Nf

ω2Z

ω”ω!
(l2)→ 2m

ω2Z

ω!ω!
(l2)→ 2↑ε↓ = 0

anomaly mass term quark condensate

Can we adjust , , 

 in such a way that the 

two-point Green functions 

,  vanish in the 

forward limit?

δ2Z
δΘδΘ

δ2Z
δΘδΠ

δ2Z
δΠδΠ

δ2Z
δBμδΘ

δ2Z
δBμδΠ

Any form of the two-point 
functions should satisfy the 
chiral Ward identities 
relations



Wess-Zumino-Witten contributions

Can we say more about the form of the functions , , ? The form of two-point functions 

can be reconstructed taking into account the WZW coupling between  and topological charge density :

δ2Z
δΘδΘ

δ2Z
δΘδΠ

δ2Z
δΠδΠ

η̄ Ω

<latexit sha1_base64="M98tp6atOTtfueUaMV8UecxlUjE="></latexit>

Sω̄
WZW = →i

√
2Nf

Fω̄

∫
d4x ω̄!

<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+ <latexit sha1_base64="pdJLtZ7ichNC1J1ruhuzZGzmtE8=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIVI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20OWh1YGGbesO9NmEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ7w8TNINqza27C5C/xCtIDQq0BtVPm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZEzqwxJlGj7FJKF+jOR09iYaRzayZji2Kx6c/E/r5dhdB3kQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk/+S9oXda9Rb9xf1po3RR1lOIFTOAcPrqAJd9ACHxgIeIIXeHWU8+y8Oe/L0ZJTZI7hF5yPb/T6js0=</latexit>. . .

<latexit sha1_base64="T00mMHavLdz8SSW/HXTeOG7aBIg=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac2oUy223bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6JmgkvWNNwI1kkUwygUrB2Ob2d++4kpzWP5YCYJCyIcSj7gFI2VHv0QVeYzg9NeueJW3TnIKvFyUoEcjV75y+/HNI2YNFSg1l3PTUyQoTKcCjYt+almCdIxDlnXUokR00E2v3hKzqzSJ4NY2ZKGzNXfExlGWk+i0HZGaEZ62ZuJ/3nd1Ayug4zLJDVM0sWiQSqIicnsfdLnilEjJpYgVdzeSugIFVJjQyrZELzll1dJ66Lq1aq1+8tK/SaPowgncArn4MEV1OEOGtAEChKe4RXeHO28OO/Ox6K14OQzx/AHzucP0YqRCA==</latexit>

ω̄

<latexit sha1_base64="iiODLjANunvpmt1Z6QtHuLo+MAA="></latexit>

! =
ωs

4ε
Tr

(
Fµω F̃

µω
)

Leutwyler (1996); Herrara-Sikody et al (1997); 
Leutwyler-Kaiser (2000)



<latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

!

<latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

!
<latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

!

<latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

!

<latexit sha1_base64="iolWx1Ig0qSIxlj6b7YFZtjfkLM=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrUj0WvXgRKtgv2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewtr6xuVXcLu3s7u0fuIdHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC8e3Mbz1RpVksH80koYHAQ8kiRrCxUqdHRqyfde6nfbfsVbw50Crxc1KGHPW++9UbxCQVVBrCsdZd30tMkGFlGOF0WuqlmiaYjPGQdi2VWFAdZPODp+jMKgMUxcqWNGiu/p7IsNB6IkLbKbAZ6WVvJv7ndVMTXQcZk0lqqCSLRVHKkYnR7Hs0YIoSwyeWYKKYvRWREVaYGJtRyYbgL7+8SpoXFb9aqT5clms3eRxFOIFTOAcfrqAGd1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3A+fwDLT5Bs</latexit>ωYM
<latexit sha1_base64="eGEao/OpN9x/KdtTGEcMDBIHS/k=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI/BePCYgHlgsoTZySQZMju7zPQKYclfePGgiFf/xpt/4yTZg0YLGoqqbrq7glgKg6775eTW1jc2t/LbhZ3dvf2D4uFRy0SJZrzJIhnpTkANl0LxJgqUvBNrTsNA8nYwqc399iPXRkTqHqcx90M6UmIoGEUrPfTYWPTTRu121i+W3LK7APlLvIyUIEO9X/zsDSKWhFwhk9SYrufG6KdUo2CSzwq9xPCYsgkd8a6liobc+Oni4hk5s8qADCNtSyFZqD8nUhoaMw0D2xlSHJtVby7+53UTHF77qVBxglyx5aJhIglGZP4+GQjNGcqpJZRpYW8lbEw1ZWhDKtgQvNWX/5LWRdmrlCuNy1L1JosjDydwCufgwRVU4Q7q0AQGCp7gBV4d4zw7b877sjXnZDPH8AvOxzc/QpCo</latexit>ωQCD

WZW and two-point Green functions

Using the WZW coupling we can construct the form of the two-point functions:

WZW

<latexit sha1_base64="vfOLrzNSUxEEKb/Ws5YZ4SZitwY="></latexit>

ω2Z

ω!ω!
(l2)

∣∣∣
ω=0

→ εQCD(l
2)

<latexit sha1_base64="k+RrP8N5AQDbNUgVgfdvzmZm1O4="></latexit>

ωQCD(l
2) = ωYM(l2) + i

[
→ iωYM(l2)

] [
→ i

√
2Nf

Fω̄
b(l2)

] i

l2 →m2
ω̄

[
→ i

√
2Nf

Fω̄
b(l2)

] [
→ iωQCD(l

2)
]

<latexit sha1_base64="FOoR1bF0oOuK2mgIA+gM1PPuzKM="></latexit>

=

∫
d4x eilx →0|T ω̄(x)ω̄(0)|0↑ = i

l2 ↓m2
ω̄

<latexit sha1_base64="VZ4BIqc1wSJU3BCngrZoGM0SsYI=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiRFqsuiGzdCBfuQJobJdNoOnZmEmYlYQn7FjQtF3Poj7vwbp20W2nrgwuGce7n3njBmVGnH+bZWVtfWNzYLW8Xtnd29ffug1FZRIjFp4YhFshsiRRgVpKWpZqQbS4J4yEgnHF9N/c4jkYpG4k5PYuJzNBR0QDHSRgrskodHNEg9yeH9TVZhD7XTwC47VWcGuEzcnJRBjmZgf3n9CCecCI0ZUqrnOrH2UyQ1xYxkRS9RJEZ4jIakZ6hAnCg/nd2ewROj9OEgkqaEhjP190SKuFITHppOjvRILXpT8T+vl+jBhZ9SESeaCDxfNEgY1BGcBgH7VBKs2cQQhCU1t0I8QhJhbeIqmhDcxZeXSbtWdevV+u1ZuXGZx1EAR+AYVIALzkEDXIMmaAEMnsAzeAVvVma9WO/Wx7x1xcpnDsEfWJ8/wq+Tnw==</latexit>

ωYM(l2)

<latexit sha1_base64="k+RrP8N5AQDbNUgVgfdvzmZm1O4="></latexit>

ωQCD(l
2) = ωYM(l2) + i

[
→ iωYM(l2)

] [
→ i

√
2Nf

Fω̄
b(l2)

] i

l2 →m2
ω̄

[
→ i

√
2Nf

Fω̄
b(l2)

] [
→ iωQCD(l

2)
]

WZW WZW
 propagationη̄

non-perturbative function to describe 
possible deviations from WZW

QCD topological susceptibility:

Similar expressions can be 
obtained for other two-point 
functions



Why is it useful?

<latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

!

<latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

!
<latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

!

<latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

!

<latexit sha1_base64="iolWx1Ig0qSIxlj6b7YFZtjfkLM=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrUj0WvXgRKtgv2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewtr6xuVXcLu3s7u0fuIdHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC8e3Mbz1RpVksH80koYHAQ8kiRrCxUqdHRqyfde6nfbfsVbw50Crxc1KGHPW++9UbxCQVVBrCsdZd30tMkGFlGOF0WuqlmiaYjPGQdi2VWFAdZPODp+jMKgMUxcqWNGiu/p7IsNB6IkLbKbAZ6WVvJv7ndVMTXQcZk0lqqCSLRVHKkYnR7Hs0YIoSwyeWYKKYvRWREVaYGJtRyYbgL7+8SpoXFb9aqT5clms3eRxFOIFTOAcfrqAGd1CHBhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3A+fwDLT5Bs</latexit>ωYM
<latexit sha1_base64="eGEao/OpN9x/KdtTGEcMDBIHS/k=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI/BePCYgHlgsoTZySQZMju7zPQKYclfePGgiFf/xpt/4yTZg0YLGoqqbrq7glgKg6775eTW1jc2t/LbhZ3dvf2D4uFRy0SJZrzJIhnpTkANl0LxJgqUvBNrTsNA8nYwqc399iPXRkTqHqcx90M6UmIoGEUrPfTYWPTTRu121i+W3LK7APlLvIyUIEO9X/zsDSKWhFwhk9SYrufG6KdUo2CSzwq9xPCYsgkd8a6liobc+Oni4hk5s8qADCNtSyFZqD8nUhoaMw0D2xlSHJtVby7+53UTHF77qVBxglyx5aJhIglGZP4+GQjNGcqpJZRpYW8lbEw1ZWhDKtgQvNWX/5LWRdmrlCuNy1L1JosjDydwCufgwRVU4Q7q0AQGCp7gBV4d4zw7b877sjXnZDPH8AvOxzc/QpCo</latexit>ωQCD

<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=

<latexit sha1_base64="P4QGBGyXIF1MWz36/IfLBfEfnL8=">AAACBHicbVC7TsMwFHV4lvIKMHaxqBAsVEmFCmMFC2OR6ENq0spxndaq7US2g1RFGVj4FRYGEGLlI9j4G9w2A7Qc6UpH59yre+8JYkaVdpxva2V1bX1js7BV3N7Z3du3Dw5bKkokJk0csUh2AqQIo4I0NdWMdGJJEA8YaQfjm6nffiBS0Ujc60lMfI6GgoYUI22kvl3yQolwSrOU9arwHPJetZ96RKPTLOvbZafizACXiZuTMsjR6Ntf3iDCCSdCY4aU6rpOrP0USU0xI1nRSxSJER6jIekaKhAnyk9nT2TwxCgDGEbSlNBwpv6eSBFXasID08mRHqlFbyr+53UTHV75KRVxoonA80VhwqCO4DQROKCSYM0mhiAsqbkV4hEyqWiTW9GE4C6+vExa1Ypbq9TuLsr16zyOAiiBY3AGXHAJ6uAWNEATYPAInsEreLOerBfr3fqYt65Y+cwR+APr8wfI0peP</latexit>

i

l2 →m2
ω→

In the chiral limit this relations 
yield:

<latexit sha1_base64="48qGhLFferwgKxtBGKCqRbIs7b4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbkoiUt0UinXhsgX7gCaEyXTSDp1JwsxEKDEbN/6KGxeKuPUf3Pk3Th8LbT1w4XDOvdx7jx8zKpVlfRu5ldW19Y38ZmFre2d3z9w/aMsoEZi0cMQi0fWRJIyGpKWoYqQbC4K4z0jHH9UnfueeCEmj8E6NY+JyNAhpQDFSWvLMYwcPqZc6gsNm/SZ78FJetbKSdQar0PLMolW2poDLxJ6TIpij4ZlfTj/CCSehwgxJ2bOtWLkpEopiRrKCk0gSIzxCA9LTNEScSDedfpHBU630YRAJXaGCU/X3RIq4lGPu606O1FAuehPxP6+XqODKTWkYJ4qEeLYoSBhUEZxEAvtUEKzYWBOEBdW3QjxEAmGlgyvoEOzFl5dJ+7xsV8qV5kWxdj2PIw+OwAkoARtcghq4BQ3QAhg8gmfwCt6MJ+PFeDc+Zq05Yz5zCP7A+PwBsUOWww==</latexit>

ωQCD|m=0(0) = 0

<latexit sha1_base64="5db+5ZyazEJ7mI6mGH8gy4Y3ijk="></latexit>

F 2
ω̄ = 2Nf ω

→
QCD|m=0(0)

At finite quark mass:

<latexit sha1_base64="oy9ISeeN0R3FuvnFz7hbqXXehZU="></latexit>

m2
ω→ = →2Nf

F 2
ω̄

ωYM(0) +m2
ω̄

Witten-Veneziano
finite mass 
correction



Regularization of the anomaly pole in QCD

By adjusting parameters of the two-point functions , ,  , through the chiral Ward 

identities, we can get resolve the anomaly poles in  and :

δ2Z
δΘδΘ

δ2Z
δΘδΠ

δ2Z
δΠδΠ

δ2Z
δBμδΘ

δ2Z
δBμδΠ

This “adjustment” leads to a number of important relations between parameters:

<latexit sha1_base64="blAE5WirmntFJEnwWmE/4WUMd/g="></latexit>

lim
l2→0

ilµ
ω2Z

ωBµω!
(l2) = 0

<latexit sha1_base64="W2/EQl+7T4HKXAuH5nV/jmQxK6I="></latexit>

lim
l2→0

ilµ
ω2Z

ωBµω!
(l2) = 0

<latexit sha1_base64="Y/3hLLGCMZBj/ewfKRMrCjLmf3o="></latexit>

m2
ω̄ = →2m↑ω↓

NfF 2
ω̄

Dashen-Gell-Mann-Oakes-
Renner (DGMOR) relation

<latexit sha1_base64="fM48fuHJVNgp6f0+ASFNPCoNY1c="></latexit>

F
2
ω̄ = 2Nfω

→
QCD(0)

(
1→m

2
ω̄

2ω→
QCD(0)→ ω

→
YM(0)

ωYM(0)

)
+O(m4

ω̄)

chiral limit finite mass correction



Goldberger-Treiman (GT) identity
To satisfy the anomaly equation the pseudovector and 
pseudoscalar sectors has to be related  GT identity:→

<latexit sha1_base64="5BGVeE3Pu5cM8yBoeWX2wPXuMUw="></latexit>

2MN GA(0) =
√

2Nf Fω̄ gω̄NN

The GT identity leads to:
<latexit sha1_base64="e9yKjZDHQlgEuI9UtJMuQLOpVyo="></latexit>

!” =

√
2Nf

2MN
Fω̄ gω̄NN

or using relations from the analysis of the two-point Green functions:

<latexit sha1_base64="hAxejNLeaLWGSnDqG4YM808hk2g="></latexit>

!” =
2Nf

2MN

√
ω→
QCD(0)

(
1→m2

ω̄

2ω→
QCD(0)→ ω→

YM(0)

ωYM(0)

)1/2
gω̄NN

chiral limit 
finite mass introduces 

correction∼ 10 %



Phenomenology. Back of the envelope estimate
In the OZI (Okubo–Zweig–Iizuka) approximation:

<latexit sha1_base64="iTsBqXJFZWZHrX0OmlcfZsZ4oFc="></latexit>

!”OZI → GOZI

A = 0.579± 0.021
<latexit sha1_base64="lK6ql2zvnesS7OsnVvcEGvvXl9s="></latexit>√
ω→
QCD,OZI

(0) = Fω/
→
6 ↑ 32MeV

Looking at the ration:
<latexit sha1_base64="FU/gO0Wwe0eJpuyexxckMKCcyFY="></latexit>

!”expt. = !”OZI

√
ω→
QCD

(0)
√

ω→
QCD,OZI

(0)

<latexit sha1_base64="7ursUcvt9P8coKG3Q4QMGzCaoDM=">AAACDHicbVC7TsMwFHV4lvIqMLJYVEhMUUJRYayAgbEIWpCagBz3tli1k2DfIKqoH8DCr7AwgBArH8DG3+CWDryOZOnonHN1fU+USmHQ8z6cicmp6ZnZwlxxfmFxabm0sto0SaY5NHgiE30eMQNSxNBAgRLOUw1MRRLOot7B0D+7AW1EEp9iP4VQsW4sOoIztNJlqRwcgkQWnIiuYhd5oBWF2xTdQWCEgmvquZWKTXmuNwL9S/wxKZMx6pel96Cd8ExBjFwyY1q+l2KYM42CSxgUg8xAyniPdaFlacwUmDAfHTOgm1Zp006i7YuRjtTvEzlTxvRVZJOK4ZX57Q3F/7xWhp29MBdxmiHE/GtRJ5MUEzpshraFBo6ybwnjWti/Un7FNONo+yvaEvzfJ/8lzW3Xr7rV451ybX9cR4Gskw2yRXyyS2rkiNRJg3ByRx7IE3l27p1H58V5/YpOOOOZNfIDztsnicmapg==</latexit>

!”expt. → 0.33and substituting

we obtain
<latexit sha1_base64="JG6DizO34ttqDeSymxb83xdchWM=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WsICURqV0W68KN0IJ9QBPCZDpth04ezkzEEvIbbvwVNy4Ucakr/8ZpmoW2HrhwOOde7r3HDRkV0jC+tdzS8srqWn69sLG5tb2j7+61RRBxTFo4YAHvukgQRn3SklQy0g05QZ7LSMcd16d+555wQQP/Vk5CYnto6NMBxUgqydENS9xxGVt4RI+d2OIebNavkpJxkkALhSEPHqBZhdZpat2QduLoRaNspICLxMxIEWRoOPqn1Q9w5BFfYoaE6JlGKO0YcUkxI0nBigQJER6jIekp6iOPCDtOP0vgkVL6cBBwVb6Eqfp7IkaeEBPPVZ0ekiMx703F/7xeJAdVO6Z+GEni49miQcSgDOA0JtinnGDJJoogzKm6FeIR4ghLFWZBhWDOv7xI2mdls1KuNM+Ltcssjjw4AIegBExwAWrgGjRAC2DwCJ7BK3jTnrQX7V37mLXmtGxmH/yB9vUDF66fGA==</latexit>√
ω→
QCD(0) → 18MeV

<latexit sha1_base64="kdFWeOa2tIgJ+a28ZGtoyZMOb4k=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0WsIDVRqS6LbtwUKtiHNCFMptN26OThzEQsIZ/hxl9x40IRt935N07TLLT1wIXDOfdy7z1uyKiQhvGt5RYWl5ZX8quFtfWNzS19e6cpgohj0sABC3jbRYIw6pOGpJKRdsgJ8lxGWu7weuK3HgkXNPDv5Cgktof6Pu1RjKSSHP3EEg9cxhYe0EMntrgH72tJyThKoIXCkAdP8KwCrePUqZFm4uhFo2ykgPPEzEgRZKg7+tjqBjjyiC8xQ0J0TCOUdoy4pJiRpGBFgoQID1GfdBT1kUeEHaePJfBAKV3YC7gqX8JU/T0RI0+IkeeqTg/JgZj1JuJ/XieSvUs7pn4YSeLj6aJexKAM4CQl2KWcYMlGiiDMqboV4gHiCEuVZUGFYM6+PE+ap2WzUq7cnherV1kcebAH9kEJmOACVMENqIMGwOAZvIJ38KG9aG/ap/Y1bc1p2cwu+ANt/AOZ6Z7c</latexit>√
ω→
YM(0) → 36MeV

to be compared with the 
recent lattice result

<latexit sha1_base64="vptOJc2oIvShNkaPbprOKVaW5rU=">AAACGnicbVDLSsNAFJ34rPUVdelmsIgVpCQircuiGzeFCvYhTQiT6aQdOnk4MxFLyHe48VfcuFDEnbjxb5ymWWjrgQuHc+7l3nvciFEhDeNbW1hcWl5ZLawV1zc2t7b1nd22CGOOSQuHLORdFwnCaEBakkpGuhEnyHcZ6bijy4nfuSdc0DC4keOI2D4aBNSjGEklObppiTsuEwsP6ZGTWNyHt420bByn0EJRxMMHaNYqJrROMq9B2qmjl4yKkQHOEzMnJZCj6eifVj/EsU8CiRkSomcakbQTxCXFjKRFKxYkQniEBqSnaIB8Iuwkey2Fh0rpQy/kqgIJM/X3RIJ8Ica+qzp9JIdi1puI/3m9WHrndkKDKJYkwNNFXsygDOEkJ9innGDJxoogzKm6FeIh4ghLlWZRhWDOvjxP2qcVs1qpXp+V6hd5HAWwDw5AGZigBurgCjRBC2DwCJ7BK3jTnrQX7V37mLYuaPnMHvgD7esHkFyfTg==</latexit>√
ω→
YM(0) → 17.1MeV Bonanno (2024)

The fact that the  estimates are in the same range is very encouraging and calls for systematic 
implementation of chiral perturbation theory as well as further lattice computations of the slope of the 
topological susceptibility in full QCD

χ′ YM(0)



Thank you for your attention!


