
Correspondence between Color Glass Condensate and

High-Twist Expansion

Yu Fu

Duke University

February 28, 2025

In collaboration with: Zhongbo Kang, Farid Salazar, Xin-Nian Wang, and Hongxi Xing

References: arXiv:2310.12847 [hep-ph], arXiv: 2406.01684 [hep-ph]

Physics Opportunities at an Electron-Ion Collider XI, Miami, Feb 24-28, 2025
1 / 25



Outline

• Multiple scattering in QCD matter

◦ Dilute v.s. Dense medium

◦ High-Twist Expansion v.s. Color Glass Condensate(CGC)

• Matching between CGC and High-Twist Expansion

(direct photon production as an example)

• Summary and outlook
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I.Multiple scattering in QCD matter
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Forward v.s. Backward

• Two important kinematics variables

◦ longitudinal momentum fraction: x ∼ Q√
s
e−y

◦ transverse momentum transfer: Q

• Forward rapidity(y > 0): proton-going; sensitive to small-x

• Backward rapidity(y < 0): nucleus-going; sensitive to large-x
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Experimental phenomena in dilute and dense medium

• Nuclear modification factor: RpA = 1
A

σpA

σpp
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◦ Forward region(dense): Suppression

◦ Backward region([relatively] dilute): Enhancement

How do we theoretically explain these phenomena?
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Anatomy of QCD matter
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⇒ Color Glass Condensate

Strong field, Wilson line

BK/JIMWLK evolution

See review: Gelis, Iancu, Venugopalan, 2003

⇒ High-Twist formalism

Multiparton correlations

DGLAP type evolution

Qiu, Sterman (1991);Kang, Wang, Wang, Xing (2013)

⇒ Leading twist

Collinear factorization

DGLAP evolution

Collins, Soper (1981)
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Theoretical framework for incoherent multiple scattering

High-Twist Expansion: for QCD scattering in non-dense medium

• Power suppression

σ ∼ [α0
sC

(0)
2 + α1

sC
(1)
2 + α2

sC
(2)
2 + · · ·]⊗ T2(x)

+Q−1[α0
sC

(0)
3 + α1

sC
(1)
3 + α2

sC
(2)
3 + · · ·]⊗ T3(x)

+Q−2[α0
sC

(0)
4 + α1

sC
(1)
4 + α2

sC
(2)
4 + · · ·]⊗ T4(x)

+ · · ·

T2(x)
y 0PA PA

T3(x)
y y1 0PA PA

T4(x)
y y1 y2 0PA PA

• Nuclear enhancement

T4(x) ∝
∫
dy−dy−1 dy−2 ⟨F (0−)F (y−2 )F (y−1 )F (y−)⟩ ∝ A1/3

⇒ 1
Q2

nuclear size−−−−−−→ A1/3

Q2
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Perturbative Expansion

Twist
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Theoretical framework for coherent multiple scattering

Color Glass Condensate: for QCD scattering in dense medium

• Probe can not resolve different small-x gluons.

• All small-x gluons are treated equivalently, and be resumed.

• Coherent multiple scattering is encoded in the “shock wave”.
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• Quark propagation: T q
ij = 2πδ(l−)γ−

∫
dy⊥e

−l⊥·y⊥Vij(y⊥)

Light-like Wilson line: Vij(y⊥) = Pexp(i
∫
dy−gA+

cl (y
−, y⊥)t

c
ij )
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HT vs CGC

How to build a unified picture to describe the dilute and dense limits?

9 / 25

• High Twist Expansion:

Enhancement in backward region

• Color Glass Condensate:

Suppression in forward region



II.Correspondence between CGC and
High-Twist Expansion (Example: p + A → γ + X )
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Direct photon production in pA within HT Expansion

• Leading twist(LT): single scattering

◦ Consider quark-gluon initiated channel

Pp Pp

PA PA

k kpγ

p

y 0

= +

◦ Leading twist collinear factorization
dσHT

E−1
γ d3pγ

∣∣
LT

= fq/p(xq)⊗ fg/A(x)⊗ H
(2)
q+g→γ+q
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Direct photon production in pA within HT Expansion

• Next-to-leading twist(NLT):

Incoherent: Hard scattering + Soft gluon scattering

▶ Initial/Final state scattering and initial-final interference

(b)

y y1 y2 0

l1 l4l2 l3

(a)

yy1 y20

l1 l4l2 l3

(c)

yy1 y2 0

l4l1 l3l2

Pp Pp

PA PA

k kpγ

p

Pp Pp

PA PA

k k

pγ

p

PpPp

PAPA

kk

pγ

p

▶ NLT contribution to the differential cross-section
dσHT

E−1
γ d3pγ

∣∣
NLT

= fq/p ⊗
{
Tgg , x

∂Tgg

∂x , x2
∂2Tgg

∂x2

}
⊗ H

(4)
q+gg→γ+q

Tgg : twist-4 gluon correlation
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(24 diagrams in total)



Direct photon production in pA within CGC formalism

• Coherent multiple scattering from CGC

▶ Amplitudes: Initial radiation + Final radiation

PA

Pp pγ

p
k

lξ =
p−γ
k−

y⊥
PA

Pp pγ

p
k

lξ =
p−γ
k−

y⊥

▶ Differential cross-section within CGC
dσCGC

E−1
γ d3pγ

= fq/p(xp)⊗
∫
d2l⊥

l2⊥

p2γ⊥(ξl⊥−pγ⊥)
2F (x , l⊥)

▶ Dipole correlator

F (x , l⊥) =
∫
d2y⊥d

2y ′⊥e
−il⊥·(y⊥−y ′

⊥) 1
Nc

〈
Tr

[
V †(y ′⊥)V (y⊥)

]〉
x
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Naive power expansion of CGC

• Differential cross-section within CGC
dσCGC

E−1
γ d3pγ

= fq/p(xp)⊗
∫
d2l⊥

1
p2γ⊥

l2⊥F (x ,l⊥)

(ξl⊥−pγ⊥)
2

• Twist or power expansion

l2⊥F (x ,l⊥)

(ξl⊥−p)2
=

l2⊥F (x , l⊥)

p2γ⊥
LT

+
ξ2l4⊥F (x , l⊥)

p4γ⊥
NLT

+ . . .

◦ Twist-2 gluon PDF = 2nd moment dipole correlator:

lim
x→0

xfg/A(x) ≃ Nc

2π2αs

∫
d2l⊥
(2π)2 l

2
⊥F (x , l⊥) R. Baier, et al; arXiv:hep-ph/0403201

◦ Leading twist cross section:

d3σCGC

E−1
γ d3pγ

∣∣∣
LT

= lim
x→0

d3σHT

E−1
γ d3pγ

∣∣∣
LT

CGC and leading twist expansion match at small-x!
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Naive power expansion of CGC

• Differential cross-section within CGC
dσCGC

E−1
γ d3pγ

= fq/p(xp)⊗
∫
d2l⊥

1
p2γ⊥

l2⊥F (x ,l⊥)

(ξl⊥−pγ⊥)
2

• Twist or power expansion

l2⊥F (x ,l⊥)

(ξl⊥−p)2
=

l2⊥F (x , l⊥)

p2γ⊥
LT

+
ξ2l4⊥F (x , l⊥)

p4γ⊥
NLT

+ . . .

◦ Twist-4 gluon correlation = 4th moment of dipole correlator:

lim
x→0

Tgg (x , 0, 0) ≃ N2
c

2(2π)4α2
s

∫
d2l⊥
(2π)2 l

4
⊥F (x , l⊥)

∣∣∣
Twist-4

◦ Next-to-Leading twist cross section:

d3σCGC

E−1
γ d3pγ

∣∣∣
NLT
= fq/p⊗

{
Tgg ,���HHHx

∂Tgg

∂x ,��
��HHHHx2

∂2Tgg

∂x2

}
⊗H

(4)
q+gg ̸= lim

x→0

d3σHT

E−1
γ d3pγ

∣∣∣
NLT

Can NOT recover the derivative terms in HT at twist-4!
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From CGC to twist-2 collinear factorization

• Expand CGC vertex

Quark propagation: T q = 2πδ(l−)γ−
∫
d2y⊥e

−l⊥·y⊥V (y⊥)

= + +· · ·+
V
l

A+ A+ A+

• To 1st order and bring back “sub-eikonal phase”

LO vertex: Γ(l) ∼ γ−
∫
d2y⊥dy

−e−il⊥·y⊥eil
+y− igA+(y−, y⊥)

▶ Leading twist cross section:
d3σCGCsub

E−1
γ d3pγ

∣∣∣
LT

= fq/p ⊗
∫
y ,y ′HS ⟨Tr[A+(y)A+(y ′)]⟩x

▶ Hard part: HS =
ξ2[1+(1−ξ)2]

p4γ⊥
e ixP

+
A (y−−y ′−)δ(2)(y⊥ − y ′⊥)(∂y⊥ · ∂y ′

⊥
)

• Matches exactly to High-Twist Expansion at twist-2 beyond small-x
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From CGC to twist-4 collinear factorization

• Expand CGC vertex to 2nd order and bring back ”sub-eikonal phase”

PA

Pp pγ

p
k

y y1

PA

Pp pγ

p
k

yy1

PA

Pp pγ

p
k

Missing diagram
in CGC vertex

y y1

• Phase in ”Missing diagram”:
[
1− e

−i
(y−−y−

1
)

τγ,form

]

▶ Landau-Pomeranchuk-Migdal (LPM) effect:

◦ τγ,form ≫ y− − y−
1 (coherent) → contribution vanishes

◦ τγ,form ≪ y− − y−
1 (incoherent) → contribution survives

• d3σCGCsub

E−1
γ d3pγ

∣∣∣
NLT

= fq/p ⊗
∫
z,y ,y ′HD⟨Tr[A+(z)A+(y)A+(y ′)A+(0)]⟩x

◦ Derivative terms are in HD

• Matches exactly to High-Twist Expansion at twist-4 beyond small-x
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(photon formation time:

τγ,form ∼ p2γ⊥
xP+

A

)



Summary and Outlook

Summary:

• Naive power expansion of CGC only recovers part of the complete HT

Expansion result at twist-4.

• 4th moment of the dipole correlation corresponds to twist-4

gluon-gluon correlation function at small-x.

• Important missing ingredients in CGC: sub-eikonal phases and

diagrams related to LPM effect.

• Consistency between CGC and HT Expansion to twist-4 level

after bringing back sub-eikonal phase.

Outlook:

• Consistency between CGC and HT expansion persist at NLO?

• Establish a framework that allows to resum all twists?

(modify Wilson lines to keep track of phases?)
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Thank you!
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Backup
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Theoretical framework for coherent multiple scattering

Color Glass Condensate: for QCD scattering dense medium

• Separates the partonic content of hadrons according to x

• Large-x partons are treated as static and localized color sources ρ;

it generates a current Jµ(z) = δµ+ρ(z−, z⊥)

• Sources color charge distribution is dictated by a gauge invariant

weight functional Wx0[ρ].

• Small-x gluon are treated as classical filed; ⟨AclAcl⟩ ∼ 1/αs .

• Expectation value of any observable: ⟨O⟩ =
∫
[Dρ]Wx0 [ρ]O[ρ]
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Relation between CGC and high-twist expansion

Take direct photon production as an example

• Higher-twist becomes important at moderate p2γ⊥ and small-x:

dσ ∼ 1
p4γ⊥

[ A︸︷︷︸
LT

+B
⟨l2⊥⟩
p2γ⊥

+ C
⟨l2⊥⟩2
p4γ⊥

+ · · ·
︸ ︷︷ ︸

HigherTwist

]

Hard scale: pγ⊥

Momentum exchange from medium:⟨l2⊥⟩ ∝ Q2
s ∝ A1/3x−0.3

Saturation scale grows with energy and nuclear size.
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Direct photon production in pA within HT formalism

• Next-to-leading twist(NLT):

Incoherent: Hard scattering + Soft gluon scattering insertion

CL R

y y1 y2 0

Pp Pp

PA PA

k k
pγ

▶ Category of the diagrams

◦ Central cut: contribution from double scattering

◦ Left and Right cuts: single-triple interference
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Efforts towards a unified picture of dilute and dense limits
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Efforts towards a unified picture of dilute and dense limits

• Aiming to extend the applicability of CGC from small-x (dense) to
large-x (dilute) region

◦ Emphasis on the sub-eikonal corrections to the parton propagators

[arXiv:1404.2219;arXiv:1505.01400; arXiv:1512.00279;arXiv:1902.04483;arXiv:1907.03668;arXiv:2012.03886

et.al.]

◦ Rapidity evolution of unintegrated gluon distributions

[arXiv:1505.02151;arXiv:1603.06548;arXiv:1706.01415;arXiv:1712.09389;arXiv:1905.09144;]

◦ New semi-classical approaches

[arXiv:2006.14569;arXiv:2112.01412;arXiv:2309.16576;arXiv:1708.07533;arXiv:1809.04625;arXiv:2308.15545]

• However, no consensus has yet been reached on the relations between

HT Expansion and CGC.
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