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OUTLINE
§ Large-momentum effective theory

– Theoretical framework

– Collins-Soper kernel

– Soft function and TMDPDFs

§ New approach without Wilson lines
– TMDs from Coulomb-gauge correlations

– Numerical applications

– Better interpolators for boosted hadron

§ Summary
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LARGE-MOMENTUM EFFECTIVE THEORY (LAMET)
§ Revisit Feynman’s parton picture in the infinite momentum frame:

§ Nevertheless, it is possible to simulate at proton at large momentum:

Simulating 𝑃 = ∞ 𝑂 𝑡 = 0 𝑃 = ∞ ? ✘

𝑃 ≪ 2𝜋/𝑎

𝑧 + 𝑐𝑡 = 0, 𝑧 − 𝑐𝑡 ≠ 0 𝑡 = 0, 𝑧 ≠ 0

X. Ji, PRL 110 (2013)
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§ Beam function: § Soft function:

𝑛!" = 0
Rapidity: 𝑦# =

$
"
ln %!

"

%!
# = −∞

𝑓! 𝑥, 𝑏" , 𝜇, 𝜁 = lim
#→%

𝑍&' lim(→%
𝐵!
𝑆)

Hadronic matrix element Vacuum matrix element

Collins-Soper scale: 𝜁 = 2 𝑥𝑃!𝑒"#! $ 𝜏:	rapidity divergence regulator

TRANSVERSE MOMENTUM DISTRIBUTIONS
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§ Beam function (in Collins’ scheme): § Quasi-beam function:

TMDS FROM LAMET

Lightcone direction

Lorentz boost and 𝐿 → ∞

𝑛! 𝑦# = 𝑛!&, 𝑛!', 0( = (−𝑒")$ , 1,0()

Spacelike but close-to-light-cone (𝑦# → −∞) Wilson 
lines, not directly calculable on the lattice 🙁

Equal-time Wilson lines, directly calculable 
on the lattice 🙂
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SOFT FUNCTION (IN COLLINS’ SCHEME)
§ Not directly calculable on the lattice, but has the asymptotic behavior:

§ Can be extracted from a meson form factor:
lim

**≫,+
𝜋 −𝑃 𝑗- 𝑏. 𝑗/ 0 𝜋 𝑃 = 𝑆01- 𝑏., 𝜇 ∫ 𝑑𝑥𝑑𝑥2𝐻 𝑥, 𝑥2, 𝜇

×𝜙3 𝑥, 𝑏., 𝑃4, 𝜇 𝜙(𝑥, 𝑏., 𝑃4, 𝜇)	

𝜙 𝑥, 𝑏(, 𝑃, , 𝜇 :	quasi-TMD wave function ✓ • Ji, Liu and Liu, NPB 955 (2020),  PLB 811 (2020);
• Ji and Liu, PRD 105 (2022);
• Deng, Wang and Zeng, JHEP 09 (2022).
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FACTORIZATION FORMULA FOR THE QUASI-TMDS

§ Collins-Soper kernel 𝛾*(𝜇, 𝑏");
§ No flavor mixing, easy flavor separation;
§ Spin-dependence, e.g., Sivers function;
§ Full (𝑥, 𝑏") dependence.
§ Twist-3 PDFs from small 𝑏" expansion.
§ Higher-twist TMDs.

• Ji, Sun, Xiong and Yuan, PRD91 (2015);
• Ji, Jin, Yuan, Zhang and YZ, PRD99 (2019);
• Ebert, Stewart, YZ, PRD99 (2019), JHEP09 (2019);
• Ji, Liu and Liu, NPB 955 (2020),  PLB 811 (2020);
• Ebert, Schindler, Stewart and YZ, JHEP 09 (2020);
• Vladimirov and Schäfer, PRD 101 (2020);
• Ji, Liu, Schäfer and Yuan, PRD 103 (2021);
• Ebert, Schindler, Stewart and YZ, JHEP 04 (2022).
• Rodini and Vladimirov, JHEP 08 (2022).
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STATE-OF-THE-ART COLLINS-SOPER KERNEL

𝛾* 𝜇, 𝑏+ =
𝑑

𝑑 ln𝑃,
ln
B𝑓 𝑥, 𝑏+, 𝜇, 𝑃,

𝐶 𝜇, 𝑥𝑃,

• Physical quark masses, large Lorentz boosts

• Continuum extrapolation with a=0.15, 0.12, 0.09 fm

• Controlled Fourier transform

• Lattice renormalization and operator mixing 

subtraction

• Next-to-next-to-leading logarithmic (NNLL) order 

matching
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FIG. 11. Examples of real parts of CS kernel estimators
“̂MS

� (bT , x, P z
1 , P z

2 , µ), computed with matching corrections at
LO (top panel) and uNNLL (bottom panel) accuracies as
described in Section III E, using bT = 0.48 fm and � = “4“5.
The black dashed lines enclose the region in x used to determine
the CS kernel. The notation nz = P z

1 /P z
2 displays momenta

in lattice units. Further examples are shown in Figs. 44–47 of
Appendix D.

paring to the LO estimate, where the matching correction
vanishes, it is clear that matching is a dominant source
of the imaginary part. As discussed in Section III D, the
imaginary part from the matching is attributed to bT -
dependent power corrections enhanced at small bT and
mitigated by uNLO and uNNLL corrections. Consistent
with this explanation, for small bT , Im

#
“̂MS

q,�

$
at uNLO and

uNNLL are reduced relative to all other orders of match-
ing; as bT increases and power corrections are suppressed,
they approach NLO and NNLL results, respectively. How-
ever, uNLO and uNNLL accuracies still do not lead to
values of Im

#
“̂MS

q,�

$
that are consistent with zero within

the accessible range of bT P z. This suggests that power
corrections beyond those that have been accounted for
by the unexpanded matching are relevant at the level of
precision of this calculation.

Since matching corrections with smallest expected
power corrections are given by uNNLL, this accuracy is
used for the final estimate of the CS kernel. Furthermore,
considering both the larger qualitative di�erence between

FIG. 12. CS kernel in bT space evaluated sepatately for each
momentum pair with LO (top panel) and uNNLL (bottom
panel) matching.

Im
#
“̂MS

q,�

$
for di�erent accuracies and momenta, as well as

the parametrically larger estimates of bT -dependent power
corrections compared to Re

#
“̂MS

q,�

$
, the central value of

the CS kernel is determined from fits to Re
#
“̂MS, uNNLL

q,�

$

while Im
#
“̂MS

q,�

$
is not treated as a direct source of sys-

tematic uncertainty. Finally, scale variation in resummed
corrections around µ0 = 2pz, with pz

œ {xP z, (1 ≠ x)P z
},

is not used to estimate the associated perturbative uncer-
tainties. This choice is motivated by the range of pz used
to determine the CS kernel, and in particular because
results at scales µ0/2 are sensitive to nonperturbative ef-
fects. The significance of higher-order perturbative e�ects
may instead be judged by comparing the final uNNLL
CS kernel determination to those obtained with other
accuracies, as shown in Fig. 13.

The final CS kernel results of this work are summarized
in Table II. These results are shown as a function of bT

and compared with phenomenological determinations of
the CS kernel in Fig. 15.

IV. OUTLOOK

This work presents a numerical determination of the
quark Collins-Soper kernel “MS

q (bT , µ = 2 GeV) in the

• A. Avkhadiev, P. Shanahan, M. Wagman and YZ, PRD 108 (2023);
• A. Avkhadiev, P. Shanahan, M. Wagman and YZ, PRL 132 (2024).

CS kernel extracted in the x-space

Almost flat at moderate x, an important 
indictor of the validity of factorization
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STATE-OF-THE-ART COLLINS-SOPER KERNEL

• A. Avkhadiev, P. Shanahan, M. Wagman and YZ, PRD 108 (2023);
• A. Avkhadiev, P. Shanahan, M. Wagman and YZ, PRL 132 (2024).

Nice agreement with phenomenology ☺

SV19: Scimemi and Vladimirov, JHEP 06 (2020)
Pavia19: Bacchetta et al., JHEP 07 (2020).
MAP22: Bacchetta et al., JHEP 10 (2022).
ART23: Moos et al., JHEP 05 (2024).
IFY23: Isaacson et al., PRD 110 (2024).
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SOFT FUNCTION

𝑎 = 0.121 fm, 𝑚- = 670 MeV 𝑎 = 0.098 fm, 𝑚- = 662 MeV

• Current state-of-the-art is at next-to-leading order (NLO)

• Continuum and physical quark mass limits not available so far

• The only calibration so far is perturbative prediction at 𝑎 ≪ 𝑏( ≪ Λ./0'$

M.-H. Chu, et al. (LPC), JHEP 08 (2023).
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NUCLEON VALENCE TMDPDFS
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FIG. 5. Our final results for isovector unpolarized TMDPDFs xf(x, b?, µ, ⇣) at renormalization scale µ = 2 GeV and rapidity
scale

p
⇣ = 2 GeV, extrapolated to physical pion mass 135 MeV and infinite momentum limit P z ! 1, compared with PV17

[6], MAPTMD22 [9], SV19 [7] and BHLSVZ22 [8] global fits (slashed bands). The colored bands denote our results with both
statistical and systematic uncertainties, the shaded grey regions imply the endpoint regions where LaMET predictions are not
reliable.
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SUPPLEMENTAL MATERIALS

Renormalization

In order to renormalize the bare quasi-TMD matrix
elements, the square root of Wilson loop

p
ZE and loga-

rithmic divergence factor ZO need to be computed.
The Wilson loop ZE(r = 2L+z, b?, a) is defined as the

vacuum expectation of a rectangular shaped space-like
gauge links with size r⇥b?. It is introduced to eliminate
the linear divergence form as e��m̄r, which comes from
the self-energy corrections of the gauge link [28, 34], as
well as the pinch-pole singularity, which comes from the
heavy quark e↵ective potential term e�V (b?)L from the
interactions between the two Wilson lines along the z
direction in the staple link [20]. In practice, the signal
to noise ratio of ZE(r, b?, a) grows fast and is hardly
available at large r and/or b?. To address this, we fit the
e↵ective energies of Wilson loop, which denote the QCD
static potentials, and then extrapolate them at large r
and/or b? area, as in Ref. [27]. Numerical results of
Wilson loop are shown in the upper panel of Fig. 6.

Besides, the logarithmic divergences factor ZO can be
extracted from the zero-momentum bare matrix elements
h̃0
� (z, b?, 0, a, L). In order to keep the renormalized ma-

trix elements consistent with perturbation theory, ZO

should be determined with the condition:

ZO(1/a, µ,�) = lim
L!1

h̃0
� (z, b?, 0, a, L)p

ZE (2L+ z, b?, a)h̃MS
� (z, b?, µ)

(12)

in a specific window where z ⌧ ⇤�1
QCD so that the

perturbation theory works well. Here the perturbation
results have been evolved from the intrinsic physical
scale 2e��E/

p
z2 + b2? to MS scale µ via renormalization

group equation [44]. To preserve a good convergence of
the perturbation theory before and after RG evolution,
we choose the region where b? = a, z = 0 or a. More
discussions about RG evolution can be found in the fol-
lowing section. The numerical value for ZO in this work
is taken as 1.0622(87), of which the uncertainty is negli-
gible compared with other systematic uncertainties.

Unpolarized distribution Boer-Mulders function

• J.-C. He, M.-H. Chu, J. Hua et al., (LPC), PRD 109 (2024).
• L. Ma et al., (LPC), arXiv: 2502.11807.

PV17: Bacchetta et al., JHEP 06 (2017).
SV19: Scimemi and Vladimirov, JHEP 06 (2020)
MAPTMD22: Bacchetta et al., JHEP 10 (2022).
BHLSVZ22: Bury et al., JHEP 10 (2022).

11



SYSTEMATICS IN LATTICE CALCULATIONS
2

II. QUASI TMDPDFS AND THE
COLLINS-SOPER KERNEL

The quark Collins-Soper kernel �q
⇣ (µ, bT ) can be com-

puted in lattice QCD from a ratio of nonsinglet quasi
TMDPDFs f̃TMD

ns
at di↵erent hadron momenta (taken in

the z-direction) P z
i � ⇤QCD [26, 27, 32]:

�q
⇣ (µ, bT ) =

1

ln(P z
1
/P z

2
)

⇥ ln
CTMD

ns
(µ, xP z

2
) f̃TMD

ns
(x,~bT , µ, P z

1
)

CTMD
ns

(µ, xP z
1
) f̃TMD

ns
(x,~bT , µ, P z

2
)

+ O

⇣ 1

(xP zbT )2
,

⇤2

QCD

(xP z)2

⌘
. (1)

The perturbative matching coe�cient CTMD
ns

relates
the quasi TMDPDFs, which are defined in terms of
Euclidean-space matrix elements as detailed below, to
the corresponding light-cone TMDPDFs through a fac-
torization theorem based on an expansion in powers of
the nucleon momentum [26, 27, 31, 32]. Additional non-
perturbative factors related to the soft sector [27, 30] can-
cel in the ratio; recently exploratory lattice QCD studies
of these factors have been performed [20, 22] following
the approach proposed in Refs. [31, 32]. The flavor non-
singlet unpolarized quark quasi TMDPDF is defined as
f̃TMD
ns

= f̃TMD
u � f̃TMD

d , where

f̃TMD

i

�
x,~bT , µ, P z

�
⌘ lim

a!0
⌘!1

Z
dbz

2⇡
e�ibz(xP z

)
Z

MS

�4�
(µ, bz, a)

⇥
P z

E~P

B̃�

i

�
bz,~bT , a, ⌘, P z

�
�̃S (bT , a, ⌘) . (2)

Here a denotes the lattice spacing, and E~P =
q

~P 2 + m2

h

where ~P = P z~ez is the hadron three-momentum and mh

is the hadron mass. The factor ZMS

�4�
(µ, bz, a), where � is

a Dirac matrix label, renormalizes the quasi TMDPDF
and matches it to the MS scheme at scale µ [18, 28, 34],
and the quasi soft factor �̃S [26, 27, 29, 30] and quasi
beam function B̃�

i are both calculable in lattice QCD.
Summation over � is implied, accounting for operator
mixing between quasi TMDPDFs with di↵erent Dirac
structures resulting from the breaking of rotational and
chiral symmetries in lattice QCD calculations [18, 34–
36]. Mixing with gluon operators is neglected in Eq. (2),
but cancels in the nonsinglet combination of quasi TMD-
PDFs. It should be noted that the choice of the Dirac
structure �4 in Eq. (2) is not unique; the quasi TMDPDF
with Dirac structure �3 can also be boosted onto �+ and
thus be matched to the spin-independent TMDPDF in
the infinite-momentum limit (in that case, the factor of
P z/E~P in Eq. (2) is replaced by 1). While the notation
is specialized to �4 for clarity throughout this exposition,
numerical results are presented for both choices of Dirac
structure in Sec. III.

T
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<latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit>

q(zµ + bµ)
<latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit>

q(zµ)
<latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit>

T
<latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit>

z
<latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit>

zµ + ⌘ẑ
<latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit>

q(zµ + bµ)
<latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit>

q(zµ)
<latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit>

qi(z
µ + bµ)

<latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit><latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit><latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit><latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit>

T
<latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit>

z
<latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit>
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FIG. 1. Diagrammatic representation of the Wilson line in-
cluded in the operators Oi

�(b
µ, zµ, ⌘), see Eq. (4).

The quasi beam function B̃�

i is defined as the matrix el-
ement of a nonlocal quark bilinear operator with a staple-
shaped Wilson line in a boosted hadron state:

B̃�

i (bz,~bT , a, ⌘, P z) =
D
h(P z)

��Oi
�
(bµ, 0, ⌘)

��h(P z)
E

, (3)

where h(P z) denotes the state of hadron h with
four-momentum Pµ = (0, 0, P z, E~P ). The operator
O

i
�
(bµ, 0, ⌘), depicted in Fig. 1, is defined as

O
i
�
(bµ, zµ, ⌘) ⌘ q̄i(z

µ + bµ)
�

2
Wẑ(z

µ + bµ; ⌘ � bz)

⇥ W †

T (zµ + ⌘ẑ; bT )W †

ẑ (zµ; ⌘)qi(z
µ)

⌘ q̄i(z
µ + bµ)

�

2
fW (⌘; bµ; zµ)qi(z

µ), (4)

where bµ = (~bT , bz, 0), and W↵̂(xµ; ⌘) denotes a Wilson
line beginning at xµ with length ⌘ in the direction of ↵̂.
The subscript T denotes that the associated Wilson line
is in a direction transverse to ẑµ = (0, 0, 1, 0).

In practice, it is useful to define a dimensionless ‘bare’
nonsinglet quasi beam function:

Bbare

�
(bz,~bT , a, ⌘, P z) ⌘

1

2E~P

⇣
B̃�

u (bz,~bT , a, ⌘, P z)

�B̃�

d (bz,~bT , a, ⌘, P z)
⌘

, (5)

as well as a modified MS-renormalized quasi beam func-
tion BMS

�
[19]:

BMS

�4 (µ, bz,~bT , a, ⌘, P z) ⌘ ZMS

O�4�
(µ, bz, bR

T , a, ⌘)

⇥ R̃(bT , bR
T , a, ⌘)Bbare

�
(bz,~bT , a, ⌘, P z). (6)

Compared with the standard MS-renormalized quasi
beam function, this definition includes the additional fac-
tor R̃, described further below. The renormalization fac-
tor ZMS

O�4�
is defined as the product of a regularization-

independent momentum subtraction scheme (RI0/MOM)

factor ZRI
0/MOM

O�4�
and a perturbative matching factor to

the MS scheme, R
MS

O�4�
, which has been calculated at

next-to-leading order in continuum perturbation theory

𝜂 ≫ {𝑏, , 𝑏"}, 𝑥𝑃, ≫ 𝑏"-..

• Gauge link induces statistical noise, while signal is exponentially suppressed at large 𝑏1;

• Complex operator mixings due to the breaking of symmetries by the staple;

• Additional systematics due to multiple scales {𝑏, , 𝑏1 , 𝜂} involved.

Staple-shaped Wilson line
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OUTLINE
§ Large-momentum effective theory

– Theoretical framework

– Collins-Soper kernel

– Soft function and TMDPDFs

§ New approach without Wilson lines
– TMDs from Coulomb-gauge correlations

– Numerical applications

– Better interpolators for boosted hadron

§ Summary
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“Parton distributions from boosted fields in the 
Coulomb gauge”
Xiang Gao, Wei-Yang Liu and YZ, PRD 109 (2024), 094506

“Transverse momentum distributions from lattice QCD 
without Wilson lines”
YZ, PRL 133 (2024), 241904



QUASI DISTRIBUTIONS IN THE COULOMB GAUGE

:𝑓 𝑥, 𝑏., 𝑃4 =
𝑃4

𝑃5 <
𝑑𝑏4

2𝜋 𝑒67**8*⟨𝑃| A𝜓 𝑏4, 𝑏.
𝛾5

2 𝜓 0 |∇⋅;<=|𝑃⟩

Quasi-PDF: Quasi-TMD:

X. Gao, W.-Y. Liu and YZ, PRD 109 (2024) YZ, PRL 133 (2024)

Parton distributions probe the correlation of energetic quarks and gluons dressed in the 
gauge background, which can be formulated by fixing a physical gauge condition.

𝐺 𝐴 = 0, 𝐺 𝐴 = 𝐴%, 𝐴, , ∇ ⋅ 𝐴Universality in LaMET: • Y. Hatta, X. Ji, and YZ, PRD 89 (2014);
• X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and 

YZ, RMP 93 (2021).
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FACTORIZATION FORMULA

E𝐵 𝑥, 𝑏., 𝜇, 𝑃4
:𝑆> 𝑏., 𝜇, 0

= 𝐶
𝑥𝑃?

𝜇

/

exp
1
2
𝛾@ 𝑏., 𝜇 ln

2 𝑥𝑃? /

𝜁
𝑓(𝑥, 𝑏., 𝜇, 𝜁)

lim
**≫,+

𝜋 −𝑃 𝑗- 𝑏. 𝑗/ 0 𝜋 𝑃 =
1

[ :𝑆> 𝑏., 𝜇, 0 ]/
∫ 𝑑𝑥𝑑𝑥2𝐻 𝑥, 𝑥2, 𝜇

	 ×𝜙> 𝑥, 𝑏., 𝑃4, 𝜇 𝜙>(𝑥′, 𝑏., 𝑃4, 𝜇)	

𝜙/ : Coulomb-gauge quasi-TMD wave function ✔
𝜙/∗ = 𝜙/

YZ, PRL 133 (2024)

Soft function can be extracted from the same meson form factor:
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ADVANTAGES
• Significantly improved statistical precision, 

access to larger bT;

• Absence of linear power divergence;

• Access to larger off-axis momenta thanks to 3D 
rotational symmetry.

L𝜓% 𝑏 Γ𝜓% 0 = 𝑍/(𝑎)[ L𝜓 𝑏 Γ𝜓 0 ]0
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X. Gao, W.-Y. Liu and YZ, PRD 109 (2024)

FIG. 1. R(ts; b?, bz, Pz) as a function of ts for nz = 8 and b? = 10a. The bands are results from

the two-state fits.

In Fig. 1, the ratios of our largest momentum nz = 8 at b? = 10a are shown as an example.

In the ts ! 1 limit, this ratio will reduce to h⌦|O�t�5 |0i/Z0 = E0�̃B/Z0 and gives the

bare quasi-TMDWF matrix elements �̃B(b?, bz, Pz, a). In practice, with finite ts we truncate

Eq. (10) and Eq. (11) up to Nst = 2 and extract the bare matrix elements through the

two-state fit. The fit results are shown as the bands in Fig. 1 which can nicely describe the

data point.

FIG. 2. The real (left) and imaginary (right) parts of the renormalized quasi-TMDWF matrix

elements at nz = 8 with b? = 2a, 6a, 8a for the CG (filled squared symbols) and GI cases (open

circled symbols).

The renormalization of CG quasi-TMD operator is straightforward. It involves only the

CG quark wave function renormalization, which is an overall multiplicative constant and

does not depend on the spatial separations b? and bz [69].

7

D. Bollweg, X. Gao, S. Mukherjee and YZ, PLB 852 (2024)

Coulomb gauge (CG) approach 
vs gauge-invariant (GI) approach



PARTON DISTRIBUTION FUNCTIONS

4

FIG. 2. CG and GI correlations in the hybrid scheme at
on-axis momentum 2.15 GeV with ~n = (0, 0, 5) and o↵-axis
momentum 2.24 GeV with ~n = (3, 3, 3).

correlation, �m is the same as that in Ref. [55], and
m0(µ) is fitted with the leading-renormalon resummation
(LRR) approach under large-�0 approximation [24, 25].
A precise determination of �m and m0 typically requires
multiple fine lattice spacings [25, 55, 56]. In contrast, for
the CG correlation �m = m0 = 0, which does not need
extra calculation, thus greatly simplifying the renormal-
ization and eliminating related systematics. Moreover,
thanks to the absence of linear renormalon, the power
corrections in the factorization formula Eq. (5) starts at
the quadratic order, which is good for the convergence in
P

z after matching. Fig. 2 compares the hybrid-scheme
CG and GI correlations. Both fall close to zero at large
z, but the errors in the GI case are significantly larger
due to the exponential enhancement by the subtraction
of �m. Next, we Fourier transform the correlations to ob-
tain the qPDFs. The discrete data are interpolated with
a cubic polynomial, whose uncertainty is small compared
to the other systematics. For the GI correlation, we ex-
trapolate to z = 1 with a physically motivated model
e
�m|z|

/�̃
d [55], which mainly a↵ects the small-x region.

Meanwhile, thanks to the simple renormalization, the ex-
trapolation has much less impact on the CG qPDF as
both the central value and error of the correlation re-
main small at large z.

Now we match the qPDFs to the PDF with NLO co-
e�cient for the GI qPDF [23], which in the CG case is

C
(1)(⇠, zs, p

z
, µ) = C

(1)
ratio

�
⇠,

µ

pz

�
(16)

�


Si[(1� ⇠)zspz]

⇡(1� ⇠)
�

1

2|1� ⇠|

�(�1,1)

+(1)

,

where Si(�) =
R �
0 dt sin t/t. Fig. 3 compares the CG and

GI qPDFs before and after matching. Despite noticeable
di↵erence between the qPDFs, the matched results agree
within errors at x & 0.2. Such convergence is also ob-
served on each of the 200 qPDF bootstrap samples (see
App. C 2), which clearly demonstrates the consistency
between the CG and GI methods. In addition, we also

FIG. 3. Comparison of the CG and GI qPDFs before and
after matching at P z = 2.15 GeV and µ = 2.0 GeV. The
error band only includes the statistical uncertainty.

FIG. 4. PDFs from the CG method at |~p| = 2.15 and 2.24
GeV with NLO matching and NLL evolution, compared to
xFitter20 [60] and JAM21NLO [61] fits. The lattice error
bands include statistical and scale variation uncertainties.

find agreement between them using the ratio scheme and
SDF in coordinate space [37], as detailed in App. B 1.
Finally, we conclude the analysis of CG qPDFs by

resumming the small-x logarithms through PDF evo-
lution [57, 58], while the resummation of large-x loga-
rithms [57, 59] is postponed. Fig. 4 shows the results at
on-axis and o↵-axis momenta |~p| = 2.15 and 2.24 GeV,
respectively, which are compared to the recent global fits
by xFitter20 [60] and JAM21NLO [61]. The error has
included scale variation, which is estimated by setting
µ = 2x|~p| with  =

p
2, 1, 1/

p
2 in the matching and

evolving the results to µ = 2.0 GeV at next-to-leading-
logarithmic (NLL) order. The resummation has a huge
impact at x . 0.2 where the parton momentum x|~p| ap-
proaches the Landau pole. For x > 0.2, the lattice re-
sults agree with the global fits, though with larger errors.
More analysis details are provided in the Appendices.
In summary, we have proposed a new method to cal-

culate the PDF from CG correlations within the LaMET
framework. The factorization relation between the CG
qPDF and PDF has been verified at NLO. With an ex-

NUCLEON PARTON DISTRIBUTION FUNCTIONS FROM 
BOOSTED CORRELATORS IN THE COULOMB GAUGE
POETIC 2025
Xiang Gao1, Jinchen He2,3, Swagato Mukherjee1, Peter Petreczky1, Rui Zhang3 and Yong Zhao3 
1Physics Department, Brookhaven National Laboratory, Bldg. 510A, Upton, NY 11973, USA 
2Maryland Center for Fundamental Physics, University of Maryland, College Park, MD 20742, USA 
3Physics Division, Argonne National Laboratory, Lemont, IL 60439, USA

Parton distribution functions (PDFs) are crucial in hadron 
physics as they describe the probability densities of quarks and 
gluons within hadrons. These functions not only encapsulate 
non-perturbative information but also serve as essential inputs 
for predicting cross sections in high-energy scattering 
experiments[1]. 

The experimental pursuit of the proton 3D structure has also 
motivated its first-principles calculation from lattice quantum 
chromodynamics (LQCD)[2, 3].

CONCLUSIONS

NUMERICAL ANALYSIS FINAL RESULTS

INTRODUCTION METHOD
Large Momentum Effective Theory (LaMET) [4] enables us to obtain the precision-
controlled -distribution of PDFs from boosted correlators in lattice QCD. 

Based on LaMET framework, the Coulomb gauge (CG) method [5, 6] calculates PDFs using 
quasi-PDFs defined by equal-time correlators fixed in the CG. 

 

Why CG method? 
✦ CG becomes light-cone gauge in infinite boost  
✦ No linear divergence / renormalon 
✦ Multiplicative renormalization 
✦ Larger off-axis momenta

x

h̃0
Γ(z, Pz, μ) = 1

2Pt ⟨P | ψ̄0(z)Γψ0(0) ⃗∇⋅ ⃗A =0
|P⟩

✦This is the first lattice calculation of the proton PDFs using the CG method; 
✦Our results for both the unpolarized and helicity PDFs show encouraging 

agreement with NNPDF in the moderate  region of valence distribution, 
while the slight deviations are likely due to the excited-state contaminations; 

✦The imaginary part corresponds to the distribution of , which is 
likely more sensitive to systematics from excited-state contaminations and 
renormalization; 

✦We are increasing our lattice statistics at larger source-sink separation to 
further control the excited-state effects.

x

(q + q̄)/2

Unpolarized isovector quark PDF of proton  

Left: ; Right:  

Helicity isovector quark PDF of proton 

Left: ; Right:  

✦ The fixed-order matching and the renormalization group resummed (RGR) matching 
show an aligned behavior in the moderate  region, where LaMET can make reliable 
prediction; 

✦ Comparing with the NNPDF results [7, 8], CG method gives a consistent prediction on 
the valence part of both the unpolarized and the helicity isovector quark PDF, which 
provides encouraging evidence for the efficacy of the CG method; 

✦ The  part is associated with the imaginary part of quasi PDF in the coordinate 
space. The deviation from the NNPDF results may be caused by systematics from 
excited-state contaminations and renormalization of the imaginary part of quasi PDF, 
which exist in GI method as well.

(q − q̄)/2 (q + q̄)/2

(q − q̄)/2 (q + q̄)/2

x

(q + q̄)/2

Ground State Fit: Feynman-Hellmann Method, all  

 

Renormalization: Hybrid scheme (Note that  has real part only) 

 

 and  

Fourier Transform: Non-fit extrapolation 
 

where the weight  linearly decays from 1 to 0. The quasi-PDFs are insensitive 
to the extrapolation method.

χ2/d.o.f < 1.3

FH (tsep, τcut, dt) ≡
∑t=tsep+dt−τcut

t=τcut
R (tsep + dt, t) − ∑t=tsep−τcut

t=τcut
R (tsep, t)

dt

h̃0
Γ(z,0,a)

h̃Γ (z, Pz, zs) = N [h̃0
Γ (z, Pz, a)/h̃0

Γ(z,0,a)] θ (zs − |z |) + N [h̃0
Γ (z, Pz, a)/h̃0

Γ (zs,0,a)] θ ( |z | − zs)
N = h̃0

Γ (0,0,a)/h̃0
Γ(0,Pz, a) a ≪ zs ≪ 1/ΛQCD

h̃ext = w ⋅ h̃ + (1 − w) ⋅ 0
w

Gauge Invariant (GI) Coulomb Gauge (CG)

Lattice 
spacing Volume Mpi sea Mpi valence Hadron 

momentum Stat

0.06 fm 48^3 x 64 160 MeV 300 MeV 2.43 GeV 
3.04 GeV 283,136
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Non-pert. PDF Pert. Scattering

Wilson line

Pion valence-quark PDF

Proton unpolarized valence PDF 
𝒇𝒖 − 𝒇𝒅 − (𝒇C𝒖 − 𝒇C𝒅)

X. Gao, W.-Y. Liu and YZ, PRD 109 (2024)

X. Gao, J. He, YZ et al, in preparation.

See Jinchen He’s poster presentation

Preliminary

• Off-axis directions used to reach large momentum
• Agreement with the gauge-invariant approach and 

phenomenology within statistical errors
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• 𝑁3 = 2 + 1 HISQ configurations with Wilson-
Clover valence fermions 

• 𝑎 = 0.06 fm, 𝑚- = 300	MeV, 𝑃,456 = 3.04	GeV



COLLINS-SOPER KERNEL
§ 𝑁1 = 2 + 1 (chiral) domain-wall fermion configurations
§ 𝑎 = 0.0836	fm, 𝑚2 = 140	MeV, 𝑃,345 = 1.85	GeV.

FIG. 3. Upper panels: CG quasi-TMDWFs at momentum nz 2 [4, 8] and b? = 2a, 8a, 10a. Lower

panels: CS kernel estimator �̂MS(x, b?, P1, P2, µ) derived from the ratio of the quasi-TMDWFs..

In contrast, the GI quasi-TMD operator defined in Eq. (1), though also subject to multi-

plicative renormalization, requires the removal of pinch pole singularities, cusp divergences,

and linear divergences associated with the Wilson line [61, 68, 79, 80]. This renormaliza-

tion is proportional to the total link length. In our implementation, the total length of the

staple-shape Wilson line is 2⌘ + b?, independent of bz.

Since the renormalization process solely involves the UV properties of operators and

is independent of the external hadron states, we use the renormalization group invariant

ratios [54]

�̃(b?, bz, Pz) =
�̃B(b?, bz, Pz, ⌘, a)

�̃B(b?, 0, 0, ⌘, a)
, (13)

without a↵ecting the x- and Pz�dependences of the quasi-TMDWF after Fourier transform.

The above ratio also may reduce some correlated uncertainties and eliminate some power

corrections. Thus, we also adopt the same procedure for the CG matrix elements, whose

renormalization is b? and ⌘ independent.

In Fig. 2, we show the renormalized matrix elements for our largest momentum, Pz = 1.85

GeV, and for b? = 2a, 6a and 8a, as a function of bz, for both CG (filled squared symbols) and

GI (open circled symbols) cases. The left panel and right panel show the real and imaginary

parts, respectively. It is evident that reasonable signal remains for the CG case even when

b? become large. In contrast, the signal-to-noise ratio of the GI matrix elements rapidly

8

Nice plateau in x and convergence in 𝑷𝒛
Agreement with old method 

and recent global fits

D. Bollweg, X. Gao, S. Mukherjee and YZ, PLB 852 (2024)

Accessibility to deeper non-perturbative region!

MAP22: Bacchetta et al., JHEP 10 (2022).
ART23: Moos et al., JHEP 05 (2024).
IFY23: Isaacson et al., PRD 110 (2024).
HSO24: Aslan, Rainaldi et al., PRD 110(2024).
ASWZ24: Avkhadiev et al., PRL 132 (2024). 18



SOFT FUNCTION AND UNPOLARIZED PION TMDPDF
§ 𝑁1 = 2 + 1 HISQ configurations with Wilson-Clover valence fermions
§ 𝑎 = 0.06 fm, 𝑚2 = 300	MeV, 𝑃,345 = 3.04	GeV (off-axis).

Preliminary Preliminary

X. Gao, J. He, YZ et al, in preparation.

Intrinsic soft factor Pion unpolarized TMDPDF

MAP22: Cerutti et al., PRD 107 (2023).
JAM23: Barry et al., PRD 108 (2023).
PDFLat: Gao, Liu and YZ, PRD 109 (2024).
PDFJAM21: Barry et al., PRL 127 (2021).
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Caveat: the pion form factor comes from LPC with a 
different lattice ensemble and pion mass



SPIN-DEPENDENT PROTON TMDPDF
§ 𝑁1 = 2 + 1 (chiral) domain-wall fermion configurations
§ 𝑎 = 0.0836	fm, 𝑚2 = 140	MeV, 𝑃,345 = 1.62	GeV.

See Xiang Gao’s talk on 
Monday

X. Gao, YZ et al, in preparation.

• The gauge-invariant method (colored 
vertical bands) can predict 𝑏% ≤ 0.4 fm.

• The Coulomb gauge method is more 
precise and reliable at very large 𝑏%

• Meaningful comparison with 
phenomenology.

MAP24: Bacchetta et al., JHEP 08(2024).
ART23: Moos et al., JHEP 05 (2024).
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Preliminary
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BETTER INTERPOLATORS FOR BOOSTED HADRONS

§ Old interpolator for pion: 𝜋 𝑝 L𝑢𝛾6𝑑 ∝ 𝑚2

§ New interpolators for pion: 𝜋 𝑝 L𝑢𝛾6𝛾7𝑑 ∝ 𝑃7

§ Signal in 𝜋𝜋 correlation ∝ 8!
3"

9
	 ,while noise 

stays at the same level regardless of 𝑃7

§ Observed signal-to-noise enhancement factor 
• 50 for pion at ∼ 2 GeV, or 𝑂 2500  in statistics
• 10 for nucleon ∼ 3 GeV, or 𝑂 100  in statistics

§ Extremely valuable for precision nucleon 3D 
imaging!

𝑚- = 190 MeV

R. Zhang, A. Grebe, D. Hackett, M. Wagman 
and YZ, arXiv: 2501.00729.

Pion energy at different momenta
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SUMMARY
§ Much progress has been made in the LaMET calculation of TMD physics;

§ The Collins-Soper kernel is under better systematic control now, while more work 
needs to be done to reliably calculate the soft function and TMDPDFs;

§ The Coulomb-gauge method has the potential to significantly improve the 
precision in the non-perturbative region, thus becoming a standard approach for 
TMD physics in the future.

§ The kinematically enhanced interpolators can have a profound impact on 
precise lattice calculation of parton physics.

§ There are a lot of exciting new results to look forward to in the future!
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