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GPD) ayolutign cocea: the naacs

Needs for z-space evolution code:
= Fast: for use in global analysis.
= Differentiable: for machine learning applications.
= Standalone: to be easily usable by anyone (for model calculations, lattice QCD, ...)

General form of evolution equation:

dH (z,€,Q%)
dlog(Q?)

Numerically solve by discretizing (pixelizing) in x:

dH; (¢, Q%)
dlog—Q2 ZKU 3 Q2 j(f,Q2)

= Becomes a matrix equation!
Solution found via evolution matrices:

shiiagi gy ZMZ] (6,QF — Q*)H;(£,Qp)

»» Evolution matrix is independent of model scale GPD. 9

+1
=/_1 dy K (z,9,¢, Q%) H(y, &, Q%)

1/18



Flow fast ig fase?
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* On a GPU: microseconds to evolve a GPD.

* Evolution is just matrix multiplication.

=2 Takes more time (seconds) to build matrices ...
»= ...but this only needs to be done once.




tikrazlilk: coda g make ayvglution metricas

Hi(¢,Q% = ZMU(& Q5 — Q*)H;(¢,QF)

J

*

tiktaalik is code that builds matrices ;; to evolve GPDs.

=3 Evolution done in z-space.
= Method based on finite elements.
= FEasy-to-use Python interface.

The code is available online!

= https://github.com/quantom-collab/tiktaalik
x> Next-to-leading order (NLO) evolution now included!

*

This talk is about the finite element method behind the code.

*


https://github.com/quantom-collab/tiktaalik
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- Intagral diseratization

* First step is to discretize the integral:

+1
S@66.Q) = [ dy K(o,u,6 Q)H,6,4.Q)
=il
* Kernel made up of three distributions; must be integrated separately:
K(z,9,¢,Q%) = Kr(z,y,£,Q%) + [Kp(2,y,6, Q"))+ + Kc(Q%)8(y — )

»>> Regular piece—just a normal integral:

+1
/ dy Kn(z,,¢, Q) H &1, Q)

=i
=2 Plus distribution piece:

+1 +1

dy [Kp(e,9,6 QN+ HB.66Q7) = [ dyKe(@,4.6,Q") (H.6,4,0°) ~ H(z.6,4,Q%))

=7 =1

2y [ 2 2
+H@60Q7) [ dy (Ke(0,6,.Q°) - Ke(y.2,6,0)
=1t
»2» Constant piece (or delta distribution piece):

+1
dy Ko(Q")d(y —2)H(y, §,1,Q°) = Ke(Q)H(x,6,4,Q°)  Sians

=il



, Regular piece

* Regular piece approximated using Gauss-Kronrod quadrature.
=» The domain [—1, 1] is broken into six pieces with boundaries:

—1 < min(—¢, —|z|) < max(—¢, —|z|) < 0 < min(¢, |z|) < max(E, |z|) < 1
»» x and £ grids must be misaligned.
w2 21-point quadrature used inside each region. (rirst release & paper used 15-point rule)

Ny=6x21

Sr(®,6:,Q%) = Y weKr(x,yg,¢ Q%) H(y, ¢ t, Q)

g=1

= Discretized grid {z;} and quadrature grid {y, } are not the same.
» x;- and £-dependent interpolation must be done.
= Interpixels are used for interpolation.
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- [nierpizals

* Interpixels (interpolated pixel): interpolation basis functions.
= Exploit linearity of polynomial interpolation:

Ply1 + y2](z) = Ply1](x) + Plyz2](z)

»= GPD pixelation is a sum of pixels:

h1 1 0 0
ho 0 il 0

H = » =hy : + hy ; + ...+ h, b =h1é1 + hoéas + ...+ h,é,
= 0 0 1

= Interpolated pixelation is a sum of interpixels!

P[H|(z) = haPlé1](z) + hoP[é2](z) + . .. + hnPlén](z)

* Interpixels are an example of a finite element.
= Used previously in some PDF evolution codes, e.g., HOPPET and APFEL. B ﬁ’,lﬁ >



[nterpixel demo
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* Interpixel is a piecewise polynomial of fixed order.

= Increase N, without increasing interpolation order (avoids Runge phenomenon).
= [’m using fifth-order Lagrange interpolation.
»= Knots at the discrete x; grid points.

* Each interpixel has oscillations.
= Oscillations cancel in sum.




Regular piece: ngw with interpizals|

* GPD at Gaussian weight points from piecewise polynomial interpolation:

Ny
H(yg,&,t,Q%) ~ > H;(¢, Q%) Plé;](yy)

J=1
= Interpolation decomposed into basis functions (interpixels).

* Integral is only over interpixels:

N:z: Ng
(x i Q2 Z ngKR x“yg,ﬁ Q ) [ '](yg) Hj(&t: Qz)
g=1le\ =1l

(KR(§TQ2))U

= Absorb interpixel into kernel matrix.
= Integral over interpixel independent of specific GPD.
= (Can be generalized: e.g., to adaptive integration.)




Plus distribution pisce

* Plus distribution piece is a sum of two integrals:

+1
SP(%,S, ta QQ) = dy [KP(J}, yaE’Q2)]+H(ya Evt’Qz) = S}(::'L) (xag)ta Q2) i S}(—‘?)(m)ga ta QQ)

-1

M bl > > >
sP@ 6000 = [ ke 60)(H:6LQ%) - H.61,0%)

—il
(2) 2 Sl 2 >
S0 @640 = H@etQ) [ dy (Ke(o.9.6.Q) ~ Kr(n,,6,@)

* Presents numerical difficulties because of 1/(y — z) factors in Kp.

9418

o L
P //r//



Plus distribution piece (contintead)

* Do first integral via Gauss-Kronrod rule still.

= Break into same six integration regions.
= Use same fifth-order Lagrange interpolation.

* Matrix implementation:
Nac Ng
1
SP@u6t,QY) = > [ D wyKp(@i,yp, € Q)| Plesl ) — 5] | Hy(6,Q2)
=1 \@=1

s Lh07)),

* Second integral is independent of GPD & of interpixel basis:

S8 (@:,6,4,@) Z / dy (Kp(wi,0,€, Q%) — Kp(y,2i,€, Q%) ) 61, Hj (6,1, Q%)

(2) 2
»> Done analytically at LO.
= Adaptive quadrature used at NLO. o



Constant piace

* The constant piece (delta distribution piece) is trivial.
+1

So(@i,€,t, Q%) = / dy Ko (Q?)6(y — o) H{y, &, 8, Q%)

—dl

Nz
=" (5Ke(@) Hi(6,t,@%)
=l

(KC(QQ))Z'J'




Accuracy banehrizrks

& = 0.3, linear spacing & = 0.01, hybrid log-linear spacing
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* Benchmarks at next-to-leading order (NLO). ’? @P






Differential mztrie acuation

* Combining pieces gives a matrix form of the evolution kernel:

Ki(6, Q%) = (Kr(&,QY),, + (Kp)(€,Q%),, + (K2 (€,Q%),, + (Kc(@%),,

* Turns evolution equation into a matrix differential equation:

dHi(£,Q%) <&, |
W o ;Km (ga Q2)HJ (§7Q2)

* This can be solved using Runge-Kutta.
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Byvolutign meatricas

* Solution to the evolution equation, via RK4:

Ny
Hi(6,,Qf) = > Mi;(§, Qs — Qi) H; (€, Qo)
=1
»» Evolution matrix:

Mis(€, Q% — Qfa) = &i; + 5 log oo e o (MP(6) +2M(€) +2M (©) + M (©))

»2» Build using RK4:
M (€) = Kij(€, Qi)

Ny
MO = 3 Kul @) (8 + 310 T e))
= in

N 1 Q2
Mi(f) €)= ZKu(ff, Qria) (51;- + 5 log %M}?(E))

=1 i

Ny
MP©) = Kule, Q) <5“- +log gf;‘ MY (6))



- Nurnerical resulis—comparison o PARTONS/APEEL -+

Evolution comparison at Q* = 16 GeV? Evolution comparison at Q° = 16 GeV?
T
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* Excellent agreement, but differences ~ 1% at = ~ +£.

* Comparison done at leading order (LO). v —175’7@//






WNon-linear @ grid spacing
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* Default x grid is linear.
» Great for & > 0.1.

== But there’re HERMES data at smaller €.

* Hybrid log-linear spacing for £ < 0.1.
= Logspace in DGLAP regions.
»2 Linear spacing in ERBL region.
= Equal numbers in both regions.

* User chooses z grid type.

* Other spacings still being explored.
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: WNexi-to-leading ordar ayolutiorn
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* tiktaalik now features next-to-leading order (NLO) evolution! 4 —111&»/



The Fncl

* First paper published!
= Computer Physics Communications 311 (2025) 109552

* Code package tiktaalik is public!
= https://github.com/quantom-collab/tiktaalik
»=» Now at next-to-leading order (NLO)!

Code release

[=] 5 m]

[m1EcEr

Thank you for your time!
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https://authors.elsevier.com/a/1kgce2OInvcbg
https://github.com/quantom-collab/tiktaalik
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