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Motivation

Matrix elements for Operators of composite particles with arbitrary spin

e Covariant decomposition of matrix element in independent non-perturbative objects

. _ _ %
#8131 pr ) = i ) Do ) Bo) oy W) {Flum” —F2<t2>%0”"‘1v} U(p,s)

(d'15#1d) = — <Gl Q) [ 2] - Gs (QQ>WM> 2P + G (Q7) [(g-€7") & = (g-) "]

mel
Spin-j fields embedded in objects with > 25 + 1 components
e Polarization four-vector (spin 1), Rarita Schwinger (spin 3/2), Fierz-Pauli (spin 2)
o Need for constraints, Kinematical singularities

Use (2j + 1)-component (chiral) spinors: (7,0) & (0, 7)
[Joos; Barut-Muzinich-Williams 63; Weinberg’s 64-65]
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Motivation

Advantages
e Same formalism for any spin j — systematic approach
e “Basic” algebraic construction — su(2) — su(2j + 1) — sl(2,C)

Covariant multipole basis emerges — physical interpretation

o Parity conserving interactions — generalized Dirac algebra
e Easy to implement different types of spin — (canonical, helicity, light front)

Exact degrees of freedom — no need for constraints
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Introduction: Lorentz Group Basics

o Algebra for Generators of the Lorentz group
U, dm] = t€mndn s [, K] = i€mnKy . [K, K] = —i€mndn
e Two independent su(2) subalgebras — irreps (ja,jB)
Am =30m+iKn) , Bpn=30m—iKn)
AL AL =demnAn . B, Bl =iepmnBn ,  [ABR] =0
e Simplest irreps that contain spin-j — (2j + 1 components)
o Right-handed (5,0): K,, = —il.n

o Left-handed (0,5): K, — +iJ,,
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Introduction: Weinberg’s causal chiral fields (massive)

Causal chiral fields (massive, left- right-handed)

e Lorentz invariant S-matrix using a Hamiltonian density built up from causal fields

-1 _ ()
U[A,a] 11[}(7' (x) U[A,ld] — Z (D[/J\il] ) UU, ’l/)o.l (A(lf+(l)

o-/
e No EoM for chiral fields (only obey KG eq.)

e Spinors appearing in the fields (not invariants, depend on boost choice)

Canonical —
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Introduction: Propagators and Spinors: ¢-tensors

- G ~ (o apr)
e Propagator numerator 12, (5, w) = m* DY), [L(p)] <Dfrj’)o'” [L(ﬁ)]) =m? (e I 9)

. . o o o t _ L
(1nvar1ant) nga)/ (ﬁ, w) —m2 Dc(rja)’ [L(ﬁ)] (D((’],)J,/ [L(ﬁ)D —m2 (62p~f(1)6)

oo’

oo’

Introduction of 2j-rank ¢-tensors (symmetric & traceless)

) (= H1p2.--H2;
o Central role of ¢t-tensors nyj{zf (Pyw) = tg;/Q 2qu1pu2 -+ Pug;

boosts/spinors and more ... ) L )
D[L(p)] ey T R

D - o .
pt Parameters NOT 4-vector Canonical: Pl = /2m(1'7}b+p0) (P° +m,p)
Same for any Spin!

Similar expression for Helicity and LF spinors (but C-numbers)
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t-tensors

e Generalization of o# = (1,0) & " = (1,—0) to arbitrary spin

o Intertwining map:  (5,0)® (0,7) [rank-2 in SL(2,C)]

!

(7,7) [rank-2j symm. traceless in SO(3,1)]

e Recursion relation between different spins (Clebsch-Gordan)

(efficient numerical implementation)

tﬂl.uzmuzj _ < 1 tulyz-nuzj—l tle
oT

jolj — so1302) (jlj — dT1572) thil oats

o Contain a basis of su(N=2j + 1): use to expand (X|O]\).
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t"-tensor for Spin 1/2

0-th order terms in Ji(l/Q): =1

A
1/2%

(2 _ (0 1 2 _ (0 —i a2 _ (1 0
A= (1) —(i o) =Y

/2

Linear terms in J;
(Pauli matrices)

Quadratic terms in

(JW/D — 1) (J/D 4 11y =0 = (J/D)2 = 1 + o]/
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t*”-tensor for Spin 1

0-th order terms in Ji(l): 0 =1

Linear terms in Ji(l): 0 = g™

) 01 0 : 0 -1 0 10 0
T 1 0 1 , =11 -1 ,t®=(0 0 o0
V2l 1 o v2lg 1 o 0 0 -1
Quadratic terms in Ji(l): i = {Ji(l)7 JVY — 16,
0 0 1 0 0 -1 1 0 0
=0 1 o0 , 12 0 1 0 , 1B = -1 0
1 00 -1 0 O 0 0 1
0 0 —i ) 0 1 0 ; -1 0
t?2=10 0 o0 St =—1 1 -1 S tBP=—11 0 1
i 0 0 V2o 21 o V2o 1 o

Cubic terms in J™M:  (JO — 1)(JD)JD +1) =0 = (JD)? = ol + o]V + c3(JD)?
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Bi-Spinors (j

e For Parity conserving interactions the direct sum

of both chiral representations is used (like the spin 1/2 case)

o 0 {HLH2j
Gamma matrices (Weyl rep.) 77 = < Fhuneepg 0 )
0o 1@ 1@ 0
00 _ : _
B=r —(1<j> 0 ) ; 75—( 0 1(j)>

g 25\ ., (3 _
e Bi-spinor satisfy the Dirac eq. (V2 ppy e Ppagy — M) gy ) =0

(like the spin 1/2 case) QEQS) (312 s+ P, — M) =0
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Dirac Bilinear Calculus Generalization

Generalized Dirac basis: — yF1#zi R B2y Ayl b2 g vz

o Generalized Bilinears: tit... chains contracted with boosts parameters p*
and external 4-vectors (P, A, n)

B =f ape i
e @ 2wt 0 7 P, ... A T 0 o ()
u(p,f,Sf)FU(pi,si) = Usy < EBI...@[fa )* 0 1 I 0 f‘il"'(ﬁgl‘..)* Ug,
Lo

o 2j-rank Tensor bilinear P =1(j; +p:), A=p;—pi
TP gy — m2 HzQi1 [2 (ﬁmﬁn _ izuzﬁn) _ (]32 _ iAZ) g+ is“mﬁﬁ] (Afltry oy | Ai)

iAZ) guzn + iElePA] <>‘f|E7'1“‘7'2j ‘Az>

o Generalized Gordon identities reduces number of independent bilinears
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Frank Vera (

Generalization On-Shell (Gordon) Identities

e Using Dirac equation (y*1-#2ip,, ...pu,, —m?7)

s —
up—O

’

’

({W%F}% [A“%F])UZ

r (1 . .

0= (a0} [Pr] ) g
_ 1
P/«H K2 — 2 (p;“ “‘p:tzj + P “'pI‘ZJ') prL-H2j _ pHi-p2j
/ - ’
A _ , . (’,p) (p,p”)
H1--H2j Puy "'pl"2j Puy - Puoy Ap,l...p,gj Au14..u2j

) @) ~—  T(ep)

PHLF2IN L e =0

@ Separates bilinears into convection and magnetization currents

o Useful to reduce independent Dirac structures
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Algebra of t-tensors: Reduction for Monomials

e Central role of the covariant t-tensors (spinors, boosts, propagators, gamma matrices)
e Bilinear calculus involve products with alternating “barring” pattern: ttt - - -

e Matrices in t-tensors form a basis of su(2j 4+ 1) — Products can be linearized

Cubic products are reduced with an Invariant Tensor

. ) ) 1
t#l"‘#Q;tPl"'PQJtUI'“U2J _ CHlPlalal Qo
(212 (.. pzj}{m m(H ) s

_ ) . . 1
FHLT 25 P12 O 025 criPoren ta
[25)'] (. ng}{m m(H )

Creol = gregelB _ gnageB 4 guBgra y jerea (Lorentz Invariants)

e Trade matrix multiplication by number multiplication
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Algebra of t-tensors: Reduction for Monomials

e Central role of the covariant ¢-tensors (spinors, boosts, propagators, gamma matrices)

° Since, tOmO — {0»--0 =1 N tul"'uzj'{mwl/zj — tﬂl"'ﬂzjt_Vl"'VQj (tﬂl"'ﬂzjnpl .. '77,02j)

AL R2 P P2 — 7(21)' S (lejl Culﬂzozazno_l) tal"'azj
T {p1...p2;}

77” = (170707 O)

QHPe = CHPTp, = g — gPnt + g"nP +ie"*"*n,  (Rotational Invariant)

o General result (QL5 =7y, — g"'n)

2 FPL P2 2j 1 B2 HipLOg
M1 25 40100 P25 — N S m
t it T =Ym=0 @, S [anl [icr,., Qed ™" Tient

gﬂkpk O‘k)i|t i
{p1---p25} m,n n 1z

each 0 < m < 2j corresponds to a Lorentz independent tensor
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Algebra of t-tensors: sl(2,C) multipoles

e The sl(2,C) multipole of order m is defined by

MELPL s P — HT | M#rPr — (Traces)

L
m {(u

o Relate terms of quadratic reduction to these multipoles:

Mo = 1(]) = tOél“'Ut2j Hr 1 Hs 1 77% =10---0
. 2
MYP =M+ = ZQfe%al (Hsy N ) (])tm..‘o@j
Mglplaﬂ2p2 — %](2] _ 1) (_Qifel(flﬁl Qitezdpfzﬂfz t8, 8500 + %Clildplungl(j))

@ Decompose operators with physical interpretation for each term

— mono-, di-, quadrupole, ...

See also [Cotogno, Lorcé, Lowdon, Morales PRD 2020)]
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Local EM current: spin-1 example

e Local current: (s Ar137(0) pi, Ai) = ulpg, Ag) TH(P, A) ulpi, Ai)
(using all constraints)

T = Pr (Fo(A?) Mo + Fo(A%) M5 g,, 885 + 52 Fp(A%) M{7A,

1@ 0 too O
e Monopole Mo = ( 0o 1@ ) = ( 0 oo )
. pp _ [ MFP 0 _ (1)L tao 0
e Dipole MY —( 0 Mee | = 0 —i() QL a0

e Quadrupole

o B B 1 i
MHurPLp2p2 . §(25—1) Qfeldp1 ! Qferiipz 2 tgp, t+ §C1tfa1dpluzp21(]) B B B 0 B )
2 2 0 Q/rteldmﬁl Q5e2dp252 T3, 8, + %Cfeldmwzm 1)

e Bilinear expressions are evaluated using t-algebra relations.
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Applications

e Using basis of bilinears and Gordon identities we can identify a minimal set of
independent bilinears

@ These will form the basis in decompositions of matrix elements of QCD operators
(currents/correlators)

e Each basis element comes with FF /distribution
e Has a multipole interpretation, construction is identical for all spin cases
o Unified framework to discuss spin in hadronic physics

o Extension to transition matrix elelments

Joint Photc Reactior



Summary

e Construction allows for efficient and manifestly covariant calculations

Central role of covariant t-tensors — spinors, boosts, propagators, gamma matrices

Simple/basic ingredients — reps. of generators of rotations
e Covariant sl(2,C)-multipole basis for operators — transparent interpretation

Unique framework for any spin — intuition from spin-1/2 carries over

Avoid calculations with (Dirac) matrices.
Everything reduces to number multiplication — CHP7 OHPY
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Thank You For Your Time!

Questions?




Backup Slides

Backup Slides




Properties of the t-tensors

Properties of the t-tensors
o Each tH1-#2i ig a 2j-rank tensor

e Symmetric and (covariantly) traceless gLttt b2 )

gﬂkm

e Transform covariantly (D[(/Q)m; i (D(j)[TA])&U, = Ay, A, g

e Right chiral (¢) and left chiral (¢)
are related by charge conjugation
(4 for even (— for odd) spacelike indices)

! ’ ’
FHLH2. 25 HiHo---Hoj
frike ()

oo’
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Spin 1/2 Example: Spinors

Right Chiral Rep
otV=1, =g

o t# Transform Covariantly: D&]/ Ap/ Z)FA} = A HtP

o Propagator (Lorentz invariant): I1(1/2)(p) = thp, = ( _(f _—kpz; ) _(gz—’__;py) >
Pu = (Ep, D) co :
@ Boost/spinors (Canonical): DI(;/% = thpC = - ( mep —pe+ >
K 2m (m + pg) —Pr m+p
56 = ) sy @0+ m, P)

Similarly for the Left Chiral Rep, only change is: Ji(l/Z) — JH = (1, —j(l/Q))
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Spin 1 Example: Spinors

Right Chiral Rep
0 t00 =1 | 0 =0 — g i — g gy g6,

K3
o " Transform covariantly D(l)t“”D(l)]EA] = A FA TP

[A]
»)  —2pp D2
e Propagator (p, = (Ep,p)): TV (p) =t"p.p, = | V2ppt pTp~ +p2 V2pp~
2 V2p,p~ +12
p? Prp (p™)

e Boost/spinors (t**p,py)

) (m+p~)? —V2pg(m +p7) 7
Canonical: D) = ——— | —\2p,(m+p~) 2(m>+mpo+p2) —v2pe(m +p")
2m (m + o) pr —V2p,(m +p*) (m+p*)?

ﬁ‘é:wW(poij,ﬁ)

Similarly for the Left Chiral Rep, only change is: Ji(l) — JF = (1, —f(l))

35
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Canonical Space-Time Parameterization

Parameterizations (Foliations) of space-time — Specify equal time surfaces

Canonical or Instant time: 2% =1¢ [Wigner(1939)]

@ Defined by rotationless boosts from rest: pH = (m,0,0,0)

to final momentum: p* = (E,,p) = (/m2 +p2,p)

A = exp (ZK . (E) = exp (Z(bK . (5)

@ Then, p* = (E,p) = (AIF)NVZO)V The Instant The Front

Form Form

implies, cosh(¢) =Z | ¢;sinh(¢) = £

Leading to the well known result: (A™)*, = (

SkEw

ya
mP‘P'
.. PR A7 v
51] + E+m)m
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Light-Front Space-Time Parameterization

Light Front time: zt =1t+ 2 Dirac(1949)
p+ :Ep+pz , D :Ep_pz

@ Defined by a longitudinal boost followed by a transverse boost

ALE = exp [z@ . \'I'T] - exp [i1K3n)

The Instant The Front
@ LF Boost Generators (light front along z—axis), Form Form

Glsz:Ka:_vaa GQZGy:Ky+J;Ea K?;:Kz

@ Comparing the action of both boosts on the same rest momentum

\ Py
N
one finds the LF boost parameters - T
+ o LF - fran(l)e light—front 0
P 3. PT — ; n . ; m, 7 — D,
el =", T—p—Jr—>A —exp[zwfmpT-G—&-ng T
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Dirac Bilinear Calculus Generalization

Generalized Bilinears

Broesf e _
(prrsf)” “(Pirsi) f P (1%1...)* 0 ) i

Canonical: ', = | /72m(1i+p0) (»°+m,p)  Light-Front: pt, =, /ﬁ(p+ +m, pe,ipe,pt — m)
pt =" +p.

"
— ; p, P
Pe = Pz — 1Py “\c%\ T
o
rest
fi
rame light—front .

M, 07— ] 0,

e 2j-rank Tensor bilinear P = LBy + i), A=p;—pi
U yH 2 gy = m27 Hfil [2 (ﬁmﬁn _ %Euzg‘n) _ (]32 _ iAZ) gMT + Z'sumﬁﬁ] (/\f|t7—1~-7—2j|)\i>

I [T, [2 (B Bro - LAmAT) — (P2 = 1A2) gmt it PS)" (i oy )
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Propagators - Spinors - t-tensors

The boosts/spinors for the most used forms of dynamics

D[(i)(p)] = I Dy Py - - Dy
@ In general

D[(I%)(p)] = P Dy Pus - Do,
Instant form dynamics - 1 0 -
= _— + m,
(Canonical) Pe 2m(m + p°) v P)
. . 1
Light-Front dynamics ﬁlﬁF =\ (p" + m, pe, ipe, pT — m)
(Light Cone time) mp

p* not four-vectors, but same for any spin. Left/right related by complex conjugation.
(Helicity spinor also recovered with specific parameters)
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Algorithm for construction of ¢-tensors

@ Use recursion relation

(HR2 2 1 >tu1u2 H2j -1 4H2)

1 L.
= (jolj — 301302) (j7lj — 371 -, ~
o Efficient in +-RL Lorentz coordinates
o Pauli matrices have only 1 non-zero element (=2)

o (tM1k2--k2i)y, elements in that basis have only 1 non-zero matrix element
— position follows from +-RL counting
— value from CG recursion
— value depends only on 7, A, A

e Appropriate for efficient numerical implementation
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Introduction: Review of Weinberg’s formalism

Bi-Spinors (direct sum representation (7,0) (0, 7))

e For Parity conserving interactions the direct sum of both chiral representations is
used, like the spin 1/2 case

@ Boosts and bispinor (Weyl rep.)
pY o . o o .
(4) (4 2G) [Lp] o) — (®) )
UGysy = Diz, s’ ( 0" DY) ul =1 19) uy
D

o (5) O] ° () ) :
ug’ = o ) ¢s) =m? 1 (1 in the s-th position)
ot .

e Adjoint bispinor (DEFA] = ﬂD[ﬁﬂ)

. o ¥ o)
el () tg_ oWtp@ tg gt ) . _ 0 1
Up.s) = Uips) B Pl P = ( ) ’ 5—(1@') 0
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Algebra of y-tensors

Generalized Dirac basis (Weyl rep)

B poj
e 2j-rank symmetric tensors: ~H1H2 = ( El‘l'(')'“%‘ t 0 ’ )
(2j4+1) independent matrices
. . 0 R 2
e 2j-rank symmetric psuedo-tensors: — yH1H2yg = s 0
(2j4+1) independent matrices
. . tul"'ﬂz»fpl'”ﬂzf
@ 4j-rank bi-tensors: AFrH2iPLTP2 = < JO ' t_““'tfg)l“'PZ‘i >

2(2j+1) independent matrices

el cpgi 27 1 327 wiprog 0---0
,}/'ul ,"L2J/yp1 P2 = Zm:O (2j)!{p Sp }Zn;nl Re Hl€7rmm, red ’yal'“OQj,y
1---P2j

. miprog 0---0
+Zlm{Hzewm,n Qred }7a1~~a2ﬂ57 )erwg”g“’“”knak
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Dirac Bilinear Calculus Generalization

Generalized Bilinears
Bre st a1
e ©) 1L oWt 0 7 pg, £ P, 0 o(j)
° r — _ 1 T o j
Uogiop)™ Hois) = Tnygm? o1 (t‘*l“‘(ﬁﬁl.‘.)* 0 0 o (B, )

e Dirac basis: D=1 (1), y#r#2 (25 +1)2, qpykr-r2 (25 +1)2 ) 45 (1)
4(2j +1)2 [yt i) 2572 (204 1)

ind. elements
{’VHI H2i 7V1 V2 }tl'l(‘(‘ICSS 2 Zn 0,2, (2n + 1)

Examples
o Spin-1/2 (16):  1(1), v*(4), [v*,7"1(6), ({+*,7"} —29") (0), ¥*75(4), ¥s(1)

o Spin-1 (36): (1), 4#(9), [y#2,~#2#4](6), {y#*#2, y#58 }iress(10), ¥75(9), 75(1)

e Matrix elements of Operators, covariant Density matrices, Amplitudes, - - -
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Spin 1/2 Example: Bilinears

Spin 1/2 Bilinears
Final evaluations recover the results of [Lorcé(2017)]

(Canonical)

@ Scalar u&ézif)ug;{?)l) = N¢T [4P%15 +4mPy (0> 4+ 6Y) — L (ox + G2) e ApPa (0, — 5,)] ¢,

= Nol, [4(P? +mP°) + 2ie% Ny Poo,) s,

@ Pseudoscalar

_(1/2 1/2 ~ _ _ v
Uy 5UGr o = N0l [mas (o = 0*) + (P (" +) (A 0

= Nol, [24°F -5 =2 (P* +m) X5 o,

o= (1)]

24 Joint Photonuclear Reactior
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Spin 1/2 Example: Bilinears

Bilinears

@ Vector —(5) w, (0
u(vaSf)’Y Uips,

=¢) :N¢Sf + {%A2 (0" +35") = %Ax (O’A + 6)‘) AH
+4mP*15 4 2Py (a)‘ + 5*) PH
i’ P Ag (m (00 + Ga) + Pa) (0, — 5p)] b
= Nl [(4(P° +m) P" + A%™ — A°A¥) 1

+2i60“ﬂpA50P + iE“BapAﬂpa (Up + 69)] @,

e Pseudovector (/2 )7#%“(1/2) = Nol, [~ (4P!Po — A AG) (0% =)

(pgysy

(Pirsi)

1
+ (P2 - ZAQ) (o* — ) —iehPPAL Py (0 + ap)} bs;
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Algebra of t-tensors

Covariant si/(2,C) Multipole expansion
[S. Cotogno, C. Lorcé, P. Lowdon, M. Morales (2020)]

0 2j
° m =0~ Identity [T Qi (H 77"‘8) tor oy = to0 =1
r=1 =
e m =1 — Gen of Lorentz transf (i [M#r, M| = gPAMH — gtV MPA  gPVMIA — ghAMPY )
1 2j
H f"berdprar (H 77%> (.] apea; Qﬁe%a( ) a0---0 = —iMHP
r=1 s=2
o In general
prfor e ( _ )™ trpr _ .
H Qe tag 00 = H M (Lower Multipoles)

m! {uip1, ,umpm}

Decompose operators with physical interpretation for each term
Multipole expansion — mono-, di-, quadrupole, ...
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Spin 1 Example: EM Current

Using spinor representation: (p',s" [5#(0)|p,s) = ¢>(1)I‘é‘p p)(z)gl)

- 1
m F(P ) =2p" |:P21GC (Q2) —APA (tpo - §9P01> Gq (QQ):|

A=p —p (A?=-Q? e [A Py (t*V - %9“1) niGu (Qz)}

ny =(1,0,0,0)

Using polarization vectors:  (p',s' [#(0)|p,s) = % * (p') T4 (P, A)ef (p)

[Wang & Lorcé (2022)] o Ao aB p2
B _ o pr <HaﬁGC (Q2) _ M}LGQ (Q2)>

2m?2 m?2
AP, (25)%°
o (M, )
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