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• e.g., spin-exotic states
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Many states in the hadron spectrum do not ‘fit’ the conventional quark model picture

Exotic Hadrons
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• e.g., spin-exotic states
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Many states in the hadron spectrum do not ‘fit’ the conventional quark model picture

Exotic Hadrons
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Many states in the hadron spectrum do not ‘fit’ the conventional quark model picture

Exotic Hadrons

• e.g., flavor/crypto-exotic states
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Many states in the hadron spectrum do not ‘fit’ the conventional quark model picture

R. Aaij et al., [LHCb Collaboration] 
Nature Physics 18, 751–754 (2022)

Exotic Hadrons

• e.g., flavor/crypto-exotic states
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Figure 1: Distribution of D0D0⇡+ mass. Distribution of D0D0⇡+ mass where the contri-
bution of the non-D0 background has been statistically subtracted. The result of the fit with
the two-component function described in the text is overlaid. The D⇤+D0 and D⇤0D+ thresholds
are indicated with the vertical dashed lines. The horizontal bin width is indicated on the vertical
axis legend. Inset shows a zoomed signal region with fine binning scheme, Uncertainties on
the data points are statistical only and represent one standard deviation, calculated as a sum in
quadrature of the assigned weights from the background-subtraction procedure.

To validate the presence of the signal component, several additional cross-checks are
performed. The data are categorised according to data-taking periods including the polarity

Table 1: Parameters obtained obtained from the fit to the D0D0⇡+ mass spectrum. Signal yield,
N , Breit–Wigner mass relative to D⇤+D0 mass threshold, �mBW, and width, �BW, are listed.
The uncertainties are statistical only.

Parameter Value

N 117± 16
�mBW �273± 61 keV/c2

�BW 410± 165 keV

3

EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH (CERN)

CERN-EP-2021-165
LHCb-PAPER-2021-031

September 2, 2021

Observation of an exotic narrow
doubly charmed tetraquark

LHCb collaboration†

Abstract

Conventional hadronic matter consists of baryons and mesons made of three quarks
and quark-antiquark pairs, respectively [1, 2]. Here, we report the observation of
a hadronic state containing four quarks with the LHCb experiment at the Large
Hadron Collider. This so-called tetraquark contains two charm quarks, a u and
a d quark. This exotic state has a mass of approximately 3875MeV/c2 and mani-
fests itself as a narrow peak in the mass spectrum of D0D0⇡+ mesons just below
the D⇤+D0 mass threshold. The near-threshold mass together with the narrow
width reveals the resonance nature of the state.

Published in Nature Physics (2021)

© 2022 CERN for the benefit of the LHCb collaboration. CC BY 4.0 licence.

†Authors are listed at the end of this Letter.
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need for three-body dynamics



• Use rigorously analysis frameworks to study reactions/spectrum 
• Build reliable phenomenological models to gain insight into nature of hadrons 
• Systematically connect observed hadrons to QCD

7

Observation of O(100) of these states — Modern Hadron Spectroscopy 

Exotic Hadrons

molecules

hybrids

glueballs

tetraquarks

pentaquarks

‘’conventional’’
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The Exotic Hadrons (ExoHad) Collaboration was formed in 2023 to explore exotic hadrons

ExoHad

Amplitude Analysis Phenomenology
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Amplitude Analysis Phenomenology
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Key concept — use fundamental S matrix principles to constrain amplitudes

Amplitude Analysis

• Allows for unbiased amplitude construction 
• Can determine spectrum via analytic continuation
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Photoproduction of  from CLAS dataπ+π−

Amplitude Analysis

The failure of this simple model to describe the angu-
lar moments motivates the development of a more de-
tailed description of two (charged) pion photoproduc-

determined from a global fit of the available experimental

0 are considered. The resulting model
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Ł. Bibrzycki et al.,  
Phys. Rev. D 111 (2025) 014002 
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Amplitude Analysis
Photoproduction of  from CLAS dataπ+π−
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supports JLab experiments
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Amplitude Analysis
Photoproduction of  at GlueXJ/ψ

D. Winney et al.,  
Phys. Rev. D 108 (2023) 054018 

2

= +
J/ψ

+
D̄(*)

Λcp

γ

p

J/ψ

p

Direct contribution Indirect contribution

FIG. 1: Diagrammatic representation of the amplitudes in eqs. (4) and (9). Each PW amplitude F
ωp
ε (blue) re-

ceives contributions from a (short-range) production coupling fε (green) as well as terms proportional to the loop
function G (Chew-Mandelstam phase space) and hadronic rescattering amplitude Tε (red). The latter is summed
over all intermediate channels that contribute.

lated to be strong enough to bind J/ω to nucleons or
even nuclei [20, 21]. The J/ω-nucleon total cross section
is also of interest for heavy ion collisions as final states
with charmonia are a potential smoking gun for quark-
gluon plasma [22–24].

The discovery of hidden-charm pentaquarks in the
J/ω p spectrum at LHCb [25–27] has generated much
interest in photoproduction searches, both theoreti-
cally [28–33] and experimentally [34–38]. Many theoret-
ical studies highlight the role of open-charm channels in
the formation of pentaquark signals [39–42], which sug-
gest these contributions may also be relevant in near-
threshold photoproduction [43], and potentially break
factorization between hard charmonium production in
the “top” vertex and the soft nucleon recoil in the “bot-
tom” vertex.

Here we aim to address these questions by considering
the photoproduction amplitude in a generic form, mini-
mizing the model dependence and determining physical
amplitude parameters solely from data. We describe data
using a small number of s-channel partial waves (PWs),
which we parameterize to satisfy unitarity constraints.
This allows us to study the relevance of intermediate
open-charm channels and test the VMD hypothesis. This
approach is also general enough that resonance poles can
emerge if data require them, allowing us to search for
pentaquark states in the near-threshold region.

We consider the most recent data on total and di!eren-
tial cross sections from Je!erson Lab, in particular from
GlueX [44] and the J/ω–007 experiment in Hall C [45].
The interplay between the di!erent production mecha-
nisms is subtle, and these new data o!er the possibility
to discern the dynamics with more detail.

The rest of the paper is organized as follows. In sec-
tion II, we review the unitary formalism to describe J/ω

production based on the near-threshold expansion. We
consider four models of increasing complexity that o!er
di!erent dynamical pictures and allow us to gauge sys-
tematic uncertainties. In section III we describe fits to
the data and discuss implications for the nature of the un-
derlying interactions. The four models describe the data
with similar quality, and in some cases we find poten-

tially large violations of factorization and VMD. Finally,
in section IV we summarize our results and discuss fu-
ture experimental measurements needed to confirm these
findings.

II. AMPLITUDE PARAMETERIZATION

We consider the process εp → J/ω p in the region from
threshold (Eϑ ↑ 8.2GeV) to 12GeV. The reaction am-
plitude depends on the standard Mandelstam variables s
and t, i.e. the square of the center-of-mass energy and
momentum transfer, respectively. In general, the ampli-
tude also depends on the helicities of all four particles,
but in the absence of polarization information the angular
behavior can only be associated with the orbital motion
determined by the angular momentum ϑ, and there is lit-
tle point in considering spin degrees of freedom at this
stage. We thus approximate the four particles as spinless
and write the unpolarized cross section in the usual form:

dϖ

dt
=

1

16ϱ (s↓m2
p)

2
|F (s, t)|2 , (1)

and expand the scattering amplitude in terms of its s-
channel PWs:

F (s, t) =
∑

ε

(2ϑ+ 1)Pε (cos ς) Fε(s) , (2)

where cos ς ↔ cos ς(s, t) is the s-channel scattering an-
gle. This expansion is particularly suitable to describe
the region near threshold, where the infinite sum of par-
tial waves is restricted by the angular momentum barrier
factor, and is therefore expected to be saturated by a
small number of terms. Furthermore, unitarity can be
used to relate the imaginary part of the photoproduc-
tion amplitude to the hadronic final state interactions.
In practice, unitarity is imposed e!ectively by consider-
ing only the most relevant two-body intermediate states.
Thus we write:

ImFε(s) = Fε(s) φ(s)T
†
ε (s) , (3a)
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FIG. 2: Fit results for the integrated cross section of all four models compared to GlueX data from [44]. Bands cor-
respond to 1ω uncertainties from bootstrap analysis.

Pω(cos ε = ±1) = (±1)ω). Individual contributions to the
cross sections are plotted in fig. 5 for the 3C-NR case.

In order to more quantitatively explore the conver-
gence of the PW series, we may examine the radius of
interaction r which enters with the angular momentum
barrier,

r
2ω → lim

s→sth

∣∣∣∣
Fω(s)/(pq)ω

FS(s)

∣∣∣∣ , (8)

where sth = (mε +mp)2 is the photoproduction thresh-
old. As long as pq r2 < 1, we may expect any subsequent
waves to be suppressed and the use of a finite number of
PWs to be justified. Technically speaking, the interac-
tion radius varies per PW, but we care about the typical
value with which to characterize the rate of convergence.
For all fit results, the radius is found to be r ↑ 0.1 fm.
Since the PWs may also vary independently as a function
of s, we additionally consider the limit eq. (8) taken to
the end point energy of the data, Eϑ ↑ 12GeV. We find
the energy dependence is extremely mild and we main-
tain the same average r value. Thus extrapolating this to
the transition energy satisfying pq r

2 = 1, we may expect
the description in terms of s-channel PWs to hold up to
about Eϑ ↓ 14GeV. At energies beyond this point, there
is no suppression of higher waves and the infinite series
must be resummed, characteristic of the Regge regime.

The fact that all amplitude models reproduce the dif-
ferential data accurately seems to suggest that the shape

of the momentum transfer distribution alone does not
discriminate details of the individual PWs with the cur-
rent precision. Furthermore, fig. 3 demonstrates that all
models, resonant and nonresonant, reproduce the appar-
ent upward behavior of the lowest energy slice of the
GlueX measurement. This suggests the enhancement at
backward t very close to threshold is not necessarily in-
dicative of s-channel resonances.

B. Production mechanisms

As previously mentioned, establishing that charmo-
nium photoproduction near threshold is due to short-
range fluctuations in the photon beam is needed in order
to be able to use this reaction to extract the proton ten-
sor charge. If the contribution from charm exchange is
found to be sizable, this process may be a low-energy
probe of the intrinsic charm component of the nucleon
wave function [53, 54], whose extraction from inclusive
measurements at higher energies has recently been stud-
ied [55, 56].
The formalism in section II allows us to clearly identify

production quantities for each channel individually, and
thus we can test the factorization hypotheses by assess-
ing the strength of open charm contributions based on
available data. The coupled-channel S-wave amplitude
in eq. (4) can be explicitly written as

contribution of intermediate open-charm states is significant 
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Developing amplitude formalisms for three-body processes

Amplitude Analysis

<latexit sha1_base64="YFV8w4+7u4rOK9p4uopLTA3ClM8="></latexit>

M3 =
X

JP

MJP

3 RJP

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit> + · · ·+ + · · ·+

+ + + · · ·

K matrix representation is set of integral equations

See M. Döring, Fri. 4:10pm



18

Developing amplitude formalisms for three-body processes

Amplitude Analysis 31
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FIG. 4. Shown are results for the various components of the T (JP ) = 1(1+) amplitude. This

amplitude has the quantum numbers of the a1, and the flavor content of the di↵erent channels can

be found in Eq. (93). The dashed lines denote the amplitude in the limit that eK3 = 0, while the

solid lines include a pole parametrization for eK3 described in the body of the text.
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FIG. 1. Diagrams representing the processes considered in this paper. The spacelike and timelike form factors of the pion are
aspects of a single function of the photon virtuality, fω(P 2).

Eq. 6 applicable in both the timelike and spacelike regions,
while to use Eq. 5 in the spacelike region would require
the extrapolation of M(s) into a region where crossed-
channel singularities appear,1 and these would need to be
cancelled by singularities in F(s).

The Omnès form presented above is restricted to elastic

scattering, and the extension to the coupled-channel case
is not so simple, with a set of coupled integral equations
known as the Muskhelishvili–Omnès problem needing to
be solved. For the case presented in this paper, there
is limited benefit to such an undertaking, as we will see
later.

III. FINITE VOLUME FORMALISM

Lattice QCD calculations necessarily work in a finite
spatial volume, and as such do not feature a continuum
of multiparticle states, but rather a discrete spectrum
sensitive to the volume. For energies below three-particle
thresholds, the finite-volume spectrum is related to two-
particle scattering amplitudes by the Lüscher determinant
condition [7–9, 17–29],

det
[
M(E) + F→1(E, L)

]
= 0 , (7)

where F is a matrix of known functions of essentially
kinematic origin dependent on the L → L → L volume of
the periodic lattice, and M is a matrix containing scat-
tering amplitudes, diagonal in partial-waves, but dense in
channel-space when coupled-channels are kinematically
accessible. The finite-volume spectrum, {En(L)}, corre-
sponds to the discrete set of solutions to this equation
for a given M(E), and as such, in general, finite-volume
eigenstates, |n↑L, cannot be associated with a particular
channel or partial-wave.

We respect the cubic symmetry of the spatial lattice
boundary by computing spectra in irreducible representa-
tions, ‘irreps ’, of the reduced rotational symmetry group,

1
Although in practical parameterizations of M(s) we may choose

not include them when considering only energy regions away from

their influence.

and these contain subductions of multiple values of an-
gular momentum, leading to the partial-wave space in
the determinant condition. More constraint on scatter-
ing amplitudes can be obtained by computing spectra in
frames in which the two-particle system moves relative to
the fixed lattice, and in this case irreps of the little group

that preserves rotations of the cube around the direction
of motion are used.

Parameterizing the energy dependence of partial-wave
scattering amplitudes, M(E), we can solve Eq. 7 for
volumes and irreps in which we have computed the lattice
QCD spectrum, to find ‘model’ spectra. Free parameters
in the amplitudes can then be adjusted to bring the model
spectra into agreement with the computed spectra, thus
providing hadron scattering amplitudes constrained by
QCD dynamics. This approach has been successfully
applied to several systems of coupled-channel scattering,
see Refs. [30–40], with an e!cient approach to solving
Eq. 7 in the coupled-channel case presented in Ref. [41].
The approach is reviewed in Ref. [9].

Production amplitudes where a two-particle state is
generated by the action of a current on the vacuum (or
on a single-particle state), as introduced in the previous
section, can be accessed by computing current matrix
elements featuring in the initial or final state the discrete
finite-volume states discussed above. The relationship of
these finite-volume matrix elements to the infinite volume
amplitudes at the same energy is given by,

∣∣ ↓n|J µ(x = 0)|0↑L

∣∣2 =

1
2EnL3

∑
a,b

Hµ
a(En) R̃a,b(En, L) Hµ

b (En) , (8)

where the matrix R̃, the coupled-channel generalization of
the Lellouch-Lüscher factor [10], is related to the residue
of the finite-volume two-particle propagator at the energy,
En(L), where the propagator has a pole [42, 43]. The
explicit form of the matrix R̃ is,

R̃(En, L) = 2En · lim
E↑En

E ↔ En

M(E) + F→1(E, L)
,

where the matrix in the denominator can only have a sin-
gle vanishing eigenvalue at En in order to generate simple

poles in correlation functions, consistent with causality.
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where the best fit to the lattice energy levels is with
parameter values,

m = 0.1335 (5) · a→1
t




1 →0.3 →0.3

1 0.7
1



g = 0.445 (10)
ω = (3.4 ± 2.2) · a2

t

ε2/Ndof = 17.0
17→3 = 1.21 . (14)

The behavior observed in Fig. 4 is clearly that of a nar-
row resonance, and indeed the reference elastic amplitude
is found to feature a pole on the unphysical Riemann
sheet at

at
↑

sR = 0.1328(5) → i
20.0096(5) ,

with a coupling to ϑϑ defined at the pole,

M(s ↓ sR) ↓ 16ϑ c2
ωω

sR→s , of value,

at cωω = 0.0426(11) e→iω·0.047(3) .

B. Coupled ωω/KK scattering

Above KK threshold, each energy level is in principle
sensitive to all elements of the coupled-channel scattering
matrix, and as such we must proceed using parameter-
izations of this matrix. The structure of Eq. 7 is such
that only parameterizations consistent with unitarity will
generate solutions. Use of K-matrix forms ensures uni-
tarity, and parameterizations in which the K-matrix is
constructed from poles plus polynomials in s have been
successful in past attempts to describe lattice spectra,
and in particular in Ref. [32] where the ϑϑ, KK P -wave
system was considered at a lighter pion mass.

A simple form, which we will refer to as the refer-

ence coupled-channel amplitude, capable of describing the

0.10 0.12 0.14 0.16 atE�
0

30
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/�

FIG. 4. Elastic ωω P -wave phase-shift constrained by energy
levels below KK threshold in Fig. 3. Bands shows parame-
terizations including the reference elastic parameterization of
Eq.14.

entire spectrum, is given by,

[
M→1

]
ab

(s) = 1
16ω

(
1

2kε
a

[
K→1(s)

]
ab

1
2kε

b
→ ϖab ICM,a(s)

)
,

Kab(s) =
ga gb

m2 → s
+ ωab , (15)

(where a Chew-Mandelstam phase-space is used) with
parameter values,

m = 0.1338 (5) · a→1
t





1 →0.2 0.0 →0.2 0.2 →0.1
1 →0.4 0.6 →0.4 →0.4

1 →0.2 0.8 0.9
1 →0.2 →0.1

1 0.8
1





gωω = 0.441 (9)

gKK = 0.17 (30)

ωωω,ωω = (2.9 ± 0.9) · a2
t

ωωω,KK = →(2.4 ± 5.0) · a2
t

ωKK,KK = →(2.2 ± 4.0) · a2
t

ε2/Ndof =
28.7
32→6 = 1.10 .

(16)

F. Ortega-Gama, J. Dudek, R. Edwards,
Phys. Rev. D 110, 094505 (2024)
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FIG. 1. Diagrams representing the processes considered in this paper. The spacelike and timelike form factors of the pion are
aspects of a single function of the photon virtuality, fω(P 2).

Eq. 6 applicable in both the timelike and spacelike regions,
while to use Eq. 5 in the spacelike region would require
the extrapolation of M(s) into a region where crossed-
channel singularities appear,1 and these would need to be
cancelled by singularities in F(s).

The Omnès form presented above is restricted to elastic

scattering, and the extension to the coupled-channel case
is not so simple, with a set of coupled integral equations
known as the Muskhelishvili–Omnès problem needing to
be solved. For the case presented in this paper, there
is limited benefit to such an undertaking, as we will see
later.

III. FINITE VOLUME FORMALISM

Lattice QCD calculations necessarily work in a finite
spatial volume, and as such do not feature a continuum
of multiparticle states, but rather a discrete spectrum
sensitive to the volume. For energies below three-particle
thresholds, the finite-volume spectrum is related to two-
particle scattering amplitudes by the Lüscher determinant
condition [7–9, 17–29],

det
[
M(E) + F→1(E, L)

]
= 0 , (7)

where F is a matrix of known functions of essentially
kinematic origin dependent on the L → L → L volume of
the periodic lattice, and M is a matrix containing scat-
tering amplitudes, diagonal in partial-waves, but dense in
channel-space when coupled-channels are kinematically
accessible. The finite-volume spectrum, {En(L)}, corre-
sponds to the discrete set of solutions to this equation
for a given M(E), and as such, in general, finite-volume
eigenstates, |n↑L, cannot be associated with a particular
channel or partial-wave.

We respect the cubic symmetry of the spatial lattice
boundary by computing spectra in irreducible representa-
tions, ‘irreps ’, of the reduced rotational symmetry group,

1
Although in practical parameterizations of M(s) we may choose

not include them when considering only energy regions away from

their influence.

and these contain subductions of multiple values of an-
gular momentum, leading to the partial-wave space in
the determinant condition. More constraint on scatter-
ing amplitudes can be obtained by computing spectra in
frames in which the two-particle system moves relative to
the fixed lattice, and in this case irreps of the little group

that preserves rotations of the cube around the direction
of motion are used.

Parameterizing the energy dependence of partial-wave
scattering amplitudes, M(E), we can solve Eq. 7 for
volumes and irreps in which we have computed the lattice
QCD spectrum, to find ‘model’ spectra. Free parameters
in the amplitudes can then be adjusted to bring the model
spectra into agreement with the computed spectra, thus
providing hadron scattering amplitudes constrained by
QCD dynamics. This approach has been successfully
applied to several systems of coupled-channel scattering,
see Refs. [30–40], with an e!cient approach to solving
Eq. 7 in the coupled-channel case presented in Ref. [41].
The approach is reviewed in Ref. [9].

Production amplitudes where a two-particle state is
generated by the action of a current on the vacuum (or
on a single-particle state), as introduced in the previous
section, can be accessed by computing current matrix
elements featuring in the initial or final state the discrete
finite-volume states discussed above. The relationship of
these finite-volume matrix elements to the infinite volume
amplitudes at the same energy is given by,

∣∣ ↓n|J µ(x = 0)|0↑L

∣∣2 =

1
2EnL3

∑
a,b

Hµ
a(En) R̃a,b(En, L) Hµ

b (En) , (8)

where the matrix R̃, the coupled-channel generalization of
the Lellouch-Lüscher factor [10], is related to the residue
of the finite-volume two-particle propagator at the energy,
En(L), where the propagator has a pole [42, 43]. The
explicit form of the matrix R̃ is,

R̃(En, L) = 2En · lim
E↑En

E ↔ En

M(E) + F→1(E, L)
,

where the matrix in the denominator can only have a sin-
gle vanishing eigenvalue at En in order to generate simple

poles in correlation functions, consistent with causality.

F. Ortega-Gama, J. Dudek, R. Edwards,
Phys. Rev. D 110, 094505 (2024)
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This amplitude is presented in Fig. 5 in terms of the ωω
and KK phase-shifts and the inelasticity, whose departure
from value 1 indicates channel coupling6. As was sug-
gested by the spectra shown in Figure 3, the amplitudes
indicate no strong scattering above the KK threshold,
and only mild evidence for ωω, KK channel coupling. The
ε resonance is clearly present in the ωω phase-shift, and
because we use a coupled-channel parameterization at
all energies, in principle the ε–pole will have a coupling
to the KK channel. Such a resonance coupling can be
rigorously defined by factorizing the amplitude at the
location of the complex resonance pole on the unphysical
Riemann sheet,

Mab(s → sR) → 16ω
ca cb

sR ↑ s
, (17)

however, because the ε lies well below the KK threshold,
the coupling to KK will not be very well constrained as
the impact of the KK components of M is exponentially
suppressed in Eq. 7 below KK threshold. The amplitude
presented above has a pole7 at

at
↓

sR = 0.1331(4) ↑ i
20.0095(4) , (18)

with channel couplings,

at cωω = 0.0424(8) e→iω·0.047(2) ,

at cKK = 0.019(33) eiω·0.47(5) , (19)

which are observed to be close to real valued for the
kinematically open ωω channel, and close to imaginary
valued for the kinematically closed KK channel.

The pole location in this coupled-channel analysis is
seen to be compatible with the one found in the previous
elastic analysis, as expected for a resonance lying well
below the KK threshold. Further, also as expected, the
KK coupling is not precisely determined. Owing to the P -
wave nature of the resonance, the (dimensionless) values
of the couplings with the barrier factor divided out are
also relevant,

↓
16ω |ĉωω| ↔

↓
16ω

∣∣∣∣
cωω

kε
ωω(sR)

∣∣∣∣ = 6.41 ± 0.13 ,

↓
16ω |ĉKK | ↔

↓
16ω

∣∣∣∣∣
cKK

kε
KK

(sR)

∣∣∣∣∣ = 2.4 ± 4.0 .

As well as this reference coupled-channel amplitude,
parameterization variations listed in Appendix B also
prove capable of describing the spectra, generating plots
which closely resemble Fig. 5 and which have a ε pole and
couplings broadly compatible with those given above.

6
The definition of these quantities in terms of the scattering am-

plitude is given by Eq. (8) of Ref. [32].

7
On the sheet closest to physical scattering below KK thresh-

old where the imaginary parts of the ωω and KK momenta

are negative and positive, respectively – sheet II in the usual

nomenclature.
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FIG. 5. Phase-shifts, ωa
1 , and inelasticity, ε, for coupled-

channel ϑϑ, KK scattering corresponding to the amplitude
given in Eq. 16. The constraining energy level locations are
shown between the panels, with levels lying close to KK non-
interacting energies colored in red. White circles show the
thresholds for ϑϑϑϑ, ϖϑ and ϱϑ production, in that order.

VI. LATTICE MATRIX ELEMENTS

To obtain production amplitudes, the required finite-
volume matrix elements are extracted from two-point
correlation functions, ↗0|J (t) !†

n(0)|0↘, which feature the
electromagnetic current. This current can be decomposed
into components of definite isospin,

J = Zl
V

1↑
2

(
Jϑ,lat + 1

3Jϖl,lat

)
+ Zs

V

(
↑ 1

3Jϖs,lat

)
, (20)

where the isospin-basis currents are

Jϑ ↔ 1↑
2

(
ū”u↑ d̄”d

)
, Jϖl ↔ 1↑

2

(
ū”u+ d̄”d

)
, Jϖs ↔ s̄”s ,

and the spatially-directed vector current whose improve-
ment at O(a) is consistent with the anisotropic Clover
quark action is [51],

q̄”q = q̄ϑkq + 1
4 (1 ↑ ϖ) atϱ4

(
q̄ς4kq

)
. (21)

In the case where production of ωω is considered,
only the isovector component Jϑ appears, and the multi-
plicative renormalization factor, Zl

V , is determined non-
perturbatively using the pion form factor at zero vir-
tuality extracted from three-point correlation functions,
↗0|!ω(#t)J (t)!†

ω(0)|0↘, as described in Ref. [48], and
Appendix H.

We compute two-point current correlation functions,
↗0|J (t)!†

n(0)|0↘, for each energy level in Figure 3 using
the corresponding optimized operator determined by solv-
ing the relevant generalized eigenvalue problem. The
current operator is subduced into the irrep $ and pro-
jected to spatial momentum P of the state n, and the
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FIG. 18. Coupled-channel parameterization variations of Table I plotted over the inelastic energy region.

the ωω production amplitude factorizes into the coupling
to the ωω system and to the electromagnetic current,

Hµ
ωω,m =

→
16ω cωω

sR ↑ s

〈
ε(ϑP , m)

∣∣J µ
∣∣0

〉
.

The current-vector matrix element can be expressed in
terms of a Lorentz-invariant ε-photon coupling, which we
choose to parameterize in a dimensionless form,13

〈
ε(ϑP , m)

∣∣J µ
∣∣0

〉
= ϖµ→(P, m) fV m2

R , (36)

where m2
R = Re(sR).

One definition of the ε meson decay ‘partial width’ into
an electron-positron pair,

!ε↑e+e→ =
4ωϱ2

3
mR|fV |2 ,

uses this coupling, and use of the PDG average for
!ε↑e+e→ can thus provide an estimate for |fV |. A more
consistent approach, which was taken in Ref. [58], would
be to describe the e+e↓ ↓ ωω cross-section energy de-
pendence using the infinite-volume amplitude parameteri-
zations presented earlier, and analytically continue them
to the pole, yielding a complex-valued fV .

Practical extraction of the fV coupling from our lattice-
constrained amplitudes varies slightly depending upon
the form of the amplitude construction. In the elastic
case using K-matrix parameterizations, we may simply

13
Other normalizations have been used in the literature, see for

example Ref. [57] that uses fω =
→

2 mR fV .

use the ωω coupling from the scattering amplitude and
the singularity-free function, F(s), evaluated at the pole
location [58],

fV = ↑
√

4

3

1

m2
R

→
16ω ĉωω F(sR) .

In the case of the Omnès parameterization of Eq. 6 one
needs to analytically continue the Omnès function ” into
the unphysical Riemann sheet. This can be achieved by
multiplying ” by the S-matrix evaluated in the unphysical
Riemann sheet where the scattering amplitude houses the
resonance pole.

In the coupled-channel case, the extracted coupling
value is independent of whether it is pulled from the pion
or kaon form factor, in both cases being

fV = ↑
√

4

3

1

m2
R

→
16ω

(
ĉωωFωω(sR) ↑ ĉKKFKK(sR)

)
.

(37)
In Figure 19 we summarize our determinations of fV

using extractions from elastic and coupled-channel param-
eterizations of various forms. The values are seen to be
in good agreement, and as expected for a calculation at
an unphysical quark mass, they di#er somewhat from the
experimental value following from the PDG’s ε ↓ e+e↓

partial width. The errorbars include the uncertainties on
the resonance parameters, ca and sR, extracted from the
scattering amplitude, as well as those of the smooth func-
tions Fa, which are estimated from the variance of the

F (L)
n data and the finite-volume correction factors. The

orange and purple points show two di#erent strategies
for handling the error propagation from the finite-volume
correction factors, as discussed in Appendix C. Green

See F. Ortega-Gama, Sat. 5:00pm
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Three-body applications — 3π+,3K+, π+π+K+, K+K+π+

Lattice QCD
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Lattice QCD

<latexit sha1_base64="Gc2itEOr8VvECdw1Ya8jn/+Rft8="></latexit>

3ω , I(JP ) = 3(0→)

S. Dawid et al., 
arXiv — 2502.14348 & 2502.17976

Three-body applications — 3π+,3K+, π+π+K+, K+K+π+
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Three-body applications — Tcc

Lattice QCD
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Summer School and Workshop on Multiparticle Reactions
Multi-Particle Reactions from the Standard Model: spectroscopy, precision tests and beyond

• School       —  https://conferences.lbl.gov/e/multi_school 
• Workshop  —  https://conferences.lbl.gov/e/multi_work

Topics include: 

Lattice QCD  
Scattering theory  
Effective field theories 
Ab-initio methods for light and medium nuclei 
Fundamental symmetries
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