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❖ Theoretic Formulation

❖ Lattice Formulation (focus of this talk)

❖ Background

❖ Lattice Methodology

❖ Results

•  Matrix Elements

•  Lorentz invariant amplitudes

•  Quasi-GPDs

•  Light-Cone GPDs
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Generalized Parton Distributions

❖ … but not well studied: 
•  extracted from off-forward kinematic (unlike PDFs) 


•  Multi-variable quantities; dependence upon  and  (unlike PDFs) 

•  Inferred from Compton form factors from experimental data (e.g., DVCS)

•  Other processes proposed (SDHEP [J. Qiu et al, arXiv:2205.07846] ) still require theoretical developments

x, t ξ

❖ GPDs are rich in information: 
• Reflect spatial distribution of partons in transverse plane

• Hadron mechanical properties are stored in GPDs

• Information on spin

❖ Transversity proton GPDs: 

•  Four GPDs: HT, ET, H̃ T, Ẽ T

F[iσ j+γ5]
λ,λ′ 

(z, Δ, P) = − iϵ−+ijū(p′ , λ′ )[iσ+iHT +
γ+Δi

⊥ − Δ+γi
⊥

2M
ET +

P+Δi
⊥ − Pi

⊥Δ+

M2
H̃ T +

γ+Pi
⊥ − P+γi

⊥

M
Ẽ T] u(p, λ)
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Methodology on the Lattice
•  Symmetric:        ,    


•  Asymmetric:      , 

⃗pi = P3 ̂z − ⃗Δ /2 ⃗pf = P3 ̂z + ⃗Δ /2

⃗pi = P3 ̂z − ⃗Δ ⃗pf = P3 ̂z

❖ Choice of frame:



4

Methodology on the Lattice
•  Symmetric:        ,    


•  Asymmetric:      , 

⃗pi = P3 ̂z − ⃗Δ /2 ⃗pf = P3 ̂z + ⃗Δ /2

⃗pi = P3 ̂z − ⃗Δ ⃗pf = P3 ̂z

❖ Choice of frame:

❖ Calculate the 2-, 3-point correlation functions in the frame chosen 

⟨N(P) |N(P)⟩

⟨N(Pf ) |Ψ̄(z)iσμνγ5𝒲(z,0)Ψ(0) |N(Pi)⟩



4

Methodology on the Lattice
•  Symmetric:        ,    


•  Asymmetric:      , 

⃗pi = P3 ̂z − ⃗Δ /2 ⃗pf = P3 ̂z + ⃗Δ /2

⃗pi = P3 ̂z − ⃗Δ ⃗pf = P3 ̂z

❖ Choice of frame:

❖ Calculate the 2-, 3-point correlation functions in the frame chosen 

⟨N(P) |N(P)⟩

⟨N(Pf ) |Ψ̄(z)iσμνγ5𝒲(z,0)Ψ(0) |N(Pi)⟩
❖ Take an appropriate ratio of the 2- and 3-point correlation functions
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Rμ(Γκ, z, pf , pi; ts, τ) =
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ℋLI
T = − 2AT2 (1 −

P̄2

m2 ) + AT4 + AT10

ℰLI
T = 2AT2 − AT4

ℋ̃LI
T = − AT2

ℰ̃LI
T = − 2AT6 + 2P3zAT8

LI Definitions

ℋs/a
T = − 2AT2 (1 −

P̄2

m2 ) + AT4 − zAT8 (
E2

f − E2
i

2P3 ) + AT10

ℰs/a
T = 2AT2 − AT4 + zAT8 (

E2
f − E2

i

2P3 )
ℋ̃s/a

T = − AT2 − zAT12
m2

P3

ℰ̃s/a
T = − 2AT6 − zAT8

(Ef + Ei)2

2P3

Standard Definitions

Substitute  and   
respectively

P̄s/a Δs/a
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(z, Δ, P) = − iϵ−+ijū(p′ , λ′ )[iσ+iHT +
γ+Δi

⊥ − Δ+γi
⊥

2M
ET +

P+Δi
⊥ − Pi

⊥Δ+

M2
H̃ T +

γ+Pi
⊥ − P+γi

⊥

M
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Decomposition
Symmetric frame ( )ξ = 0

Πs
01(Γ0) = iK (−

Δ1P2
3

4m3
AT4 +

Δ1P3

4m
zAT5 +

(E + m)Δ1

4m2
AT10)

Asymmetric frame ( )ξ = 0

Πa
01(Γ0) = iK (

(m − Ef )(m + Ef )Δ1

4m3
AT4 +

P3Δ1

4m
zAT5 +

(Ef + m)Δ1

4m2
AT10)

Πs
03(Γ0) = iK ( P3(Δ2

1 + Δ2
2)

4m3
AT6 −

E(E(E + m) − P2
3)

2m2
zAT11)

Πa
03(Γ0) = iK (

(Ef − Ei)(Ef + Ei)P3

8m3
AT4 +

(E2
i − E2

f )P3

4m3
AT6 +

(Ei − Ef )P3

4m2
AT10 +

(Ef + Ei)(Ef − Ei − 2m)(Ef + m)
8m2

zAT11 −
(Ef − Ei)(Ef − Ei − 2m)(Ef + m)

4m2
zAT12)
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As
Ti = Aa

Ti

Coefficients become more complicated

Amplitudes frame independent

Frame dependence of matrix elements due to kinematic coefficients of ATi
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❖ Calculation of symmetric and asymmetric frame


• Symmetric frame:  
Each  requires new calculation


• Asymmetric frame:  
Several  values grouped in the same production run  
(e.g. { (100), (200), (300), …}) 

⃗Δ

⃗Δ
⃗Δ =

❖ Strategy: decomposition of amplitudes for each kinematic setup (±P3, ± ⃗Δ , ± z)

❖ Exploitation of  symmetry properties with respect to ATi (±P3, ± ⃗Δ , ± z)
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Matrix Elements: Πs/a
0j (Γk, Δj ≠ 0)

|P3 | = 1.25 GeV −t = 0.69 GeV

|P3 | = 1.25 GeV −t = 0.65 GeV

Πs
02(Γ1) = K( −

(E + m)P3Δ2
1

4m4
AT2 +

(E + m)Δ2
1

4m2
zAT3 −

P3(Δ2
2 + 4m(E + m))

8m3
AT4

+
(Δ2

2 + 4m(E + m))
8m

zAT5 −
(E + m)P3

2m2
AT10)

Πs
01(Γ2) = K( (E + m)P3Δ2

2

4m4
AT2 −

(E + m)Δ2
2

4m2
zAT3 +

P3(Δ2
1 + 4m(E + m))

8m3
AT4

−
(Δ2

1 + 4m(E + m))
8m

zAT5 +
(E + m)P3

2m2
AT10)
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Matrix Elements to Amplitudes
❖ 24 separate matrix elements for a given kinematic case

❖ Some do not contribute at zero skewness
❖ Some are linearly dependent!

❖ Ex: If , then Δ1 = Δ2 Π01(Γ2) = − Π02(Γ1)

We reduce the data to 12 independent 
Matrix Elements to disentangle the Ai

Symmetric Frame Asymmetric Frame

Example:  ⃗Δ = (Δ,0,0)

zAT1 ∝ Πs
12(Γ1) zAT1 ∝ Πa

02(Γ1), Πa
02(Γ3), Πa

12(Γ1), Πa
12(Γ3)

❖ Disentangling amplitudes gets more difficult in (any) non-symmetric frame compared to the symmetric one

❖ Amplitudes are frame independent by construction

❖ Coefficients are frame dependent
10
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Amplitude Symmetry
❖ Symmetry properties of amplitudes

A*Ti(−z ⋅ P, z ⋅ Δ, Δ2, z2) = ATi(z ⋅ P, z ⋅ Δ, Δ2, z2) i = 1, 2, 4, 7, 8, 10, 11

−A*Ti(−z ⋅ P, z ⋅ Δ, Δ2, z2) = ATi(z ⋅ P, z ⋅ Δ, Δ2, z2) i = 3, 5, 6, 9, 12
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Averaging across 8 kinematic cases reduces the error by 1/ 8
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Amplitude Comparison for different frames

❖  corresponds to  and +permutations in asymmetric frame−t = 0.65 GeV |P3 | = 3 ⃗Δ = (2,0,0)

❖  corresponds to  and +permutations in symmetric frame−t = 0.69 GeV |P3 | = 3 ⃗Δ = (2,0,0)
❖ Negligible difference between frames despite the 5% difference between  and .  
  (Only  for real part)

−ts −ta

z > 15a
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Amplitudes are frame independent!
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Amplitude decomposition matches results from previous results [ETMC, PRD 105, 034501 (2022)]
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Quasi-GPDs
❖ Definition comparison Δs = 0,Δx

2Ef

(Ef + Ei)
, Δy

2Ef

(Ef + Ei)
,0

Δa = (i(Ef − Ei), Δx, Δy,0)

P̄s = i
2Ef(Ef + Ei)

2
,0,0,P3

P̄a = (i
(Ef + Ei)

2
, −

Δx

2
, −

Δy

2
, P3)

15



Quasi-GPDs
❖ Definition comparison

ℋLI
T = − 2AT2 (1 −

P̄2

m2 ) + AT4 + AT10

ℋs/a
T = − 2AT2 (1 −

P̄2

m2 ) + AT4 − zAT8 (
E2

f − E2
i

2P3 ) + AT10

Δs = 0,Δx
2Ef

(Ef + Ei)
, Δy

2Ef

(Ef + Ei)
,0

Δa = (i(Ef − Ei), Δx, Δy,0)

P̄s = i
2Ef(Ef + Ei)

2
,0,0,P3

P̄a = (i
(Ef + Ei)

2
, −

Δx

2
, −

Δy

2
, P3)

15



Quasi-GPDs
❖ Definition comparison

ℋLI
T = − 2AT2 (1 −

P̄2

m2 ) + AT4 + AT10

ℋs/a
T = − 2AT2 (1 −

P̄2

m2 ) + AT4 − zAT8 (
E2

f − E2
i

2P3 ) + AT10

ℰs/a
T = 2AT2 − AT4 + zAT8 (

E2
f − E2

i

2P3 )
ℰLI

T = 2AT2 − AT4

Δs = 0,Δx
2Ef

(Ef + Ei)
, Δy

2Ef

(Ef + Ei)
,0

Δa = (i(Ef − Ei), Δx, Δy,0)

P̄s = i
2Ef(Ef + Ei)

2
,0,0,P3

P̄a = (i
(Ef + Ei)

2
, −

Δx

2
, −

Δy

2
, P3)

15



Quasi-GPDs
❖ Definition comparison

ℋLI
T = − 2AT2 (1 −

P̄2

m2 ) + AT4 + AT10

ℋs/a
T = − 2AT2 (1 −

P̄2

m2 ) + AT4 − zAT8 (
E2

f − E2
i

2P3 ) + AT10

ℰs/a
T = 2AT2 − AT4 + zAT8 (

E2
f − E2

i

2P3 )
ℰLI

T = 2AT2 − AT4

Δs = 0,Δx
2Ef

(Ef + Ei)
, Δy

2Ef

(Ef + Ei)
,0

Δa = (i(Ef − Ei), Δx, Δy,0)

P̄s = i
2Ef(Ef + Ei)

2
,0,0,P3

P̄a = (i
(Ef + Ei)

2
, −

Δx

2
, −

Δy

2
, P3)

We stick with LI definitions
15



Quasi-GPDs
ℋLI

T = − 2AT2 (1 −
P̄2

m2 ) + AT4 + AT10

ℰLI
T = 2AT2 − AT4

❖ Good signal to noise ratio
❖ Magnitude decreases as 


 increases
−t

❖ More noise, but still a good

signal
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Quasi-GPDs
ℋ̃LI

T = − AT2

ℰ̃LI
T = − 2AT6 + 2P3zAT8

❖ Similar to ℰLI
T

❖ Expected to be zero when 

ξ = 0

17



Quasi-GPDs: Momentum Space
❖ Multiple methods to consider

❖ Standard Fourier Transform
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Quasi-GPDs: Momentum Space
❖ Multiple methods to consider

❖ Standard Fourier Transform Abandoned
❖ Backus-Gilbert method Why? [Backus & Gilbert, Geophysical Journal International 16, 169 (1968)]

❖ Backus-Gilbert:
❖ Model independent

❖ Criterion: variance of solution with respect to statistical variation of input data is minimal

❖ Test the dependence on  in reconstructionzmax

We use zmax = 11a 18



Light-Cone Results

❖ Looks very similar to past results when extracting from symmetric frame!

❖ Asymmetric frame passes sanity checks!
❖ Very good signal!

19



Light-Cone Results

❖ Can be linearly combined to provide information on nucleon angular momentum and transverse spin structure 

❖  describes transverse nucleon deformation  and spin-orbit correlationsET

❖  describes transversely polarized quark distributions and pion pole effectsH̃T
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Light-Cone Results

❖ Important for:
❖ Transverse Nucleon Deformation: describes how transversely polarized nucleon is distorted in -spaceb
❖ Spin-Orbit Correlations: how quark transverse spin affects transverse motion
❖ Orbital Angular Momentum: contributes to the decomposition of nucleon spin and angular momentum           
structure 21



Summary and Future Work
❖ Implementation of asymmetric frame is a computationally less expensive method


❖ A dense range of  values obtained−t
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