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Introduction and Background

● The gluon parton distribution function (PDF) provides important input to high energy 
experiments, such as Higgs production and 𝐽/𝜓 photo-production

● The pion gluon PDF is important because of the its role in nuclear binding forces

● Phenomenological (pheno.) studies of the gluon PDF have some difficulties in 
obtaining the PDF in the “large”-𝑥 region because of limit data

○ Future experiments such as EIC, EicC, COMPASS++, and AMBER will 
help reveal more information about the gluon PDFs

● Lattice QCD provides an ab initio method to calculate gluon 
PDFs, though this is not without its challenges!

● I will present MSULat’s recent work in illuminating the gluonic 
structure of the nucleon and pion
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Lattice QCD
● LQCD is just QCD in discrete 4D Euclidean space-time

○ Quarks exist on vertices and gluons are links between 
the vertices

● We control pion mass, lattice spacing, and volume
○ These are the main sources of systematic uncertainties
○ We vary these parameters to extrapolate to the 

physical-continuum limit values of quantities
● Over the past decade two new theoretical approaches to obtaining PDFs from 

the lattice have been developed and implemented successfully
○ LaMET (or quasi-PDF approach) and the pseudo-PDF approach
○ Because of limited signal at long distances, the pseudo-PDF approach has been much more 

successful for gluon PDFs than LaMET, but we’re interested in 
pushing towards longer distances to apply LaMET and compare
the two methods

Ji, PRL 110:262002 (2013).
Ji, Sci. China Phys. Mech. Astron. 57:1407 (2014).
Radyushkin PRD 96:034025 (2017)
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Pseudo- and Quasi-PDF Methods
Spatially separated 

matrix elements (MEs)

from the lattice

● PDFs are defined as the 
Fourier transform of 
light-front correlators 
which can’t be measured 
on a Euclidean lattice

● Both methods give ways to connect 
spatially separated correlators to 
the light-cone PDFs 

Ji, PRL 110:262002 (2013).
Ji, Sci. China Phys. Mech. Astron. 57:1407 (2014).
Radyushkin PRD 96:034025 (2017)
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Pseudo- and Quasi-PDF Methods
Spatially separated 

matrix elements (MEs)

from the lattice

Renormalized MEs
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● PDFs are defined as the 
Fourier transform of 
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Lattice Details
● Used lattices with              highly improved staggered quarks generated by 

the MILC collaboration with Wilson-clover fermions used in the valence sector

● Used lattice spacings              fm and pion masses                             MeV 
to do a physical-continuum extrapolation

● We measured over O(105) two-point (2pt) correlators on each ensemble and 
contracted with the gluon pseudo-PDF operator to get the three-point (3pt) 
correlators. We used 5 steps of hypercubic smearing

● The 2pt and 3pt correlators are used to extract the bare matrix elements of the gluon 
operator, and we apply ratio renormalization, defining the so-called “reduced 
pseudo-Ioffe time distribution” or RpITD

● I will use the following labels for the ensembles throughout the presentation:

4/16

Follana et al. PRD 75:054502 (2007)
Bazavov, et al. [MILC], PRD 82:074501 (2010)
Bazavov, et al. [MILC], PRD 87:054505 (2013)
Bazavov, et al. [F Lattice and MILC] PRD 98:074512 (2018)
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Nucleon Gluon PDF
● We took the RpITD matrix elements from 

each ensemble to produce the first 
continuum- physical extrapolated RpITD

Fan, WG, Lin. PRD 108:014508 (2023)
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We find good agreement between 
the lattice and the pheno. results in 
the large-x region, but we still want 
to reduce the errors 5/16

Fan, WG, Lin. PRD 108:014508 (2023)



Lattice Spacing Dependence in Pion Gluon PDFs
● We recently calculated pion gluon momentum fractions        and multiplied them 

through the normalized pion PDFs         from our previous pion gluon PDF study
Z. Fan, et al. PLB 823:136778 (2021)

WG, et al. PRD 109:114509(2024)
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Lattice Spacing Dependence in Pion Gluon PDFs
● We recently calculated pion gluon momentum fractions        and multiplied them 

through the normalized pion PDFs         from our previous pion gluon PDF study

● We find that the lattice spacing dependence is minimal, and that we are in good 
agreement with the available pheno. and theoretical QCD models

Z. Fan, et al. PLB 823:136778 (2021)

WG, et al. PRD 109:114509(2024)

(a12m220)

6/16
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Berry, et al. PRL 127:232001 2021
Novikov, et al. PRD 102:014040, 2020
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Motivation: Experimental Data
J. Conway, et al. PRD,  39, p. 92–122, 1989.
B. Betev, et al. Z. Phys. C, 28, p. 9-14, 1985
S. Chekanov, et al.  NPB,  637, p. 3–56, 2002.
F. Aaron, et al. Eur. Phys. J. C, 68, p. 381–399, 2010.

The experimental data in the 
JAM fit of pion PDFs consists of 
leading neutron (LN) (x’s) 

7/16

N. Y. Cao, et al. PRD 103:114014 2021
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leading neutron (LN) (x’s) and 
Drell-Yan (DY) (circles)

DY mostly constrains the 
valence quark PDFs and LN 
mostly constrains the gluon and 
sea quark PDFs

Lattice should compliment the 
LN data well because it has 
more constraining power on the 
intermediate-x range!
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● Start with the prior PDFs and fit framework from P. C. Barry, et al., PRL 
127:232001 (2021) (we call this fit “DY+LN”)

● We consider the pseudo-PDF matching relationship between lattice gluon 
matrix elements and the PDFs, including mixing with the quark PDFs

● We compute the covariance matrix for the lattice RpITD and compute the 
reconstructed RpITD from the parameterized PDFs to calculate:

● The PDFs are refit by minimizing the new sum:

A. V. Radyushkin, PRD 96:034025, 2017.
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Lattice Data
● We use the a12m310 lattice ensemble with a high level of statistics 

● We fit systematic corrections for higher-twist and discretization effects using 
the same parameterization as a previous study of the valence quark PDFs

We cut out z = 1a and 2a as they have strong 
discretization effects. This leaves 35 lattice 
data points

P. C. Barry, et al., PRD 105:114051 (2022)
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Fits to the Lattice Data
● We match the lattice RpITD data to the RpITDs reconstructed from the 

fitted PDFs. We use the scale

Fit Z-Score Expt. Z-Score Lat

DY+LN 0.847(37) 1.69(43) 2.8(47) N/A

DY+LN+RpITD 0.840(39) 1.78(45) 1.854(69) 2.95(19)

DY+LN+RpITD_sys 0.845(38) 1.71(43) 1.24(13) 1.02(46)
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Overall compatibility with 
“before” lattice PDFs

Not much effect on the 
valence quarks (as expected)
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III. Improving the JAM Pion PDF Global fit with Lattice Gluon Data

IV. LaMET for the Gluon PDF and Future Signal Improvement

V. Conclusion 
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● Only some choices of summation scheme for 𝛾 and combinations of these 
forms are multiplicatively renormalizable. We focused on these operators:

● O^)  is what was used for all pseudo-PDF studies, while O^ 1 and  O^(  have 
been the focus of more recent perturbative studies for LaMET matching

● We wanted to determine which operator performs best on the lattice

Wang, et al. PRD 100:074509 (2019)

Balitsky, et al., PLB 808:135621 (2020)

Zhang, et al., PRL 121:142001 (2019)

Yao, et al. JHEP 11(2023)021
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Gluon PDF Operator Study
● Took the CT18 nucleon gluon PDF at MS  scale 𝜇 = 2 GeV and used LaMET 

matching and a Fourier transform to compare to the operators in the ratio 
renormalization scheme from the a12m310 ensemble

Hou et al. (CTEQ) PRD 103(1):014013 (2021)
Yao, et al. JHEP 11(2023)021

We find that the          and         operators 
perform very poorly compared to expected 
phenomenological results

WG, et al. J. Phys. G: 52 035105 (2025)

We used this study to urge the perturbative 
community to study the matching for the     
O     operator as well 13/16



● A method called hybrid renormalization (HR) has been formulated recently to 
more rigorously handle the long distance behavior of the matrix elements

● The perturbative details of HR have only been studied for         and        , so we 
did an exploratory study on hybrid renormalization for       , estimating a single 
parameter, which requires further perturbative study to obtain rigorously 

● We were able to obtain a quasi-PDF with 
reasonable signal, which could be 
matched to the light-cone PDF, if the 
matching kernels are calculated, as well

● Note: we used Wilson smearing with 
T = 3a2 to obtain these results as a 
preliminary study. This amount of 
smearing likey has some effect on the 
physics

Hybrid Renormalization Ji, et al. Nucl. Phys. B. 964:115311 (2021)
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Coulomb Gauge Fixing to Improve Signal

● It has recently been demonstrated that calculating the quark PDF operators in 
the Coulomb gauge (CG) is a viable method to improve the long distance 
signal of the matrix elements

● We applied the same methodology to 
O     as an exploratory study, and see 
improved signal to noise ratio at large 
distances compared to the gauge 
invariant calculation (lighter points)

● Again, we need the perturbative 
matching kernels to interpret the results

● We also see some interesting bumps and kinks, suggesting we may need to 
understand some numerical aspects better, as well

Gao, et al. PRD 109:0094506 (2024)
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Summary and Outlook

● There has been steady progress in elucidating the gluonic structure of the 
nucleon and pion through lattice PDFs

● We find that lattice data can have a significant impact on the JAM global fit of 
the pion PDF, but the lattice systematics must be taken into account

● We still need to make improvements in large momentum and larger distance 
signal to improve gluon PDFs in both the pseudo- and quasi-PDF methods

● We’re exploring different signal improvement methods and constantly 
increasing our statistics to push the limits on the gluon PDF

16/16



Backup Slides



Continuum-Physical Extrapolation 

● We use the following fit form for the physical continuum extrapolation of the 
nucleon gluon RpITD: 

● The gold band, is a similar form 
with     instead of     . The 
results are similar, but the error 
is larger, we moved forward with 
the      extrapolation



PDF Forms, Assumptions, Constraints, and Theory

● We use the PDF forms:
with                                     and 

● We assume charge symmetry and a flavor symmetric sea:

● We constrain the normalizations using valence quark number conservation 
and the momentum sum rule:

● Perturbative theory at NLO with threshold resummation for the DY with a 
double Mellin transform 

80

P. C. Barry, et al., PRL 127:232001 (2021)



z-Cut Justification

81

● Attempting a fit with z = 1a and 2a results in a large              with a very large 
spread: 5.2(17) 

● The small-z have large 
discretization effects!



High-z Validity

● We can plot the leading 
coefficient in the matching 
kernel expansion, which 
grows with z

● The term that multiplies this 
coefficient is O(1)

● This supports that we need 
the higher twist effects, but 
we aren’t breaking our 
perturbative expansion
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Systematic Parameterization

● Used the form from P. C. Barry, et al., PRD 105:114051 (2022)
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Systematic Effects

● Discretization effects pull 
the RpITD down at small z 
(and don’t do much at 
high-z)

● Higher-twist effects push 
the RpITD upwards at 
intermediate to larger-z 
(and don’t do much at the 
smallest-z)

[Z = 1a and 2a are postdictions]



Z-Score

● The chi^2/dof distribution changes width as the dof changes, so chi^2/dof is 
not necessarily the full picture

● The Z-score gives the number of standard 
deviations, your value of chi^2/dof is away 
from 1

● Ex. A chi^2/dof of 1.5 is reasonable with 10 
points, but not so much 100 points



Hybrid-Ratio Scheme
● The hybrid-ratio scheme is a renormalization scheme which handles the linear 

divergence from the Wilson line self energy at long distances

● We renormalize the quasi-PDF matrix elements as:

● zs is a distance scale, before which the divergence is mostly ignorable

○ Should not be much more than ~0.3 fm

●                  can be fit by matching to the Wilson coefficients for the given 
operator

● The hybrid-ratio scheme agrees with the standard ratio scheme for     

Ji, et al. Nucl. Phys. B. 964:115311 (2021)
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