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The fundamental structure of visible matter

Chapter 1

Overview: Science, Machine and
Deliverables of the EIC

1.1 Scientific Highlights

1.1.1 Nucleon Spin and its 3D Structure and Tomography

Several decades of experiments on deep inelastic scattering (DIS) of electron or muon beams
o↵ nucleons have taught us about how quarks and gluons (collectively called partons) share
the momentum of a fast-moving nucleon. They have not, however, resolved the question of
how partons share the nucleon’s spin and build up other nucleon intrinsic properties, such
as its mass and magnetic moment. The earlier studies were limited to providing the lon-
gitudinal momentum distribution of quarks and gluons, a one-dimensional view of nucleon
structure. The EIC is designed to yield much greater insight into the nucleon structure
(Fig. 1.1, from left to right), by facilitating multi-dimensional maps of the distributions of
partons in space, momentum (including momentum components transverse to the nucleon
momentum), spin, and flavor.

Figure 1.1: Evolution of our understanding of nucleon spin structure. Left: In the 1980s,
a nucleon’s spin was naively explained by the alignment of the spins of its constituent quarks.
Right: In the current picture, valence quarks, sea quarks and gluons, and their possible orbital
motion are expected to contribute to overall nucleon spin.
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• Hadron is characterized by complex dynamics of parton 
interactions

• Due to running of the coupling constant one has to 
understand the hadron as a many-body parton system 
which is strongly bounded - dense QCD medium

• How protons and neutrons emerge from their basic quark 
and gluon constituents?
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The 2015  
LONG RANGE PLAN  

for NUCLEAR SCIENCE

 REACHING FOR THE HORIZON

The Site of the Wright Brothers’ First Airplane Flight

Quarks and gluons: understanding the strong nuclear 
force

An Assessment of U.S.-Based Electron-Ion Collider Science

Copyright National Academy of Sciences. All rights reserved.

3S U M M A R Y

a laboratory for studying QCD—the theory of quarks and gluons producing the 
strong forces holding matter together—with unprecedented depth, opening the 
study of the collective behavior of quarks and especially gluons. The situation 
is analogous to going from a knowledge of the Coulomb force between electric 
charges to seeing the complex phenomena that the force can produce, from su-
perconductivity to weather. Understanding the collective physics of gluons offers 
the opportunity for the most surprises, including new phases of matter and deep 
insights about quantum field theory. Furthermore, the increased understanding of 
nucleons, nuclei, and QCD itself that an EIC would bring would have direct impact 
in particle physics, basic energy sciences, plasma physics, and astrophysics, as well 
as revealing connections to the study of materials and other fields of science.

The committee also finds that an EIC would be much more capable and much 
more challenging to build than earlier electron or polarized proton machines. The 
accelerator challenges are twofold: a high degree of polarization for both beams 
and high luminosity. It would be the most sophisticated and challenging accelerator 
currently proposed for construction in the United States and would significantly 
advance accelerator science and technology here and around the world. The com-
mittee’s study resulted in a set of nine findings, which are summarized here.

Hearing from experts on the science that an EIC would be able to carry out, 
the committee finds that

Finding 1: An EIC can uniquely address three profound questions about 
nucleons—neutrons and protons—and how they are assembled to form the 
nuclei of atoms:

•	 How does the mass of the nucleon arise?
•	 How does the spin of the nucleon arise? 
•	 What are the emergent properties of dense systems of gluons? 

Consideration of the accelerator requirements to answer these questions leads 
to the second finding.

Finding 2: These three high-priority science questions can be answered by an 
EIC with highly polarized beams of electrons and ions, with sufficiently high 
luminosity and sufficient, and variable, center-of-mass energy. 

As a result of the comprehensive survey the committee made of existing and 
planned accelerator facilities in both nuclear and particle physics around the world, 
it finds that

Finding 3: An EIC would be a unique facility in the world and would maintain 
U.S. leadership in nuclear physics.

EIC will be instrumental in understanding “how the 
characteristic properties of the proton, such as mass and 
spin, arise from the interactions between quarks and 
gluons, and how new phenomena and properties emerge in 
extremely dense gluonic, nuclear environments.”

The 2023 Long Range Plan for Nuclear Science
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Institution List for EIC Working Group Institutes 2007 Long Range Plan

ANL, BARC/India, BNL, Buenos Aires, UCLA, CERN, U. Colorado, Columbia, DESY,
Glasgow, Hampton U., UIUC, Iowa State, U. Kyoto, LBNL, Los Alamos, U. Mass (A), 

MIT, MPI Munich, U. of Michigan, NMSU, ODU, Penn State, RIKEN, RIKEN-BNL, SINS Poland,
Stony Brook, Tel Aviv, TJNAF 

Deshpande & Milner 2016 EICUG Trieste Meeting

December 13, 2023 EIC A Dream to Reality : Potential Lessons for future Muon Ion Collider 

BNL and Jlab
Scientists first 
got involved.

Seeds of EIC 
groups at labs 
were sowed.
Ent, Ullrich et 
al. led these 
efforts within 
the labs.
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EIC White Paper for the 2002 Long-Range Plan

White Paper prepared/edited by:  A. Deshpande 
(RBRC), R. Milner (MIT) & R. Venugopalan (BNL)

Institutions: 
BNL, Budker Institute, CERN, U. of Colorado 
(Boulder), FNAL, UIUC, Indiana U., JLab, LBNL, Los 
Alamos, MIT, INP Poland, U. of Paris VI, Penn State, 
Regensburg, RIKEN-BNL Research Center,  Saclay,  
Triumf,  Yale 

Actively Supported by: 
G. Garvey (Los Alamos) 
Peter Paul  (Acting Director BNL Dep. Director) 
& T. D. Lee (RBRC/Columbia)
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December 13, 2023 EIC A Dream to Reality : Potential Lessons for future Muon Ion Collider 



EIC Theory
Major physic goals:

• Understanding the properties of hadrons: proton 
mass and spin

• Precision imaging of hadrons: PDFs, TMDs, GPDs
• Saturation, properties of QCD at high parton density
• Jets
• Hadronization, initial geometry and fluctuation

pQCD, 
factorization Lattice

Non-
perturbative 

methods

The electron beam is 
well under control!



QCD Factorization

proton mass
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size of proton
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⇠ ⇤�1
QCD

Hadron as a many body parton 
system. We cannot distinguish 
individual quarks and gluons!

�⇤ �x ⇠ 1

Q
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!x → 1

”QCD

Interacting with external probe the hadron 
reveals different types of parton dynamics 
(large separation of scales!)  strong 
correlation between modes

→

µ
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p? ⌧ µ

collinear 
factorization in DIS

ordering of the emission 
in transverse momentum
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Wµω(p, q) =
∑

f

∫
dx

x
Hµω

f (k̃, q, µ2)ωf (x, µ
2) +O(!2/Q2)
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The non-perturbative 
mode can be written 
formally as a matrix 
elements of QCD 
operators  
distribution functions 
to be extracted at EIC

→
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One-dimensional picture (collinear PDFs)

the uncertainty on the contributions from
the unmeasured small-x region. While the
central values of the helicity contributions in
Fig. 1.2 are derived from existing data, they
could change as new data become available
in the low- x region. The uncertainties cal-
culated here are based on the state-of-the art
theoretical treatment of all available data re-
lated to the nucleon spin puzzle. Clearly, the

EIC will make a huge impact on our knowl-
edge of these quantities, unmatched by any
other existing or anticipated facility. The
reduced uncertainties would definitively re-
solve the question of whether parton spin
preferences alone can account for the over-
all proton spin, or whether additional contri-
butions are needed from the orbital angular
momentum of partons in the nucleon.

The Confined Motion of Partons Inside the Nucleon

Semi-inclusive DIS (SIDIS) measure-
ments have two natural momentum scales:
the large momentum transfer from the elec-
tron beam needed to achieve the desired spa-
tial resolution, and the momentum of the
produced hadrons perpendicular to the direc-
tion of the momentum transfer, which prefers
a small value sensitive to the motion of con-
fined partons. Remarkable theoretical ad-
vances over the past decade have led to a
rigorous framework where information on the
confined motion of the partons inside a fast-
moving nucleon is matched to transverse-
momentum dependent parton distributions
(TMDs). In particular, TMDs are sensitive

to correlations between the motion of par-
tons and their spin, as well as the spin of the
parent nucleon. These correlations can arise
from spin-orbit coupling among the partons,
about which very little is known to date.
TMDs thus allow us to investigate the full
three-dimensional dynamics of the proton,
going well beyond the information about lon-
gitudional momentum contained in conven-
tional parton distributions. With both elec-
tron and nucleon beams polarized at collider
energies, the EIC will dramatically advance
our knowledge of the motion of confined glu-
ons and sea quarks in ways not achievable at
any existing or proposed facility.
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Figure 1.3: Left: The transverse-momentum distribution of an up quark with longitudinal
momentum fraction x = 0.1 in a transversely polarized proton moving in the z-direction, while
polarized in the y-direction. The color code indicates the probability of finding the up quarks.
Right: The transverse-momentum profile of the up quark Sivers function at five x values
accessible to the EIC, and corresponding statistical uncertainties.
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xf1(x) Three-dimensional picture 
(transverse momentum 
dependent distributions)

Figure 2.2: Connections between di↵erent quantities describing the distribution of partons
inside the proton. The functions given here are for unpolarized partons in an unpolarized proton;
analogous relations hold for polarized quantities.

tum, and specific TMDs and GPDs quan-
tify the orbital angular momentum carried
by partons in di↵erent ways.

The theoretical framework we have
sketched is valid over a wide range of mo-
mentum fractions x, connecting in particular
the region of valence quarks with the one of
gluons and the quark sea. While the present
chapter is focused on the nucleon, the con-
cept of parton distributions is well adapted
to study the dynamics of partons in nuclei, as
we will see in Sec. 3.3. For the regime of small
x, which is probed in collisions at the highest
energies, a di↵erent theoretical description is
at our disposal. Rather than parton distribu-
tions, a basic quantity in this approach is the
amplitude for the scattering of a color dipole
on a proton or a nucleus. The joint distri-
bution of gluons in x and in kT or bT can
be derived from this dipole amplitude. This
high-energy approach is essential for address-
ing the physics of high parton densities and
of parton saturation, as discussed in Sec. 3.2.
On the other hand, in a regime of moder-
ate x, around 10�3 for the proton and higher

for heavy nuclei, the theoretical descriptions
based on either parton distributions or color
dipoles are both applicable and can be re-
lated to each other. This will provide us with
valuable flexibility for interpreting data in a
wide kinematic regime.

The following sections highlight the
physics opportunities in measuring PDFs,
TMDs and GPDs to map out the quark-
gluon structure of the proton at the EIC.
An essential feature throughout will be the
broad reach of the EIC in the kinematic
plane of the Bjorken variable x (see the Side-
bar on page 18) and the invariant momentum
transfer Q

2 to the electron. While x deter-
mines the momentum fraction of the partons
probed, Q2 specifies the scale at which the
partons are resolved. Wide coverage in x

is hence essential for going from the valence
quark regime deep into the region of gluons
and sea quarks, whereas a large lever arm in
Q

2 is the key for unraveling the information
contained in the scale evolution of parton dis-
tributions.

17

Each QCD factorization scheme defines it 
own set of distribution functions. Together 
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tion g1(x,Q2) (solid line) and 90% C.L. estimates of its
uncertainties (dotted lines) as a function of the momen-
tum fraction x at Q2 = 10GeV2. Unlike in Fig. 2, the
alternative fits at 90% C.L. now include combined vari-
ations of quark and gluon helicity PDFs away from the
DSSV 2014 best fit [17] which lead to uncertainties at
least twice as large as for the variations just based on ∆g
shown in Fig. 2. We note that throughout our paper the
allowed ranges of variations at 90% C.L. are determined
for each of the shown results by the robust Lagrange
multiplier technique and dynamic tolerances for the ap-
propriate increase in the χ2 of the fit similar to what is
done in most of the recent PDF fits [24].
To illustrate once again the accuracy of future mea-

surements at an EIC, we also show here a few repre-
sentative projected data points taken from Fig. 2 in the
relevant Q2 regime around 10GeV2 for the three differ-
ent c.m.s. energies we consider. Clearly, measurements
of g1(x,Q2) at small x will dramatically reduce the un-
certainties in the quark helicity PDFs and, indirectly,
through the coupled QCD scale evolution of quarks and
gluons also in ∆g(x,Q2). At any given x, scaling viola-
tions for g1(x,Q2) will further constrain ∆g(x,Q2). As
was already shown in Fig. 2, they are numerically not
very pronounced for the optimum DSSV 2014 fit, which
can be also inferred from Fig. 3, where we show g1(x,Q2)
at Q2 = 1 and 100GeV2 in addition to our default scale
of 10GeV2. However, each of the alternative fits exhibits
a somewhat different Q2 dependence driven by the uncer-
tainties in the x shapes of the quark and gluon densities.
For x ! 0.01, the scale dependence of g1(x,Q2) in the
range from Q2 = 1 to 100GeV2 is typically larger than
the uncertainty on g1(x,Q2) from present data.

III. PRESENT STATUS OF ∆g AND IMPACT
OF PROJECTED RHIC AND EIC DATA

Before addressing the question of how precisely an EIC
will constrain the total gluon and quark polarizations in
the spin decomposition (2), and, indirectly, also the total
OAM L, it is important to first make a precise assessment
of how well these quantities are expected to be known by
the end of the current experimental programs, in partic-
ular, RHIC spin. This will set the best possible baseline
to judge on the impact a future EIC could have in the
field of QCD spin physics.
Different indicators and measures can be adopted to

quantify how well the gluon helicity density and the re-
sulting contribution ∆g(Q2) to the proton’s spin are con-
strained by data. The standard way to study uncertain-
ties as a function of the parton’s momentum fraction x
at a given Q2 in a global QCD fit to all available data
is certainly the most obvious possibility, however, it nei-
ther provides an immediate idea of the accuracy for the
phenomenologically interesting x-integral (1) that is the
focus of our study, nor does it indicate the relevance of
the different regions in x probed by the different experi-
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FIG. 4: [color online] The running integral of the gluon he-
licity distribution at Q2 = 10GeV2 as a function of xmin ac-
cording to the DSSV 2014 analysis [17] (solid line) and 90%
C.L. uncertainty estimates (shaded bands) based on global
QCD fits utilizing different sets of existing and projected pp
and EIC data (see text).

ments used in the fit.
Instead, we choose to present most of our results in

terms of the “running integral” of, for instance, the gluon
helicity density, defined analogously to Eq. (1) as

∆g(Q2, xmin) →
∫ 1

xmin

dx∆g(x,Q2) , (3)

which represents the share of the proton spin (2) from
gluons as a function of the lower integration limit xmin.
Its uncertainty takes into account the non-trivial corre-
lations between the different regions of x contributing to
(3). By varying xmin in (3), one can explore how low in x
– or, alternatively, how high in

√
s – one likely needs to go

with future experiments to reduce x → 0 extrapolation
uncertainties to a level small enough to make meaningful
statements about how gluons and quarks in the proton
make up its spin. To study the important question of
the convergence of (3) with xmin in more detail, we will
also compute the contributions to (3) from different bins
[xmin, xmax] in x in case of ∆g.
To estimate the impact of past, current, and future

data sets on ∆g and ∆Σ we proceed in steps. To this
end, we will present uncertainty estimates for various
running integrals by including different data sets one-
by-one into our global analysis framework. As we have
mentioned already, to demonstrate the impact an EIC
will have on∆g in the future, we should take into account
the experimental information that is expected to become
available soon from the RHIC spin program. Essentially,

9

certainty estimates including also the projected RHIC
data only slightly increase towards smaller x reflecting
the improvements in the running integral already ob-
served in Fig. 4. The constraining power of the EIC DIS
data is very significant in the entire x range and appears
to be roughly a constant factor of 2 → 3 with respect to
the bin-by-bin estimates including the projected RHIC
data. This is somewhat less than what was obtained for
the running integral at low xmin, suggesting that scal-
ing violations are more powerful when considered over
an extended range of momentum fractions rather than
in a small bin in x. In the latter case much fewer data
points are actually providing a strong constraint on al-
lowed variations in any given bin. Another important
factor to consider are the mentioned sizable bin-by-bin
correlations. Similarly, the impact of including more DIS
sets at different c.m.s. energies is reduced for the bin-by-
bin studies as compared to running integral shown in
Fig. 4.

IV. STATUS AND PROSPECTS FOR ∆Σ AND
THE TOTAL OAM CONTRIBUTION

Similarly to what has been discussed in the previous
Section in connection with the gluon helicity density, the
running integral of the quark singlet ∆Σ(x,Q2) repre-
sents the intrinsic spin contribution of all quark flavors
in the decomposition of the proton spin (2). Thanks to
the direct coupling of the quarks to the probing virtual
photon in DIS, ∆Σ(x,Q2) is much better constrained by
present fixed target data than the gluon helicity distri-
bution which only enters indirectly through QCD scale
evolution or as an O(αs) correction. Since ∆Σ(x,Q2)
and ∆g(x,Q2) are coupled through the singlet evolution
equations, any constraint from data on either of the two
distributions impacts also the other one.
An extraction of the quark singlet from DIS data

on g1(x,Q2) also requires to determine simultaneously
two additional flavor non-singlet distributions, which, if
needed, can be all recast into the total contributions
from u, d, and s quarks, i.e., ∆u + ∆ū, ∆d + ∆d̄, and
∆s+∆s̄ (here we ignore for simplicity any contribution
from charm and bottom quarks, which play no role for
all currently available data).
The x-integrals of the two non-singlet combinations are

usually assumed to be related to the hyperon decay con-
stants F and D within some uncertainties, which provide
some indirect constraint for the currently unmeasured
small x region below a few times 10−3. Since we only
wish to focus on the quark flavor singlet in this paper,
we adopt these constraints in the same way as was done
in the DSSV global analyses. A more thorough analysis
of flavor separated quark helicity densities and their un-
certainties will be conducted once a fully updated suite
of reliable sets of fragmentation functions becomes avail-
able to revisit our previous impact study of SIDIS data
in Ref. [8]. Then we will also explore how well an EIC
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FIG. 7: [color online] Similar to Fig. 4 but now for the running
integral of the quark singlet helicity density ∆Σ. The solid
line corresponds to the optimum fit of DSSV 2014 [17]. 90%
C.L. uncertainty estimates (shaded bands) are shown for the
DSSV 2008 and 2014 analyses and after including the different
sets of projected EIC data.

can challenge the constraints imposed on the quark sec-
tor by the hyperon decays, one of which being related
to the Bjorken sum rule, the other, more important one
mainly to the amount of strangeness polarization in the
nucleon.

In Fig. 7 we show 90% C.L. estimates for the running
integral of ∆Σ(x,Q2) as a function of xmin for Q2 =
10GeV2 for fits including different sets of existing and
projected data. One should notice that the vertical axis
here covers only half of the range shown for the running
integral of ∆g in Fig. 4. Also, ∆Σ(Q2) enters the spin
sum rule (2) with a factor of 1/2 relative to the gluon
spin contribution.

The outermost shaded band represents uncertainties as
present in the original DSSV global analysis from 2008
[9]. They appear to be very significant for xmin ! 10−3.
As usual, the solid line shows the optimum fit of DSSV
2014 extrapolated down in x. The corresponding uncer-
tainties are much reduced as compared to the 2008 anal-
ysis due to including additional DIS data from the COM-
PASS collaboration and, indirectly, through constraints
on ∆g from RHIC pp data [15, 16].

The set of three innermost shaded bands illustrates
the significant impact of an EIC from a series of global
fits that successively include the projected DIS data
sets starting from the one corresponding to the lowest
c.m.s. energy. The addition of the sets with increasing
c.m.s. energy has less impact on the uncertainties than
for the gluon helicity distribution shown in Fig. 4. For
xmin = 10−6 and with an EIC, one expects from our stud-
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FIG. 8: [color online] As in Fig. 7 but now showing the contri-
bution from the combined quark and gluon OAM L(Q2) us-
ing Eq. (2) and the results obtained for the running integrals
of ∆g and ∆Σ. As before, 90% C.L. uncertainty estimates
(shaded bands) illustrate the impact of different projected
EIC data sets.

ies to control the value of ∆Σ to within about 15% which
is somewhat worse than what can be achieved for ∆g.
Also, the convergence of the running integral for ∆Σ for
the DSSV 2014 best fit is much slower than for the gluon
density shown in Fig. 4. This can be mainly attributed
to the small x behavior of the strangeness helicity dis-
tribution and the above mentioned imposed constraints
from the hyperon decay constants F and D. An EIC
will be able to verify the validity of these assumptions
by determining the sea quark distributions, in particu-
lar, ∆s(x,Q2), down to unprecedentedly small values of
x from a series of SIDIS measurements with identified
pions and kaons. Once this is achieved, we expect that a
future combined global analysis of SIDIS and DIS data
will also lead to a much improved uncertainty estimate on
the integral of ∆Σ compared to what is presented here.
As we have demonstrated in Figs. 4 and 7, an EIC will

deliver a precise picture of the intrinsic spin contributions
of quarks and gluons to within at least 10 → 15% rel-
ative uncertainties. This information can be used along
with the proton’s spin decomposition (2) to estimate how
much is left for the combined contribution L(Q2) from
the orbital motion of quarks and gluons. This is illus-
trated in terms of the running integral of L(Q2) in Fig. 8
along with our usual set of uncertainty estimates based
on the different sets of existing and projected experimen-
tal data.
The solid line gives the estimate for L(Q2) for Q2 =

10GeV2 based on extrapolating the best fit results of
DSSV 2014 for ∆g(x,Q2) and ∆Σ(x,Q2) down to xmin

and subtracting them off the total proton spin of 1/2.

As it turns at, at this particular value of Q2, the DSSV
2014 result converges to basically a zero net contribution
from OAM to the spin sum rule (2) but within huge un-
certainties. The latter is given for both the DSSV 2008
and 2014 global fits by the outermost and middle shaded
bands, respectively. As one can already anticipate from
our studies performed in Figs. 4 and 7, an EIC will yield
an excellent indirect constraint on L(Q2) by combining
the then available precise information on ∆g and ∆Σ.
As can be inferred from the corresponding uncertainty
estimates (set of innermost shaded bands), one can ex-
pect to constrain the net OAM contribution of quarks
and gluons to within about ±0.05 when all three sets of
projected DIS data are combined. Of course, only a set
of dedicated measurements at an EIC can reveal a de-
tailed, hopefully flavor separated, quantitative picture of
the orbital motion of quarks and gluons. For instance,
even if the net OAM contribution turns out to be small
as for the DSSV 2014 best fit, there might be significant
cancellations among the individual quark flavors and the
gluon. In addition, ∆g(Q2) in (2) evolves logarithmically
with Q2 such that any increase has to be compensated
by a corresponding decrease of L(Q2), and vice versa, to
always arrive at 1/2. We recall that ∆Σ(Q2) is a renor-
malization group invariant at LO and, in the MS scheme,
evolves only very slowly with Q2. However, separating
quark and gluon OAM in Eq. (2) experimentally involves
determinations of twist-three generalized parton as well
as quantum phase-space Wigner distributions which will
be very challenging and still needs further theoretical
work and perhaps lattice QCD studies, see, for instance,
Refs. [7] and [33].

V. SUMMARY AND CONCLUSIONS

The Electron Ion Collider project constitutes a versa-
tile and vast program to considerably deepen our knowl-
edge of the inner workings of nucleons and nuclei and the
underlying dynamics and interactions of quarks and glu-
ons as governed by Quantum Chromodynamics. We have
presented a detailed account of what can be achieved in
the field of Spin Physics, in particular, the complex inter-
play of quark and gluon spins and their orbital motions
yielding the known spin 1/2 of the proton, for which we
still lack a detailed quantitative understanding despite
more than thirty years of intense research.
In the present study, we have considerably updated

and refined our previous analysis on the impact of future
EIC polarized DIS data in connection to our understand-
ing of the gluon spin and its share in the proton spin
budget. Throughout, we have explored the consequences
of the much larger degree of gluon polarization in the nu-
cleon than it has hitherto been acknowledged, as implied
by the most recent RHIC results. In addition, we have
used realistic projections for several forthcoming sets of
RHIC data to estimate to what extent they further con-
strain the gluon helicity distribution by the end of the

E. Aschenauer, R. Sassot and M. Stratmann, 
Phys. Rev. D92 (2015) 094030

<latexit sha1_base64="Ksh8047fmJ9ZEyJ5qsCJIW46hD4="></latexit>

!”(Q2) =

Nf∑

q

∫ 1

0
dx

(
!q(x,Q2) +!q̄(x,Q2)

)

<latexit sha1_base64="tZlGmtzK79fySNKnQOYPPH+BPp8="></latexit>

!q(x) =
1

4ω

∫
dy→e→ixp+y→

→P, S|ε̄(0, y→, 0↑)ϑ+ϑ5ε(0)|P, S↑

−�q(x) =

−�g(x) =

• in QCD: �q(x, µ2), �g(x, µ2)

• DGLAP evolution: 

<latexit sha1_base64="sH1NyClekZW8Kg/dnZm/UCBHDo8=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRC9CUA8eI5gHJEuYnfQmQ2YfmZkNhpDv8OJBEa9+jDf/xkmyB00saCiquunu8mLBlbbtb2tldW19YzOzld3e2d3bzx0c1lSUSIZVFolINjyqUPAQq5prgY1YIg08gXWvfzv160OUikfhox7F6Aa0G3KfM6qN5LbuUGhKBoWnM3LdzuXtoj0DWSZOSvKQotLOfbU6EUsCDDUTVKmmY8faHVOpORM4ybYShTFlfdrFpqEhDVC549nRE3JqlA7xI2kq1GSm/p4Y00CpUeCZzoDqnlr0puJ/XjPR/pU75mGcaAzZfJGfCKIjMk2AdLhEpsXIEMokN7cS1qOSMm1yypoQnMWXl0ntvOiUiqWHi3z5Jo0jA8dwAgVw4BLKcA8VqAKDATzDK7xZQ+vFerc+5q0rVjpzBH9gff4AFbuRBA==</latexit>

!q(x) =



Parton distributions on the lattice
Lattice QCD: calculation of physical observables from the path integral in Euclidean space
Quasi-PDFs can be calculated on the lattice, large-momentum effective theory (LaMET)
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LP

3 and ETMC isovector quark (left column) and antiquark (right column) taken from (Alexandrou et al., 2019d, 2018b,c;
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Bacchetta, 2018) (transversity). Note that none of the current lattice calculations have taken the continuum limit (a ! 0) and
have remaining lattice artifacts (such as finite-volume e↵ects); disagreement in the obtained distributions is not unexpected.

number of data for nonzero z are not su�cient for a
reliable reconstruction of the x-dependence of PDFs.
Antiquarks were particularly a↵ected, because the sign
of the sea asymmetry is highly prone to systematic
uncertainties.

The first study of systematic uncertainties arising

from finite-volume e↵ects for the quasi-distributions was
reported in Ref. (Lin and Zhang, 2019) using a 220-MeV
pion mass with Mval

⇡ L ⇡ 3.3, 4.4 and 5.5, respectively.
After a careful extraction of the bare matrix elements
for the unpolarized and polarized distributions (see the
right-hand side of Fig. 8), no volume dependence was
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M. Constantinou et al., arXiv: 2006.08636



Parton distributions on the lattice: beyond PDFs
Quantities 

calculable on 
the lattice 

<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>= Perturbative 
kernel
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GPDs, etc.

Various methods and schemes: Quasi-PDFs (X. Ji, 2013), Pseudo-PDFs (A. Radyushkin, 2017), Compton 
amplitude method (A. Chambers et al., 2017), Lattice cross-section method (Y. Ma and J. Qiu, 2014), Hadronic 
tensor currents (K.-F. Liu, 2016), quasi-GPDs (Ji et al., 2015; Liu et al., 2019), pseudo-GPDs (Radyushkin, 
2019), quasi-TMDs (Ebert et al., 2019) etc.

Bhattacharya et al., (2024)

STATE-OF-THE-ART COLLINS-SOPER KERNEL

• A. Avkhadiev, P. Shanahan, M. Wagman and YZ, PRD 108 (2023);
• A. Avkhadiev, P. Shanahan, M. Wagman and YZ, PRL 132 (2024).

Nice agreement with phenomenology ☺

SV19: Scimemi and Vladimirov, JHEP 06 (2020)
Pavia19: Bacchetta et al., JHEP 07 (2020).
MAP22: Bacchetta et al., JHEP 10 (2022).
ART23: Moos et al., JHEP 05 (2024).
IFY23: Isaacson et al., PRD 110 (2024).
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convergence properties of the LI definition of E, with the
accidentally more favorable interplay of HTEs, i.e., their
probable cancellation between different amplitudes.
Overall, the picture summarized in Fig. 19 is akin to the
analogous picture obtained with the quasi-GPD method,
see Fig. 6 of Ref. [158] for direct comparison. While at the
quantitative level, there are some differences between
results from quasi- and pseudodistributions (again, some-
what larger for the H GPD), the striking similarities
between the outcomes of both approaches promise good
prospects for the future. At the same time, we repeat that
better lattice data are needed. Thus, it needs to be kept in
mind that the current statements are predominantly quali-
tative and quantitative and have to be postponed until
robust estimation and subtraction of several systematic
effects are achieved.

V. CONCLUSIONS AND PROSPECTS

In this paper, we extracted, for the first time, the zero-
skewness flavor nonsinglet GPDs H and E of the nucleon
from Radyushkin’s pseudodistribution approach. We uti-
lized lattice data at a single lattice spacing with a pion mass
of about 260 MeV. We employed data previously used for
an analogous analysis in Ji’s quasi-GPD framework [149]
at P3 ¼ 1.25 GeV, but we extended it significantly, adding
three lower nucleon boosts and one larger, P3 ¼ 1.67 GeV.
We profited significantly from the acquisition of the data in
asymmetric frames of reference [149], which allowed us to
obtain results for several momentum transfers in a single
calculation. Moreover, we used the Lorentz-invariant def-
inition of pseudo-GPD matrix elements in coordinate space
proposed in Ref. [149], which turned out to lead to very
robust results, particularly for the GPD E.

FIG. 19. Momentum transfer dependence of the reconstructed H̄ (top) and Ē (bottom) GPDs. All reconstructions use the preferred
value of zmax ¼ 0.65 fm.

GENERALIZED PARTON DISTRIBUTIONS FROM THE … PHYS. REV. D 110, 054502 (2024)
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Global analysis of PDFs with lattice data

Lattice matrix element depending 
on the pseudo-distribution

16

FIG. 9. The lattice data points represent the reduced Io↵e-time pseudo-distribution, fM(⌫, z2) in the zero flow-time limit
obtained through the subtraction method using p = 0 matrix elements. The lattice data points and the fit bands are normalized
using the gluon momentum fraction, hxig from [17]. Left panel: the red and cyan bands represent the target mass corrected
reduced Io↵e-time pseudo-distribution using the fit of moments in Sec. IVA. Right panel: the blue band is a fit to the subtracted
pseudo-ITD using the functional form in Eq. (20) with a0, a1, b1 as fit parameters and b0 = 0 fixed by construction.

FIG. 10. A comparison between the lattice reduced Io↵e-time pseudo-distribution fM(⌫, z2) in the zero flow-time limit obtained
through the subtraction method using the p = 0 matrix elements, and the gluon helicity ITD constructed from global fits of
PDFs. The lattice data points are the same as in Fig. 9, plotted on a smaller vertical scale for better comparison with the
phenomenological ITD bands. In the left plot, the red band denotes the ITD constructed from the gluon helicity distribution
by the NNPDF collaboration. The green band labeled by eI(+)

p and the cyan band labeled by eI(+/�)
p represent the gluon helicity

ITD determined by the JAM collaboration with and without the positivity constraint on the gluon helicity PDF, respectively.
On the right plot, the gluon helicity ITDs for positive and negative helicity PDFs are compared with the lattice data. The
green band labeled by eI(+)

p and the maroon band labeled by eI(�)
p represent the gluon helicity ITD determined by the JAM

collaboration associated with the positive and negative gluon helicity PDF solutions, respectively.

polarization in the nucleon cannot be properly constrained. In other words, the ITD extracted from the JAM global fit

(labeled by JAM eI(+/�)
p in Fig. 10) may have a similar or even larger magnitude of uncertainty than our lattice QCD

calculation. We show a comparison of the polarized gluon ITDs obtained from global fits and our lattice calculation
in Fig. 10. Most importantly, Fig. 10 shows that the ITD data in the ⌫ . 6 region is primarily controlled by whether
the gluon polarization in the nucleon is positive or negative, according to the JAM analysis.

The positivity constraint on the gluon distributions, namely helicity-aligned and helicity-antialigned both being non-
negative, in the analysis of experimental data in [11] leads to a substantial reduction of the variance of x�g(x) in the
large-x region, as seen in Fig. 6 of [11]. Specifically, the PDFs without the positivity assumption were organized into
a band of solutions with a negative PDF and a band of solutions with a positive PDF. We compare the ITDs resulting
from the two bands with positive and negative x�g(x) to our results in the right panel of Fig. 10. The current
matrix elements, albeit with an unphysical pion mass and finite lattice spacing, are inconsistent within statistical

Lattice results can be used to support 
phenomenology of experimental data at EIC
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FIG. 6. Impact of LQCD’s Io!e time pseudo-distributions on the gluon (upper) and quark singlet

(lower) helicity distributions. The left column represents prior to lattice QCD data was included

and the right represents after.

The changes induced by LQCD data do not impact the description of inclusive DIS data

extending up to x → 0.66. Future work should include the large-x data from Je!erson Lab,

which requires additional treatment of power corrections. However, these data are likely

to exhibit tension with the negative ”g and negative ”# solutions at high x, providing an

empirical test of the sign of ”g. Nevertheless, we emphasize the importance of including ad-

ditional large-x data that are less sensitive to power corrections in order to comprehensively

assess the universality of the resulting hPDFs.

For future work, we look forward to incorporating dijet data from RHIC, which may

help constrain the sign of ”g at high x. The proposed JLab 24 GeV upgrade would also
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Transverse momentum dependent distributions (TMDPDFs)
The transverse momentum dependent (TMD) factorization 
scheme can be used for analysis of scattering with 
production of a final state with transverse momentum  
which is much smaller than a hard scale

P⊥
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• The TMDPDFs depend on two factorization scales (  and ) 
which define separation of the dynamic modes in the TMD 
factorization scheme  different types of emission
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The anomalous dimensions are known up to 4 loops
Duhr, Mistlberger, Vita (2022)
Manteuffel, Panzer, Schabinger (2020)



TMD global analysis

Significant progress in the TMD phenomenology, 
that will flourish in the EIC era

TMD FITS OF UNPOLARIZED DATA
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Framework W+Y HERMES COMPASS DY Z boson W boson N of points
KN 2006 

 hep-ph/0506225
LO-NLL W ✘ ✘ ✔ ✔ ✘ 98

QZ 2001 
 hep-ph/0506225

NLO-NLL W+Y ✘ ✘ ✔ ✔ ✘ 28 (?)

RESBOS 
 resbos@msu

NLO-NNLL W+Y ✘ ✘ ✔ ✔ ✘ >100 (?)

Pavia 2013 
arXiv:1309.3507 LO-PM W ✔ ✘ ✘ ✘ ✘ 1538

Torino 2014 
arXiv:1312.6261 LO-PM W ✔ 

(separately)
✔ 

(separately) ✘ ✘ ✘ 576 (H) 
6284 (C)

DEMS 2014 
arXiv:1407.3311 NLO-NNLL W ✘ ✘ ✔ ✔ ✘ 223

EIKV 2014 
 arXiv:1401.5078  LO-NLL W 1 (x,Q2) bin 1 (x,Q2) bin ✔ ✔ ✘ 500 (?)

SIYY 2014 
arXiv:1406.3073 NLO-NLL W+Y ✘ ✔ ✔ ✔ ✘ 200 (?)

Pavia 2017 
arXiv:1703.10157 LO-NLL W ✔ ✔ ✔ ✔ ✘ 8059

SV 2017 
arXiv:1706.01473 NNLO-NNLL W ✘ ✘ ✔ ✔ ✘ 309

BSV 2019 
arXiv:1902.08474 NNLO-NNLL W ✘ ✘ ✔ ✔ ✘ 457

Pavia 2019 
arXiv:1912.07550 NNLO-N3LL W ✘ ✘ ✔ ✔ ✘ 353

SV 2019 
arXiv:1912.06532 NNLO-N3LL W ✔ ✔ ✔ ✔ ✘ 1039

MAP pion 2022 
arXiv:2210.01733 NLO-N3LL W ✘ ✘ ✔ ✘ ✘ 138

MAP 2022 
arXiv:2206.07598 NNLO-N3LL- W ✔ ✔ ✔ ✔ ✘ 2031

JAM 2023 
arXiv: 2302.01192 NLO-NNLL W ✘ ✘ ✔ ✘ ✘ 608

ART 2023 
arXiv:2305.07473 N3LO-N4LL W ✘ ✘ ✔ ✔ ✔ 627

Aslan at al 2024 
arXiv:2401.14266 NLO-NLL W ✘ ✘ ✔ ✘ ✘ 130

MAP 2025 
arXiv:2502.04166 NNLO-N3LL W ✘ ✘ ✔ ✔ ✘ 482

Figure 7. Shape of TMDs in the (x,b)-space. The color indicates the uncertainty.

Figure 8. Sizes of the full uncertainty bands in ART23 (green) in comparison to the extraction at the

central PDF replica (grey). The upper panel shows the b-dependence at x = 0.01. The lower panel shows

the x→dependence at b = 0.5 GeV→1.
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Global analysis is important for testing 
universality of distributions

Moos, Scimemi, Vladimirov, Zurita (2023)
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fixed-target). Particularly significant is the improvement
for ATLAS, for which the ω2 value drops from 3.51 for
MAP22 to 1.38 for NN. As the ATLAS measurements are
the most precise ones, this is a clear indication that the
NN parametrisation can better capture the information
encoded in the data. We also note that the correlated
contributions ω2

ω for the NN fit are generally smaller than
for MAP22, i.e. the NN fit is able to describe the data
without relying on large correlated shifts.
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FIG. 1: Comparison between experimental data (black dots)
and results obtained with NN (blue band) and MAP22 (red
band) fits. The top plot displays the 10.5 GeV < Q <
11.5 GeV bin of the E605 data set, while the bottom plot
displays the ATLAS measurements at 13 TeV. For each plot,
upper and lower panels show the actual distributions and their
ratios to the experimental central values, respectively. The-
oretical uncertainty bands correspond to one-ω uncertainties,
error bars on experimental data display uncorrelated uncer-
tainties only.

A visual representation of this statement is given in
Fig. 1, where we show a comparison between experimen-
tal data and results of the fit for a representative selec-
tion of data: a Q-bin from the fixed-target E605 experi-
ment (top plot) and the ATLAS measurements at 13 TeV
(bottom plot). Blue and red bands correspond to one-ε
uncertainties of NN and MAP22 fits, respectively, while
experimental data points are shown as black dots along

with their uncorrelated uncertainties. The upper panel
of each plot displays the absolute distributions while the
lower panel displays the distributions normalised to the
experimental central values.
In Fig. 1, it is evident that uncertainty bands are signif-

icantly di!erent between NN and MAP22 fits, with the
former being generally smaller than the latter. This is
a direct consequence of the larger systematic shifts that
a!ect MAP22 (see Tab. I). This is especially evident for
the E605 data where correlated uncertainties are partic-
ularly large. For the ATLAS data, the size of the bands
is comparable because systematic shifts are bound to be
small due to the small size of experimental uncertainties.
We also observe that the NN fit tends to better reproduce
the shape of the ATLAS data distribution.
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FIG. 2: The unpolarised TMD PDF of the u-quark in the
proton extracted using the NN (blue) and the MAP22 (red)
parametrisations at µ =

→
ε = 2 GeV and x = 0.01 as func-

tions of the quark transverse momentum |k→|. The upper
panel shows the actual distributions, while the bottom panel
shows their ratios to the respective central values. Error
bands represent one-ω uncertainties.

In Fig. 2, we show the unpolarised TMD PDF of the
u-quark in the proton at µ =

→
ϑ = 2 GeV and x =

0.01 as a function of the quark transverse momentum
|k→|. As before, blue and red bands correspond to NN
and MAP22, respectively. The upper panel displays the
actual TMD distributions, while in the lower panel they
are normalised to the respective central values.
A generally good agreement between NN and MAP22

is observed, with the former featuring a larger relative
uncertainty band. This is a direct consequence of the
flexibility of the NN parametrisation. In this respect,
it is interesting to observe that the relative size of the
NN uncertainty band remains fairly stable up to |k→| ↑
0.6 GeV, while it tends to increase for larger values of
|k→| because of the increasingly smaller central value.
On the contrary, the MAP22 relative uncertainty band
shrinks as |k→| increases. Moreover, it shows a node at
intermediate values of |k→|. This behaviour can be traced
back to the rigidity of the parametrisation.

Bacchetta, Bertone, Bissolotti, Cerutti, 
Radici, Rodini, Rossi (2025)



Power corrections to the TMD factorization

To minimize power corrections to the TMD 
factorization formula the data cuts  
are implemented

<latexit sha1_base64="8Ub38vUDpwITU3mRAdfgSvCVwwQ=">AAAB+3icbVC7TsMwFHV4lvIKZWSxqJCYQlJBYWCoYGFsJfqQ2ihyXKe16jjGdhBV1F9hYQAhVn6Ejb/BbTNAy5GudHTOvbr3nlAwqrTrflsrq2vrG5uFreL2zu7evn1QaqkklZg0ccIS2QmRIoxy0tRUM9IRkqA4ZKQdjm6nfvuRSEUTfq/HgvgxGnAaUYy0kQK79BD0BJECnsEGvIauU7kI7LLruDPAZeLlpAxy1AP7q9dPcBoTrjFDSnU9V2g/Q1JTzMik2EsVEQiP0IB0DeUoJsrPZrdP4IlR+jBKpCmu4Uz9PZGhWKlxHJrOGOmhWvSm4n9eN9XRlZ9RLlJNOJ4vilIGdQKnQcA+lQRrNjYEYUnNrRAPkURYm7iKJgRv8eVl0qo4XtWpNs7LtZs8jgI4AsfgFHjgEtTAHaiDJsDgCTyDV/BmTawX6936mLeuWPnMIfgD6/MHvD2STg==</latexit>

q→/Q < 0.25

The question then, however, is whether fixed order
SIDIS calculations continue to be in reasonable agreement
with measurements at more moderate x and z and at large
qT, where the expectation is that agreement should
improve, at least with the inclusion of Oðα2sÞ corrections.

Figure 4 shows that this is not the case, however. The order
OðαsÞ and Oðα2sÞ curves are obtained with a computer
calculation analogous to that used in Ref. [24] to generate
Fig. 3, but modified to be consistent with the kinematics of
the corresponding experimental data. (We have verified that

FIG. 4. Calculation of OðαsÞ and Oðα2sÞ transversely differential multiplicity using code from Ref. [24], shown as the curves labeled
DDS. The bar at the bottom marks the region where qT > Q. The PDF set used is CJNLO [33], and the FFs are from Ref. [34]. Scale
dependence is estimated using μ ¼ ððζQQÞ2 þ ðζqTqTÞ

2Þ1=2 where the band is constructed point by point in qT by taking the minimum
and maximum of the cross section evaluated across the grid ζQ × ζqT ¼ ½1=2; 1; 3=2; 2& × ½0; 1=2; 1; 3=2; 2& except ζQ ¼ ζqT ¼ 0. The
red band is generated with ζQ ¼ 1 and ζqT ¼ 0. A lower bound of 1 GeV is placed on μ when Q=2 would be less than 1 GeV.

FIG. 5. Ratio of data to theory for several near-valence region panels in Fig. 4. The grey bar at the bottom is at 1 on the vertical axis and
marks the region where qT > Q.

GONZALEZ-HERNANDEZ, ROGERS, SATO, and WANG PHYS. REV. D 98, 114005 (2018)

114005-6

Gonzalez-Hernandez, Rogers, Sato, Wang (2018)

To cover large       data we need to include power 
corrections in the analysis (Balitsky, Tarasov, 
2017; Liu, Qiu, 2020; Vladimirov, 2023)
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Power corrections for 
Z-boson production

leading order TMD 
factorization

power corrections

The TMD factorization approach is valid in the 
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Balitsky, Tarasov (2018)



•  term is intrinsically non-perturbative and extraction of 
its perturbative component (dependence on the factorization 
scales  and ) is complicated. Function of four variables!


• The TMDPDFs has been directly calculated only in the region of 
small 


• The conventional approach is to consider a TMDPDF in a small 
 approximation and expand it in terms of the collinear 

PDFs - collinear matching:

fi(x, b⊥, μ, ζ)

μ ζ

b⊥

b⊥ ≪ Λ−1
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b?

TMD 
factoriza-on

Collinear 
matching

• However, the region of applicability of the TMD factorization corresponds to large . The 
TMDPDFs genuinely contain contribution of all collinear twists!

b⊥ ≲ Λ−1
QCD

see e.g. Scimemi, Tarasov and Vladimirov (2019) 

<latexit sha1_base64="C7mk9vCuGLEuiiBtMmdsyZ4GgDk="></latexit>

fi(x, b?, µ, ⇣) = C1 ⌦ f1(x, µ) + b2?C2 ⌦ f2(x, µ) + . . .

Matching coefficients (perturbative), 
contains logs of IR origin Collinear PDFs of rising twist

Problem: Only first few terms of the collinear matching are known. To obtain the correct 
structure of the TMDPDFs, which describes all collinear twist content of the distributions, 
one would need to resum all terms of the collinear expansion, which at the moment is 
not feasible!

Collinear matching



• In practice a phenomenological solution is used: higher twist 
terms are dropped
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b?

TMD 
factoriza-on

Collinear 
matching
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fi(x, b?, µ, ⇣) = C1 ⌦ f1(x, µ) + b2?C2 ⌦ f2(x, µ) + . . .

The procedure doesn’t allow us to reveal all collinear twist content of the TMDPDFs 
which is important in the region of applicability of the TMD factorization

• In this approximation only leading twist-content of the TMD 
distribution is taken into account with the double logarithmic CSS 
evolution and IR logarithms of the DGLAP type (leading twist large-
x evolution)

TMD in the Collins-Soper-Sterman (CSS) framework

In particular, no signs of the small-x 
physics (all-twist resummation)

• A phenomenological ansatz  is introduced to extrapolate the result from  into the 
physical region 

fNP b⊥ ≪ Λ−1
QCD

b⊥ ≲ Λ−1
QCD
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f1(x, b?, µ, ⇣) = C1 ⌦ f1(x, µ)fNP (x, b?)



Collinear vs. TMD factorization
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The collinear matching “model” for unpolarized TMDPDF used in the phenomenology:

TMD factorization  collinear factorization≠

The discrepancies between collinear and TMD 
factorizations manifest themself in the phenomenology:

TMD distribution for the small   regionq⊥

CSS evolutionCollinear matching constructed 
in the region of large q⊥

Phenomenological function 
encompassing all-collinear twist 

content of the distribution
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and similarly for higher orders, and we introduce the following normalization factor:

ω(x, z,Q) = dσnomix

dx dz dQ

/ ˆ
d2qT W . (2.51)

We stress that these normalization factors depend only on the collinear PDFs and FFs, are
independent of the parametrization of the nonperturbative part of the TMDs, and can be
computed before performing a fit of the latter.

At NLL, ω(x, z,Q) = 1. Beyond NLL, the prefactor becomes larger than one and
guarantees that the integral of the TMD part of the cross section reproduces most of the
collinear cross section, as suggested by the data. On the contrary, without the enhancement
due to the normalization factor, the integral of the TMD part of the cross section would
be too small, requiring a large role of the high-transverse-momentum tail, which is not
observed in the data. The impact of the normalization factor defined in eq. (2.51) will be
addressed in detail in section 4.

As a consequence of our procedure, the theoretical expression for the SIDIS cross
section in eq. (2.23) becomes

dσSIDIS
ω

dx dz d|qT | dQ
= ω(x, z,Q) dσSIDIS

dx dz d|qT | dQ
. (2.52)

3 Data selection

In this section we describe the experimental data included in our global analysis. We
consider a large number of datasets related to DY lepton pair production and SIDIS, for
the observables discussed in section 2.1 and section 2.2. The coverage in the x-Q2 plane
spanned by these datasets is illustrated in figure 3.

The majority of datasets analyzed in the present work was already included in the
global analysis of SIDIS and DY data in ref. [5] and in the fit of DY data discussed in
ref. [7]. For more details, we refer the reader to those references. The new datasets
included in the present analysis are:

• DY di-muon production from the collision of a proton beam with an energy of 800GeV
on a 2H fixed target from E772 (√s = 38.8GeV) [76];

• DY di-muon production from the PHENIX Collaboration [77];

• DY data at 13TeV from the CMS Collaboration [78] and the ATLAS Collabora-
tion [79].

3.1 Drell-Yan

Our analysis is based on TMD factorization, which is applicable only in the region |qT | ≪ Q.
Therefore, in agreement with the choices of refs. [7, 22] we impose the following cut

|qT | < 0.2Q . (3.1)
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and similarly for higher orders, and we introduce the following normalization factor:

ω(x, z,Q) = dσnomix

dx dz dQ

/ ˆ
d2qT W . (2.51)

We stress that these normalization factors depend only on the collinear PDFs and FFs, are
independent of the parametrization of the nonperturbative part of the TMDs, and can be
computed before performing a fit of the latter.

At NLL, ω(x, z,Q) = 1. Beyond NLL, the prefactor becomes larger than one and
guarantees that the integral of the TMD part of the cross section reproduces most of the
collinear cross section, as suggested by the data. On the contrary, without the enhancement
due to the normalization factor, the integral of the TMD part of the cross section would
be too small, requiring a large role of the high-transverse-momentum tail, which is not
observed in the data. The impact of the normalization factor defined in eq. (2.51) will be
addressed in detail in section 4.

As a consequence of our procedure, the theoretical expression for the SIDIS cross
section in eq. (2.23) becomes

dσSIDIS
ω

dx dz d|qT | dQ
= ω(x, z,Q) dσSIDIS

dx dz d|qT | dQ
. (2.52)

3 Data selection

In this section we describe the experimental data included in our global analysis. We
consider a large number of datasets related to DY lepton pair production and SIDIS, for
the observables discussed in section 2.1 and section 2.2. The coverage in the x-Q2 plane
spanned by these datasets is illustrated in figure 3.

The majority of datasets analyzed in the present work was already included in the
global analysis of SIDIS and DY data in ref. [5] and in the fit of DY data discussed in
ref. [7]. For more details, we refer the reader to those references. The new datasets
included in the present analysis are:

• DY di-muon production from the collision of a proton beam with an energy of 800GeV
on a 2H fixed target from E772 (√s = 38.8GeV) [76];

• DY di-muon production from the PHENIX Collaboration [77];

• DY data at 13TeV from the CMS Collaboration [78] and the ATLAS Collabora-
tion [79].

3.1 Drell-Yan

Our analysis is based on TMD factorization, which is applicable only in the region |qT | ≪ Q.
Therefore, in agreement with the choices of refs. [7, 22] we impose the following cut

|qT | < 0.2Q . (3.1)
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Bacchetta, Bertone, Bissolotti, Bozzi, 
Cerutti, Piacenza, Radici, Signori (2022)

Can we better address the all-collinear 
twist content of the TMDPDFs?



TMDPDFs in the region of small q⊥
• The TMDPDFs can be calculated directly in the region of applicability of the TMD factorization: 

region of small  or large q⊥ b⊥ ≲ Λ−1
QCD

• The structure of TMDPDFs in this region is rich and goes beyond the leading-twist collinear 
contribution 
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• The unpolarized gluon TMDPDF contains BFKL-like IR logarithms even in the region of large-x 
that reflect the all-collinear twist content of the TMDPDFs in the region of validity of the TMD 
factorization  observe these effects in TMD phenomenology, natural connection with small-x 
physics, e.g. initial conditions for the small-x evolution

→

CSS evolu-on

DGLAP IR logs

BFKL-like IR logs



Understanding the glue that binds us all

We aim to find the signatures of the gluon 
saturation at EIC in the region of small-x or 
eA scattering where the typical scale - the 
saturation scale - is enhanced as 
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a laboratory for studying QCD—the theory of quarks and gluons producing the 
strong forces holding matter together—with unprecedented depth, opening the 
study of the collective behavior of quarks and especially gluons. The situation 
is analogous to going from a knowledge of the Coulomb force between electric 
charges to seeing the complex phenomena that the force can produce, from su-
perconductivity to weather. Understanding the collective physics of gluons offers 
the opportunity for the most surprises, including new phases of matter and deep 
insights about quantum field theory. Furthermore, the increased understanding of 
nucleons, nuclei, and QCD itself that an EIC would bring would have direct impact 
in particle physics, basic energy sciences, plasma physics, and astrophysics, as well 
as revealing connections to the study of materials and other fields of science.

The committee also finds that an EIC would be much more capable and much 
more challenging to build than earlier electron or polarized proton machines. The 
accelerator challenges are twofold: a high degree of polarization for both beams 
and high luminosity. It would be the most sophisticated and challenging accelerator 
currently proposed for construction in the United States and would significantly 
advance accelerator science and technology here and around the world. The com-
mittee’s study resulted in a set of nine findings, which are summarized here.

Hearing from experts on the science that an EIC would be able to carry out, 
the committee finds that

Finding 1: An EIC can uniquely address three profound questions about 
nucleons—neutrons and protons—and how they are assembled to form the 
nuclei of atoms:

•	 How does the mass of the nucleon arise?
•	 How does the spin of the nucleon arise? 
•	 What are the emergent properties of dense systems of gluons? 

Consideration of the accelerator requirements to answer these questions leads 
to the second finding.

Finding 2: These three high-priority science questions can be answered by an 
EIC with highly polarized beams of electrons and ions, with sufficiently high 
luminosity and sufficient, and variable, center-of-mass energy. 

As a result of the comprehensive survey the committee made of existing and 
planned accelerator facilities in both nuclear and particle physics around the world, 
it finds that

Finding 3: An EIC would be a unique facility in the world and would maintain 
U.S. leadership in nuclear physics.
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The emission is characterized by a 
strong ordering of the longitudinal 
momentum fraction
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The target shrinks into the 
shock-wave background



Small-x physics at EIC: calculation of NLO corrections
Currently the research is focused on 
calculation of two types of “corrections” to 
the LO shock-wave picture. The first type is 
the NLO corrections
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dω = LO+NLO+ SubEik

Caucal, Salazar, Schenke, Stebel, 
Venugopalan (2023)

2.1.1 Leading order cross-section in the CGC EFT

As discussed at length in previous work [32, 37, 81, 88], weak coupling computations in the

CGC EFT can be performed using standard Feynman diagrams techniques in the light cone

gauge A
� = 0, supplemented by dressed vertices corresponding to the coherent multiple

scattering of a quark or a gluon inside the classical (over occupied) gauge fields of the

target. These vertices are denoted, respectively, by cross and bullet symbols in Fig. 1 and

Fig. 2.

�
⇤

k1

k2

LO

q

Figure 1. Leading order contribution to the amplitude for dijet production. The cross symbol
on the quark and antiquark legs refers to the CGC quark e↵ective vertex. The four-momenta of
the quark and antiquark read k1 =

�
k2
1?/(2z1q

�), z1q
�

,k1?
�

and k2 =
�
k2
2?/(2z2q

�), z2q
�

,k2?
�

respectively.

For the leading order production of a quark-antiquark pair in DIS at small xBj, the only

relevant Feynman diagram is the one shown in Fig. 1. After evaluating and squaring the

Feynman amplitude associated with diagram 1, the fully di↵erential leading order cross-

section for inclusive production of two jets in the CGC can be written in the compact

form2

d�
�⇤
�+A!qq̄+X

d2k1?d2k2?d⌘1d⌘2

����
LO

=
↵eme

2

fNc�
(2)

z

(2⇡)6

Z
d8X?e

�ik1?·rxx0e�ik2?·ryy0

⇥ ⌅LO(x?,y?;x0
?,y0

?)R�
LO(rxy, rx0y0) . (2.5)

In this expression, e
2

f is the sum of the squares of the light quark fractional charges, and

�
(2)

z = �(1 � z1 � z2) is an overall longitudinal momentum conserving delta function. The

di↵erential measure d8X? comes from the transverse coordinate integration contained in

the CGC vertices and reads

d8X? = d2x?d2x0
?d2y?d2y0

? , (2.6)

with x? (y?) the transverse coordinate at which the quark (antiquark) crosses the shock-

wave in the amplitude (and similarly with prime coordinates for the complex conjugate

2For a detailed derivation see e.g. Sec. 2 in [37].
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Figure 2. Feynman diagrams that contribute to the inclusive dijet cross-section at NLO. Top:
Real gluon emission diagrams. Middle: Self energy diagrams. Bottom: Vertex correction diagrams.
Diagrams obtained from q $ q̄ interchange are not shown, and will be labeled with an additional
prime index. (For example, R2 ! R0

2.) Only diagrams in which the gluon does not scatter o↵ the
shockwave (represented by the red band) contribute to the Sudakov double and single logarithms.

In [1], we computed the back-to-back limit of our NLO results in [37] and expressed

the results in terms of the moments of the azimuthal angle � between between P? and q?.

For the zeroth moment of the distribution (the angle averaged cross-section), we obtained

the result (up to terms of order O(R2)),
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Figure 7. Elliptic (left panel) and quadrangular (right panel) anisotropies as a function of q?.
Black line represents the leading order result. Blue line includes the contributions to the NLO
impact factor from Sudakov logarithms. Red curve is the full LO+NLO (Sudakov times coe�cient
function) result.

Next we study the elliptic and quadrangular anisotropies as a function of the mo-

mentum imbalance q? in Fig. 7. At LO, as seen from Eq. (2.30), the elliptic anisotropy

is proportional to the ratio between linearly polarized to unpolarized gluons which grows

with q?. The Sudakov factor significantly decreases the elliptic anisotropy. This e↵ect is

nontrivial since v2 is defined as a ratio and one expects therefore a partial cancellation

of the Sudakov suppression. However the unpolarized and linearly polarized WW gluon

TMDs are not identical and thus the Sudakov factor a↵ects them di↵erently. On the other

hand, the e↵ect of the NLO coe�cient function is to enhance the elliptic anisotropy, as

it now acquires a contribution from unpolarized gluons. This can be seen from the last

two lines of Eq. (5.38) and physically corresponds to the e↵ect of soft gluon emissions that

are near to but yet outside the jet cone. These emissions tend to preferentially align the

imbalance q? parallel (or anti-parallel) to the transverse jet direction P? [80] (see also

[121] for the case of lepton-jet correlations). The NLO finite pieces also produce a small

quadrangular anisotropy (5.40) which is completely absent in the leading order and in the

LO + “Sudakov only” result.
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 correctionsαs

leading order (LO) 
contribution to the 
dijet production

NLO corrections in 
the shock-wave 
picture of scattering

Balitsky, Chirilli, 2008; Caron-Huot, Herranen, 2016; Chirilli, Xiao, Yuan, 2012; 
Boussarie, Grabovsky, Ivanov, Szymanowski, Wallon 2016; Iancu, Mulian 2021

Precision small-x 
physics at EIC

Still some open questions: different schemes 
of resummation of DGLAP and Sudakov logs



Small-x physics at EIC: calculation of sub-ekonal corrections
The second type of correction - the sub-
eikonal corrections - describe the corrections 
to the shock-wave picture of scattering
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dω = LO+NLO+ SubEik
 correctionsαs  corrections1/s

8 2.1. INTRODUCTION

Existing Measurements with A ≥ 56 (Fe):
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Figure 2.1: Left: The x-Q2 range covered by the EIC (yellow) in comparison with past and
existing polarized e/µ+p experiments at CERN, DESY, JLab and SLAC, and p+p experiments
at RHIC. Right: The x-Q2 range for e+A collisions for ions larger than iron (yellow) compared
to existing world data.

The EIC covers a center-of-mass energy range for e+p collisions of
p

s of 20 to
140 GeV. The kinematic reach in x and Q2 is shown in Figure 2.1. The quanti-
ties x, y, and Q2 are obtained from measurements of energies and angles of final
state objects, i.e. the scattered electron, the hadronic final-state or a combination of
both. The quantity x is a measure of the momentum fraction of the struck parton
inside the parent-proton. Q2 refers to the square of the momentum transfer be-
tween the electron and proton and is inversely proportional to the resolution. The
diagonal lines in each plot represent lines of constant inelasticity y, which is the
ratio of the virtual photon’s energy to the electron’s energy in the target rest frame.
The variables x, Q2, y and s are related through the equation Q2 ' sxy. The left
figure shows the kinematic coverage for polarized and unpolarized e+p collisions,
and the right figure shows the coverage for e+A collisions. The EIC will allow in
both collider modes an important overlap with present and past experiments. In
addition, the EIC will provide access to entirely new regions in both x and Q2 in a
polarized e+p collider and e+A collider mode, such as the low-x region, providing
critical information about the gluon-dominated regime.

Volume 2 of this Yellow Report provides a detailed overview of the EIC physics
program, including several recent developments not addressed in the EIC White
Paper. In what follows, we focus on the most critical aspects of the scientific ques-
tions outlined above and motivate the machine and detector parameters needed to
address these questions.

• Sub-eikonal effects dominate the region of 
moderate x (decay of the shock-wave)

• Sub-eikonal corrections are crucial for the 
search of saturation at EIC

Altinoluk, Armesto, Beuf, Martínez, Salgado, 2014; Balitsky, Tarasov, 2015; 
Chirilli, 2019; Jalilian-Marian, 2019; Altinoluk and Beuf, 2022In the leading order (LO) shock-wave picture 

of scattering the interaction between 
factorized modes is instantaneous
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with the background, which is 
described by a scalar phase 
(Wilson line)
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• How does the shock-wave 
decay?  large-x effects⇒

sub-eikonal corrections: 
internal structure of the 
shock-wave!



The scattering at the sub-eikonal order

2.1.1 Leading order cross-section in the CGC EFT

As discussed at length in previous work [32, 37, 81, 88], weak coupling computations in the

CGC EFT can be performed using standard Feynman diagrams techniques in the light cone

gauge A
� = 0, supplemented by dressed vertices corresponding to the coherent multiple

scattering of a quark or a gluon inside the classical (over occupied) gauge fields of the

target. These vertices are denoted, respectively, by cross and bullet symbols in Fig. 1 and

Fig. 2.
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Figure 1. Leading order contribution to the amplitude for dijet production. The cross symbol
on the quark and antiquark legs refers to the CGC quark e↵ective vertex. The four-momenta of
the quark and antiquark read k1 =

�
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�), z1q
�

,k1?
�

and k2 =
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respectively.

For the leading order production of a quark-antiquark pair in DIS at small xBj, the only

relevant Feynman diagram is the one shown in Fig. 1. After evaluating and squaring the

Feynman amplitude associated with diagram 1, the fully di↵erential leading order cross-

section for inclusive production of two jets in the CGC can be written in the compact

form2

d�
�⇤
�+A!qq̄+X

d2k1?d2k2?d⌘1d⌘2

����
LO

=
↵eme

2

fNc�
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Z
d8X?e

�ik1?·rxx0e�ik2?·ryy0

⇥ ⌅LO(x?,y?;x0
?,y0

?)R�
LO(rxy, rx0y0) . (2.5)

In this expression, e
2

f is the sum of the squares of the light quark fractional charges, and

�
(2)

z = �(1 � z1 � z2) is an overall longitudinal momentum conserving delta function. The

di↵erential measure d8X? comes from the transverse coordinate integration contained in

the CGC vertices and reads

d8X? = d2x?d2x0
?d2y?d2y0

? , (2.6)

with x? (y?) the transverse coordinate at which the quark (antiquark) crosses the shock-

wave in the amplitude (and similarly with prime coordinates for the complex conjugate

2For a detailed derivation see e.g. Sec. 2 in [37].

– 7 –

at LO the interaction 
is defined by scalar 
phases, i.e. Wilson 
line operators
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at the sub-eikonal order the 
corrections to the shock-wave 
are described by the sub-
eikonal operators 
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U sub→eik.(y↑) = ig

∫ ↓

→↓
dz→U[↓,z→](y↑)F12(z

→, y↑)U[z→,→↓](y↑)
<latexit sha1_base64="WBHJCm3gcrgbBYmtYn1DtJOnZN0="></latexit>

U(y→) → exp
{
ig

∫ ↑

↓↑
dz↓A+

s.w.(z
↓, y→)

}

• The scalar phase at LO cannot 
describe spin effects  spin effects at 
small-x  appear at sub-eikonal order


• Evolution properties of sub-eikonal 
operators are known  can construct 
predictions for observables

⇒

⇒
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FIG. 3: Diagrams representing the evolution of the fundamental polarized dipole amplitude Q10. The vertical shaded
rectangle represents the shock wave. The square box on the gluon and quark lines represents the sub-eikonal interaction
with the target given by Eq. (14) for gluons and Eq. (9) for quarks. The same square box, but with number 1 in it, on

the quark line denotes the interaction described by V pol[1]
1 only. The black circle denotes the sub-eikonal quark-gluon

vertex generated by the F 12 operator in Eq. (11a), that is, by the F 12 part of V pol[1]
1 , which, in turn, contributes to

Q10 through Eq. (81). All momenta flow to the right.

Substituting Eq. (14) into Eq. (83), summing over polarizations and integrating over k2 and k2′ (except for k− =
k−2 = k−2′) yields

0∫

−∞

dx−
2′

∞∫

0

dx−
2 ai a⊥ (x−

2′ , x1) a
+ b(x−

2 , x0) = (84)

= →
1

4π3

p−

2∫

0

dk−
[∫

d2x2 ln

(
1

x21Λ

)
εijxj

20

x2
20

(Upol[1]
2 )ba → i

∫
d2x2 d

2x2′ ln

(
1

x2′1Λ

)
xi
20

x2
20

(Upol[2]
2,2′ )ba

]

.

The first term on the right of Eq. (84) was obtained before in [33].
As can be seen from the diagrams I and I→, or II and II→ in Fig. 3, the propagator (84) enters the evolution of

Q10(zs) together with the similar propagator, with the x−-ordering of the endpoints reversed, along with the color
indices a, b of the gluon fields interchanged,

0∫

−∞

dx−
2′

∞∫

0

dx−
2 ai b⊥ (x−

2 , x1) a
+ a(x−

2′ , x0) = (85)

= →
1

4π3

p−

2∫

0

dk−
[∫

d2x2 ln

(
1

x21Λ

)
εijxj

20

x2
20

(Upol[1]
2 )ba + i

∫
d2x2 d

2x2′ ln

(
1

x21Λ

)
xi
2′0

x2
2′0

(Upol[2]
2,2′ )ba

]

.

One can clearly see that the eikonal Wilson line contribution (U2)ba δ2(x22′) from Eq. (13), which is neglected here

as a non-DLA contribution, would have entered Eqs. (84) and (85) in the same way as (Upol[2]
2,2′ )ba does: this eikonal

contribution would exactly vanish in the sum of Eqs. (84) and (85), justifying our neglecting of this contribution.
Adding Eqs. (84) and (85), and employing Eq. (15), after some algebra we arrive at

0∫

−∞

dx−
2′

∞∫

0

dx−
2

[
ai a⊥ (x−

2′ , x1) a
+ b(x−

2 , x0) + ai b⊥ (x−
2 , x1) a

+ a(x−
2′ , x0)

]
(86)

Kovchegov, Pitonyak, Sievert, 2016; Cougoulic, Kovchegov, 
Tarasov, Tawabutr, 2022; Borden, Kovchegov, Li, 2023

KPS-CTT evolution



How does the spin of the nucleon arise?

• In the small x region that cannot be probed experimentally, DGLAP-
based predictions acquire a broad uncertainty band


• The benefit of small-x evolution is that it makes a genuine prediction 
for PDFs at small x given some initial conditions at a higher values of x
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FIG. 5: 90% C.L. areas in the plane spanned by the truncated
moments of ∆g computed for 0.05 ≤ x ≤ 1 and 0.001 ≤ x ≤
0.05 at Q2 = 10GeV2. Results for DSSV, DSSV*, and our
new analysis, with the symbols corresponding the respective
values of each central fit, are shown.

very limited information on ∆g is also available from
scaling violations of the DIS structure function g1 which
is, of course, fully included in our global QCD analy-
sis. Overall, the constraints on ∆g(x) in, say, the regime
0.001 ≤ x ≤ 0.05 are much weaker than those in the
RHIC region, as can be inferred from Fig. 1. Very little
contribution to ∆G is expected to come from x > 0.2.

Figure 5 shows our estimates for the 90% C.L. area
in the plane spanned by the truncated moments of ∆g
calculated in 0.05 ≤ x ≤ 1 and 0.001 ≤ x ≤ 0.05
for Q2 = 10GeV2. Results are presented both for the
DSSV* and our new fit. The symbols in Fig. 5 denote
the actual values for the best fits in the DSSV, DSSV*,
and the present analyses. We note that for our new cen-
tral fit the combined integral

∫ 1

0.001
dx∆g(x,Q2) accounts

for over 90% of the full ∆G at Q2 = 10GeV2. Not sur-
prisingly, the main improvement in our new analysis is to
shrink the allowed area in the horizontal direction, corre-
sponding to the much better determination of ∆g(x) in
range 0.05 ≤ x ≤ 0.2 by the 2009 RHIC data. Evidently,
the uncertainty in the smaller-x range is still very signif-
icant, and better small-x probes are badly needed. Data
from the 2013 RHIC run at

√
s = 510GeV may help

here a bit. In the future, an Electron Ion Collider would
provide the missing information, thanks to its large kine-
matic reach in x and Q2 [19].

Conclusions and outlook.— We have presented a new
global analysis of helicity parton distributions, taking
into account new and updated experimental results. In
particular, we have investigated the impact of the new
data on ALL in jet and π0 production from RHIC’s 2009
run. For the first time, we find that the jet data clearly

imply a polarization of gluons in the proton at interme-
diate momentum scales, in the region of momentum frac-
tions accessible at RHIC. This constitutes a new ingre-
dient to our picture of the nucleon. While it is too early
to draw any reliable conclusions on the full gluon spin
contribution to the proton spin, our analysis clearly sug-
gests that gluons could contribute significantly after all.
This in turn also sheds a new light on the possible size of
orbital angular momenta of quarks and gluons. We hope
that future experimental studies, as well as lattice-QCD
computations that now appear feasible [20], will provide
further information on ∆g(x) and eventually clarify its
role for the proton spin. We plan to present a full new
global analysis with details on all polarized parton dis-
tributions once the 2009 RHIC data have become final
and additional information on the quark and antiquark
helicity distributions, in particular from final data on W
boson production at RHIC, has become available. Also,
on the theoretical side, a new study of pion and kaon
fragmentation functions should precede the next global
analysis of polarized parton distributions.
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Q2, the spin of the proton can be written in terms
of its constituents using the Ja↵e–Manohar sum
rule [21]

1

2
=

1

2

Z 1

0
dx�⌃

�
x,Q2

�
+

Z 1

0
dx�g

�
x,Q2

�
+ L(Q2) , (2)

where 1
2�⌃(x,Q2) represents the quark helicity

contribution, and �g(x,Q2) represents the gluon
helicity contribution to the total spin of the pro-
ton. The respective orbital angular momenta of
quarks and gluons are represented by L(Q2) =P

q

⇥
Lq(Q2) + Lq̄(Q2)

⇤
+ Lg(Q2).

Figure 9 shows an extraction of the integrals of
the quark and gluon contributions in Eq. 2, run-
ning between x = xmin and x = 1 with their 90%
confidence level (C.L) uncertainties. The gray-
shaded band is the outcome of the DSSV08 [17]
analysis, which is almost exclusively based on
the existing DIS data. The blue-shaded band
shows the result of the DSSV14 [18] fit, which in-
cludes polarized p+p data from RHIC. The yellow-
shaded region shows the projected constraints on
the parton distributions once all RHIC data col-
lected through 2015 is included. In the plots, the
region to the right of the dashed vertical line is
constrained by current data. It is clear that preci-

sion data are needed to determine the parton con-
tribution to the proton’s spin, especially at low x.
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Figure 10: Present knowledge of the evolution in x of
the structure function g1, based on the DSSV14 ex-
traction [19]. The dotted lines show the results for
alternative fits that are within the 90% C.L. limit.

The fraction of the spin from angular mo-
menta can be obtained by subtracting 1

2�⌃(Q2)
and �G(Q2) from the total spin of the proton, us-
ing the sum rule in Eq. 2. The right panel in Fig. 9
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Initial condition at x0

Small-x 
helicity 
evolution

huge uncertainty from 
the small-x region

Baldonado et al., in preparation 

All curves are defined by 
the same intercept
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The uncertainties are 
driven by the initial 
conditions  TMD physics 
can provide appropriate 
initial condition at large-x 
for the small-x evolution 
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Generalized parton distributions (GPDs)
GPDs can be extracted from the exclusive reactions, e.g. DVCS, DVMP 

GPDs
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q→

Off-forward generalization of PDFs:

The Fourier transform with  yields distribution 
of partons in impact parameter space , impact 
parameter distribution (IPD)
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FIG. 17. 2-dimensional tomographic images obtained from EIC pseudo-data for DVCS, corresponding to L = 10, fb→1. Each image represents a single kinematic bin
used in this analysis and includes information about the average kinematics and uncertainties of the estimated charge-weighted quark flavor spatial profile. One image
is zoomed in for better readability.
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Extraction of GPDs
• Experimentally, GPDs are not well constraint. Can be extracted from Compton form factors 

(CFFs), but the extraction is not direct, hard to extract x-dependence:
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• The extraction can be simplified with some assumptions, e.g. dominance of the imaginary part of CFFs, 
constant skewness , but the general analysis is complicated (satisfy polynomiality, positivity, evolution etc.)ξ

Bertone et al., 2021
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FIG. 1. Hu(+) as a function of x for ξ = 0.1 and 0.5, t = −0.1
GeV2 and µ2

0 = 1 GeV2. Solid blue: Goloskokov-Kroll (GK)
model [32–34]. Dashed orange: GK model with the addition
of an NLO shadow GPD. In both cases one obtains exactly
the same NLO CFF and forward limit at scale µ2

0.

and the limit at (x, ξ) = (1, 1) may depend on the actual
path to (1, 1) in the (x, ξ)-plane, unless F q(+)(1−α,α) =
0. This adds another set of equations B · R = 0 with

F q(+)(1− α,α) =
N∑

w=0

αw
∑

m,n

Bmn
w cmn , (21)

where

Bmn
w = (−1)w

(
n

w −m

)
. (22)

An example of such NLO shadow quark GPD satisfy-
ing simultaneously Q · R = 0 (forward limit), C · R = 0
(C0), D · R = 0 (Cq

coll), E · R = 0 (C1) and B · R = 0
(continuity) is given in Fig. 1, where it is added to a
popular phenomenological GPD model. Although F q(+)

is a polynomial of degree 25, the shadow GPD does not
oscillate in a way a priori excluded on physical grounds.
We foresee that the argument of the relative increase of
the number of constraints and of free parameters can be
extended mutatis mutandis to guarantee the existence of
shadow gluon GPDs and more generally of shadow GPDs
at any finite order in pQCD. Similarly the knowledge of
the first few Mellin moments (1) would only bring a fi-
nite number of new constraints within the scope of this
analysis and would not alter our conclusions.
We have so far only worked at a given scale without

considering the effect of evolution. However, in the phe-
nomenology of parton distributions a model is defined at

an arbitrary scale µ2
0 and then evolved to a scale µ2 " Q2,

where the theoretical prediction is compared to experi-
mental data. Therefore, we now consider the case where
a shadow quark GPD Hq(+) is added to a phenomeno-
logically relevant model at the scale µ2

0. Thanks to the
linearity of both the CFF convolution (3) and evolution
equations (4), we can compute the specific CFF contribu-
tion of this shadow GPD while all other GPDs are taken
to be 0 at µ2

0.
In terms of the kernel Kab for parton types a, b ∈

{q, g}, the GPD evolution operator Γab(µ2, µ2
0) between

scales µ2
0 and µ2 obtained by solving the evolution equa-

tion (4) admits the expansion

Γab(µ
2, µ2

0) = 1 + αs(µ
2)K(0)

ab log

(
µ2

µ2
0

)
+O(α2

s (µ
2)) ,

(23)

provided that µ2 is close enough to µ2
0. Being observable,

a CFF cannot depend on µ2. At one loop this yields

Cq
coll + Cq

0 ⊗K(0)
qq = 0 . (24)

In particular, Cq
0 ⊗ K(0)

qq ⊗ Hq(+)(µ2
0) = 0 for the NLO

shadow quark GPD. Its contribution to the quark com-
ponent of the NLO CFF becomes

Hq(ξ, Q2) = Cq
0 ⊗Hq(+)(µ2

0) + αs(µ
2)Cq

1 ⊗Hq(+)(µ2
0)

+αs(µ
2)Cq

0 ⊗K(0)
qq ⊗Hq(+)(µ2

0) log

(
µ2

µ2
0

)

+αs(µ
2)Cq

coll ⊗Hq(+)(µ2
0) log

(
µ2

Q2

)
+O(α2

s (µ
2)) .

(25)

By definition of NLO shadow quark GPDs, the term ∝
α0
s (µ

2) and all three terms ∝ α1
s (µ

2) cancel, resulting
in Hq(ξ, Q2) = O(α2

s (µ
2)). Since gluons enter DVCS at

O(α1
s (µ

2)) and are radiatively generated as O(α1
s (µ

2)),
the conclusion is not limited to the quark sector.
This pQCD prediction can be probed in a realistic set-

ting ξ = 0.1 and Q2 = 100 GeV2 relevant for future col-
liders. We consider the NLO shadow Hu(+) of Fig. 1 at
µ2
0 = 1 GeV2 and evolve it to µ2 = 100 GeV2, while dy-

namically generating d, s and g GPDs by evolution. Us-
ing APFEL++ [35–37] and PARTONS [38] we compute
the corresponding NLO CFF and continuously change
the value of αs(µ2). Fig. 2 shows that as expected (i)
ImH = O(α2

s (µ
2)) and (ii) ImH ! 10→5 for ξ = 0.1

and Q2 = 100 GeV2. It means that the CFF contri-
bution is smaller than the shadow GPD at ξ = 0.1 by
about 5 orders of magnitude. In particular such a shadow
GPD will be hidden in the typical statistical and system-
atic uncertainties of DVCS measurements. Contradicting
many claims as old as Ref. [23], we have proved here by a
theoretical argument and an explicit quantitative exam-
ple that evolution alone will not solve the deconvolution
problem.

• New physical processes for extracting GPDs: single 
diffractive hard exclusive processes (SDHEPs)

3
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Fig. 2. The representation of the SDHEP in terms of all possible exchanged channels of the virtual state A
⇤(p1) between

the single di↵ractive h ! h
0 transition and the 2 ! 2 hard exclusive process. The two gluons in gg channel have physical

polarizations. The qq̄ and gg channels can be accompanied by arbitrary numbers of collinear longitudinally polarized gluons.
The “· · · ” refers to the channels with more than two physically polarized partons, which are power suppressed compared to
the two-parton case.

is unlikely to alter the internal structure of the hadron
that we would like to study.

The 2 ! 2 hard exclusive process H in Fig. 1 takes
place at a short distance 1/Q ⌧ 1/⇤QCD ⇠ 1 fm and is
sensitive to the partonic structure of the exchanged state
A

⇤(p1). The scattering amplitude of the SDHEP should
include a sum of all possible partonic states, as illustrated
in Fig. 2, which can be schematically described as

MhB!h0CD =
1X

n=1

X

f

F
fn

h!h0(p, p0)⌦ CfnB!CD, (5)

where n and f represent the number and flavor of par-
ticles included in the exchanged state A

⇤, respectively,
F

fn

h!h0(p, p0) is a “form factor” responsible for the h ! h
0

transition, and CfnB!CD represents the scattering am-
plitude of the hard part H, along with the sum running
over all possible exchanged states characterized by n and
f . For the discussion in this paper, we keep the scatter-
ing amplitude CfnB!CD at the lowest order in the QED
coupling constant for given exchanged state fn and parti-
cle types of B, C, and D, while we explore contributions
from QCD at all orders in its coupling constant.

For n = 1, the only possible case is a virtual photon
exchange, i.e., f1 = �

⇤, which is like the Bethe-Heitler
process for the DVCS (see Ref. [15] for example). Instead
of probing the partonic structure of h, this channel only
gives an access to the electromagnetic form factor of h
evaluated at a relatively soft scale t. As discussed be-
low, the �

⇤-mediated subprocess gives the “superleading
power” background for the n � 2 channels, and should
not be excluded even if they are suppressed by higher or-

ders of QED coupling, unless it is forbidden by the sym-
metry. The scattering amplitude of the SDHEP should
be expanded in inverse powers of the hard scale, and then
followed by a perturbative factorization for the leading
power contribution (and subleading power contribution
if needed, see, e.g., Ref. [28]). If the n = 1 subprocess is
forbidden (as discussed below), then the scattering am-
plitude of the SDHEP starts with n = 2 subprocesses.
For n = 2, we can have QCD subprocesses with

f2 = [qq̄0] or [gg]. This gives the leading-power con-
tribution that, as shown in the next section, can be fac-
torized into GPDs with corresponding hard coe�cients.
The channels with n � 3 belong to high-twist subpro-
cesses that are suppressed by powers of

p
t /Q and will

be neglected in the following analysis.

p1

�

e

e

�
⇤

q1

q

q2

p2
p1

�

e

e

�
⇤

q1

q

q2

p2

Fig. 3. The leading-order diagrams to the hard exclusive sub-
process of the DVCS, initialized by the state f2 = [qq̄]. The
red thick lines indicate the propagators with high virtualities
and thus belong to the hard part.

The SDHEP in Eq. (1) is a generalization of the dipho-
ton production process that we considered in Ref. [27],
but it is actually general enough to cover all the processes
that exist in the literature for extracting GPDs. For ex-

Qiu, Yu, 2023



The role of anomaly in GPDs and DIS structure functions
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infrared anomaly pole

non-pole 
terms

Tarasov, Venugopalan, 2020; Bhattacharya, Hatta, Vogelsang, 2023
Bhattacharya, Hatta, Schoenleber, 2024

There are fundamental symmetries in QCD: the 
anomaly arises from the non-invariance of the 
path integral measure under chiral ( ) rotations. 
Topological properties of the QCD vacuum!

γ5

K. Fujikawa, PRL. 42, 1195 (1979) 
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l2 = t

twist-4 GPD  ℱ̃(x, ξ, t)

The resolution of the anomaly pole is deeply related to the famous  
problem in QCD: instead of an infrared pole  of a “primordial” ninth 
Goldstone boson  there is a heavy  ( )

UA(1)
1/l2

η̄ η′ mη′ 
≈ 957MeV

a b c d

<latexit sha1_base64="bK0h8rnaEqYVGvxS1hyN+ALzeXo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ac2oUy223bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6JmgkvWNNwI1kkUwygUrB2Ob2d++4kpzWP5YCYJCyIcSj7gFI2VHv0QVeYzg9NeueJW3TnIKvFyUoEcjV75y+/HNI2YNFSg1l3PTUyQoTKcCjYt+almCdIxDlnXUokR00E2v3hKzqzSJ4NY2ZKGzNXfExlGWk+i0HZGaEZ62ZuJ/3nd1Ayug4zLJDVM0sWiQSqIicnsfdLnilEjJpYgVdzeSugIFVJjQyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAEChKe4RXeHO28OO/Ox6K14OQzx/AHzucP0OaRBg==</latexit>

⌘̄
<latexit sha1_base64="DzWvjiddrWkRGkNYct76Pr//Q+o=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4KrulqMeiF48V7Ae0a8mm2TY0m6xJtlCW/R1ePCji1R/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O2vrG5tb24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2d+e0KVZlI8mGlM/QgPBQsZwcZKfi9UmKRelvLHatYvld2KOwdaJV5OypCj0S999QaSJBEVhnCsdddzY+OnWBlGOM2KvUTTGJMxHtKupQJHVPvp/OgMnVtlgEKpbAmD5urviRRHWk+jwHZG2Iz0sjcT//O6iQmv/ZSJODFUkMWiMOHISDRLAA2YosTwqSWYKGZvRWSEbQ7G5lS0IXjLL6+SVrXiXVZq97Vy/SaPowCncAYX4MEV1OEOGtAEAk/wDK/w5kycF+fd+Vi0rjn5zAn8gfP5A8GPkho=</latexit>

1

l2

a b c d

<latexit sha1_base64="rPJwPmsMDalSJnHjj9VNmCMF41w=">AAACBHicbVC7TsMwFHV4lvIKMHaxqBAsVElVAWMFC2OR6ENq0spxndaq7US2g1RFGVj4FRYGEGLlI9j4G9w2A7Qc6UpH59yre+8JYkaVdpxva2V1bX1js7BV3N7Z3du3Dw5bKkokJk0csUh2AqQIo4I0NdWMdGJJEA8YaQfjm6nffiBS0Ujc60lMfI6GgoYUI22kvl3yQolw6mYp61XhOeS9aj/1iEanWda3y07FmQEuEzcnZZCj0be/vEGEE06Exgwp1XWdWPspkppiRrKilygSIzxGQ9I1VCBOlJ/OnsjgiVEGMIykKaHhTP09kSKu1IQHppMjPVKL3lT8z+smOrzyUyriRBOB54vChEEdwWkicEAlwZpNDEFYUnMrxCNkUtEmt6IJwV18eZm0qhX3olK7q5Xr13kcBVACx+AMuOAS1MEtaIAmwOARPINX8GY9WS/Wu/Uxb12x8pkj8AfW5w9u7pdV</latexit>

1

l2 �m2
⌘0

<latexit sha1_base64="BR/tUfH1z/NBeJbWM8UbnHGmgLk=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbRU0mkqMeiF48VTFtoQ9lsJ+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmOfg8kYluh8yAFAp8FCihnWpgcSihFY7uZn7rCbQRiXrEcQpBzAZKRIIztJLfBWTnvXLFrbpz0FXi5aRCcjR65a9uP+FZDAq5ZMZ0PDfFYMI0Ci5hWupmBlLGR2wAHUsVi8EEk/mxU3pmlT6NEm1LIZ2rvycmLDZmHIe2M2Y4NMveTPzP62QY3QQTodIMQfHFoiiTFBM6+5z2hQaOcmwJ41rYWykfMs042nxKNgRv+eVV0ryselfV2kOtUr/N4yiSE3JKLohHrkmd3JMG8QkngjyTV/LmKOfFeXc+Fq0FJ585Jn/gfP4AbWyOcg==</latexit>

⌘0

• Anomalies constraint GPDs
• Non-perturbative relations between GPDs 

mediated by anomalies (  and )
• Similar for the DIS structure functions ( )

Ẽ ℱ̃
t → 0
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Shore, Veneziano, 1992; Tarasov, Venugopalan, 2025



QCD energy-momentum tensor
Relation to the QCD energy-momentum tensor (EMT) is a unique feature of GPDs
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EMT provides access to the mechanical properties of the proton:

GFFs , ,  can be related to leading 
twist GPDs and probed at EIC:

Aa Ba Da

pressure inside proton Mass and pressure

Total angular 
momentum

<latexit sha1_base64="o6WXgu6tX1F1950L5lTMrRR6a6A=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBRKkpJilQ3Qq0bcVXBXqANYTKdtEMnF2cmQgl5Aze+ihsXirh16863cdpkoa0/DHz85xzOnN8JGRXSML613MLi0vJKfrWwtr6xuaVv77REEHFMmjhgAe84SBBGfdKUVDLSCTlBnsNI2xldTertB8IFDfw7OQ6J5aGBT12KkVSWrR/e2PH9ySC56Lkc4dhM4kpSukw9eAzrKR3ZetEoG1PBeTAzKIJMDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6EWChAiP0IB0FfrII8KKp/ck8EA5fegGXD1fwqn7eyJGnhBjz1GdHpJDMVubmP/VupF0z62Y+mEkiY/TRW7EoAzgJBzYp5xgycYKEOZU/RXiIVLBSBVhQYVgzp48D61K2ayWq7enxVo9iyMP9sA+KAETnIEauAYN0AQYPIJn8AretCftRXvXPtLWnJbN7II/0j5/AO4Pm1Q=</latexit>

Jq,g =
1

2
(Aq,g +Bq,g)

<latexit sha1_base64="EGaHfNWutu5XZX9bdUlv8MmK4fM="></latexit>

→p→|Tµω
q,g |p↑ = ū(p→)
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The pressure distribution inside the proton
V. D. Burkert1*, L. Elouadrhiri1 & F. X. Girod1

The proton, one of the components of atomic nuclei, is composed 
of fundamental particles called quarks and gluons. Gluons are the 
carriers of the force that binds quarks together, and free quarks 
are never found in isolation—that is, they are confined within 
the composite particles in which they reside. The origin of quark 
confinement is one of the most important questions in modern 
particle and nuclear physics because confinement is at the core of 
what makes the proton a stable particle and thus provides stability to 
the Universe. The internal quark structure of the proton is revealed 
by deeply virtual Compton scattering1,2, a process in which electrons  
are scattered off quarks inside the protons, which  subsequently 
emit high-energy photons, which are detected in coincidence 
with the scattered electrons and recoil protons. Here we report a 
measurement of the pressure distribution experienced by the quarks 
in the proton. We find a strong repulsive pressure near the centre of 
the proton (up to 0.6 femtometres) and a binding pressure at greater 
distances. The average peak pressure near the centre is about 1035 
pascals, which exceeds the pressure estimated for the most densely 
packed known objects in the Universe, neutron stars3. This work 
opens up a new area of research on the fundamental gravitational 
properties of protons, neutrons and nuclei, which can provide access 
to their physical radii, the internal shear forces acting on the quarks 
and their pressure distributions.

The basic mechanical properties of the proton are encoded in the 
gravitational form factors (GFFs) of the energy–momentum tensor1,4,5. 
Graviton–proton scattering is the only known process that can be used 
to directly measure these form factors4,6, whereas generalized parton 
distributions2,7,8 enable indirect access to the basic mechanical prop-
erties of the proton2.

A direct determination of the quark pressure distribution in the pro-
ton (Fig. 1) requires measurements of the proton matrix element of the 
energy–momentum tensor9. This matrix element contains three scalar 
GFFs that depend on the four-momentum transfer t to the proton. 
One of these GFFs, d1(t), encodes the shear forces and pressure distri-
bution on the quarks in the proton, and the other two, M2(t) and J(t), 
encode the mass and angular momentum distributions. Experimental 
information on these form factors is essential to gain insight into the 
dynamics of the fundamental constituents of the proton. The frame-
work of generalized parton distributions (GPDs)2,7,8 has provided a way 
to obtain information on d1(t) from experiments. The most effective 
way to access GPDs experimentally is deeply virtual Compton scat-
tering (DVCS)1,2, where high-energy electrons (e) are scattered from 
the protons (p) in liquid hydrogen as e p → e′ p′ γ, and the scattered 
electron (e′), proton (p′) and photon (γ) are detected in coincidence. 
In this process, the quark structure is probed with high-energy virtual 
photons that are exchanged between the scattered electron and the 
proton, and the emitted (real) photon controls the momentum transfer 
t to the proton, while leaving the proton intact. Recently, methods have 
been developed to extract information about the GPDs and the related 
Compton form factors (CFFs) from DVCS data10–13.

To determine the pressure distribution in the proton from the experi-
mental data, we follow the steps that we briefly describe here. We note 
that the GPDs, CFFs and GFFs apply only to quarks, not to gluons.
(1) We begin with the sum rules that relate the Mellin moments of the 
GPDs to the GFFs1.

(2) We then define the complex CFF, H, which is directly related to the 
experimental observables describing the DVCS process, that is, the 
differential cross-section and the beam-spin asymmetry.
(3) The real and imaginary parts of H can be related through a disper-
sion relation14–16 at fixed t, where the term D(t), or D-term, appears as 
a subtraction term17.
(4) We derive d1(t) from the expansion of D(t) in the Gegenbauer  
polynomials of ξ, the momentum transfer to the struck quark.
(5) We apply fits to the data and extract D(t) and d1(t).
(6) Then, we determine the pressure distribution from the relation 
between d1(t) and the pressure p(r), where r is the radial distance from 
the proton’s centre, through the Bessel integral.

The sum rules that relate the second Mellin moments of the chiral- 
even GPDs to the GFFs are1:

∫ ξ ξ+ =x H x t E x t x J t[ ( , , ) ( , , )]d 2 ( )

∫ ξ ξ= +xH x t x M t d t( , , )d ( ) 4
5

( )2
2

1

1Thomas Jefferson National Accelerator Facility, Newport News, VA, USA. *e-mail: burkert@jlab.org
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Fig. 1 | Radial pressure distribution in the proton. The graph shows 
the pressure distribution r2p(r) that results from the interactions of the 
quarks in the proton versus the radial distance r from the centre of the 
proton. The thick black line corresponds to the pressure extracted from 
the D-term parameters fitted to published data22 measured at 6 GeV. The 
corresponding estimated uncertainties are displayed as the light-green 
shaded area shown. The blue area represents the uncertainties from all the 
data that were available before the 6-GeV experiment, and the red shaded 
area shows projected results from future experiments at 12 GeV that will 
be performed with the upgraded experimental apparatus30. Uncertainties 
represent one standard deviation.
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proton mass. An exactly analogous decomposition exists
for matrix elements of the quark EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = ū0Fµ⌫ [Aq, Bq, Dq]u, (2)

where  q is the quark field of flavour q and D⌫ is the
gauge covariant derivative.

The individual EMT form factors depend on the renor-
malisation scheme and scale, µ. Since the isoscalar com-
binations of twist-two operators in Eqs. (1) and (2) mix
under renormalisation, so too do the individual isoscalar
quark and gluon form factors. This mixing takes the form
✓
Du+d(t, µ)
Dg(t, µ)

◆
=

✓
Zqq(

µ
µ0 ) Zqg(

µ
µ0 )

Zgq(
µ
µ0 ) Zgg(

µ
µ0 )

◆✓
Du+d(t, µ0)
Dg(t, µ0)

◆
,(3)

where the perturbative mixing coe�cients are given in
Ref. [5]. Because of conservation of the EMT, the
isoscalar combination of the quark and gluon pieces,
D(t) = Du+d(t, µ) +Dg(t, µ), is scale-invariant.

In terms of the total D(t) form factor, the shear and
pressure distributions in the proton can be expressed in
the Breit frame as [2–4]

s(r) = �r

2

d

dr

1

r

d

dr
eD(r), p(r) =

1

3

1

r2
d

dr
r2

d

dr
eD(r), (4)

respectively, where

eD(r) =

Z
d3~p

2E(2⇡)3
e�i~p·~r D(�~p 2). (5)

While scale-dependent quark and gluon contributions
to the shear forces sa(r, µ) can be computed from the
Dq,g(t, µ), only the total pressure distribution p(r) can
be determined; the individual quark and gluon contri-
butions to the pressure distribution depend not only
on the D-term GFFs but also on additional GFFs re-
lated to the trace of the EMT (that cancel in the sum [4]).

Lattice QCD quark and gluon D-term form fac-
tors: The quark GFFs of the proton have been computed
by a number of LQCD collaborations [6–11] since the first
studies in Refs. [12, 13] (see Ref. [14] for a review). While
there are as-yet no calculations directly at the physi-
cal quark masses, studies over masses corresponding to
0.21  m⇡ . 1.0 GeV show very mild mass-dependence
relative to the other statistical and systematic uncertain-
ties of the calculations. The t-dependence of the GFFs
has been determined over the range 0  |t| . 2 GeV2.
The calculations contain all contributions for the isovec-
tor combination Du�d(t, µ), while so-called disconnected
contractions have been neglected in existing determina-
tions of the isoscalar quark GFFs, Du+d(t, µ), since these
terms are both particularly numerically challenging to
compute and are found to be small for many other quan-
tities. An important observation from these determi-
nations of the GFFs is that the isovector combination
Du�d(t, µ) ⇠ 0 over the entire range of quark masses and
momentum transfers that have been studied. An exam-
ple of the isoscalar connected quark D-term form factor

◇
◇ ◇

◇ ◇

◇ ◇
◇ ◇

◇
◇ ◇ ◇

◇ ◇ ◇

◇
◇ ◇

◇ ◇

◇ ◇
◇ ◇

◇
◇ ◇ ◇

◇ ◇ ◇

△
△

△
△

△△△
△ △ △

△
△

△ △ △

△
△

△
△

△△△
△ △ △

△
△

△ △ △

▽▽
▽ ▽ ▽

▽▽
▽ ▽ ▽

▽ quark BEG
△ quark LQCD
◇ gluon LQCD

0.0 0.5 1.0 1.5 2.0
-5

-4

-3

-2

-1

0

1

FIG. 1: LQCD calculations of D(conn.)
u+d (t, µ) (purple trian-

gles) [8] and Dg(t, µ) (green diamonds) [15] at the scale µ = 2

GeV in the MS scheme. The BEG extracted D-term (blue

inverted triangles), rescaled to µ = 2 GeV, is also shown for

comparison. The shaded bands denote tripole (solid) and

modified z-expansion (dashed, Eq. (6)) fits to each data set.

from Ref. [8] is shown in Fig. 1 at quark masses corre-
sponding to m⇡ ⇠ 0.5 GeV.

The gluon D-term form factor was recently determined
for the first time in Ref. [15] at a single set of quark
masses corresponding to m⇡ ⇠ 0.45 GeV and at a single
lattice spacing and volume.1 Mixing with the isoscalar
quark operators in Eq. (2) was neglected based on
perturbative arguments [16]. The uncertainties, which
encompass statistical and systematic e↵ects in the gluon
D-term calculations, are somewhat larger than for the
quark form factor because of a more complicated renor-
malisation procedure and the much larger statistical
variance of gluonic quantities. Based on chiral perturba-
tion theory [17–21], the quark-mass dependence of this
isoscalar, purely gluonic quantity is expected to be mild
compared with that of many other observables such as
the nucleon electromagnetic form factors. Compared
with the LQCD determination of the isoscalar quark D-
term form factor at similar quark masses, the gluon form
factor is approximately twice as large, with a di↵erent t-
dependence, as shown in Fig. 1 and discussed in Ref. [15].

Model dependence: Since the pressure and shear
distributions in Eq. (4) involve Fourier transforms of the

1 Note that these LQCD calculations of the gluon D-term di↵er
in their action, lattice spacing, quark masses, and lattice volume
from the quark calculations of Ref. [8]. Both the quark and
gluon calculations are subject to systematic uncertainties arising
from the fixed parameters of the simulations; it is expected that
uncertainties from the finite lattice spacing are of O(a⇤QCD) ⇠

10%, except at |t| � 1 GeV2 where contribution of O(a
p
t) .

50% may arise (although note that the form factors are small
relative to the statistical uncertainties in this regime). Finite
volume e↵ects are expected to be O(e�m⇡L) . 1%.

Shanahan, Detmold, 2018
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dxxHq(x, ω, t) = Aq(t) + ω

2
Dq(t)
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dxxEq(x, ω, t) = Bq(t)→ ω2Dq(t)



How does the mass of the nucleon arise?
Trace of EMT: <latexit sha1_base64="+i5gz9AFU69khSFo/zhq9bomH78="></latexit>

Tµ
µ = (Tq)

µ
µ + (Tg)

µ
µ =

ω(g)

2g
Fµω,aF a

µω +
∑

q

mq(1 + εm)ϑ̄qϑq

matrix element:
trace anomaly chiral symmetry breaking <latexit sha1_base64="24KGlIxz03Au/iPNLZKdmgs5FBg="></latexit>

→P |(Tq,g)
µ
µ|P ↑ = 2M2(Aq,g + 4C̄q,g)

Mass of the nucleon can be extracted from the trace of EMT:
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→P |Tµ
µ(0)|P ↑ = 2P 2 = 2M2

n

nucleon’s rest 
frame

<latexit sha1_base64="wRrgOOxo/QoCTgNLp0Yt6qHoR5g="></latexit>

Mn =
∑

f=q,g

→P |T 00
f (0)|P ↑
2P 0

• Can be further decomposed into gauge 
invariant terms

• Each term has its own physical 
interpretation and relation to observables

• But the decomposition is not unique, 
different schemes are available

• Trace anomaly can be extracted directly 
from near-threshold quarkonium production

23

Extract the Trace Anomaly from Experiments
q Lepton production at high Q2 – Need EIC: Boussarie & Hatta et al, 

Phys.Rev.D 101 (2020) 11, 114004) 

High Q2 allows to use OPE

Large Sl-p can still be near threshold:

<latexit sha1_base64="HS/iVST1T6DSRym5Do/T3e2QUsE="></latexit>

1→ b =
↑P |ω(g)2g F 2|P ↓

2M2
N

Kg ¼
!
CgF −

Cgm
Cqm

CqF

"−1
; Kq ¼ −

Cgm
Cqm

Kg; ð45Þ

where [αs ¼ αsðQ2Þ]

Cqm ¼ 1þ CF

3π
αs; CqF ¼

nf
12π

αs; ð46Þ

Cgm ¼ 7CF

6π
αs; CgF ¼ −

11Nc

24π
αs: ð47Þ

See [26] for the three-loop result. Finally, the square of
the prefactor in (9) is evaluated as [including the factor ef
from (13)]

e4ce2M4

g2γJ=ψ
≈ 24.6; ð48Þ

where we set ec ¼ 2=3, M ¼ 3.1 GeV, Γeþe− ¼ 5.55 keV
and αem ¼ e2=4π ¼ 1=137. The corresponding value for
ϒ is

e4be
2M4

g2γϒ
≈ 19.4; ð49Þ

where eb ¼ −1=3, M ¼ 9.46 GeV and Γeþe− ¼ 1.34 keV.
The parameter β should be determined by fitting the data
(for example the total cross section at some value ofW) for
each quarkonium species. In the numerical results below
we set jβj ¼ 1.
In Fig. 1, we show the total and differential cross sections

for J=ψ at Q ¼ 8 GeV, αsðQÞ ¼ 0.2. The latter is evalu-
ated at W ¼ 4.4 GeV. In both plots, the upper and lower
dashed curves correspond to Case 1 with Dg ¼ 0 and
Dg ¼ −7.2, respectively. We see a dramatic impact of the

gluon D-term.6 A negative (positive) D-term tends to shrink
(enhance) the differential cross section. The same tendency
has been observed in [9] in the case of photoproduction
Q2 ¼ 0. The upper and lower solid curves correspond to
Case 2 with b ¼ 1 (zero gluon condensate) and b ¼ 0 (zero
quark condensate), respectively. We see that the depend-
ence on the parameter b is significant. We also see that the
gluon condensate tends to reduce the cross section, which is
actually opposite to what was found in [9]. It is not clear to
us whether this is due to the fact that different processes
were considered (photoproduction vs leptoproduction), or
perhaps due to the deficiency of the model used in [9].
Next, in Fig. 2 we show the result for ϒ at Q ¼ 18 GeV,

αsðQÞ ¼ 0.16. Near the threshold (Wth ¼ 10.4 GeV), the
cross section becomes very small. In the right panel we
selected a somewhat large value W ¼ 12.5 GeV consider-
ing the realistic luminosity of EIC. Again we see a large
effect of the D-term. However, the impact of the trace
anomaly and the split between b ¼ 1 and b ¼ 0 are barely
visible. This suggests that, at least theoretically, ϒ pro-
duction is better suited for the purpose of extracting the
D-term.
In photoproduction, the J=ψ total cross section is about

1 nb at W ¼ 4.5 GeV [16]. In leptoproduction, we see that
the cross section is several orders of magnitude smaller. For
ϒ production, there is another 2 orders of magnitude
suppression. Besides, what is computed here is the cross
section in the γ%p subsystem. Thus, near-threshold lep-
toproduction is a luminosity-hungry observable. Moreover,
as explained in Sec. III, one needs a large leverage in Q2 to
extract the D-term. Given these requirements, we think that
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FIG. 1. J=ψ total and differential cross sections at Q2 ¼ 64 GeV2. The upper and lower dashed curves correspond to Case 1 with
Dg ¼ 0 and Dg ¼ −7.2, respectively. The upper and lower solid curves correspond to Case 2, Dg ¼ −7.2, with b ¼ 1 and b ¼ 0,
respectively.

6Remember that we neglected the RG evolution of Dg from
μR ¼ 2 GeV toQ ¼ 8 GeV. The value jDgð0Þj at the scaleQwill
be smaller than 7.2 so the actual difference between the two
dashed curves is expected to be smaller.
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dω

dt
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|t|
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Dg = 0
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Dg →= 0
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b = 1
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b = 0



Jets at EIC
Became an active area of research. EIC is a relatively low energy machine  smaller multiplicities and , 
but there are certain advantages, e.g. less underlying events, clean environment to study jets

→ p⊥

Jets provide more direct access to underlying partonic subprocesses:
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ω→

single jet dijet
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Jet production in e+p collisions

§ LO, NLO, NNLO frontiers

8

unpolarized

polarized

Borsa, de Florian, Pedron, PRL 20, PRD 21

Borsa, de Florian, Pedron, 2020

In many aspects the research program of jets at EIC is similar to 
studies of jets in pA collisions:

ion beams available for electron-nucleus colli-
sions at the EIC would provide a femtometer
filter to test and to help determine the cor-

rect mechanism by which quarks and gluons
lose energy and hadronize in nuclear matter
(see schematic in Fig. 1.7 (Left)).
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Figure 1.7: Left: A schematic illustrating the interaction of a parton moving through cold
nuclear matter: the hadron is formed outside (top) or inside (bottom) the nucleus. Right: The
ratio of the semi-inclusive cross-section for producing a pion (red) composed of light quarks,
and a D

0 meson (blue) composed of heavy quarks in e+lead collisions to e+deuteron collisions,
plotted as a function of z, the ratio of the momentum carried by the produced hadron to that
of the virtual photon (�⇤), as shown in the plots on the left.

Figure 1.7 (Right) shows the ratio of
the number of produced mesons in elec-
tron+nucleus and electron+deuteron colli-
sions for pions (light mesons) and D0-mesons
(heavy mesons) at both low and high virtual
photon energy ⌫, as a function of z – that is,
the momentum fraction of the virtual pho-
ton taken by the observed meson. The cal-
culation of the lines and blue circle symbols
assumes that the mesons are formed outside
of the nucleus, as shown in the top sketch of
Fig. 1.7 (Left), while the square symbols are
simulated according to a model where a color
neutral pre-hadron was formed inside the nu-

cleus, like in the bottom sketch of Fig. 1.7
(Left). The location of measurements within
the shaded area would provide the first di-
rect information on when the mesons are
formed. Unlike the suppression expected for
pion production at all z, the ratio of heavy
meson production could be larger than unity
due to very di↵erent hadronization proper-
ties of heavy mesons. The discovery of such a
dramatic di↵erence in multiplicity ratios be-
tween light and heavy mesons at the EIC will
shed light on the hadronization process and
on what governs the transition from quarks
to hadrons.
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Jet modification in e+A

§ Similar formalism in A+A applied to e+A collisions

20

Kang, Ringer, Vitev, PLB 2017

Li, Vitev, 2020

Kang, Ringer, Vitev, 2017; Li, Vitev, 2020;

jets in cold nuclear matter, insights into 
hadronization, jet modification in eA

ion beams available for electron-nucleus colli-
sions at the EIC would provide a femtometer
filter to test and to help determine the cor-

rect mechanism by which quarks and gluons
lose energy and hadronize in nuclear matter
(see schematic in Fig. 1.7 (Left)).
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Figure 1.7: Left: A schematic illustrating the interaction of a parton moving through cold
nuclear matter: the hadron is formed outside (top) or inside (bottom) the nucleus. Right: The
ratio of the semi-inclusive cross-section for producing a pion (red) composed of light quarks,
and a D

0 meson (blue) composed of heavy quarks in e+lead collisions to e+deuteron collisions,
plotted as a function of z, the ratio of the momentum carried by the produced hadron to that
of the virtual photon (�⇤), as shown in the plots on the left.

Figure 1.7 (Right) shows the ratio of
the number of produced mesons in elec-
tron+nucleus and electron+deuteron colli-
sions for pions (light mesons) and D0-mesons
(heavy mesons) at both low and high virtual
photon energy ⌫, as a function of z – that is,
the momentum fraction of the virtual pho-
ton taken by the observed meson. The cal-
culation of the lines and blue circle symbols
assumes that the mesons are formed outside
of the nucleus, as shown in the top sketch of
Fig. 1.7 (Left), while the square symbols are
simulated according to a model where a color
neutral pre-hadron was formed inside the nu-

cleus, like in the bottom sketch of Fig. 1.7
(Left). The location of measurements within
the shaded area would provide the first di-
rect information on when the mesons are
formed. Unlike the suppression expected for
pion production at all z, the ratio of heavy
meson production could be larger than unity
due to very di↵erent hadronization proper-
ties of heavy mesons. The discovery of such a
dramatic di↵erence in multiplicity ratios be-
tween light and heavy mesons at the EIC will
shed light on the hadronization process and
on what governs the transition from quarks
to hadrons.
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q Jet angularity are a family of one-parameter substructure 
observables correlating momentum and radial distance of 
particles in a jet

q Different choices of ‘a’ parameter interpolate between familiar 
substructure observables such as mass and broadening

q Sensitive to hadronization effects via convolution with the non-
perturbative shape function Ω1

26POETIC 2023 - Page

Jet Substructure: Angularity 

NP Effects

Aschenauer, Lee, Page, Ringer `20 & ATHENA ProposalAschenauer, Lee, Page, Ringer, 2020jet substructure

jet production in ep collisions



Jets at EIC: interplay with other fields
Many studies of jets at EIC will be complimentary 
to other components of the program, but also 
unique on its own

Jet substructure: polarized jet fragmentation function

§ One can further measure distribution of hadrons inside the jet
§ Two axes: imbalance controls TMD PDFs, while the hadron transverse 

momentum w.r.t jet axis controls TMD FFs 

§ Advantage over hadron production SIDIS
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<latexit sha1_base64="MV5cx/Pg1hWKCAkcU4w6WN5D6YU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0mkoMeiF48V7Qc0IWy2m2bpZhN2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MONMacf5tiobm1vbO9Xd2t7+weGRfXzSVWkuCe2QlKeyH2JFORO0o5nmtJ9JipOQ0144vpv7vQmViqXiSU8z6id4JFjECNZGCmzbi7EuvCxms6B4DOJZYNedhrMAWiduSepQoh3YX94wJXlChSYcKzVwnUz7BZaaEU5nNS9XNMNkjEd0YKjACVV+sbh8hi6MMkRRKk0JjRbq74kCJ0pNk9B0JljHatWbi/95g1xHN37BRJZrKshyUZRzpFM0jwENmaRE86khmEhmbkUkxhITbcKqmRDc1ZfXSfeq4TYbzYdmvXVbxlGFMziHS3DhGlpwD23oAIEJPMMrvFmF9WK9Wx/L1opVzpzCH1ifPw+Vk/E=</latexit>

�̂h

<latexit sha1_base64="pS1iGr4hOLxAf81n3HjD73fQask=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0GPRi8cK9gPaWDbbTbN0swm7E6WE/A8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPTwTX6DjfVmltfWNzq7xd2dnd2z+oHh51dJwqyto0FrHq+UQzwSVrI0fBeoliJPIF6/qTm5nffWRK81je4zRhXkTGkgecEjTSwyAkmA2SkOfDLMyH1ZpTd+awV4lbkBoUaA2rX4NRTNOISaSCaN13nQS9jCjkVLC8Mkg1SwidkDHrGypJxLSXza/O7TOjjOwgVqYk2nP190RGIq2nkW86I4KhXvZm4n9eP8Xgysu4TFJkki4WBamwMbZnEdgjrhhFMTWEUMXNrTYNiSIUTVAVE4K7/PIq6VzU3Ua9cdeoNa+LOMpwAqdwDi5cQhNuoQVtoKDgGV7hzXqyXqx362PRWrKKmWP4A+vzBzQWkvo=</latexit>

Sh?

<latexit sha1_base64="RS9ybw2G2Ikrkae3Yvss+AHK4Vc=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRITFWCKsFYwcJYBH1ITRQ5jtNadezIdpCqKAu/wsIAQqx8Bht/g9NmgJYjWT46517de0+YMqq043xbK6tr6xubta369s7u3r59cNhTIpOYdLFgQg5CpAijnHQ11YwMUklQEjLSDyc3pd9/JFJRwR/0NCV+gkacxhQjbaTAPvZCwSI1TcyX3xdBPvZSItMisBtO05kBLhO3Ig1QoRPYX14kcJYQrjFDSg1dJ9V+jqSmmJGi7mWKpAhP0IgMDeUoIcrPZwcU8MwoEYyFNI9rOFN/d+QoUeWOpjJBeqwWvVL8zxtmOr7yc8rTTBOO54PijEEtYJkGjKgkWLOpIQhLanaFeIwkwtpkVjchuIsnL5PeRdNtNVt3rUb7uoqjBk7AKTgHLrgEbXALOqALMCjAM3gFb9aT9WK9Wx/z0hWr6jkCf2B9/gDxj5dI</latexit>

j?

<latexit sha1_base64="R6rG05HWmdXACM+5sHH9aVu/CGo=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+AQPI1WBnocevE4wX3AWkqaZltcmoYkFUbtwX/FiwdFvPpvePO/Md160M0HIY/3fj/y8kLBqNKO821VVlbX1jeqm7Wt7Z3dPXv/oKuSVGLSwQlLZD9EijDKSUdTzUhfSILikJFeOLku/N4DkYom/E5PBfFjNOJ0SDHSRgrsIy9MWKSmsbmy+zzIPEGkyAO77jScGeAycUtSByXagf3lRQlOY8I1ZkipgesI7WdIaooZyWteqohAeIJGZGAoRzFRfjbLn8NTo0RwmEhzuIYz9fdGhmJVRDSTMdJjtegV4n/eINXDSz+jXKSacDx/aJgyqBNYlAEjKgnWbGoIwpKarBCPkURYm8pqpgR38cvLpHvecJuN5m2z3roq66iCY3ACzoALLkAL3IA26AAMHsEzeAVv1pP1Yr1bH/PRilXuHII/sD5/AElFlu0=</latexit>

ST

<latexit sha1_base64="VYhKseuvPbgIFYnpL6gXUNvLPI8=">AAAB+3icbVDNS8MwHE3n15xfdR69BIfgabQy0OPQi8eJ+4KtlDRNt7A0KUkqjtJ/xYsHRbz6j3jzvzHdetDNByGP934/8vKChFGlHefbqmxsbm3vVHdre/sHh0f2cb2vRCox6WHBhBwGSBFGOelpqhkZJpKgOGBkEMxuC3/wSKSignf1PCFejCacRhQjbSTfro8DwUI1j82VPeR+1s19u+E0nQXgOnFL0gAlOr79NQ4FTmPCNWZIqZHrJNrLkNQUM5LXxqkiCcIzNCEjQzmKifKyRfYcnhslhJGQ5nANF+rvjQzFqohnJmOkp2rVK8T/vFGqo2svozxJNeF4+VCUMqgFLIqAIZUEazY3BGFJTVaIp0girE1dNVOCu/rlddK/bLqtZuu+1WjflHVUwSk4AxfABVegDe5AB/QABk/gGbyCNyu3Xqx362M5WrHKnRPwB9bnD8qnlO8=</latexit>

R

h

jet

j?

zh = phT /p
jet
T

<latexit sha1_base64="d1X1oH9aMFYoyPpqaT39b8OOEKw="></latexit>

j? : hadron transverse momentum

with respect to the jet

quark

Kang, Lee, Zhao, PLB 20
Kang, Lee, Shao, Zhao, JHEP 21

Jet substructure: polarized jet fragmentation function

§ One can further measure distribution of hadrons inside the jet
§ Two axes: imbalance controls TMD PDFs, while the hadron transverse 

momentum w.r.t jet axis controls TMD FFs 

§ Advantage over hadron production SIDIS
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SA

<latexit sha1_base64="TQ/iYeWtFXUeQnCpt6a6e4bPFH4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fj14rFS+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPo3/VLZrbhzkFXi5aQMOer90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlqXFa9aqT5Uy7XbPI4CnMIZXIAHV1CDe6hDExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHtyY2S</latexit>

pA

<latexit sha1_base64="fsSpurDh35zNhxq54dNyY8xWh9k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeqF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6R/3S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWruvVeo3eRxFOIFTOAcPLqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEaBo2v</latexit>

pB/p`

<latexit sha1_base64="DFaLNmoSoOQhkeavspuxwMxBuJ8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02koMdSLx4r2FpsQ9hsJ+3SzSbsboRS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1KNgktsGW4EdlKFNA4FPoSjm5n/8IRK80Tem3GKfkwHkkecUWOlxzRoXKRBD4UIyhW36s5BVomXkwrkaAblr14/YVmM0jBBte56bmr8CVWGM4HTUi/TmFI2ogPsWippjNqfzC+ekjOr9EmUKFvSkLn6e2JCY63HcWg7Y2qGetmbif953cxE1/6EyzQzKNliUZQJYhIye5/0uUJmxNgSyhS3txI2pIoyY0Mq2RC85ZdXSfuy6tWqtbtapd7I4yjCCZzCOXhwBXW4hSa0gIGEZ3iFN0c7L86787FoLTj5zDH8gfP5Axm6kI0=</latexit>

�SA
<latexit sha1_base64="gOjjGqEF8WNOjXwddPXEijVlWdo=">AAAB8nicbZDLSsNAFIYn9VbjrerSTWgRXJVExcuu6sZlRdMW0hAm00k7dDITZiZCCV37BG5cKOLGhU/jzvfwAZykRdT6w8DH/5/DnHPChBKpbPvDKM3NLywulZfNldW19Y3K5lZL8lQg7CJOueiEUGJKGHYVURR3EoFhHFLcDocXed6+xUISzm7UKMF+DPuMRARBpS3P7CYDEmTXwdk4qNTsul3ImgVnCrVGNYruPt3XZlB57/Y4SmPMFKJQSs+xE+VnUCiCKB6b3VTiBKIh7GNPI4Mxln5WjDy2drXTsyIu9GPKKtyfHRmMpRzFoa6MoRrIv1lu/pd5qYpO/IywJFWYoclHUUotxa18f6tHBEaKjjRAJIie1UIDKCBS+kpmcYTTXEffK89Ca7/uHNQPr5xa4xxMVAY7oAr2gAOOQQNcgiZwAQIc3INH8GQo48F4Nl4mpSVj2rMNfsl4+wKr/JS0</latexit>

jet
<latexit sha1_base64="pdBkAQSoRPKY6N5G5YnH89ZdodM=">AAAB8XicbZDLSsNAFIYn9VbrrepSkWARXJVExcuu6MZlC/aCbSmT6Wk7djIJMydiCV36Bm5cKOLWF+hzuPMZfAmTtIhafxj4+P9zmHOO4wuu0bI+jNTM7Nz8Qnoxs7S8srqWXd+oaC9QDMrME56qOVSD4BLKyFFAzVdAXUdA1elfxHn1FpTmnrzCgQ9Nl3Yl73BGMbKuGwh3GN4ADlvZnJW3EpnTYE8gV9gelT7vd0bFVva90fZY4IJEJqjWddvysRlShZwJGGYagQafsj7tQj1CSV3QzTCZeGjuRU7b7HgqehLNxP3ZEVJX64HrRJUuxZ7+m8Xmf1k9wM5pM+TSDxAkG3/UCYSJnhmvb7a5AoZiEAFlikezmqxHFWUYHSmTHOEs1vH3ytNQOcjbh/mjkp0rnJOx0mSL7JJ9YpMTUiCXpEjKhBFJHsgTeTa08Wi8GK/j0pQx6dkkv2S8fQEyEZUa</latexit>

h
<latexit sha1_base64="o0PnW9Qu0oHR+bO/AIAJRGge31A=">AAAB6HicbZDLSsNAFIZPvNZ4q7p0M1gEVyVR8bIQi25ctmAv0IYymU7bsZNJmJkIJfQJ3LhQxK0+jHs34ts4SYuo9YeBj/8/hznn+BFnSjvOpzUzOze/sJhbspdXVtfW8xubNRXGktAqCXkoGz5WlDNBq5ppThuRpDjwOa37g8s0r99SqVgorvUwol6Ae4J1GcHaWJV+O19wik4mNA3uBArnb/ZZ9Pphl9v591YnJHFAhSYcK9V0nUh7CZaaEU5HditWNMJkgHu0aVDggCovyQYdoV3jdFA3lOYJjTL3Z0eCA6WGgW8qA6z76m+Wmv9lzVh3T7yEiSjWVJDxR92YIx2idGvUYZISzYcGMJHMzIpIH0tMtLmNnR3hNNXR98rTUNsvugfFw4pbKF3AWDnYhh3YAxeOoQRXUIYqEKBwBw/waN1Y99aT9TwunbEmPVvwS9bLF0b5kGI=</latexit>

Sh

<latexit sha1_base64="jrDYGJ0EuJXG9RGxLjL0krf/jEs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+V2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKzeZgPChX3Kq7AFknXk4qkKMxKH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbSvql6tWnuoVeq3eRxFOINzuAQPrqEO99CAFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AEo9I25</latexit>

zJ

<latexit sha1_base64="MpZsu57jNfdSVplhK3x+ktubTfw=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokU9Fj0Ip4q2A9IQ9lsN+3SzW7YnYg19Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnH17nfeWDacCXvYZKwICZDySNOCVjJ7wF7hOxp2r8t9ytVt+bOgJeJV5AqKtDsV756A0XTmEmgghjje24CQUY0cCrYtNxLDUsIHZMh8y2VJGYmyGYnT/GpVQY4UtqWBDxTf09kJDZmEoe2MyYwMoteLv7n+SlEl0HGZZICk3S+KEoFBoXz//GAa0ZBTCwhVHN7K6YjogkFm1Iegrf48jJpn9e8eq1+V682roo4SugYnaAz5KEL1EA3qIlaiCKFntErenPAeXHenY9564pTzByhP3A+fwA2E5E1</latexit>

xJ

<latexit sha1_base64="DAKpGr4/ko36AAPO3SCYPRC5lBc=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokU9Fj0Ip4q2A9IQ9lsN+3SzW7YnUhL6M/w4kERr/4ab/4bN20O2vpg4PHeDDPzwkRwA6777aytb2xubZd2yrt7+weHlaPjtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOOb3O/88S04Uo+wjRhQUyGkkecErCS3wM2gWwy69+X+5WqW3PnwKvEK0gVFWj2K1+9gaJpzCRQQYzxPTeBICMaOBVsVu6lhiWEjsmQ+ZZKEjMTZPOTZ/jcKgMcKW1LAp6rvycyEhszjUPbGRMYmWUvF//z/BSi6yDjMkmBSbpYFKUCg8L5/3jANaMgppYQqrm9FdMR0YSCTSkPwVt+eZW0L2tevVZ/qFcbN0UcJXSKztAF8tAVaqA71EQtRJFCz+gVvTngvDjvzseidc0pZk7QHzifPzMDkTM=</latexit>

yJ

<latexit sha1_base64="2Z3Vgf/4WBLfzPC4mhOPCN0unKg=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mkoMeiF/FUwX5AG8pmu2mXbnbD7kQMoT/DiwdFvPprvPlv3LQ5aOuDgcd7M8zMC2LBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaMSTVmbKqF0LyCGCS5ZGzgI1os1I1EgWDeY3uR+95Fpw5V8gDRmfkTGkoecErBSfwDsCbJ0NryrDKs1t+7OgVeJV5AaKtAaVr8GI0WTiEmgghjT99wY/Ixo4FSwWWWQGBYTOiVj1rdUkogZP5ufPMNnVhnhUGlbEvBc/T2RkciYNApsZ0RgYpa9XPzP6ycQXvkZl3ECTNLFojARGBTO/8cjrhkFkVpCqOb2VkwnRBMKNqU8BG/55VXSuah7jXrjvlFrXhdxlNEJOkXnyEOXqIluUQu1EUUKPaNX9OaA8+K8Ox+L1pJTzByjP3A+fwA0i5E0</latexit>

x

<latexit sha1_base64="qt4o6cXFMptE+aIX3nJAFlDDbZE=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KokU9Fj04rGC/YA2lM120i7dbOLuRFpC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxuZ37rCbQRsXrASQJ+xAZKhIIztFK7izDGbDztlcpuxZ2DrhIvJ2WSo94rfXX7MU8jUMglM6bjuQn6GdMouIRpsZsaSBgfsQF0LFUsAuNn83un9NwqfRrG2pZCOld/T2QsMmYSBbYzYjg0y95M/M/rpBhe+5lQSYqg+GJRmEqKMZ09T/tCA0c5sYRxLeytlA+ZZhxtREUbgrf88ippXla8aqV6Xy3XbvI4CuSUnJEL4pErUiN3pE4ahBNJnskreXMenRfn3flYtK45+cwJ+QPn8wepApBi</latexit>

y

<latexit sha1_base64="yROZwmE8+zxU+27vIONWJwVaqvU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2aTab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/8TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHq1au2uVqlf53EU4QRO4Rw8uIQ63EIDmsBAwjO8wpvz4Lw4787HorXg5DPH8AfO5w+qh5Bj</latexit>

z

<latexit sha1_base64="W+TNK2M6NF1BZDNyl6nbBlVxvG0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fj04rGC/YA2lM120y7dbOLuRKyhf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR9dRvPXBtRKzucJxwP6IDJULBKFqp3UX+iNnTpFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3gk5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTJ8nfaE5Qzm2hDIt7K2EDammDG1ERRuCt/jyMmmeV7xqpXpbLdeu8jgKcAwncAYeXEANbqAODWAg4Rle4c25d16cd+dj3rri5DNH8AfO5w+sDJBk</latexit>

�̂Sh

<latexit sha1_base64="MV5cx/Pg1hWKCAkcU4w6WN5D6YU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0mkoMeiF48V7Qc0IWy2m2bpZhN2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MONMacf5tiobm1vbO9Xd2t7+weGRfXzSVWkuCe2QlKeyH2JFORO0o5nmtJ9JipOQ0144vpv7vQmViqXiSU8z6id4JFjECNZGCmzbi7EuvCxms6B4DOJZYNedhrMAWiduSepQoh3YX94wJXlChSYcKzVwnUz7BZaaEU5nNS9XNMNkjEd0YKjACVV+sbh8hi6MMkRRKk0JjRbq74kCJ0pNk9B0JljHatWbi/95g1xHN37BRJZrKshyUZRzpFM0jwENmaRE86khmEhmbkUkxhITbcKqmRDc1ZfXSfeq4TYbzYdmvXVbxlGFMziHS3DhGlpwD23oAIEJPMMrvFmF9WK9Wx/L1opVzpzCH1ifPw+Vk/E=</latexit>

�̂h

<latexit sha1_base64="pS1iGr4hOLxAf81n3HjD73fQask=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0GPRi8cK9gPaWDbbTbN0swm7E6WE/A8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPTwTX6DjfVmltfWNzq7xd2dnd2z+oHh51dJwqyto0FrHq+UQzwSVrI0fBeoliJPIF6/qTm5nffWRK81je4zRhXkTGkgecEjTSwyAkmA2SkOfDLMyH1ZpTd+awV4lbkBoUaA2rX4NRTNOISaSCaN13nQS9jCjkVLC8Mkg1SwidkDHrGypJxLSXza/O7TOjjOwgVqYk2nP190RGIq2nkW86I4KhXvZm4n9eP8Xgysu4TFJkki4WBamwMbZnEdgjrhhFMTWEUMXNrTYNiSIUTVAVE4K7/PIq6VzU3Ua9cdeoNa+LOMpwAqdwDi5cQhNuoQVtoKDgGV7hzXqyXqx362PRWrKKmWP4A+vzBzQWkvo=</latexit>
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Jet measurements for 3D imaging: 
hadrons in jets provide access to 
TMDPDFs and TMDFFs
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Event shape observables like energy-energy correlator (EEC) or transverse-energy-
energy correlator (TEEC) are sensitive to TMDPDFs in the back-to back limit
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FIG. 1. Illustration of TEEC for DIS in the lab frame (left panel). The incoming proton momentum PA and electron momentum
ω define the z-axis. We align the transverse momentum of the outgoing electron pe

T with the +y-direction to define the xy-plane
(right panel).

produced lepton in the laboratory frame with respect to
the beam direction, and we take the outgoing lepton to lie

along the y-axis. On the other hand, f (u)
q

(
x, b, µ, ω/ε

2
)

is the “unsubtracted” TMD quark distribution, where
b is the x-component of the b vector in the standard
quark TMD distribution as probed e.g. in semi-inclusive
DIS [51, 52]. In other words, we have b → (bx, by) = (b, 0)
and thus the integration limits are given by b ↑ (↓↔,↔)
in the first line of Eq. (4). It is important to realize
that the cross section is di!erential in variable ϑ (i.e.
azimuthal angle ϖ), which is related to the x component
of the transverse momentum of the final observed hadron,

|Phx|/z = PhT /z| sin ϱ| ↗ 2
↘
ϑ p

e
T , (5)

where z is the momentum fraction of the quark carried
by the hadron fragmenting from it. Consequently, we
have a one-dimensional Fourier transform, i.e. only the
x component of the conjugated coordinate variable b is
relevant. This has been derived clearly in [27, 50, 53].
Snnh(b, µ, ε) is the soft function representing the con-
tribution from soft gluon radiation, and H(Q,µ) is the

hard function. At the same time, J (u)
q (b, µ, ω →/ε2) is the

“unsubtracted” TEEC jet function, which has a close re-
lation with the TMD fragmentation functions as given
below. On the second line of Eq. (4), taking the advan-

tage that the functions f (u)
q , Snnh , and J

(u)
q are all even

function of b as they depend on b
2, we further simplify

the integration to be in the region b ↑ (0,↔).
Finally, the well-known prefactor ς0 is the leading-

order (LO) partonic cross section for lepton-quark scat-
tering

ς0 =
2φ2

em

sQ2

ŝ
2 + û

2

t̂2
, (6)

where φem is the fine structure constant, s is the center-
of-mass energy squared of the incoming lepton and the
proton beam, Q

2 represents the photon virtuality. In
the back-to-back lepton-hadron production region, the

partonic Mandelstam variables ŝ, t̂ and û are connected
to the Bjorken-x and other kinematic variables:

ŝ = xs , (7)

t̂ = ↓Q
2 = ↓p

e
T e

ye
↘
s , (8)

û = ↓xp
e
T e

↑ye
↘
s . (9)

For convenience, we also list here the Bjorken x and in-
elasticity y written in terms of other kinematical variables
of interest:

x =
p
e
T e

ye

↘
s↓ p

e
T e

↑ye
, (10)

y = 1↓ p
e
T↘
s
e
↑ye =

Q
2

xs
, (11)

where we have used the momentum conservation relation
ŝ+ t̂+ û = 0.
In the following subsections, we will identify all

the components in the factorization theorem as given
in Eq. (4).

A. Quark distribution

In this subsection, we provide a short overview of TMD
quark distribution and discuss its expansion in terms of
gluon dipole distribution in the small-x limit.
For the “unsubtracted” TMD quark distribution

f
(u)
q

(
x, b, µ, ω/ε

2
)
, we have the Collins-Soper scale ω [51,

54, 55] and a rapidity scale ε [56]. The rapidity diver-

gence in f
(u)
q can be canceled by subtracting a square root

of the standard soft function Snn(b, µ, ε) whose result at
the next-to-leading order (NLO) is given by

Snn(b, µ, ε) = 1↓ φsCF
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[
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)
↓ 2
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↼
2

6

+ 2

(
2

⇀
+ ln
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ε
2
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))(
1

↽
+ ln
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µ
2

µ
2
b

))]
, (12)
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tion [35–37]. The BFKL equation, a linear evolution
equation, describes the evolution of the gluon distribu-
tion in terms of x. Its solution manifests a sharp in-
crease as x decreases. Nonetheless, the gluon density
is constrained from escalating indefinitely at high ener-
gies. In experimental observations, compelling evidence
has emerged, especially at diminutive x values, indicating
the presence of a distinct QCD regime known as the sat-
uration regime. This regime eludes comprehensive expli-
cation through conventional linear QCD evolution frame-
works [38–41].

Searching for the gluon saturation phenomenon [38,
41–47] is one of the scientific goals of the future EIC.
The saturation physics refers to a phenomenon where
the gluon density becomes so dominating that the in-
teractions among gluons become significant, leading to a
saturation of parton densities at small values of the par-
tonic longitudinal momentum fraction x. Namely, this
saturation occurs at high energy and small x, charac-
terized by a saturation scale, denoted as Qs. Traditional
linear QCD evolution equations, such as the BFKL equa-
tion, no longer accurately describe the dynamics in this
regime [38, 42]. One then needs the non-linear exten-
sion of the BFKL equation, the Balitsky-Kovchegov (BK)
equation [48, 49]. This non-linear dynamic phenomenon
can be characterized better when a nuclear target is in-
volved, wherein the interaction extends across a longi-
tudinal distance approximately equal to or greater than
the size of the nucleus. Under these conditions, the in-
dividual nucleons positioned at the same impact param-
eter become indistinguishable. Gluons originating from
distinct nucleons have the potential to magnify the over-
all transverse gluon density by a factor of A1/3 with A

being the mass number of the target. Therefore, a sub-
stantial alteration in the TEEC is expected when the
target hadron is substituted from a proton to a heavy
nucleus like gold. Consequently, this novel observable,
when explored at the forthcoming EIC, has the potential
to provide further compelling evidence for parton satu-
ration.

The rest of the paper is structured as follows. Sec-
tion II provides the theoretical formalism for TEEC in
DIS. We explain each component in the factorization, in-
cluding the quark distribution in the small-x region and

a detailed construction of the TEEC jet function. Sec-
tion III presents our phenomenological study to demon-
strate the potential of TEEC observables for probing
gluon saturation and nuclear modification e!ects using
ep/eA collisions. Finally, we conclude our work in Sec-
tion IV.

II. THEORETICAL FORMALISM

In this section, following the theoretical formalism of
TEEC in Deep Inelastic Scattering [27], we study the
transverse energy-energy correlation between the lepton
and hadrons in the final state:

e(ω) + p/A(PA) → e(ω→) + h(Ph) +X , (1)

where the scattered electron and final hadron are pro-
duced in a back-to-back configuration in the transverse
plane. The TEEC is illustrated in Fig. 1 and defined as:

TEEC =
∑

h

∫
dεDIS

ET,lET,h

ET,l
∑

i ET,i
ϑ

(
ϖ ↑ 1 + cosϱ

2

)

=
∑

h

∫
dεDIS

ET,h∑
i ET,i

ϑ

(
ϖ ↑ 1 + cosϱ

2

)
, (2)

where the sum runs over all the hadrons in the final state,
and we define the variable ϖ as:

ϖ =
1 + cosϱ

2
. (3)

Here ϱ is the azimuthal angle between the final-state
lepton e and hadron h as shown in the right panel of
Fig. 1. We have also defined the angle ϑ = ς ↑ ϱ =
ς↑ (2ς↑ ϱh + ϱ

→
e) = ϱh ↑ ϱ

→
e ↑ ς, which is a small angle

under the back-to-back limit, ϱ → ς. Correspondingly,
we have ϖ ↓ 1. As we have mentioned in the Introduc-
tion, we analyze the event in the center-of-mass frame of
the lepton and proton collisions, with the proton (or the
nucleus) moving in the +z direction while the incoming
lepton moving in the ↑z direction, as shown in Fig. 1.
The TMD factorization theorem for the TEEC observ-

able in the back-to-back region (i.e. ϖ ↓ 1) is given
by [27, 50]:

TEEC ↔ dε

dϖ dye d2pe
T

=ε0H(Q,µ)
∑

q

e
2
q
p
e
T↗
ϖ

∫ ↑

↓↑

db

2ς
e
↓2ib

↔
ωpe

T f
(u)
q

(
x, b, µ, φ/↼

2
)
Snnh(b, µ, ↼)J

(u)
q (b, µ, φ →/↼2) (4)

=ε0H(Q,µ)
∑

q

e
2
q
p
e
T↗
ϖ

∫ ↑

0

db

ς
cos

(
2b
↗
ϖp

e
T

)
f
(u)
q

(
x, b, µ, φ/↼

2
)
Snnh(b, µ, ↼)J

(u)
q (b, µ, φ →/↼2) .

Even though the TEEC is the cross section weighted by
the hadron momentum fraction as in Eq. (2), we abuse

the notation a bit by still denoting it as dε. Here ye

and pe
T are the rapidity and transverse momentum of the
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DIS. We explain each component in the factorization, in-
cluding the quark distribution in the small-x region and
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the lepton and proton collisions, with the proton (or the
nucleus) moving in the +z direction while the incoming
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transverse energy-energy correlation between the lepton
and hadrons in the final state:

e(ω) + p/A(PA) → e(ω→) + h(Ph) +X , (1)

where the scattered electron and final hadron are pro-
duced in a back-to-back configuration in the transverse
plane. The TEEC is illustrated in Fig. 1 and defined as:

TEEC =
∑

h

∫
dεDIS

ET,lET,h

ET,l
∑

i ET,i
ϑ

(
ϖ ↑ 1 + cosϱ

2

)

=
∑

h

∫
dεDIS

ET,h∑
i ET,i

ϑ

(
ϖ ↑ 1 + cosϱ

2

)
, (2)

where the sum runs over all the hadrons in the final state,
and we define the variable ϖ as:

ϖ =
1 + cosϱ

2
. (3)

Here ϱ is the azimuthal angle between the final-state
lepton e and hadron h as shown in the right panel of
Fig. 1. We have also defined the angle ϑ = ς ↑ ϱ =
ς↑ (2ς↑ ϱh + ϱ

→
e) = ϱh ↑ ϱ

→
e ↑ ς, which is a small angle

under the back-to-back limit, ϱ → ς. Correspondingly,
we have ϖ ↓ 1. As we have mentioned in the Introduc-
tion, we analyze the event in the center-of-mass frame of
the lepton and proton collisions, with the proton (or the
nucleus) moving in the +z direction while the incoming
lepton moving in the ↑z direction, as shown in Fig. 1.
The TMD factorization theorem for the TEEC observ-

able in the back-to-back region (i.e. ϖ ↓ 1) is given
by [27, 50]:

TEEC ↔ dε

dϖ dye d2pe
T

=ε0H(Q,µ)
∑

q

e
2
q
p
e
T↗
ϖ

∫ ↑

↓↑

db

2ς
e
↓2ib

↔
ωpe

T f
(u)
q

(
x, b, µ, φ/↼

2
)
Snnh(b, µ, ↼)J

(u)
q (b, µ, φ →/↼2) (4)

=ε0H(Q,µ)
∑

q

e
2
q
p
e
T↗
ϖ

∫ ↑

0

db

ς
cos

(
2b
↗
ϖp

e
T

)
f
(u)
q

(
x, b, µ, φ/↼

2
)
Snnh(b, µ, ↼)J

(u)
q (b, µ, φ →/↼2) .

Even though the TEEC is the cross section weighted by
the hadron momentum fraction as in Eq. (2), we abuse

the notation a bit by still denoting it as dε. Here ye

and pe
T are the rapidity and transverse momentum of the

Li, Vitev, Zhu, 2020
Li, Makris, Vitev, 2021
Kang, Penttala, Zhao, Zhou, 2023



Thank you for your attention!
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