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Introduction

• The theory of the strong interaction which provides the fundamental de-
scription of hadronic structure and dynamics in terms of their elemen-
tary quarks and gluons degrees of freedom is Quantum Chromodynamics
(QCD).

• The foremost problem of hadron physics is to unravel the internal structure
of hadron.

,
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• From Special Theory of Relativity:

Space and time independently are not invariant quantities.
Rather space-time is an invariant object.

,
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(a) the instant form, (b) the front form, (c) the point form.

Their initial surfaces are

a) x0 = 0
b) x0 + x3 = 0
c) x2 = a2 > 0, x0 > 0

- S. J. Brodsky, G. F. de Teramond, H. G. Dosch and J. Erlich, Phys. Rept. 584, (2015)

,
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Why Light Front?

• It is an Ideal Framework to describe theoretically the hadronic structure

in terms of quarks and gluons. It can overcome many obstacles and has

many advantages:

Simple vacuum structure ∼ ⟨0|0⟩ = 0
A dynamical system is characterized by ten fundamental quantities:
energy, momentum, angular momentum and boost.
∼ seven out of which are kinematical. It allows unambiguous defi-
nition of the partonic content of a hadron, exact formulae for form
factors, physics of angular momentum of constituents.
Dispersion Relation (for ON shell particles)

k− = (k⊥)2+m2

k+

∼ no square root factor.

,
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Light-Front Coordinates

• A generic four Vector xµ in light-cone coordinates is describe as xµ =
(x−, x+, x⊥).

• x+ = x0 + x3 is called as light-front time.

• x− = x0 − x3 is called as light-front longitudinal space variable.

• x⊥ = (x1, x2) is the transverse variable.

• Similarly, we can define the longitudinal momentum k+ = k0 + k3 and

light-front energy k− = k0 − k3.

,

Shubham Sharma June 14, 2024 HUGS 2024 Higher twist Proton Distributions 8/35



Distribution Functions

- S. Sharma and H. Dahiya, Eur. Phys. J. A 59, 235 (2023)

,
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Experiments related with Distribution Functions

,
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Twist?

- https://inspirehep.net/literature/1493030

,
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Light-Front Quark-Diquark Model

• In this model the proton is described as an aggregate of an active quark
and a diquark spectator of definite mass.

• The proton has spin-flavor SU(4) structure and it has been expressed as a
made up of isoscalar-scalar diquark singlet |u S0⟩, isoscalar-vector diquark
|u A0⟩ and isovector-vector diquark |d A1⟩ states as

|P;±⟩ = CS |u S0⟩± + CV |u A0⟩± + CVV |d A1⟩±.

Here, the scalar and vector diquark has been denoted by S and A
respectively. Their isospin has been represented by the superscripts on
them.

- T. Maji and D. Chakrabarti, Phys. Rev. D 94, 094020 (2016)

,
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Light-Front Quark-Diquark Model

• For the scalar |ν S⟩± and vector diquark |ν A⟩± case, the expansion of
the Fock-state in two particles for Jz = ±1/2 can be specified as

|ν S⟩± =
∑
λq

∫
dx d2p⊥

2(2π)3
√

x(1− x)
ψ

±(ν)
λq (x , p⊥)

∣∣∣∣λq, λs ; xP+, p⊥

〉
,

λS = 0 (singlet)

|ν A⟩± =
∑
λq

∑
λA

∫
dx d2p⊥

2(2π)3
√

x(1− x)
ψ

±(ν)

λqλA(x , p⊥)

∣∣∣∣λq, λA; xP+, p⊥

〉
.

λA = ±1, 0 (triplet)

,
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Light-Front Quark-Diquark Model

λq λSp LFWFs for Jz = +1/2 LFWFs for Jz = −1/2

S +1/2 0 ψ
+(ν)
+ = NS φ

(ν)
1 ψ

−(ν)
+ = NS

(
p1−ip2

xM

)
φ
(ν)
2

−1/2 0 ψ
+(ν)
− = − NS

(
p1+ip2

xM

)
φ
(ν)
2 ψ

−(ν)
− = NS φ

(ν)
1

+1/2 +1 ψ
+(ν)
+ + = N

(ν)
1

√
2
3

(
p1−ip2

xM

)
φ
(ν)
2 ψ

−(ν)
+ + = 0

−1/2 +1 ψ
+(ν)
− + = N

(ν)
1

√
2
3
φ
(ν)
1 ψ

−(ν)
− + = 0

A +1/2 0 ψ
+(ν)
+ 0 = − N

(ν)
0

√
1
3
φ
(ν)
1 ψ

−(ν)
+ 0 = N

(ν)
0

√
1
3

(
p1−ip2

xM

)
φ
(ν)
2

−1/2 0 ψ
+(ν)
− 0 = N

(ν)
0

√
1
3

(
p1+ip2

xM

)
φ
(ν)
2 ψ

−(ν)
− 0 = N

(ν)
0

√
1
3
φ
(ν)
1

+1/2 −1 ψ
+(ν)
+ − = 0 ψ

−(ν)
+ − = − N

(ν)
1

√
2
3
φ
(ν)
1

−1/2 −1 ψ
+(ν)
− − = 0 ψ

−(ν)
− − = N

(ν)
1

√
2
3

(
p1+ip2

xM

)
φ
(ν)
2

,
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Light-Front Quark-Diquark Model

• Generic ansatz of LFWFs φ
(ν)
i (x , p⊥) is being adopted from the soft-wall

AdS/QCD prediction and the parameters aνi , b
ν
i and δν are established as

φ
(ν)
i (x , p⊥) =

4π

κ

√
log(1/x)

1− x
xaνi (1− x)b

ν
i exp

[
− δν

p2
⊥

2κ2

log(1/x)

(1− x)2

]
.

,
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Input Parameters

Parameter u d

C 2
S 1.3872 0

C 2
V 0.6128 0

C 2
VV 0 1

NS 2.0191 0

Nν0 3.2050 5.9423

Nν1 0.9895 1.1616

aν1 0.280± 0.001 0.5850± 0.0003

bν1 0.1716± 0.0051 0.7000± 0.0002

aν2 0.84± 0.02 0.9434+0.0017
−0.0013

bν2 0.2284± 0.0035 0.64+0.0082
−0.0022

δν 1 1

κ 0.4 0.4

,
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TMD Correlator
• The unintegrated quark-quark correlator in the light-front formalism for

SIDIS is defined as

Φ
ν[Γ]

[ΛNi ΛNf ]
=

1

2

∫
dz−d2zT
2(2π)3

e ip.z⟨P; ΛNf |ψν(0)ΓW[0,z]ψ
ν(z)|P; ΛNi ⟩

∣∣∣∣∣
z+=0

.

• |P; ΛNi ⟩ and |P; ΛNf ⟩ are the initial and final states of the proton having
momentum P with helicities ΛNi and ΛNf , respectively.

• The momentum of the proton (P), struck quark (p) and diquark (PX ) are

P ≡
(
P+,

M2

P+
, 0

)
,

p ≡
(
xP+,

p2 + |p⊥|2

xP+
, p⊥

)
,

PX ≡
(
(1− x)P+,P−

X ,−p⊥

)
.

- S. Meissner, A. Metz and M. Schlegel, JHEP 08, 056 (2009)

,
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TMD Parameterization for proton at twist-3

Φ
[1]

[ΛNi ΛNf ]
=

1

2P+
ū(P,ΛNF )

[
eν
(
x , p2

⊥

)
− iσi+pi

T

P+
e⊥νT

(
x , p2

⊥

)]
u(P,ΛNi ) ,

Φ
[γ5]

[ΛNi ΛNf ]
=

1

2P+
ū(P,ΛNF )

[
− iσi+γ5p

i
T

P+
eνT

(
x , p2

⊥

)
− iσ+−γ5e

ν
L

(
x , p2

⊥

)]
u(P,ΛNi ) ,

Φ
[γj ]

[ΛNi ΛNf ]
=

1

2P+
ū(P,ΛNF )

[
pj
T

M
f ⊥ν

(
x , p2

⊥

)
+

M iσj+

P+
f
′ν
T

(
x , p2

⊥

)
+
pj
T iσk+pk

T

M P+
f ⊥νT

(
x , p2

⊥

)
+

iσijpi
T

M
f ⊥νL

(
x , p2

⊥

)]
u(P,ΛNi ) ,

Φ
[γjγ5]

[ΛNi ΛNf ]
=

1

2P+
ū(P,ΛNF )

[
iεijTp

i
T

M
g⊥ν

(
x , p2

⊥

)
+

M iσj+γ5
P+

g ′ν
T

(
x , p2

⊥

)
+
pj
T iσk+γ5p

k
T

M P+
g⊥ν
T

(
x , p2

⊥

)
+

pj
T iσ+−γ5

M
g⊥ν
L

(
x , p2

⊥

)]
u(P,ΛNi ) ,

T-even TMDs
T-odd TMDs

,
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TMD Parameterization for proton at twist-3

Φ
[iσijγ5]

[ΛNi ΛNf ]
= −

iεijT
2P+

ū(P,ΛNF )

[
− hν

(
x , p2

⊥

)
+

iσk+pk
T

P+
h⊥ν
T

(
x , p2

⊥

)]
u(P,ΛNi ) ,

Φ
[iσ+−γ5]

[ΛNi ΛNf ]
=

1

2P+
ū(P,ΛNF )

[
iσi+γ5p

i
T

P+
hνT

(
x , p2

⊥

)
+ iσ+−γ5h

ν
L

(
x , p2

⊥

)]
u(P,ΛNi ) .

T-even TMDs
T-odd TMDs

,
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TMD Parameterization for proton at twist-4

Φ
[γ−]

[ΛNi ΛNf ]
=

M

2(P+)2
ū(P,ΛNF )

[
f ν3

(
x , p2

⊥

)
− iσi+pi

T

P+
f ⊥ν3T

(
x , p2

⊥

)]
u(P,ΛNi ) ,

Φ
[γ−γ5]

[ΛNi ΛNf ]
=

M

2(P+)2
ū(P,ΛNF )

[
iσi+γ5p

i
T

P+
gν3T

(
x , p2

⊥

)
+ iσ+−γ5 g

ν
3L

(
x , p2

⊥

)]
u(P,ΛNi ) ,

Φ
[iσj−γ5]

[ΛNi ΛNf ]
=

M

2(P+)2
ū(P,ΛNF )

[
iεijTp

i
T

M
h⊥ν
3

(
x , p2

⊥

)
+

M iσj+γ5
P+

hν3T

(
x , p2

⊥

)
+
pj
T iσk+γ5p

k
T

M P+
h⊥ν
3T

(
x , p2

⊥

)
+

pj
T iσ+−γ5

M
h⊥ν
3L

(
x , p2

⊥

)]
u(P,ΛNi ) .

T-even TMDs
T-odd TMDs

,
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TMD parameterization at higher twist
Γ Φ

[Γ]
++ + Φ

[Γ]
−− Φ

[Γ]
++ − Φ

[Γ]
−− Φ

[Γ]
−+ + Φ

[Γ]
+− Φ

[Γ]
−+ − Φ

[Γ]
+−

1 2M
P+ e 0

−2ipy
P+ e⊥T

2px
P+ e⊥T

γ5 0 −4M
P+ eL

−2px
P+ eT

2ipy
P+ eT

γ1
2px
P+ f⊥

2ipy
P+ f⊥L

2ipx py
MP+ f⊥T

−2M
P+

[
f ′T +

p2x
M2 f

⊥
T

]
γ2

2py
P+ f⊥ 2ipx

P+ f⊥L
2iM
P+

[
f ′T +

p2y

M2 f
⊥
T

] −2ipx py
MP+ f⊥T

γ1γ5
−2ipy
P+ g⊥ 4px

P+ g⊥L
2M
P+

[
g′T +

p2x
M2 g

⊥
T

] −2ipx py
MP+ g⊥T

γ2γ5
2ipx
P+ g⊥

4py
P+ g⊥L

2px py
MP+ g⊥T

−2iM
P+

[
g′T +

p2y

M2 g
⊥
T

]
iσ12γ5

2iM
P+ h 0

2py
P+ h⊥T

2ipx
P+ h⊥T

iσ21γ5
−2iM
P+ h 0

−2py
P+ h⊥T

−2ipx
P+ h⊥T

iσ+−γ5 0 4M
(P)2

hL
2px
P+ hT

−2ipy
P+ hT

γ− 2M2

(P+)2
f3 0

−2ipyM

(P+)2
f⊥3T

2pxM

(P+)2
f⊥3T

γ−γ5 0 4M2

(P+)2
g3L

2pxM

(P+)2
g3T

−2ipyM

(P+)2
g3T

iσ1−γ5
−2ipyM

(P+)2
h3

⊥ 4pxM

(P+)2
h⊥3L

2M2

(P+)2

[
h3T +

p2x
M2 h

⊥
3T

] −2ipx py

(P+)2
h⊥3T

iσ2−γ5
2ipxM

(P+)2
h⊥3

4pyM

(P+)2
h⊥3L

2px py

(P+)2
h⊥3T

−2iM2

(P+)2

[
h3T +

p2y

M2 h
⊥
3T

]
T-even TMDs
T-odd TMDs

,
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Explicit Expressions of TMDs

xeν(x , p2
⊥) =

1

16π3

(
C 2
SN

2
s + C 2

A

(
2

3
|Nν1 |2 +

1

3
|Nν0 |2

))
m

M

[
|φν1 |2 +

p2
⊥

x2M2
|φν2 |2

]
,

xf ⊥ν(x , p2
⊥) =

1

16π3

(
C 2
SN

2
s + C 2

A

(
2

3
|Nν1 |2 +

1

3
|Nν0 |2

))[
|φν1 |2 +

p2
⊥

x2M2
|φν2 |2

]
,

xg⊥ν
L (x , p2

⊥) =
1

32π3

(
C 2
SN

2
s + C 2

A

(
− 2

3
|Nν1 |2 +

1

3
|Nν0 |2

))[
|φν1 |2 −

p2
⊥

x2M2
|φν2 |2

− 2m

xM
|φν1 ||φν2 |

]
,

xg
′ν
T (x , p2

⊥) =
1

16π3

(
C 2
SN

2
s − 1

3
C 2
A|Nν0 |2

)
m

M

[
|φν1 |2 +

p2
⊥

x2M2
|φν2 |2

]
,

xg⊥ν
T (x , p2

⊥) =
1

8π3

(
C 2
SN

2
s − 1

3
C 2
A|Nν0 |2)

)[
1

x
|φν1 ||φν2 | −

m

x2M
|φν2 |2

]
,

,
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Explicit Expressions of TMDs

xhνL (x , p
2
⊥) =

1

16π3

(
C 2
SN

2
s + C 2

A

(
− 2

3
|Nν1 |2 +

1

3
|Nν0 |2

))
1

M

[
m

(
|φν1 |2

− p2
⊥

x2M2
|φν2 |2

)
+

2p2
⊥

xM
|φν1 ||φν2 |

]
,

xhνT (x , p
2
⊥) =

1

8π3

(
− C 2

SN
2
s +

1

3
C 2
A|Nν0 |2

)[
|φν1 |2 −

p2
⊥

x2M2
|φν2 |2 −

2m

xM
|φν1 ||φν2 |

]
,

xh⊥ν
T (x , p2

⊥) =
1

16π3

(
C 2
SN

2
s − 1

3
C 2
A|Nν0 |2

)[
|φν1 |2 +

p2
⊥

x2M2
|φν2 |2

]
.

- S. Sharma, N. Kumar and H. Dahiya, Nucl. Phys. B (2023)

,
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Explicit Expressions of TMDs

x2f ν3 (x , p2
⊥) =

1

16π3

(
C 2
SN

2
s + C 2

A

(
2

3
|Nν1 |2 +

1

3
|Nν0 |2

))(
p2
⊥ +m2

M2

)
[
|φν1 |2 +

p2
⊥

x2M2
|φν2 |2

]
,

x2gν3L(x , p
2
⊥) =

1

32π3

(
C 2
SN

2
s + C 2

A

(
− 2

3
|Nν1 |2 +

1

3
|Nν0 |2

))[(
p2
⊥ −m2)

[
|φν1 |2 −

p2
⊥

x2M2
|φν2 |2

]
− 4mp2

⊥
xM

|φν1 ||φν2 |

]
,

x2h⊥ν
3L (x , p2

⊥) =
1

16π3M

(
C 2
SN

2
s + C 2

A

(
− 2

3
|Nν1 |2 +

1

3
|Nν0 |2

))[
m

[
|φν1 |2

− p2
⊥

x2M2
|φν2 |2

]
+

(
p2
⊥ −m2

)
xM

|φν1 ||φν2 |

]
,

,
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Explicit Expressions of TMDs

x2gν3T (x , p
2
⊥) =

1

8π3M

(
C 2
SN

2
s − 1

3
C 2
A|Nν0 |2

)[
m

[
|φν1 |2 −

p2
⊥

x2M2
|φν2 |2

]

+

(
p2
⊥ −m2

)
xM

|φν1 ||φν2 |

]
,

x2hν3T (x , p
2
⊥) =

1

16π3

(
C 2
SN

2
s − 1

3
C 2
A|Nν0 |2

)(
p2
⊥ +m2

M2

)[
|φν1 |2 +

p2
⊥

x2M2
|φν2 |2

]
,

x2h⊥ν
3T (x , p2

⊥) = − 1

8π3

(
C 2
SN

2
s − 1

3
C 2
A|Nν0 |2

)[
|φν1 |2 +

m2

x2M2
|φν2 |2 −

2m

xM
|φν1 ||φν2 |

]
.

- S. Sharma and H. Dahiya, Int. J. Mod. Phys. A 37, 2250205 (2022)

,
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Relations between twist-2 and twist-3

xeq(x , p2
⊥) = xẽq(x , p2

⊥) +
m

M
f q1 (x , p

2
⊥),

xf ⊥q(x , p2
⊥) = xf̃ ⊥q(x , p2

⊥) + f q1 (x , p
2
⊥),

xg⊥q
L (x , p2

⊥) = xg̃⊥q
L (x , p2

⊥) + gq
1 (x , p

2
⊥) +

m

M
h⊥q
1L (x , p2

⊥),

xg ′q
T (x , p2

⊥) = xg̃ ′q
T (x , p2

⊥) +
m

M
hq
1(x , p

2
⊥)−

m

M

p2
⊥

M2
h⊥q
1T (x , p2

⊥),

xg⊥q
T (x , p2

⊥) = xg̃⊥q
T (x , p2

⊥) + g⊥q
1T (x , p2

⊥) +
m

M
h⊥q
1T (x , p2

⊥),

xhq
L(x , p

2
⊥)

2
= xh̃q

L(x , p
2
⊥)−

p2
⊥

M2
h⊥q
1L (x , p2

⊥) +
m

M
gq
1 (x , p

2
⊥),

xhq
T (x , p

2
⊥)

2
= xh̃q

T (x , p
2
⊥)− hq

1(x , p
2
⊥)−

p2
⊥

2M2
h⊥q
1T (x , p2

⊥) +
m

2M
g⊥q
1T (x , p2

⊥),

xh⊥q
T (x , p2

⊥) = xh̃⊥q
T (x , p2

⊥) + hq
1(x , p

2
⊥)−

p2
⊥

2M2
h⊥q
1T (x , p2

⊥).

,
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Relations between twist-2 and twist-4

x2 f3(x , p
2
⊥) =

(
p2
⊥ +m2

M2

)
f ν1 (x , p2

⊥),

x2 hν3T (x , p
2
⊥) =

(
p2
⊥ +m2

M2

)
hν1T (x , p

2
⊥),

x2 hν⊥3L (x , p2
⊥) = −

(
p2
⊥ −m2

M2

)
hν⊥1L (x , p2

⊥) +
2m

M
gν1L(x , p

2
⊥),

x2 gν3L(x , p
2
⊥) =

(
p2
⊥ −m2

M2

)
gν1L(x , p

2
⊥) +

2mp2
⊥

M3
hν⊥1L (x , p2

⊥),

x2 hν⊥3T (x , p2
⊥) =

m2

M2
hν⊥1T (x , p2

⊥)− 2 hν1 (x , p
2
⊥) +

2m

M
gν1T (x , p

2
⊥),

x2 gν3T (x , p
2
⊥) =

(
p2
⊥ −m2

M2

)
gν1T (x , p

2
⊥) +

mp2
⊥

M3
hν⊥1T (x , p2

⊥) +
2m

M
hν1 (x , p

2
⊥).

,
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TMD Amplitude matrix for scalar diquark

- S. Sharma et al. , arXiv:2405.13727 [hep-ph] (2024)

AλSp =


A
λSp

++,++ A
λSp

++,+− A
λSp

++,−+ A
λSp

++,−−
A
λSp

+−,++ A
λSp

+−,+− A
λSp

+−,−+ A
λSp

+−,−−
A
λSp

−+,++ A
λSp

−+,+− A
λSp

−+,−+ A
λSp

−+,−−
A
λSp

−−,++ A
λSp

−−,+− A
λSp

−−,−+ A
λSp

−−,−−



AλS =
1
C 2
S

16π3


h1 − (px+ιpy )

2M ϱ
(px−ιpy )

2M ϱ h1

− (px−ιpy )

2M ϱ − p2
⊥

2M2 h
⊥
1T

(px−ιpy )
2

2M2 h⊥1T − (px−ιpy )

2M ϱ
(px+ιpy )

2M ϱ
(px+ιpy )

2

2M2 h⊥1T − p2
⊥

2M2 h
⊥
1T

(px+ιpy )

2M ϱ

h1 − (px+ιpy )

2M ϱ
(px−ιpy )

2M ϱ h1


AλSp

ΛNf λqf , ΛNi λqi
= ψΛNf †

λqf λSp (x ,p⊥)ψ
ΛNi

λqi λSp (x ,p⊥)

ϱ(say) = g1T = −2h⊥1L

,
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Unpolarized TMDPDFs
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Comparison with Phenomenology

LFQDM
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(2023)
LFCQM - 1GeV 2 S. Rodini and B. Pasquini, Nuovo Cim. C 42, 112 (2019)
CLAS - 1GeV 2 A. Courtoy, arXiv:1405.7659 [hep-ph] (2014)
CLAS12 - 1GeV 2 A. Courtoy et al. , Phys. Rev. D 106, 014027 (2022)
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Average Transverse Momenta
• The average transverse momenta (r = 1) and the average square

transverse momenta (r = 2) for TMD Υν(x , p2
⊥) in LFQDM is defined as

⟨pr
⊥(Υ)⟩ν =

∫
dx
∫
d2p⊥p

r
⊥Υ

ν(x , p2
⊥)∫

dx
∫
d2p⊥Υν(x , p2

⊥)
,

LFQDM - S. Sharma, N. Kumar and H. Dahiya, Nucl. Phys. B (2023)

LFCQM - C. Lorcé, B. Pasquini and P. Schweitzer, JHEP 01, 103 (2015)

,
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Average Transverse Momenta

LFQDM - S. Sharma, N. Kumar and H. Dahiya, Nucl. Phys. B (2023)

LFCQM - C. Lorcé, B. Pasquini and P. Schweitzer, JHEP 01, 103 (2015)

Bag Model - H. Avakian, A. Efremov, P. Schweitzer and F. Yuan, Phys. Rev. D 81,

074035 (2010)

,
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Average Transverse Momenta

MODEL f ν3 (LFQDM) f ν3 (LFCQM)

⟨p⊥⟩u 0.26 0.28
⟨p⊥⟩d 0.27 0.28
⟨p2

⊥⟩u 0.073 0.11
⟨p2

⊥⟩d 0.078 0.11

LFQDM - S. Sharma and H. Dahiya, Int. J. Mod. Phys. A 37, 2250205 (2022)

LFCQM - C. Lorcé, B. Pasquini and P. Schweitzer, JHEP 01, 103 (2015)

,
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