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X. Ji, Phys. Rev. Lett. 110, 262002 (2013).

Pseudo-PDFs, loffe-time V=p-Z A.Radyushkin, Phys. Rev. D 96, 034025 (2017)

» Lattice QCD prevents calculations of matrix elements on the light cone.

Pseudo-ITD
Lorentz decomposition Ma(p, Z) =<p ‘ l/_/(Z)}/aU(Z; O)l//(()) \p > = p“%(v, Zz) + Za/V(I/, Zz)

Fix the vectors in the light cone 2

coordinates to get the pseudo ITD =+ Lo — (O,Z_,OT) Pa = (p™,

2p+ 9OT)

| ' . f(x, %) H
M (—P+Z_,()) — J dxf(x)e P+
~1

* On lattice, the reduced pseudo-ITD can be extracted (Fourier-transform of the
pseudo-PDF) and extrapolated to zZ — 0

1
. (0 Z
d = () ZCZ — (09090923) pa — (p090909p3) %(1/, Zz) — J dXP(X, Zz)e_lxy
1
PM A Pﬂ
M(v,7°) 1 Inverse problem if we )
Reduced pseudo 2\ — ? — 2
D, to avoid UV M, u7) 10.2) J CoS(wx)P(X, 2°) want to determine
divergences ’ 70

P(x, z%)
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* Fortunately, | have an operator that relates 2 different spaces:
1
M) =L, P(x), where L, = / dz cos(vz) ( ).
0

-1
« Can we determine L, ? if not you have a inverse problem.

W‘z _ ZJ_P But if | have 12 data points in M
[ — Itk Can | only infer 12 data points of P(x)?
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Analyzing Inverse Problems with Invertible Neural Networks

A brief introduction to NN and INN and MMD...In 1 min

input hidden layer  The architecture of a neural network is

defined by the problem that we want to
solve.

How can we define a INN?

Data|+|Affine Couplings (Invertible Mappings)

+ Activation functions + hyperparameters
Relu

# hidden layers

+|Loss Function|+ Optimizer = INN
Adam

| will focus on a brief description of these 3 main components


https://arxiv.org/abs/1808.04730
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Density estimation using Real NVP

A brief introduction to NN and INN and MMD...In 2 min

 Can | create an invertible v =u @2 +t(u,)  u =e 2 O (v, — t(uy))
mapping? -
Vs = Uy O e 4 H(v) Wp=e O (v, = ()
How can we define a INN? Forward process Backward process

Data +|Affine Couplings (Invertible Mappings)

+ Activation functions + hyperparameters
Relu # hidden layers

+ Loss Function + Optimizer = INN
Adam

| will try to describe these 3 main components

XOy =X Y,X )


https://arxiv.org/abs/1605.08803
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Density estimation using Real NVP

A brief introduction to NN and INN and MMD...In 3 min

e Maximum Mean Discrepanc
P g °CZT0tal — aLl T bLMMD(input) + CLMMD(Output)

* Any supervised loss

| 1 2
How can we define a INN? Lyyp(X,y) = Z k(x;, x;) + Z k(v y) —— Z k(x;, ;)
nn—1) 4= nn—1) = o L
e 1F] 1]
Data + Affine Couplings (Invertible Mappings)
MMD help us to preserve statistics

+ Activation functions + hyperparameters
RelLu # hidden layers

This loss helps with the Kernel
+|Loss Function t+ Optimizer = INN regression process
Adam k(x,y) = .
Li(x,y) = [x—Y] 1 + |x_hy|

| will try to describe these 3 main components


https://arxiv.org/abs/1605.08803

Data (Continuous functions in x)
How can | generate an significant amount of data?

Data ~ x%(1 — x)#

Data ~ [ ; fa, g(x)cos(vx)dx
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INNs architecture

Late nt va riables and d iscretization Analyzing Inverse Problems with Invertible Neural Networks

Forward Process: [ cos(vz)q(x)
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Analyzing Inverse Problems with Invertible Neural Networks

Maximum Mean Discrepancy, and L1

Forward Process: [ cos(vz)gq(x) \ L(x,y)=|x—y]

Li(Yparas Yinn)

INN

Affine coupling

AANNNEANNNN

/ L

Lyinin>(Xpasas Xinn)

(WI(z @ £) "7z @ )

N\
—

0 4 812162024283236404448525660646872768084889296

1 1 -
Luor(5.3) = ~—— % k) + Z#‘; K 3) = = ZJ‘, k(x;: ) ko) = —

|x—y|?
2



https://arxiv.org/abs/1808.04730

Results
Test data

 Data generated by other sampling process.

fa, (X)

Invertible Neural Network

______________________________________________________________________________________

Qu, g(v)

a=0.7 =73

Invertible Neural Network




Results

Mock data

a=—0.3

o Still working on it...

Mock data

Invertible Neural Network
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Invertible Neural Network

Mock data

Results
Mock data

o Still working on it...
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Gaussian process definitions

Stochastic Process

Rammunsen’s book

p(x), o(x, X)

Try to imagine an
infinite
dimensional gaussian
distribution

(GGeneralization




Bayes theorem
Lattice Data (17/) <> PDF (X))
 Naively one may be tempted to write:

1.2
¢ Mock Data
-  GP Prediction
1.0~ 95% Interval
}  Test points
0.8 - }  Training points .
Not useful for this
S 0.6
= problem
=
0.4 -
0.2
0.0
0 2 4 6 8 10 12 14




Machine Learning of Nonlinear Partial Differential Equations

Lattice Data ( L ) <~ PDF ( X ) arXiv: 1708.00588
* Yamil, remember you said 2 DIFFERENT spaces, so you should write

P({M'}|P(z), 0, H:) P(P(x)|6, H:)

P(P(z){M'},0,H;) =

Prior - Likelihood

1.04 ©& -
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The most important slide of my life...

Normal distribution

* Functional dependence on X 1

* Do you know this trick?

01 1 2(x —
08) g L120=pw o =
0x 2 o2
2
0~ log(f) L




Generalize our results to GP

How my prior and likelihood looks like? functions from offe time data: rom
ayesian methods to neural networks,
Prior o 1o1oot7h/ Jﬁe;:04(2019|)05t7
: / —1 / / /
o Sprior(P) _ P(P(z)|6) = Npriore ™2 ; Jo dwda! [P(z)—Pa(z)] K~ (z,2")[P(2')—Pa(z"))
1 2
Py = e 2 (fo dxP(z)— 1) 2)\0 (fo de(m)J(l—:c)) |
Likelihood

eSl(’P) _ P({Ml}lP(:c),H,?-tz) _ Nlikelz’hoode_%[Mz —L,P(x)|C;. 1[,/\/[] fo dmcos(ujm)’P(a;/)]

My job now is to calculate the posterior

0log (P(P(z){M'},0,Hs)) -
5P () =0 = defines P(x)

6% log (P(’P(:c)l{Ml}, H,Hz-)) |
OP(z)P(x') P(z)=P(z)

and K .(z,2") =



How can we determine the hyperparameters?

Rammunsen’s book

* 1st level (continuous variables P(x) and K(x.x’)).

P({M'}P(z),0,H;)P(P(x)|0, H,)
P({M'}|0,H;)

P(P(z){M'},0,H;) =

e 2nd Level (Hyperparameters) basically how | control the parameters
of the first level.

P({M"'}|0, H;)P(0|H;)

P(Ol{Ml}aHi) — P({Ml}|Hz)

 The 3rd level is used to evaluate the models and its performance.



Hyperparameters | [ = 0.1 c =001 a = —(0.338 f=1.195

. . . 2 (X — -x/)z
» Still working on it... K., /(x,x) = 6% 2~
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Ways to improve this work...

o Sample hyper-parameters instead of minimize the negative log marginal
likelihood

* EXxplore the posibility of use Hierarchical Models in the implementation
and Pymc

* |Include the evolution of z, which follow a similar evolution to the DGLAP
equation.

 Extend this work to GPDs!!
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Back-up slides




Generalize our results to GP

Posterior

My job now is to calculate the posterior

gip(m; = (P—Pa) K~ (x) - I(”’)(I:P_l) : 51(5”)(;561"73) - B (2)C;; (BoP — M),
62 Spost o n . L(x)L(x') = d1(x)d1(z) o
5P(2)0P (z) I p—p K (z,z') 1 X | " . Bz-l(a:)Cij Bj(z’) (2.13)

After a lot of algebra...



Generalize our results to GP

POSte rIOr functions from loffe time data: from

Bayesian methods to neural networks,
10.1007/ jhep04(2019)057

After a lot of algebra...

_{ 3 Spost(P(2))+3 [y da’(P(z)—P(z)) 57?6(2:::%;3(1’) l (P(ml)_f)(x,))}

P ({Mi}0,H,;)

e-%(P(x)—ﬁ(x))K;;t(x,m')(P(x')—ﬁ(m'))Jrspm-or (P)+S;(P)

= P (M} [0.70) (2.19)

P(P(z){M},0,H;) = -

Where 7-_7(:13) — Pd(.’B) — (Kpost © le)(m)czgl (MJ - Bj 0 Pd)



Levels of inference
Lattice Data (/) <> PDF (X))

PEAM}P(z),0,H;)P(P(z)|0, H:)
P({M'}|0,H;)

P({M}]6, 1) P(0|Hs)
P({M'}H;)

P(P(z){M'},0,H;) =

P(el{Ml}aHz) —

P(z) = Pa(z) — (Kpost 0 B;")(2)C;;" (M — Bj o Pa)

1 _ 1 _
SEvz'dence — §(Mz — B; o Pd)CzJI(MZ — B; o Pd) | 9 log det (CZJ)



Final Result
Lattice Data (/) <> PDF (x)

1 ~ 1 -
Lets visualize SE'vidence — §(Mz — Bz O Pd)ngl(Mz — Bz O Pd) | 9 log det ( 'ij)
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500 0.96

0.94

-500
0.92




Lattice Data (/) <> PDF (x)

1 =
Lets visualize ~ SBuidence = 5(Mi — Bi 0 Pg)Cy; (M; — Bj o Py)




Parton distribution functions (PDFs)
A brief history of time blah...

e How can we describe proton’s structure?

1 PDF
o(e PT - e X) = Z J dxf(x)o(e p, = e~ X)
I=partons 0
Unpolarized PDFs Helicity-averaged

We will focus on this

[ 1% = f7 (6, 1?) + £ (x, 1)
Polarized PDFs

Af(x, p2) = f7 (6 12 — £ (x, 1) Biorken Q-
variable A 2P-q

f:=1{g,u, i,dd,s,5, ..} — Partons{

Fraction of the momentum



Loss functions
Maximum Mean Discrepancy, and L1

[arXiv:1808.04730]
Analyzing Inverse Problems with Invertible Neural Networks

Loss function (Training)

e — ———— —— — — " —

e - - —— — — — —— — —

e ————— —— — — —

rn.m.
T00 3
nMMt IIIIIIIIIIIIIIIIIIIIIIIII
g = = 2
S —
.......... L
" ~~
I ~
" ~
=
i ~
| Q
Y--ii---!u----!wmw
Wm i
~
o
+
~~
~
MW i
<

+ DL (1

500

400

800

700

600

300

200

100

Epochs


https://arxiv.org/abs/1808.04730

S— S -

| | | | | |
| | | | |
s . ! . ! !
o O I I I | _
C A m i i i i i
Q I _ | | |
C & & ~—~— 1o Tmmmmmme | e ™ Ei T
= = | | | | |
| | | | |
| _ _ _ _
| | | | |
| | | | |
i i | i i
| | | | | |
_ . . . . .
_ _ _ _ _ _
| _ | | _ |
_ . . _ . |
| | | | | |
| | | | | |
_ . . . . .
- S A s i
| | | | | |
| | | | | |
| i i | i i
| | | | | |
_ . . . . .
_ _ _ _ _ _
| _ | | | |
| | | | | |
| | i | | i
| | | | | |
_ . . . . .
_ _ _ _ _ _
| _ | | | |
| | | | | |
I,I,*Ill.llllll.IIIIIIIII.T.IIIIIIIII.IIIII IIIL..II.I.I.I lll.+,!l
| | | | | |
. . . . | .
_ _ _ _ _ _
| | | | | |
| | | | | |
| | i | | i
| | | | | |
. . . . . .
_ _ | _ _ _
| | | | _ |
_ | . _ . |
| | | | | |
| | | | | |
. . . . . .
vll* ||||||||| |+ |||||||||| T |||||||||| _l. ||||||| L |||||||| +.-.l
| | | | _ |
| | | | | |
| i i | i i
— | | | | | |
(@)} . . ! . . .
- _ _ | _ _ _
* = | | | | | |
c | | | | | @
- I I I I I |
m | | | | | |
| | | | | |
:-U _ _ _ _ | _
| | | | | |
S| o i | i i i
.m I S A [ T S ]
bt | | |
W) . _ .
c _ | _
| | |
= i i i
| | |
(V) | | [
A ! ! .
o _ _ |
— | _ _
_ . |
| |
| |
. .
_
_
|
|
|
.
_
_
[
|
|
.

———— — — — —

¢
|

Maximum Mean Discrepancy, and L1

Loss functions

|||||||||||| e e . Aty St St o

| | |

I I I

I I I

| | |

| _ _

_ | |

| i |

I I I

I I I

| I | |

| | ; _

: _ _ _

| I | _

I I I I
- e - L T

I . I . I I

| I I _ I _

| | | | | |

| | | | | |

T T T T T T
— o o (& o o

300 400 500 600 700 800
Epochs

200

100




Loss functions

Maximum Mean Discrepancy, and L1

Loss functions
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Invertible Neural Networks
Invertible mappings (Affine Coupling Layers)
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[arXiv:1605.08803]
Density estimation using Real NVP

XOy = (X" Yy1,% " Y)

We can calculate the
inverse easily!

l/tl — e_Sz(uz) @ (Vl — tz(uz))

uz — e_sl(vl) @ (V2 — tl(vl))
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