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Introduction

A doubly heavy baryon combines two heavy quarks (b, c) with a light
quark ((u, d) for Ξ baryons and s for Ω baryons).

In 2002, the SELEX collaboration observed the Ξ+
cc baryon with a

measured mass of (3519± 1) MeV in the decay mode
Ξ+

cc → Λ+
c K
−π+. The recent observation of Ξ++

cc baryon with lifetime
τ(Ξ++

cc ) = (0.256+0.024
−0.022 ± 0.014) ps, demonstrates how really the LHC

is a powerful discovery machine, and stimulates the theoretical studies
of mass spectra of doubly heavy baryons.

The doubly heavy Ξ baryons masses are experimentally unknown
(except Ξ+

cc and Ξ++
cc )

For the doubly heavy baryons, no experimental semileptonic decays
are reported, and only a limited number of theoretical calculations are
available

As there are more doubly heavy baryons that may be discovered in the
future, proposing theoretical models for their structure is essential.

André Aimé ATANGANA LIKÉNÉ (Laboratory of Atomic, Molecular and Nuclear Physics, Department of Physics, Faculty of Science, University of Yaounde I, P.O. Box 812, Yaounde, Cameroon)Hypercentral Quark Model for Mass Spectra, Semileptonic Decays, and Regge Trajectories of Doubly Heavy Ξ Baryons
The 39th Annual Hampton University Graduate Summer Program at Jefferson Lab May 28 - June 14, 2024 3

/ 28



Introduction

In recent years, due availability of so many experimental facilities, the
spectroscopy of heavy flavor hadrons has attracted considerable interest.

CLEO
BaBar and Belle
Selex
CERN : LHCb
Tevatron
Future experiments PANDA, Belle-II

The search for light resonances is the main focus of the baryon program at

JLab
the Beijing Spectrometer (BES)
the Electron Stretcher and Accelerator (ELSA) facility (the
Crystal Barrel collaboration)
the Two Arms Photon Spectrometer (TAPS)
SAPHIR and CLAS

New results are expected from analysis projects such as EBAC, Julich,
SAID, and MAID.
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Theoretical Framework

Since 1950’s, the excited states of nucleons have been studied
experimentally. Their study contributed to the discovery of the quark
model by Gell-Mann and Zweig in 1964, and were critical for the discovery
of ”color” degrees of freedom as introduced by Greenberg.

Different Approaches

relativistic quark model (Ebert et al.)

variational approach (Roberts et al.)

Lattice QCD (Padmanath et al., Brown et al., Paula et al.)

Hamiltonian Model (Yoshida et al.)

Chiral Quark Model (Li-Ye Xiao et al.)

diquark picture (Qi-Fang LAij et al.)

Sum rules (Azizi et al., Hua-Xing Chen et al., Aliev et al.)

In this study, we used the Hypercentral Constituent Quark Model, which
was introduced in 1995 by M. Ferrariset et al.
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The Hypercentral Constituent Quark Model (hCQM)

In hCQM, baryons are viewed as three-body systems made up of quarks.
In the reference frame of the center of mass, the interquark motion is
usually described by the so-called Jacobi coordinates (ρ, λ) given by

Jacobi coordinates

~ρ =
1√
2

(~r1 −~r2) , ~λ =

√
2

3

(
m1~r1 + m2~r2
m1 + m2

−~r3
)
, (1)

with r =
√
ρ2 + λ2. In this reference frame, the reduced mass associated

with each of the coordinate are given by

Reduced mass

mρ =
2m1m2

m1 + m2
, mλ =

2m3(m2
1 + m2

2 + m1m2)

(m1 + m2)(m1 + m2 + m3)
, m =

2mρmλ

mλ + mρ
. (2)
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The Hypercentral Constituent Quark Model (hCQM)

In the framework of 6-dimensional hypercentral constituent quark models,
a three bodies baryonic system can be described by the Hamiltonian
operator expressed as follows

Hamiltonian operator

Ĥ =
P2
ρ

2mρ
+

P2
λ

2mλ
+ V (r) = − 1

2m

[
d2

dr2
+

5

r

d

dr
−
~L2(Ωρ,Ωλ, ξ)

r2

]
+ V (r), (3)

where Ωρ = (θρ, ϕρ) and Ωλ = (θλ, ϕλ) are the hyperspherical coordinates.

Thus, the eigenvalues equation of ~L2(Ωρ,Ωλ, ξ) can be written as

Eigenvalues equation of ~L2(Ωρ,Ωλ, ξ)

~L2(Ωρ,Ωλ, ξ)Y[γ],lρ,lλ(Ωρ,Ωλ, ξ) = γ(γ + 4)Y[γ],lρ,lλ(Ωρ,Ωλ, ξ), (4)
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The Hypercentral Constituent Quark Model (hCQM)

Thus, the hyperradial Schrödinger equation reads

d2ϕνγ(r)

dr2
+

[
2mEνγ − 2mV (r)− (2γ + 3)(2γ + 5)

4r2

]
ϕνγ(r) = 0. (5)

The hypercentral interaction potential V (r) in Eq.(5) has the following
form

V (r) = V (0)(r) +

(
1

mρ
+

1

mλ

)
V (1)(r) + VSD(r), (6)

V (0)(r) = −b

r
e−cr + ar + dr2, (7)

V (1)(r) = −CFCA
α2

S

4r2
, (8)

αS =
αS (µ0)

1 + ( 33−2nf
12π )αS (µ0) ln( m1+m2+m3

µ0
)
. (9)
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The spin-dependent forces VSD are given in terms of the spin-spin
interaction VSS , spin-orbit interaction VγS and the tensor term VT as

VSD(r) = VSS (r)
[
~Sρ · ~Sλ

]
+ VγS

[
~γ · ~S

]
+ VT (r)

[
~S2. (10)

− 3

(
~S ·

~r

|~r |

)(
~S ·

~r

|~r |

)]
,

where VSS , VγS and VT are given by

VSS (r) =
1

3mλmρ
∇2VV (r) (11)

VγS (r) =
1

2mλmρr

(
3
dVV (r)

dr
− dVS (r)

dr

)
(12)

VT (r) =
1

6mλmρ

(
3
d2VV (r)

dr2
− 1

r

dVV (r)

dr

)
. (13)
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Mass equation of the doubly heavy Ξ baryons

MB = θ1 + m1 + m2 + m3 −
1

6m

 θ2

2ν + 1 + 2
√
θ3 + 1

4

2

, (14)

θ1 =
µ(~γ · ~S)d

mλmρ
+

10d

3δ2
+

2a

δ
−
δ
(
−1

2c
2φ1 + cφ2 − φ3

)
3

−
∞∑

k=0

(−1)kck+1(k + 2)(k + 3)

6(k + 1)!δk

[
φ3 −

φ1c
2

(k + 3)

]
(15)

θ2 = −
∞∑

k=0

2m(−1)kck+1(k + 2)(k + 4)

2(k + 1)!δk+1

[
φ3 −

φ1c
2

(k + 3)

]
+

48md

δ3

+
30ma

δ2
− 3h3 −

12mφ1

δ2
− 8ενγ

δ
(16)

θ3 = −
∞∑

k=0

2m(−1)kck+1(k + 3)(k + 4)

2(k + 1)!δk+2

[
φ3 −

φ1c
2

(k + 3)

]
+

30md

δ4
(17)
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Magnetic moments, radiative transitions and semileptonic
decays

Magnetic moments of the doubly heavy Ξ baryons

The magnetic moments are fundamental properties of baryons that are
essential for a complete description of their behavior in electromagnetic
fields. Having the baryonic wave function at hand, one can easily calculate
the magnetic moment of a doubly heavy Ξ baryon as follows:

µB =
∑

i

〈ψsf |µ̂i |ψsf 〉 =
∑

i

〈ψsf |µiσi |ψsf 〉 , (18)

where ψsf is the spin flavor wave function of the baryonic system, and µ̂i

is the magnetic moment operator given by:

µ̂i = µiσi =
ei

2meff
i

σi , meff
i = mi

(
1 +

〈H〉∑
i mi

)
. (19)

In Eq.(19), ei , mi and σi stand for the charge, mass and spin of the i−th
quark, and meff

i is the effective mass.
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Magnetic moments, radiative transitions and semileptonic
decays

Radiative decay widths of the doubly heavy Ξ baryons

The M1 partial width of the decay B∗ → γB is given by:

Γ =
1

137

ω3

M2
P

2

2J + 1

(
MB

MB∗

)
µ2(B∗ ↔ B), (20)

where MP is the proton mass, MB∗ and J are the mass and spin of the
decaying particle, M is the baryon’s mass in its final state.

transition magnetic moment

µ(B∗ ↔ B) =
∑

i

〈
ψB

sf

∣∣∣ ei

2meff
i

σi

∣∣∣ψB∗
sf

〉
, ω =

M2
B∗ −M2

B

2MB
, (21)

ω is the photon momentum.
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Magnetic moments, radiative transitions and semileptonic
decays

Semileptonic decay widths of the doubly heavy Ξ baryons

Close to zero recoil, the expressions for the semileptonic decay widths are
simplified as follows:

Γ 1
2
→ 1

2
=

G 2
F

12π3
M5

i R
4 |Vbc |2

∫ ωmax

1
dω
√
ω2 − 1

[
l+1 (ω)η2(ω)

+ l−1 (ω)η2(ω)
]
, (22)

Γ 3
2
→ 1

2
=

G 2
F

24π3
M5

i R
4 |Vbc |2

∫ ωmax

1
dω
√
ω2 − 1l3(ω)η2(ω), (23)

Γ 3
2
→ 3

2
=

G 2
F

24π3
M5

i R
4 |Vbc |2

∫ ωmax

1
dω
√
ω2 − 1

[
l+4 (ω)η2(ω)

+ l−4 (ω)η2(ω)
]
, (24)

where R = Mf /Mi , Vbc is the CKM matrix element and
ωmax = (1 + R2)/2R.
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Numerical results

For the six doubly heavy Ξ baryons, light quarks (u and d) are
combined with heavy quarks. The mass difference between the light
quarks is 12 MeV. Thus, it is obvious that when we move towards the
calculation of the excited states the baryons masses would also have a
very small mass difference.

For sake of completeness, we calculated whole mass spectrum for all
six doubly heavy Ξ baryons: Ξ+

cc , Ξ++
cc , Ξ−bb, Ξ0

bb, Ξ0
bc and Ξ+

bc , and
we noticed that it hardly differs less than ≈ 10 MeV.

The Calculations have been implemented for the ground state (1S),
the radial excited states (2S-5S) and the orbital excited states
(1P-5P).

We consider all isospin splittings and accordingly JP values are
determined.
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The LHCb experiment: Ξ++
cc with the mass

(3621.40± 0.72± 0.27± 0.14) MeV and quark combination ccu.The
decay mode of the experimental investigation is Ξ++

cc → Λ+
c K
−π+π−.

SELEX experiment: a ground state at 3520 MeV containing two
charm quarks and a down quark in its decay mode Ξ+

cc → pD+K−.

In our model, due to the lack of experimental data, the values of the
potential parameters are obtained from fitting our calculated masses with
those reported in other works. The values of the constituent quark masses
and the parameters of the problem are reported in Table 1.
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Ground state masses

The ground state masses of the doubly heavy Ξ baryons are listed in Table
2.
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Ground state masses

Radial excited states masses of the doubly heavy Ξ baryons are listed in
Table 3.
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Calculated masses of orbital excited states

Orbital excited states masses of Ξ+
cc and Ξ++

cc baryons are listed in Table 4.
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Calculated masses of orbital excited states

Orbital excited states masses of Ξ−bb and Ξ0
bb baryons are listed in Table 5.
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Calculated masses of orbital excited states

Orbital excited states masses of Ξ0
bc and Ξ+

bc baryons are listed in Table 6.
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The magnetic moments µ̂i of double heavy Ξ baryons

Magnetic moments µ̂i of double heavy Ξ baryons with positive parity
JP = 1

2

+
and 3

2

+
are listed in Table 7 in terms of the nuclear magnaton

µN .
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Radiative and semileptonic decay widths

The radiative and semileptonic decay widths of double heavy Ξ baryons in
Tables 8 and 9 respectively.
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Regge trajectories of doubly heavy Ξ baryons

In the 1960’s, Tullio Regge introduced the concept of Regge
trajectories in hadron physics.

Regge theory is a successful fundamental theory of strong interactions
at very high energies.

One of the most distinctive feature of Regge theory are the Regge
trajectories. Regge trajectories are directly related to mass spectra of
hadrons.

Using hadron masses, the trajectories can be generated in (n,M2)
and (J,M2) planes:

J = βM2 + β0 and J = αM2 + α0

In the Regge trajectories, the fundamental point is that they can
predict the masses of unobserved states. The most important
properties of Regge trajectories are linearity, divergence and
parallelism. In the present work, we found that all the Regge
trajectories show linear behavior.
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Regge Trajectories Plot for the Ξ++
cc baryon

straight lines were obtained by the linear fitting in all Figures.

Regge trajectory (M2 → n)

(b) Regge trajectory (M2 → J)
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Regge Trajectories Plot for the Ξ++
cc baryon

We used the natural
(
JP = 1

2

+
, JP = 3

2

−
, JP = 5

2

+
, JP = 7

2

−
)

parity
masses

Regge trajectory (M2 → J)

(b) Regge trajectory (M2 → n)
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Conclusion

The baryons containing two heavy quarks, namely charm-charm,
bottom-bottom and bottom-charm with a light quarks (u or d) are
reviewed.

The mass spectra of the doubly heavy Ξ baryons are determined using
the hypercentral constituent quark model.

The magnetic moments are also calculated as well as radiative decay
widths and semileptonic decay widths of the doubly heavy Ξ baryons.

The Regge trajectories are useful to determine the unknown states.

This study will definitely be useful for the identification of baryonic
states from resonances in future experiments.
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