
Reaction Kineries

Nie that I will use the Standard

relativistic normalization
,

CGIL = (2m zE.SU(5-5)

Multipatide Jobs are deflec as the

diro product of sots ,

but if theywe
identical

,
then we mut take cre ofMuchage

symetry ,

e.g ,
for two idential particles,

1, = (1) Ine()
>+ bosons

So
,

- Ferrices

(1) = (2E2En (S"E-59" - 53
= S (E - 5) S

*

( -E)



Lo us focus on two-body systems of

identical particles with mass m.

I
-> P= k

> Petaal monatur
Z

> P
= P- k

Each particle satifies the on-shell condition,

Pi
2

= h= m2 p? = (4-4)" = m2

It is useful to defied the invariant mass

of the two-bod syster, is

S =p= (p ,
+pz)

> Madelstans

Since P = (E
,
P)

,
E = toth eugh,

> S = E2-j



For convenience
,
let us work in the

cate-f-momati (Ch) frame of the

two-body system ,
defied by Pr=

= p =- = 5t

I Z
C >

-> A
+

=

- A -
= -h-l P2

the total argy is EF=5

Since Et= E+ ert = ze? let= er)

= e
,

t
= e=

Further
,
since E=With ,

we And

In=

↓ the Ch frame
,
the magnitude of the

moretum is fixed by s.



An exercise is to show for M
, M2

,

E m
25

Int = 15,% = 1824 = + x=m,
M2)

25

wr Killen triangle function

↓ (y
,y,z)

= x2 +y +z- 2(xy +yz + zx)

For two-body sales
,
often write as

- A A

19,↑I Er, 57

>* =( e)

creation is unfixed

In a moving frame,
To

,
uT= 45 (Et)

181 ,827 = let
,
P,>

> E= Et



Probability Conservation - Unitarity

The probability for a reation des is

Prob(a=) = 123151)1 Assure properly
normalized

The total probability for > to go
to all

final states a is

[Prob(es) = 1

-

= 1 = 151
= & (15+p(p)5(4)
=(x15 +

>(2)

=> 5 +5 = I

The S-matrix is a mitary operator



Recall that

5 = E + iT

so
,
S+5 = 1 = (1 - iTt)(I+ iT) = 1

o, ↑ -F += if+F

This is the mitarity condition for the T-matrix.

For -1,
we have for the amplitude

M-Ms = cus"(Pp-Pc)M My
2

An exercise is to prove this

where we used the resolution of identity

= Irr
2

> Sum our all scately chards
Can infinite number of terrs)



Diagrammatically ,
the miturity condition is

#

-- BB : vix
- x

: T :

#

=- :
-

S T :

2
v

intermediatetes placed an mass-shell

the CPT themen relies <tp to-

Ms = Mis by CPT

If a system also exhibits(P symmetry ,

e.g . QCD, the

-

Me Mi 1
Mos

CP CPT
*

So
, Mrc-M = Mea-Ms = ziImMpo

E ZInMa = &Cus'"(Pp-Pa)Ms Mya
2



This is an extremely complicated non-linear inegra
equation for Mec ,

whoch depends on its

coupling to every other scattery amplitude
(from which is allowed by symetry) .

However
, by restricting the scope of the

problem we wish to study , we
can find

a Suitable MpC which satisfies mitarity :

Two-tody Elastic Scarcing

Les conside elastic 252 scafeiny ,

e.g,+ +i scathing ,

So
,

17 = 14
, 47

197 = IP; h >

So
, witaity is

zir =I:
2 z

M
still a sun over a

infinite number f
states



For simplicity ,
lo us conside only a single species

of patide . Therefore
,
the productin thresholds are

(in the two-body Ch Framel
, En = no

Et
M

· 3
⑳

2m 3m 4h 52 --

If wewy care to describe theelastic linematic

region ,

i

. .e
.,
Im EPC3M

, the we

effectively turn off all intermediatesies excet
the two-body production ,

M elastic includic Et
· 3

⑳
2m 3m 4h 52 --



So
,

ZIm M(P
,
h

,
4)

2 < "g"(PIP) M*
(P

, 9,
4)M(p

, 9, 4)= 2π)

(2T)"zW2

stry factor n

elastic mitarity
[ h

where iM(P, h= h) = T [ P

P-4
- 2

- P- h

& 9: 9 , 9
: 45g ,wes , we e tpia

We can sinuity this by exchanging (5 ,, 5) - (5 ,
P)

=> [ImM (P
, 4in)

=,&ping"(PIP) M
*
P

, a
,

4 M(P
, 2,
4)

(2π)2W2
-

↑
elimindas 3 integrals

- ( Se-El M*P, , )MLP, ,



The last S-function can be eliminated by

going to the Ch frame
,

F= 8
,

& using

Spherica coordinates

=> [In M(Et
,
405%

-

X ↑ dat
22
SeeMet, *M(Et, 99,+

- AA
-z

Now
,
SLE

%
- EX) = We (g

47 Ea

M=> ImM (Et/ GW)
=Zh dee *E,

0

,M(E
,

9

,
MM)

↑

ED two-body phase space fator

3 =E squetry facto

(if distnt, 2 = 1)

whole singler , the elastic unitaity condition is

still a neline integral equation. Howe
,
nation

squently will allow us to "solve" it.



Partic Wave Expensions

Under a rotation
, ampitudes mut transform

appropriatel . We ca simplify this understanding
by expanding the system ino definite

patie waves
,
this is states/anpitudes of

definite angular monator .

Since we assure the system is invariant under

rotations
, angular monatur is a good

quarte number .

Le 13
,myh be a site of definite

angular morator ,
with

j1yry = Say begin
&

= [ 1sund
3 =0 My=-)

So
, two-body safe in an frame is the

IET
,
247 = T> 45 [IEbayYe

T
J,my

↑
cavnint two-body Soenormalizatio E definite

angular morete



Here
,

Y( = <4+
13 a

are spherical harmonics.
So

,
for the 2-2 aupitude,

-

Me
,

55
,
4) = 4&Ye (4ning

-

partic was expansion
Partial wale ampitudes

Now
,
Since total angular mometer is conserved,

Mi(E = Seg Sugg My s
-

independent fmy
,

Wigne-Echat Theren .

So,

Me, M = 45[MylEd&Ye Yet

Recall the Spherica Homic addition there,

& Y,(1) 14 = 2 P
M

Legendre polgnarids



the Ci frame scaturing angle , Of, is

defined via ~ ACosenth

-To

I ot
-

A
W

7 2 >
->A 2I - h

2

-Is

So,
Mesor =&(2+ 11M

,
1E4Py close

We have traded the angular information fo

angular moretum ,
with the angular depudence

being captured by knowe functions !



Partial wave adysis is useful since it

diagnoses the mitarity condition

#
Im M (E,

/GW) =

+ /MEME
M - 1

partial meave expand

using authormrality of spherich humanics,
*

Jaga Y 1591 You (59) = Sey Songemy

We find (exercise

InMy = e (My 1

partic ware eastc
unitarity condition

This is now a algebraic equitin for MCs) !

Analytic representations which satisfy the path
wave unitarity relation on called on-shall representions



For elastic scating, at end eugy Ef,
We need to describe two real numbers

,

My = ReM+ :In M,

the unithly condition relies Ind to Rel
.

Conside a polar representation,
[Sy(E9

M(et) = IMCE1e 1

-

two real numbers of

given Ea

RO
, criturity condition ,

InMy = iry) sus =

0 /Me"

=> Imp = Subs
S

So
,

MyCE4) = Sibea &"Sales

Only 1 real funtion needed !

Se is called the scating phase slift



The phase shift has the same ierpretin
as in NRQM scatering.

Che can show (exercise

My = + - i

An afunctive repression is the Kumarix form,

Conside
InMy =plmyi

= ↓
Im>1

InMy ==> In()

Nor, E= E*, and In(+)= -In

Su
, InMj =-

-

latidy know fundra
Su,

My = Real Fundra - is

= k" - is

< K-morix
,
real function



Hishaty ,

me = Ke
,tipks

"

non-potuschine !

Comparing to the phase shift,

k] =

e cot Sy

The K-matrix is a real function near the

two-body scafening threshold . From scattering
theory ,

we do not know the specific for

Some other input is needed
,

2.y, experimet,
The
ay (QCD,, .. .

So
,

we can paranuize the function ,
and

fit/constrain from some external data
.



Threshold Behavio

the particl wave amplitudes cutah linetic

Singularities near threshold
,
Ear In (45-0)

-

The partie have expension ,

Me = [Mc [Yer 15Y
my

As no t o
,
41-=

-to -> 0

So
,
for fixed J,

MCE,95% v My
(41)2)

To compute the divnging behavio,

Ms-Chrys as no -0

M

threshold behavior of ancitude
My 1

30
, Monconst

3 = 1
,
M ,
247

3= 2
, M22474

· Yet
2



The threshold value for the S-wave

Scattering amplitude is related to

the scattering length , an

Mow an

< a measure of the "Strength"
of interaction

A common paranterization for low-eugy
scattering is the Effective Range expansion

na
20+cot by = - + + 40 + 0(454)


