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• The need for factorization
• Inclusive cross sections with one, two and more identified hadrons
• Factorization for exclusive scattering
• Factorization beyond the leading power
• Joint factorization of QCD and QED
• Summary
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Frontiers of QCD and Strong Interaction

q Understanding where did we come from? Global Time: 

QCD at high temperature, high densities, phase transition, …
Facilities – Relativistic heavy ion collisions: SPS, RHIC, the LHC, … 

q Understanding what are we made of?

NO quarks and gluons can be seen in isolation!§ How to understand the emergent properties of 
nucleon and nuclei (elements of the periodic table) in 
terms of elements of the modern periodic table?

§ How does the glue bind us all?

Nuclear Femtography 
Search for answers to these questions at a Fermi scale!
Facilities – CEBAF, EIC, EICC, LHeC, …    
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QCD Color is Fully Entangled

q QCD color confinement:
o Do not see any quarks and gluons in isolation
o The structure of nucleons and nuclei – emergent properties of QCD 

Color Confinement Asymptotic freedom

Probing
scale

Q (GeV)

200 MeV (1 fm) 2 GeV (1/10 fm)20 MeV (10 fm)

Asymptotic
regime
PQCD
works

beautifully!

QCD at the Fermi Scale:  Femto-science (0.1-10 fm)
§ The most interesting, rich, and complex regime of the theory!
§ All emergent phenomena depend on the scale at which we probe them!

q QCD is non-perturbative:
o Any cross section/observable with identified hadron 

is not perturbatively calculable!

o Color is fully entangled!

Atomic structure

Quantum orbits

B-meson

Brown-Muck

B+(ub̄)
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Theoretical Approaches – Approximations:
q Perturbative QCD Factorization: 

– Approximation at Feynman diagram level

Soft-collinear effective theory (SCET), Non-relativistic QCD (NRQCD), Heavy quark EFT, chiral EFT(s), …

q Effective field theory (EFT): 
– Approximation at the Lagrangian level 

q Lattice QCD: 
– Approximation for finite lattice spacing, finite box, lightest quark masses, … with Euclidean time formulation
   (removable with increased computational cost)

Hadron structure, hadron spectroscopy, nuclear structure, phase shift, … 

q Other approaches: 
Light-cone perturbation theory, Dyson-Schwinger Equations (DSE), Constituent quark models, 
AdS/CFT correspondence, …

e p

Power corrections
Approximation
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“Structure”

Hard-part
Probe
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QCD Asymptotic Freedom

q Interaction strength:

μ2 and μ1 not independent

Controllable perturbative QCD calculations 
at HIGH ENERGY or short-distance!

Discovery of QCD
Asymptotic Freedom
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Infrared and Collinear Divergences

q Consider a general diagram:

for a massless theory

² 

Infrared (IR) divergence

² 

Collinear (CO) divergence

Singularity

IR and CO divergences are generic problems 
of a massless perturbation theory
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Infrared Safety (IRS)

q Infrared safety:

Infrared safe  =  κ > 0

Purely perturbative calculations alone (exploiting asymptotic freedom) 
are only useful for quantities that are infrared safe (IRS)!

q Cross section with identified hadron(s):
o Can not be calculated perturbatively! 

o Solution – QCD factorization: 
§ to isolated what can be calculated perturbatively, 
§ to represent the leading non-perturbative information by universal functions
§ to justify the approximation to neglect other nonperturbative information, 

such as power corrections, …
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Inclusive Lepton-Hadron DIS – One Identified Hadron
q Scattering amplitude:
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DIS Structure Functions

q Hadronic tensor:
4 †1( , , )  e  , ( ) (0) ,
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q Structure functions – infrared sensitive:
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No QCD parton dynamics 
used in above derivation!

Cut-diagram



9

Long-Lived Parton States – Necessary for Separation of Scales

q Feynman diagram representation of the hadronic tensor:

W µn µ …

q Perturbative pinched poles:
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Collinear Factorization – Further Approximation

q Collinear approximation, if Q ∼ xp ⋅n ≫  kT , k 2 – Lowest order:
<latexit sha1_base64="gKT2cIfEW9x/hAE6s1ZUBuAtnwk="></latexit>
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– Collinear Approx.

– Spin decomposition

to generate UV – Need UVCT(µ)
to define parton distribution!
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d4k in line 1 is limited, no UV

But, factorization allows  
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Gauge Link – 1st order in coupling “g”

q Longitudinal gluon:

q Left diagram:

q Right diagram:
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An Instructive Exercise for Factorization beyond the Leading Order

q Consider a cross section:

q Leading order quantum correction:

q Leading power contribution in  O(m2/Q2):
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QCD Corrections at the Next-to-Leading Order

q NLO partonic diagram to structure functions: 
2 2

1
2

10

 
Q dk
k

-

µ ò Dominated by
k1
2  0

tAB →∞

Diagram has both long- and short-distance physics

q Factorization, separation of short- from long-distance: 

Same idea as the 
Instructive Exercise 

for Factorization
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Factorization to All Order – One Identified Hadron

q Inclusive lepton-hadron DIS:

Now “Future”“Past”Time:

Long-lived parton state

S

q Soft interaction – trouble maker:

Jet J direction:
<latexit sha1_base64="QN+WsAIF+Gj0PQpfNQzyknn/Krg=">AAACAnicbVDLSgMxFM3UV62vUVfiJliECqXMFF8boeBGXFWwD+gMQyZN29BMJiQZoQzFjb/ixoUibv0Kd/6NaTsLbT1w4XDOvdx7TygYVdpxvq3c0vLK6lp+vbCxubW9Y+/uNVWcSEwaOGaxbIdIEUY5aWiqGWkLSVAUMtIKh9cTv/VApKIxv9cjQfwI9TntUYy0kQL7wAuRTPk4uIVXsOSWnbITeIJIcRLYRafiTAEXiZuRIshQD+wvrxvjJCJcY4aU6riO0H6KpKaYkXHBSxQRCA9Rn3QM5Sgiyk+nL4zhsVG6sBdLU1zDqfp7IkWRUqMoNJ0R0gM1703E/7xOonuXfkq5SDTheLaolzCoYzjJA3apJFizkSEIS2puhXiAJMLapFYwIbjzLy+SZrXinlfO7k6LtWoWRx4cgiNQAi64ADVwA+qgATB4BM/gFbxZT9aL9W59zFpzVjazD/7A+vwBTp+VaA==</latexit>

n̄J = (1, 0, 0?)

Loop in Jet J:
<latexit sha1_base64="TAId6ktkgCbNPKlLLdH/YwRLN8A=">AAACDHicbVDLSgMxFM34rPVVdekmWIQKpcwUX8uCCOKqgn1AZyyZTKYNTTJDkhHK0A9w46+4caGIWz/AnX9j2g6irQcCh3PO5eYeP2ZUadv+shYWl5ZXVnNr+fWNza3tws5uU0WJxKSBIxbJto8UYVSQhqaakXYsCeI+Iy1/cDH2W/dEKhqJWz2MicdRT9CQYqSN1C0UmasohyWnDF1mxgJ0V/2hR24ZXnavTcqu2BPAeeJkpAgy1LuFTzeIcMKJ0JghpTqOHWsvRVJTzMgo7yaKxAgPUI90DBWIE+Wlk2NG8NAoAQwjaZ7QcKL+nkgRV2rIfZPkSPfVrDcW//M6iQ7PvZSKONFE4OmiMGFQR3DcDAyoJFizoSEIS2r+CnEfSYS16S9vSnBmT54nzWrFOa2c3BwXa9WsjhzYBwegBBxwBmrgCtRBA2DwAJ7AC3i1Hq1n6816n0YXrGxmD/yB9fEN3y6Y7g==</latexit>

l ⇠ (1,�2,�)EJ
<latexit sha1_base64="MDMOgetrwQEaLN036hwZj20W6f8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuiXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9q+pl86JSr+VxFOEETuEcPLiGOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH0nmM6g==</latexit>

l

Soft gluons:
<latexit sha1_base64="NHlNnRdZiITvbKN2IM+CglDEofY=">AAACEXicbVC7SgNBFL3rM8bXqqXNYBAihLAbfDVCwMYyAfOA7BpmJ7PJkNkHM7NCWPILNv6KjYUitnZ2/o2TZAtNcmDgcM653LnHizmTyrJ+jJXVtfWNzdxWfntnd2/fPDhsyigRhDZIxCPR9rCknIW0oZjitB0LigOP05Y3vJ34rUcqJIvCezWKqRvgfsh8RrDSUtcsDm+KDtf5Hn6olNAyis6cEqp3zYJVtqZAi8TOSAEy1Lrmt9OLSBLQUBGOpezYVqzcFAvFCKfjvJNIGmMyxH3a0TTEAZVuOr1ojE610kN+JPQLFZqqfydSHEg5CjydDLAayHlvIi7zOonyr92UhXGiaEhmi/yEIxWhST2oxwQlio80wUQw/VdEBlhgonSJeV2CPX/yImlWyvZl+aJ+XqhWsjpycAwnUAQbrqAKd1CDBhB4ghd4g3fj2Xg1PozPWXTFyGaO4B+Mr19cUJrG</latexit>

k = (�2,�2,�2)Q

Hard scale:
<latexit sha1_base64="q3Sabz+DADj8A8ymziKwkotY324=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYBFdlpnhbFkQQVy3aVugMQybNtKFJZkwyQhnqxldx40IRt76FO9/GtJ2Ftv4Q+PjPOZycP0wYVdpxvq3CwuLS8kpxtbS2vrG5ZW/vtFScSkyaOGaxvAuRIowK0tRUM3KXSIJ4yEg7HFyM6+0HIhWNxa0eJsTnqCdoRDHSxgrsvQb0FOXwMriegqfupc5uRoFddirORHAe3BzKIFc9sL+8boxTToTGDCnVcZ1E+xmSmmJGRiUvVSRBeIB6pGNQIE6Un00uGMFD43RhFEvzhIYT9/dEhrhSQx6aTo50X83WxuZ/tU6qo3M/oyJJNRF4uihKGdQxHMcBu1QSrNnQAMKSmr9C3EcSYW1CK5kQ3NmT56FVrbinlZPGcblWzeMogn1wAI6AC85ADVyBOmgCDB7BM3gFb9aT9WK9Wx/T1oKVz+yCP7I+fwAtq5YP</latexit>

Q ⇠ EJ ⇠
p
S

Propagator in J:
<latexit sha1_base64="s1acjbiIaFE3if9iYfXzrvr6VpE="></latexit>

(rJ ± ki)
2 + i✏ ⇡ r2J ± 2r+J k

�
i +O(�3) + i✏

Soft gluon pol:
<latexit sha1_base64="Tb0sIOsqmEozgWHvalAQSSCf6hE=">AAACF3icbVDNS8MwHE3n15xfVY9egkOYl9IOv44DL+JpgvuAtZY0S7ewNC1JKozS/8KL/4oXD4p41Zv/jdlWRDd/kPB47/1I3gsSRqWy7S+jtLS8srpWXq9sbG5t75i7e20ZpwKTFo5ZLLoBkoRRTlqKKka6iSAoChjpBKPLid65J0LSmN+qcUK8CA04DSlGSlO+aV3fZW6U+jSvWZY18qm+jytuIuJExdANkMh47v+YfLNqW/Z04CJwClAFxTR989PtxziNCFeYISl7jp0oL0NCUcxIXnFTSRKER2hAehpyFBHpZdNcOTzSTB+GsdCHKzhlf29kKJJyHAXaGSE1lPPahPxP66UqvPAyypNUEY5nD4UpgzrypCTYp4JgxcYaICyo/ivEQyQQVrrKii7BmY+8CNp1yzmzTm9Oqo16UUcZHIBDUAMOOAcNcAWaoAUweABP4AW8Go/Gs/FmvM+sJaPY2Qd/xvj4BmWtntU=</latexit>

Jµi(...ki...) / n̄µi

J

+
<latexit sha1_base64="U1gogXcf5goySOAfpY4qf68hTgA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eAF48RzQOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0IPpev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1VL+8vKvVaHkcRTuAUzsGDa6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwD3yY2O</latexit>

l1
<latexit sha1_base64="U1gogXcf5goySOAfpY4qf68hTgA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eAF48RzQOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0IPpev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1VL+8vKvVaHkcRTuAUzsGDa6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwD3yY2O</latexit>

l1
<latexit sha1_base64="ABznmkRiu36yi7F6l+en5/iT2SY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eAF48RzQOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9mv9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buqXt5fVOq1PI4inMApnIMH11CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gD5TY2P</latexit>

l2
<latexit sha1_base64="ABznmkRiu36yi7F6l+en5/iT2SY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eAF48RzQOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9mv9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buqXt5fVOq1PI4inMApnIMH11CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gD5TY2P</latexit>

l2

Unitarity:

<latexit sha1_base64="PECjz3o0FQQTzj1A6UAnAnPrX0I=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBahopYk+HUsePGoYK3QtGGznbRLN5uwuxFK6I/w4l/x4kERrx68+W/c1h609cHA470ZZuaFKWdKO86XVZibX1hcKi6XVlbX1jfsza1blWSSQp0mPJF3IVHAmYC6ZprDXSqBxCGHRti/GPmNe5CKJeJGD1JoxaQrWMQo0UYK7AO/A1yTCg/ctrfvH2I/koTm7jDngdf28BFmPqSK8UQMA7vsVJ0x8CxxJ6SMJrgK7E+/k9AsBqEpJ0o1XSfVrZxIzSiHYcnPFKSE9kkXmoYKEoNq5eOnhnjPKB0cJdKU0His/p7ISazUIA5NZ0x0T017I/E/r5np6LyVM5FmGgT9WRRlHOsEjxLCHSaBaj4whFDJzK2Y9ohJRZscSyYEd/rlWXLrVd3T6sn1cbnmTeIooh20iyrIRWeohi7RFaojih7QE3pBr9aj9Wy9We8/rQVrMrON/sD6+AZDN50Q</latexit>

�(l21)
1

l22 � i✏

<latexit sha1_base64="iiKO7nXrbWd+zDjk4tYS3nC6coQ=">AAACF3icbVDLSsNAFJ34rPUVdelmsAgVpSTB17LgxmUFW4UmDZPpTTs4mYSZiVBC/8KNv+LGhSJudeffOK1Z+Dpw4XDOvdx7T5RxprTjfFgzs3PzC4uVperyyuraur2x2VFpLim0acpTeR0RBZwJaGumOVxnEkgScbiKbs4m/tUtSMVScalHGQQJGQgWM0q0kUK7se9jP5aEFu644KHb8/A+Zj5kivFUjP2Dqt8Hrkmdh17P2wvtmtNwpsB/iVuSGirRCu13v5/SPAGhKSdKdV0n00FBpGaUw7jq5woyQm/IALqGCpKACorpX2O8a5Q+jlNpSmg8Vb9PFCRRapREpjMheqh+exPxP6+b6/g0KJjIcg2Cfi2Kc451iich4T6TQDUfGUKoZOZWTIfEpKRNlFUTgvv75b+k4zXc48bRxWGt6ZVxVNA22kF15KIT1ETnqIXaiKI79ICe0LN1bz1aL9brV+uMVc5soR+w3j4Bu3KdvQ==</latexit>

+
1

l21 + i✏
�(l22)

<latexit sha1_base64="ngoCjpjRz72thGL7ltEblKrph/Y=">AAACB3icbZDLSsNAFIYn9VbjLepSkMEiVJCSBG/LghuXFewFmhgmk0k7dDIJMxOhlO7c+CpuXCji1ldw59s4bYNo9YeBn++cw5nzhxmjUtn2p1FaWFxaXimvmmvrG5tb1vZOS6a5wKSJU5aKTogkYZSTpqKKkU4mCEpCRtrh4HJSb98RIWnKb9QwI36CepzGFCOlUWDtexFhClVZ4Ny6R94xNL+Bq0FgVeyaPRX8a5zCVEChRmB9eFGK84RwhRmSsuvYmfJHSCiKGRmbXi5JhvAA9UhXW44SIv3R9I4xPNQkgnEq9OMKTunPiRFKpBwmoe5MkOrL+doE/lfr5iq+8EeUZ7kiHM8WxTmDKoWTUGBEBcGKDbVBWFD9V4j7SCCsdHSmDsGZP/mvabk156x2en1SqbtFHGWwBw5AFTjgHNTBFWiAJsDgHjyCZ/BiPBhPxqvxNmstGcXMLvgl4/0LYTCXCg==</latexit>

�(l21) �(l
2
2)

<latexit sha1_base64="sCNnwmUyQzJs6JVQMAM2+M/bZxc=">AAACCnicbZDLSsNAFIYn9VbjLerSzWgRKmhJgrdlwY3LCvYCTQyTyaQdOrkwMxFK6NqNr+LGhSJufQJ3vo3TNoi2/jDw851zOHN+P2VUSNP80koLi0vLK+VVfW19Y3PL2N5piSTjmDRxwhLe8ZEgjMakKalkpJNygiKfkbY/uBrX2/eEC5rEt3KYEjdCvZiGFCOpkGfsnzjQCQiTqMo8684+co6h/gNsBTyjYtbMieC8sQpTAYUanvHpBAnOIhJLzJAQXctMpZsjLilmZKQ7mSApwgPUI11lYxQR4eaTU0bwUJEAhglXL5ZwQn9P5CgSYhj5qjNCsi9ma2P4X62byfDSzWmcZpLEeLoozBiUCRznAgPKCZZsqAzCnKq/QtxHHGGp0tNVCNbsyfOmZdes89rZzWmlbhdxlMEeOABVYIELUAfXoAGaAIMH8ARewKv2qD1rb9r7tLWkFTO74I+0j2/lpJfR</latexit>

� �(l21) �(l
2
2)

<latexit sha1_base64="M5nG5CdApGq8HOs7trzKZS0pwfM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9XL5kWlXsvjKMIJnMI5eHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPd4mMrg==</latexit>

0

t ∼ R
Not IR safe
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Factorization at the Leading Power – One Identified Hadron

q Leading pinch surface – Inclusive DIS:

“Leading pinch surface”
Reduced diagrams

Soft lines to “H” power suppressed

Off-shell by Q

Collinear “on-shell”

Soft lines
Apply Ward identity

Longitudinally polarized gluons 
decoupled from “H” to gauge link

§ Factorization formalism 
       – leading power:

Hard part:§ Renormalization 
       improvement:

DGLAP equation
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From One Hadron to Two Hadrons

q One hadron:
e p

σ tot
DIS ∼ Ä

1 O
QR
æ ö

+ ç ÷
è ø

Hard-part
Probe

Parton-distribution
Structure

Power corrections
Approximation

q 

q Two hadrons:

σ tot
DY ∼ Ä 1 O

QR
æ ö

+ ç ÷
è ø

s

Predictive power:  Universal Parton Distributions
                                   Calculable coefficient functions
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Drell-Yan Process – Two Identified Hadrons

q Drell-Yan mechanism:
q2 ⌘ Q2 � ⇤2

QCD ⇠ 1/fm2with
Lepton pair – from decay of a virtual photon, or in general, 
a massive boson, e.g., W, Z, H0, … (called Drell-Yan like processes)

q Original Drell-Yan formula:
2 2

2

2
⌦

No color yet! Rapidity:

Right shape – But – not normalization

S.D. Drell and T.-M. Yan
Phys. Rev. Lett. 25, 316 (1970)

Before QCD
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Drell-Yan Process in QCD – Factorization

q Factorization – approximation:
² Require the suppression of quantum interference between short-distance (1/Q) and 

long-distance (fm ~ 1/ΛQCD) physics

Need “long-lived” active parton states linking the two hadrons 

² Maintain the universality of PDFs:

Long-range soft gluon interaction has to 
be power suppressed

² Infrared safe of partonic parts:

Cancelation of IR behavior
Absorb all CO divergences into PDFs

Perturbatively pinched at p2a = 0

Active parton is effectively on-shell for the hard collision
<latexit sha1_base64="1vWIvb7AXV0G1Qy29hmmrpZ/fYc="></latexit>

pµa = (p+a , p
�
a , pa?) ⇠ Q(1,�2,�)

<latexit sha1_base64="8AHEO4sxF9hn/nvKxWd6CQQeNRw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFc1aT4WhbcuBFasA9oQplMJu3QySTMTAol9E/cuFDErX/izr9x2mahrQcGDuecy71zgpQzpR3n21pb39jc2i7tlHf39g8O7aPjtkoySWiLJDyR3QArypmgLc00p91UUhwHnHaC0f3M74ypVCwRT3qSUj/GA8EiRrA2Ut+2PW7CIUaeYjF6vGz27YpTdeZAq8QtSAUKNPr2lxcmJIup0IRjpXquk2o/x1Izwum07GWKppiM8ID2DBU4psrP55dP0blRQhQl0jyh0Vz9PZHjWKlJHJhkjPVQLXsz8T+vl+nozs+ZSDNNBVksijKOdIJmNaCQSUo0nxiCiWTmVkSGWGKiTVllU4K7/OVV0q5V3ZvqdfOqUq8VdZTgFM7gAly4hTo8QANaQGAMz/AKb1ZuvVjv1sciumYVMyfwB9bnDzmokrQ=</latexit>

� ⇠ M/Qwith 
<latexit sha1_base64="VxkThOoscNkXzuEuKFDAsaDhlfg=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYBFdlpnhbFty4EVqwF2inQybNtKFJZkgyQhm78FXcuFDEra/hzrcx085CW38IfPznHM7JH8SMKu0431ZhZXVtfaO4Wdra3tnds/cPWipKJCZNHLFIdgKkCKOCNDXVjHRiSRAPGGkH45us3n4gUtFI3OtJTDyOhoKGFCNtLN8+in3Ur8KeohzeZcAYbPSrvl12Ks5McBncHMogV923v3qDCCecCI0ZUqrrOrH2UiQ1xYxMS71EkRjhMRqSrkGBOFFeOrt/Ck+NM4BhJM0TGs7c3xMp4kpNeGA6OdIjtVjLzP9q3USH115KRZxoIvB8UZgwqCOYhQEHVBKs2cQAwpKaWyEeIYmwNpGVTAju4peXoVWtuJeVi8Z5uVbN4yiCY3ACzoALrkAN3II6aAIMHsEzeAVv1pP1Yr1bH/PWgpXPHII/sj5/AFmtlFg=</latexit>

p2a ⇠ M2 ⌧ Q2
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Factorization at the Leading Power – Two Identified Hadrons

q QCD factorization with Two identified hadrons – Drell-Yan type:

Pinch in k & k’

“Leading pinch surface”
Soft gluon between “beam jets”

Apply Ward identity
to decouple CO gluons from “H”

Single soft component to the beam jet
Apply Ward identity to decouple soft gluons into soft factor(s)

Soft factor = 1 for CO factorization!
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Factorization at the Leading Power – Two Identified Hadrons

q QCD factorization with Two identified hadrons – Drell-Yan type:

Same as that in DIS
“Universality”

But, this factorization can fail if the soft gluon momenta are trapped in the Glauber region: 
<latexit sha1_base64="SpdHQpydB9iz21AKs2GGASEjSpA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWk+FoW3LisYB/QpGEynbRDJ5NhZiKUEDf+ihsXirj1L9z5N07bLLT1wIXDOfdy7z2hYFRpx/m2Siura+sb5c3K1vbO7p69f9BWSSoxaeGEJbIbIkUY5aSlqWakKyRBcchIJxzfTP3OA5GKJvxeTwTxYzTkNKIYaSMF9tE4oH1PxB5jcBxkNO9nniBS5IFddWrODHCZuAWpggLNwP7yBglOY8I1ZkipnusI7WdIaooZySteqohAeIyGpGcoRzFRfjb7IIenRhnAKJGmuIYz9fdEhmKlJnFoOmOkR2rRm4r/eb1UR9d+RrlINeF4vihKGdQJnMYBB1QSrNnEEIQlNbdCPEISYW1Cq5gQ3MWXl0m7XnMvaxd359VGvYijDI7BCTgDLrgCDXALmqAFMHgEz+AVvFlP1ov1bn3MW0tWMXMI/sD6/AEZPJdH</latexit>

k±i ⌧ k?i

Soft spectator interaction is responsible for this – the most challenge part of the factorization proof:

<latexit sha1_base64="BAQm81LM4Tba6uQM9hXA5NZ2ylI="></latexit>

1

(p0 � k0 + l)2 + i"

1

(k0 � l)2 ++i"
�! 1

l+ + i"

1

�l+ + i"

<latexit sha1_base64="jFDUpCD3a9oW2dDWd/9mD/+gzIA="></latexit>

1

(p� k � l)2 + i"

1

(k + l)2 ++i"
�! 1

�l� + i"

1

l� + i"

Solution: (1) sum over all cuts, unitarity cancels all poles 
                       in upper half plane for       , and
                                   in lower half plane for 
                  (2) deform the other component out of Glauber region

<latexit sha1_base64="gJztevrbEb8SseiuAZxzXzdPB24=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGE3+DoGvHiMaB6QrGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3Uz95hPXRkTqAccx90M6UKIvGEUr3cvHs26x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/tp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNStm7LF/cnZeqlSyOPBzBMZyCB1dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4A7SyNhw==</latexit>

l+

<latexit sha1_base64="NcyswqhIjuSkYEtBxmKT4jg4SJY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbAbfB0DXjxGNA9I1jA7mSRDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1gOOY+yEdKNEXjKKV7uXjWbdYcsvuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZqRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/2U6HiBLli80X9RBKMyPRv0hOaM5RjSyjTwt5K2JBqytCmU7AheIsvL5NGpexdli/uzkvVShZHHo7gGE7Bgyuowi3UoA4MBvAMr/DmSOfFeXc+5q05J5s5hD9wPn8A8DSNiQ==</latexit>

l�



21

Factorized Drell-Yan Cross Section

+O(1/Q)

<latexit sha1_base64="AGCFh9+qi5+LycpDbGXxR6ln9vs=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkp1IxTcuGyhL2jTMJlM26GTSTozEULoxl9x40IRt36GO//GaZuFth64cDjnXu69x4sYlcqyvo3cxubW9k5+t7C3f3B4ZB6ftGUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6TjTe7nfueRCElD3lRJRJwAjTgdUoyUllzzzB9UpvAO+o1BuX/tJ7oG5anbdM2iVbIWgOvEzkgRZKi75lffD3EcEK4wQ1L2bCtSToqEopiRWaEfSxIhPEEj0tOUo4BIJ108MIOXWvHhMBS6uIIL9fdEigIpk8DTnQFSY7nqzcX/vF6shrdOSnkUK8LxctEwZlCFcJ4G9KkgWLFEE4QF1bdCPEYCYaUzK+gQ7NWX10m7XLKrpUqjUqxVszjy4BxcgCtggxtQAw+gDloAgxl4Bq/gzXgyXox342PZmjOymVPwB8bnDwSUlLw=</latexit>

d4q = dQ2 dy d2qTfor                   or        integrated Drell-Yan cross sections: q? ⇠ Q
<latexit sha1_base64="KNmOXIfu5xMC0bbsNB3ueFbXK3E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSVDwVvHisYD+gDWWznbRLN5t1dyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhZIzbTzv2ymsrW9sbhW3Szu7e/sH5cOjlk5SRbFJE56oTkg0ciawaZjh2JEKSRxybIfj25nffkKlWSIezERiEJOhYBGjxFip/djvSVSyX654VW8Od5X4OalAjka//NUbJDSNURjKidZd35MmyIgyjHKclnqpRknomAyxa6kgMeogm587dc+sMnCjRNkSxp2rvycyEms9iUPbGRMz0sveTPzP66Ymug4yJmRqUNDFoijlrknc2e/ugCmkhk8sIVQxe6tLR0QRamxCJRuCv/zyKmldVP3Lau2+Vqnf5HEU4QRO4Rx8uII63EEDmkBhDM/wCm+OdF6cd+dj0Vpw8plj+APn8wd3KY+k</latexit>q?

The soft factor,        , is universal, could be absorbed into the definition of 
TMD parton distribution

q Spin dependence:

The factorization arguments at the leading power are 
independent of the spin states of the colliding hadrons  

Same formula with polarized PDFs for γ*,W/Z, H0…

q TMD factorization (                 ) – active parton is still pinched to be on-shell:
<latexit sha1_base64="vv5D9Exp43w0zR/UQprafB6I2n0=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jEB84DsEmYns8mQ2dnJzGwgLPkOLx4U8erHePNvnCR70MSChqKqm+6uUHKmjet+OxubW9s7u4W94v7B4dFx6eS0pZNUEdokCU9UJ8SaciZo0zDDaUcqiuOQ03Y4epj77QlVmiXiyUwlDWI8ECxiBBsrBeOeL6mSyOccNXqlsltxF0DrxMtJGXLUe6Uvv5+QNKbCEI617nquNEGGlWGE01nRTzWVmIzwgHYtFTimOsgWR8/QpVX6KEqULWHQQv09keFY62kc2s4Ym6Fe9ebif143NdF9kDEhU0MFWS6KUo5MguYJoD5TlBg+tQQTxeytiAyxwsTYnIo2BG/15XXSqla828pN47pcq+ZxFOAcLuAKPLiDGjxCHZpAYAzP8ApvzsR5cd6dj2XrhpPPnMEfOJ8/Fz+Rng==</latexit>

q? ⌧ Q

q Collinear factorization – single hard scale (              ):   
<latexit sha1_base64="cuNPa7DrvYSOM5+DOw0eA1J4bS8=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jEB84DsGmYns8mQmd1xZlYJS/7DiwdFvPov3vwbJ8keNLGgoajqprsrlJxp47rfzsrq2vrGZmGruL2zu7dfOjhs6SRVhDZJwhPVCbGmnMW0aZjhtCMVxSLktB2ObqZ++5EqzZL4zowlDQQexCxiBBsr3T/0fEmVRL5mAjV6pbJbcWdAy8TLSRly1HulL7+fkFTQ2BCOte56rjRBhpVhhNNJ0U81lZiM8IB2LY2xoDrIZldP0KlV+ihKlK3YoJn6eyLDQuuxCG2nwGaoF72p+J/XTU10HWQslqmhMZkvilKOTIKmEaA+U5QYPrYEE8XsrYgMscLE2KCKNgRv8eVl0qpWvMvKReO8XKvmcRTgGE7gDDy4ghrcQh2aQEDBM7zCm/PkvDjvzse8dcXJZ47gD5zPH+yjkhk=</latexit>

q? ⇠ Q
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Factorization for More Than Two Hadrons

q Factorization for high pT single hadron: Nayak, Qiu, Sterman, 2005

�,W/Z, `(s), jet(s)
B,D,⌥, J/ ,⇡, ...

+ O (1/PT
2)

pT � m & ⇤QCD

dσ AB→C+X pA, pB , p( )
dydpT

2
= φA→a x,µF

2( )
a,b,c
∑ ⊗φB→b x ',µF

2( )

                                 ⊗
dσ̂ ab→c+X x,x ', z, y, pT

2µF
2( )

dydpT
2

⊗ Dc→C z,µF
2( )

² Fragmentation function:

² Choice of the scales:

( )2,c C FzD µ®

2 2
Fac r n

2
e Tpµ µ» »

To minimize the size of logs in the coefficient functions

Same arguments work for 
more final-state hadrons if 
every pair of hadrons have 
an invariant mass >> LQCD
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QCD Factorization Works to the Precision

q Data sets for Global Fits: q Kinematic Coverage:

q Fit Quality:
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Unprecedent Success of QCD and Standard Model

SM: Electroweak processes + QCD perturbation theory + PDFs works!
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Nuclear Femtography

GPDs

TMDs

q Need new observables with two distinctive scales:
Q1 � Q2 ⇠ 1/R ⇠ ⇤QCD

§ Hard scale:             to localize the probe to see the  
         particle nature of quarks/gluons

Q1

§ “Soft” scale:           to be more sensitive to the emergent  
                                       regime of hadron structure ~ 1/fm

Q2

q 3D hadron structure:
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Inclusive vs. Exclusive – Partonic Structure without Breaking the Hadron!

Inclusive scattering Exclusive diffraction

p

ℓ

ℓ′

H

DIS

p

p′

ℓ′

ℓ

DVCS

p

ℓ

h

ℓ′

H

SIDIS

�⇤
` `0

Ph

P

xP, kT
Ph

z
, k0T

Confined motion

Emergence of a hadron
hadronization

<latexit sha1_base64="JXSVTdHsajNoISIdFKg3IhJIuEk=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiAIgWEyWb0FvHiMYBbIDKGnU5M06Vno7hHCkN/w4kERr/6MN//GniSCij4oeLxXRVU9L+ZMKsv6MHIbm1vbO/ndwt7+weFR8fikJ6NEUOjSiEdi4BEJnIXQVUxxGMQCSOBx6Huz68zv34OQLArv1DwGNyCTkPmMEqUlB8odR0UYytPyYFQsWeZVq2HXbWyZltW0q42M2M2aXcUVrWQooTU6o+K7M45oEkCoKCdSDitWrNyUCMUoh0XBSSTEhM7IBIaahiQA6abLmxf4Qitj7EdCV6jwUv0+kZJAynng6c6AqKn87WXiX94wUX7LTVkYJwpCulrkJxzrN7MA8JgJoIrPNSFUMH0rplMiCFU6poIO4etT/D/p2WalYdZva6V2bR1HHp2hc3SJKqiJ2ugGdVAXURSjB/SEno3EeDRejNdVa85Yz5yiHzDePgHkApDs</latexit>

e+ P ! e+ h+X

Gluon shower 
 – QCD evolution

See Z. Yu’s talk on Tuesday
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Inclusive vs. Exclusive – Partonic Structure without Breaking the Hadron!

Inclusive scattering Exclusive diffraction

p

ℓ

ℓ′

H

DIS

p

p′

ℓ′

ℓ

DVCS

p

ℓ

h

ℓ′

H

SIDIS

�⇤
` `0

Ph

P

xP, kT
Ph

z
, k0T

Confined motion

Emergence of a hadron
hadronization

<latexit sha1_base64="JXSVTdHsajNoISIdFKg3IhJIuEk=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiAIgWEyWb0FvHiMYBbIDKGnU5M06Vno7hHCkN/w4kERr/6MN//GniSCij4oeLxXRVU9L+ZMKsv6MHIbm1vbO/ndwt7+weFR8fikJ6NEUOjSiEdi4BEJnIXQVUxxGMQCSOBx6Huz68zv34OQLArv1DwGNyCTkPmMEqUlB8odR0UYytPyYFQsWeZVq2HXbWyZltW0q42M2M2aXcUVrWQooTU6o+K7M45oEkCoKCdSDitWrNyUCMUoh0XBSSTEhM7IBIaahiQA6abLmxf4Qitj7EdCV6jwUv0+kZJAynng6c6AqKn87WXiX94wUX7LTVkYJwpCulrkJxzrN7MA8JgJoIrPNSFUMH0rplMiCFU6poIO4etT/D/p2WalYdZva6V2bR1HHp2hc3SJKqiJ2ugGdVAXURSjB/SEno3EeDRejNdVa85Yz5yiHzDePgHkApDs</latexit>

e+ P ! e+ h+X

Gluon shower 
 – QCD evolution

Diffraction
<latexit sha1_base64="Qq/vCSgo3z5MRj5R8CjH2OLibDA=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotYFy1J8LURCm5ctmAf0KZlMp22QyeTMDMRQqi/4saFIm79EHf+jZM2C209cC+Hc+5l7hwvZFQqy/o2cmvrG5tb+e3Czu7e/oF5eNSSQSQwaeKABaLjIUkY5aSpqGKkEwqCfI+Rtje9S/32IxGSBvxBxSFxfTTmdEQxUloamMVG37mtlHuEsUrazs77zsAsWVVrDrhK7IyUQIb6wPzqDQMc+YQrzJCUXdsKlZsgoShmZFboRZKECE/RmHQ15cgn0k3mx8/gqVaGcBQIXVzBufp7I0G+lLHv6UkfqYlc9lLxP68bqdGNm1AeRopwvHhoFDGoApgmAYdUEKxYrAnCgupbIZ4ggbDSeRV0CPbyl1dJy6naV9XLxkWp5mRx5MExOAFlYINrUAP3oA6aAIMYPINX8GY8GS/Gu/GxGM0Z2U4R/IHx+QMVt5MV</latexit>

Q2 = �(`� `0)2
<latexit sha1_base64="MI0Pw+NHlMcGJxpfuJ/92C3e1pQ=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItYFy0zxddGKLhxWcE+oB1LJs1MQzOZkGTEMvRX3LhQxK0/4s6/MW1noa0HLhzOuZd77/EFo0o7zreVW1ldW9/Ibxa2tnd29+z9YkvFicSkiWMWy46PFGGUk6ammpGOkARFPiNtf3Qz9duPRCoa83s9FsSLUMhpQDHSRurbxV4YwkpZVMTJ6UMNXsOK7tslp+rMAJeJm5ESyNDo21+9QYyTiHCNGVKq6zpCeymSmmJGJoVeoohAeIRC0jWUo4goL53dPoHHRhnAIJamuIYz9fdEiiKlxpFvOiOkh2rRm4r/ed1EB1deSrlINOF4vihIGNQxnAYBB1QSrNnYEIQlNbdCPEQSYW3iKpgQ3MWXl0mrVnUvqud3Z6V6LYsjDw7BESgDF1yCOrgFDdAEGDyBZ/AK3qyJ9WK9Wx/z1pyVzRyAP7A+fwBXdpID</latexit>

� �(p� p0)2 = �t

See Z. Yu’s talk on Tuesday
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Inclusive vs. Exclusive – Partonic Structure without Breaking the Hadron!

Inclusive scattering Exclusive diffraction

p

ℓ

ℓ′

H

DIS

p

p′

ℓ′

ℓ

DVCS

p

ℓ

h

ℓ′

H

SIDIS

p

p′

ℓ

ℓ′

F H

GPD
Physics at a soft scale:

<latexit sha1_base64="4NpUcm2Oli7OlcPeB7ZEW4PIL9s=">AAAB+nicbVDLTgIxFO3gC/E16NJNIzHiQjJD8LExIXHjEhN5JDCSTulAQ9tp2o6GIJ/ixoXGuPVL3Pk3FpiFoie5yck59+bee0LJqDae9+VklpZXVtey67mNza3tHTe/29BxojCp45jFqhUiTRgVpG6oYaQlFUE8ZKQZDq+mfvOeKE1jcWtGkgQc9QWNKEbGSl0339GUw6I8kUfHd2V4CU3XLXglbwb4l/gpKYAUta772enFOOFEGMyQ1m3fkyYYI2UoZmSS6ySaSISHqE/algrEiQ7Gs9Mn8NAqPRjFypYwcKb+nBgjrvWIh7aTIzPQi95U/M9rJya6CMZUyMQQgeeLooRBE8NpDrBHFcGGjSxBWFF7K8QDpBA2Nq2cDcFffPkvaZRL/lnp9KZSqFbSOLJgHxyAIvDBOaiCa1ADdYDBA3gCL+DVeXSenTfnfd6acdKZPfALzsc3ZNiSHA==</latexit>

⇠ (p� p0)2 = t

Probe at a time:

(x+ ξ)P+ (x− ξ)P+

(1− ξ)P+(1 + ξ)P+

<latexit sha1_base64="6R5TB/oXgQrtipdLhhtWQsbTU+E="></latexit>

�+ = 2⇠P+

<latexit sha1_base64="YqN3egrHnFViFtOXDOoa9G+Sn6o="></latexit>

F q(x, ⇠, t)

<latexit sha1_base64="49zMzANNJgqbXw4R0xQLiBK1Cew="></latexit>

k
<latexit sha1_base64="YPcHGRR0+8kCen+OKcErJ1FoG0w="></latexit>

k0
<latexit sha1_base64="Iq0vHk2YgVJyx696j/PmX6tf4yo="></latexit>

p0<latexit sha1_base64="ZRg1N86gOJAG2HE7OaBq+sGb0qE="></latexit>p

Diffraction

<latexit sha1_base64="at/J1FTsx1WvOt93AUK1Pcd59a4=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKe4GX8eAF48JmAckS5idzCZDZmbXmVkhLPkJLx4U8ervePNvnGz2oIkFDUVVN91dQcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcjf3O09UaRbJBzONqS/wSLKQEWys1O1rJpB30RyUK27VzYBWiZeTCuRoDMpf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X6a3TtDZ1YZojBStqRBmfp7IsVC66kIbKfAZqyXvbn4n9dLTHjrp0zGiaGSLBaFCUcmQvPn0ZApSgyfWoKJYvZWRMZYYWJsRCUbgrf88ipp16redfWqeVmp1/I4inACp3AOHtxAHe6hAS0gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH9iuPOg==</latexit>

⇠ 1/Q

<latexit sha1_base64="Qq/vCSgo3z5MRj5R8CjH2OLibDA=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotYFy1J8LURCm5ctmAf0KZlMp22QyeTMDMRQqi/4saFIm79EHf+jZM2C209cC+Hc+5l7hwvZFQqy/o2cmvrG5tb+e3Czu7e/oF5eNSSQSQwaeKABaLjIUkY5aSpqGKkEwqCfI+Rtje9S/32IxGSBvxBxSFxfTTmdEQxUloamMVG37mtlHuEsUrazs77zsAsWVVrDrhK7IyUQIb6wPzqDQMc+YQrzJCUXdsKlZsgoShmZFboRZKECE/RmHQ15cgn0k3mx8/gqVaGcBQIXVzBufp7I0G+lLHv6UkfqYlc9lLxP68bqdGNm1AeRopwvHhoFDGoApgmAYdUEKxYrAnCgupbIZ4ggbDSeRV0CPbyl1dJy6naV9XLxkWp5mRx5MExOAFlYINrUAP3oA6aAIMYPINX8GY8GS/Gu/GxGM0Z2U4R/IHx+QMVt5MV</latexit>

Q2 = �(`� `0)2
<latexit sha1_base64="MI0Pw+NHlMcGJxpfuJ/92C3e1pQ=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItYFy0zxddGKLhxWcE+oB1LJs1MQzOZkGTEMvRX3LhQxK0/4s6/MW1noa0HLhzOuZd77/EFo0o7zreVW1ldW9/Ibxa2tnd29+z9YkvFicSkiWMWy46PFGGUk6ammpGOkARFPiNtf3Qz9duPRCoa83s9FsSLUMhpQDHSRurbxV4YwkpZVMTJ6UMNXsOK7tslp+rMAJeJm5ESyNDo21+9QYyTiHCNGVKq6zpCeymSmmJGJoVeoohAeIRC0jWUo4goL53dPoHHRhnAIJamuIYz9fdEiiKlxpFvOiOkh2rRm4r/ed1EB1deSrlINOF4vihIGNQxnAYBB1QSrNnYEIQlNbdCPEQSYW3iKpgQ3MWXl0mrVnUvqud3Z6V6LYsjDw7BESgDF1yCOrgFDdAEGDyBZ/AK3qyJ9WK9Wx/z1pyVzRyAP7A+fwBXdpID</latexit>

� �(p� p0)2 = �t
Life time:

<latexit sha1_base64="f5474m5RcYWsSv8eMH9qXjefLLE=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4Me4GX8eAF48RzAOyS5idTJIhM7PrTG8gLPkTLx4U8eqfePNvnCR70MSChqKqm+6uKBHcgOd9Oyura+sbm4Wt4vbO7t6+e3DYMHGqKavTWMS6FRHDBFesDhwEayWaERkJ1oyGd1O/OWLa8Fg9wjhhoSR9xXucErBSx3UDwyX2LwLzpCE7h0nHLXllbwa8TPyclFCOWsf9CroxTSVTQAUxpu17CYQZ0cCpYJNikBqWEDokfda2VBHJTJjNLp/gU6t0cS/WthTgmfp7IiPSmLGMbKckMDCL3lT8z2un0LsNM66SFJii80W9VGCI8TQG3OWaURBjSwjV3N6K6YBoQsGGVbQh+IsvL5NGpexfl68eLkvVSh5HAR2jE3SGfHSDquge1VAdUTRCz+gVvTmZ8+K8Ox/z1hUnnzlCf+B8/gDpBJMp</latexit>

⇠ 1/
p
�t
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Single-Diffractive Hard Exclusive Processes (SDHEP) for Extracting GPDs

q Separation of physics taken place at soft (t) and hard (Q) scales: Qiu & Yu, JHEP 08 (2022) 103
PRD 107 (2023) 014007
PRL 131 (2023) 161902

<latexit sha1_base64="f+Dg76sGcvLE0XOuc+qiOG+RjF0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUTZmU0seu0I3LCvYB7VAyaaaNzSRjkhHK0H9w40IRt/6PO//GTFtBRQ9cOJxzL/fe40ecaeO6H05mY3Nreye7m9vbPzg8yh+fdLWMFaEdIrlUfR9rypmgHcMMp/1IURz6nPb8WSv1e/dUaSbFjZlH1AvxRLCAEWys1G0V70bocpQvuCXXdRFCMCWoVnUtaTTqZVSHKLUsCmCN9ij/PhxLEodUGMKx1gPkRsZLsDKMcLrIDWNNI0xmeEIHlgocUu0ly2sX8MIqYxhIZUsYuFS/TyQ41Hoe+rYzxGaqf3up+Jc3iE1Q9xImothQQVaLgphDI2H6OhwzRYnhc0swUczeCskUK0yMDShnQ/j6FP5PuuUSqpYq15VCs7yOIwvOwDkoAgRqoAmuQBt0AAG34AE8gWdHOo/Oi/O6as0465lT8APO2yeeJ456</latexit>

C(q1)

<latexit sha1_base64="987nAjpSNC5y4MRJ2E3gFGEgUNE=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAh1E5IY2rorunFZwT6gDWUynbRjJzNhZiKU0H9w40IRt/6PO//GSVtBRQ9cOJxzL/feEyaMKu04H9bK6tr6xmZhq7i9s7u3Xzo4bCuRSkxaWDAhuyFShFFOWppqRrqJJCgOGemEk6vc79wTqajgt3qakCBGI04jipE2Uvuykgy8s0Gp7NgX9arnV6FjO07N9dyceDX/3IeuUXKUwRLNQem9PxQ4jQnXmCGleq6T6CBDUlPMyKzYTxVJEJ6gEekZylFMVJDNr53BU6MMYSSkKa7hXP0+kaFYqWkcms4Y6bH67eXiX14v1VE9yChPUk04XiyKUga1gPnrcEglwZpNDUFYUnMrxGMkEdYmoKIJ4etT+D9pe7Zbtf0bv9zwlnEUwDE4ARXgghpogGvQBC2AwR14AE/g2RLWo/VivS5aV6zlzBH4AevtE6+1joU=</latexit>

B(p2)
<latexit sha1_base64="PL1kYpucvs7xgh+7/XRm9l3fB2w=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBhZSZUtSNUHDjsoJ9QDuUTJppQ5PMkGQKZeifuHGhiFv/xJ1/Y9rOQlsPXO7hnHvJzQkTzrTxvG+nsLG5tb1T3C3t7R8cHrnHJy0dp4rQJol5rDoh1pQzSZuGGU47iaJYhJy2w/H93G9PqNIslk9mmtBA4KFkESPYWKnvuneIXqHeEAuBbU9Y3y17FW8BtE78nJQhR6PvfvUGMUkFlYZwrHXX9xITZFgZRjidlXqppgkmYzykXUslFlQH2eLyGbqwygBFsbIlDVqovzcyLLSeitBOCmxGetWbi/953dREt0HGZJIaKsnyoSjlyMRoHgMaMEWJ4VNLMFHM3orICCtMjA2rZEPwV7+8TlrVin9dqT3WyvVqHkcRzuAcLsGHG6jDAzSgCQQm8Ayv8OZkzovz7nwsRwtOvnMKf+B8/gBrkJIy</latexit>= e, �,⇡

<latexit sha1_base64="peFx4qbZ+EcmxAhZsmNYWHlIvMo=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUTUlK6WNX0IXLCvYB7VAyaaaNzWTGJCOUof/gxoUibv0fd/6NmbaCih64cDjnXu69x4sE1wahDyeztr6xuZXdzu3s7u0f5A+POjqMFWVtGopQ9TyimeCStQ03gvUixUjgCdb1phep371nSvNQ3phZxNyAjCX3OSXGSp3L4t2wfD7MF1AJIYQxhinBtSqypNGol3Ed4tSyKIAVWsP8+2AU0jhg0lBBtO5jFBk3IcpwKtg8N4g1iwidkjHrWypJwLSbLK6dwzOrjKAfKlvSwIX6fSIhgdazwLOdATET/dtLxb+8fmz8uptwGcWGSbpc5McCmhCmr8MRV4waMbOEUMXtrZBOiCLU2IByNoSvT+H/pFMu4Wqpcl0pNMurOLLgBJyCIsCgBprgCrRAG1BwCx7AE3h2QufReXFel60ZZzVzDH7AefsEoTWOfA==</latexit>

D(q2)§ Hard probe:              high       exclusive process: <latexit sha1_base64="Ipv8XSo9oTZD413X7AdYXsL1+y0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqswMRV0W3LisYB/SDiWTZtrQJDMkGaEM/Qo3LhRx6+e482/MtLPQ1gOBwzn3kntOmHCmjet+O6WNza3tnfJuZW//4PCoenzS0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3uZ+94kqzWL5YGYJDQQeSxYxgo2VHv2BiZGPUGVYrbl1dwG0TryC1KBAa1j9GoxikgoqDeFY677nJibIsDKMcDqvDFJNE0ymeEz7lkosqA6yxcFzdGGVEYpiZZ80aKH+3siw0HomQjspsJnoVS8X//P6qYlugozJJDVUkuVHUcqRTZmnRyOmKDF8ZgkmitlbEZlghYmxHeUleKuR10nHr3tX9cZ9o9b0izrKcAbncAkeXEMT7qAFbSAg4Ble4c1Rzovz7nwsR0tOsXMKf+B8/gB8LI7a</latexit>

2 ! 2
<latexit sha1_base64="P2/D0xIxFf1+MzGjD8G8oU/Zy5U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4rNK3QhrLZbtqlu5u4uxFK6G/w4kERr/4gb/4bN20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTro5TRahPYh6rhxBrypmkvmGG04dEUSxCTnvh9Db3e09UaRbLjpklNBB4LFnECDZW8h+HHVQZVmtu3V0ArROvIDUo0B5WvwajmKSCSkM41rrvuYkJMqwMI5zOK4NU0wSTKR7TvqUSC6qDbHHsHF1YZYSiWNmSBi3U3xMZFlrPRGg7BTYTverl4n9ePzXRTZAxmaSGSrJcFKUcmRjln6MRU5QYPrMEE8XsrYhMsMLE2HzyELzVl9dJt1H3rurN+2at1SjiKMMZnMMleHANLbiDNvhAgMEzvMKbI50X5935WLaWnGLmFP7A+fwBwBKN8w==</latexit>qT

<latexit sha1_base64="8Bua0Nrm1pGQskqq4Mb5iqDJFrI=">AAACDnicbVBLTwIxGOziC/GFevTSSEhYScjuhqhHFA8eMZFHAuumWwo0dLtr2zUhG36BF/+KFw8a49WzN/+N5XFQcJKmk5nvSzvjR4xKZVnfRmpldW19I72Z2dre2d3L7h80ZBgLTOo4ZKFo+UgSRjmpK6oYaUWCoMBnpOkPqxO/+UCEpCG/VaOIuAHqc9qjGCktedn8xd1JIfJss3ipL8fsqBBmqoV7L7HHZvFKE8eEGS+bs0rWFHCZ2HOSA3PUvOxXpxviOCBcYYakbNtWpNwECUUxI+NMJ5YkQniI+qStKUcBkW4yjTOGea10YS8U+nAFp+rvjQQFUo4CX08GSA3kojcR//PaseqduwnlUawIx7OHejGDOvOkG9ilgmDFRpogLKj+K8QDJBBWusFJCfZi5GXScEr2aal8U85VnHkdaXAEjkEB2OAMVMA1qIE6wOARPINX8GY8GS/Gu/ExG00Z851D8AfG5w9TCJfR</latexit>

A⇤(p1) +B(p2) ! C(q1) +D(q2)

Probing time:
<latexit sha1_base64="pSkv856CAWf4QEjVvfLJV1hk3d0=">AAACC3icbZC7TsMwFIadcivhFmBksVohMZWk4jZWYmEsUm9SE0WO67RWncTYDqJKu7PwKiwMIMTKC7DxNrhtBmj5JUu/vnOOjs8fcEalsu1vo7Cyura+Udw0t7Z3dves/YOWTFKBSRMnLBGdAEnCaEyaiipGOlwQFAWMtIPh9bTevidC0iRuqBEnXoT6MQ0pRkoj3yq5kkbQOR3f+ZnTmIxNF3EukoccVTXyrbJdsWeCy8bJTRnkqvvWl9tLcBqRWGGGpOw6NldehoSimJGJ6aaScISHqE+62sYoItLLZrdM4LEmPRgmQr9YwRn9PZGhSMpRFOjOCKmBXKxN4X+1bqrCKy+jMU8VifF8UZgyqBI4DQb2qCBYsZE2CAuq/wrxAAmElY7P1CE4iycvm1a14lxUzm/PyrVqHkcRHIESOAEOuAQ1cAPqoAkweATP4BW8GU/Gi/FufMxbC0Y+cwj+yPj8Aa18mik=</latexit>

⇠ 1/|q1T | ⇡ 1/|q2T |

Not necessarily sufficient!

§ Necessary condition for QCD factorization: 
<latexit sha1_base64="/hCtbivtWAbiANQgcFLVkxFU1hc=">AAACDHicbZC7SgNBFIZn4y3GW9TSZjAINobdENRGCNhYRsgNkmWZnUySIbOXzJwVwiYPYOOr2FgoYusD2Pk2zm620MQfBj7+cw5nzu+GgiswzW8jt7a+sbmV3y7s7O7tHxQPj1oqiCRlTRqIQHZcopjgPmsCB8E6oWTEcwVru+PbpN5+YFLxwG/ANGS2R4Y+H3BKQFtOsTSbOLHlNOYzfIMTrqTcGw5xT00kxBcw111m2UyFV8HKoIQy1Z3iV68f0MhjPlBBlOpaZgh2TCRwKti80IsUCwkdkyHravSJx5Qdp8fM8Zl2+ngQSP18wKn7eyImnlJTz9WdHoGRWq4l5n+1bgSDazvmfhgB8+li0SASGAKcJIP7XDIKYqqBUMn1XzEdEUko6PwKOgRr+eRVaFXK1mW5el8t1SpZHHl0gk7RObLQFaqhO1RHTUTRI3pGr+jNeDJejHfjY9GaM7KZY/RHxucPCCGa8Q==</latexit>

|q1T | = |q2T | �
p
�t

Lifetime of               is much longer 

than collision time of the probe!

<latexit sha1_base64="yeKAsYkshFiXrs/rePNOPaWyaic=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJUD2W3FPVY8eKxgv2Adi3ZNNuGZpM1yQpl6Z/w4kERr/4db/4b03YP2vpg4PHeDDPzgpgzbVz321lZXVvf2Mxt5bd3dvf2CweHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDP1W09UaSbFvRnH1I/wQLCQEWys1L5+OC/FPe+sVyi6ZXcGtEy8jBQhQ71X+Or2JUkiKgzhWOuO58bGT7EyjHA6yXcTTWNMRnhAO5YKHFHtp7N7J+jUKn0USmVLGDRTf0+kONJ6HAW2M8JmqBe9qfif10lMeOWnTMSJoYLMF4UJR0ai6fOozxQlho8twUQxeysiQ6wwMTaivA3BW3x5mTQrZe+iXL2rFmuVLI4cHMMJlMCDS6jBLdShAQQ4PMMrvDmPzovz7nzMW1ecbOYI/sD5/AFoLY7d</latexit>

A⇤(p1)

Two- stage              single diffractive              
exclusive hard processes (SDHEP): 

<latexit sha1_base64="13Lm00+64hTxk7Luc6adPu2iolA=">AAAB7XicbVBNTwIxFHzFL8Qv1KOXRmLiiewiUY8kXjxiIkgCG9ItXah0203bNSEb/oMXDxrj1f/jzX9jgT0oOEmTycx76ZsJE8GN9bxvVFhb39jcKm6Xdnb39g/Kh0dto1JNWYsqoXQnJIYJLlnLcitYJ9GMxKFgD+H4ZuY/PDFtuJL3dpKwICZDySNOiXVSu9azCl/0yxWv6s2BV4mfkwrkaPbLX72BomnMpKWCGNP1vcQGGdGWU8GmpV5qWELomAxZ11FJYmaCbH7tFJ85ZYAjpd2TFs/V3xsZiY2ZxKGbjIkdmWVvJv7ndVMbXQcZl0lqmaSLj6JUYBdxFh0PuGbUiokjhGrubsV0RDSh1hVUciX4y5FXSbtW9S+r9bt6pVHL6yjCCZzCOfhwBQ24hSa0gMIjPMMrvCGFXtA7+liMFlC+cwx/gD5/AJkAjnM=</latexit>

2 ! 3

<latexit sha1_base64="pf0rK6WpsGjFoLl/5SQCXm5f0zE=">AAACE3icbZDLSsNAFIYn9VbrrerSzWCRpgolCUVdFuvCZQV7gbaEyXTSDp0k48xEKKHv4MZXceNCEbdu3Pk2TtoutPWHgY//nMOZ83ucUaks69vIrKyurW9kN3Nb2zu7e/n9g6aMYoFJA0csEm0PScJoSBqKKkbaXBAUeIy0vFEtrbceiJA0Cu/UmJNegAYh9SlGSltu/nRo8hI8g1cmd50S7KooNyyavJh6NfPetVO41uCU3HzBKltTwWWw51AAc9Xd/Fe3H+E4IKHCDEnZsS2uegkSimJGJrluLAlHeIQGpKMxRAGRvWR60wSeaKcP/UjoFyo4dX9PJCiQchx4ujNAaigXa6n5X60TK/+yl9CQx4qEeLbIjxlUEUwDgn0qCFZsrAFhQfVfIR4igbDSMeZ0CPbiycvQdMr2eblyWylUnXkcWXAEjoEJbHABquAG1EEDYPAInsEreDOejBfj3fiYtWaM+cwh+CPj8wejXZhS</latexit>

h(p) +B(p2) ! h0(p0) + C(q1) +D(q2)

A 2-scale 2-stage observable!

§ Single diffractive – keep the hadron intact: 
<latexit sha1_base64="b5o6UF+LtX0x3oQwiYRG6OQVXbk=">AAACB3icbVBLSwMxGMz6rPW16lGQYJFuFctuKepFqHjxWME+oK0lm6bd0Gw2JFmhlN68+Fe8eFDEq3/Bm//GtN2Dtg4EJjPfRzLjC0aVdt1va2FxaXllNbWWXt/Y3Nq2d3arKoolJhUcsUjWfaQIo5xUNNWM1IUkKPQZqfn967FfeyBS0Yjf6YEgrRD1OO1SjLSR2vZB4IhcU0cwyDoim4Mn8Or+2BFt71Kcmnvbzrh5dwI4T7yEZECCctv+anYiHIeEa8yQUg3PFbo1RFJTzMgo3YwVEQj3UY80DOUoJKo1nOQYwSOjdGA3kuZwDSfq740hCpUahL6ZDJEO1Kw3Fv/zGrHuXrSGlItYE46nD3VjBk3ucSmwQyXBmg0MQVhS81eIAyQR1qa6tCnBm408T6qFvHeWL94WM6VCUkcK7IND4AAPnIMSuAFlUAEYPIJn8ArerCfrxXq3PqajC1ayswf+wPr8AWFUlcU=</latexit>

h(p) ! h0(p0) +A⇤(p1 = p� p0)

<latexit sha1_base64="3VRvk8i1JVWaq1zulfD9yxQtBwo=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUlK6WNXcOOygq2FdiiZNO2EJpkhyQhl6C+4caGIW3/InX9jpq2gogcuHM65l3vvCWLBjUXow8ttbG5t7+R3C3v7B4dHxeOTnokSTVmXRiLS/YAYJrhiXcutYP1YMyIDwe6C2VXm390zbXikbu08Zr4kU8UnnBKbSWE5vhwVS6iCEMIYw4zgRh050mo1q7gJcWY5lMAanVHxfTiOaCKZslQQYwYYxdZPibacCrYoDBPDYkJnZMoGjioimfHT5a0LeOGUMZxE2pWycKl+n0iJNGYuA9cpiQ3Nby8T//IGiZ00/ZSrOLFM0dWiSSKgjWD2OBxzzagVc0cI1dzdCmlINKHWxVNwIXx9Cv8nvWoF1yu1m1qpXV3HkQdn4ByUAQYN0AbXoAO6gIIQPIAn8OxJ79F78V5XrTlvPXMKfsB7+wSuWY36</latexit>

h(p)

<latexit sha1_base64="Uys3t80Aecjof9fsjLdWS0qrTQI=">AAAB7XicdVDLSgMxFM3UV62vqks3wSKtm5KU0seu4MZlBfuAdiiZNNPGZiZDkhHK0H9w40IRt/6PO//GTFtBRQ9cOJxzL/fe40WCa4PQh5PZ2Nza3snu5vb2Dw6P8scnXS1jRVmHSiFV3yOaCR6yjuFGsH6kGAk8wXre7Cr1e/dMaS7DWzOPmBuQSch9TomxUndaLEXFy1G+gMoIIYwxTAmu15AlzWajghsQp5ZFAazRHuXfh2NJ44CFhgqi9QCjyLgJUYZTwRa5YaxZROiMTNjA0pAETLvJ8toFvLDKGPpS2QoNXKrfJxISaD0PPNsZEDPVv71U/MsbxMZvuAkPo9iwkK4W+bGARsL0dTjmilEj5pYQqri9FdIpUYQaG1DOhvD1KfyfdCtlXCtXb6qFVmUdRxacgXNQAhjUQQtcgzboAAruwAN4As+OdB6dF+d11Zpx1jOn4Aect09woY5c</latexit>

h0(p0)

<latexit sha1_base64="U/NS76BMw7Hge01fnJyoNHecv4I=">AAAB9HicdVDLSsNAFJ34rPVVdelmsIhVsCQxtHUhVNy4rGAf0MYymU7aoZNknJkUSuh3uHGhiFs/xp1/46StoKIHLhzOuZd77/E4o1KZ5oexsLi0vLKaWcuub2xubed2dhsyigUmdRyxSLQ8JAmjIakrqhhpcUFQ4DHS9IZXqd8cESFpFN6qMSdugPoh9SlGSkvu5d1JgXetC37Kj467ubxZPK+UbKcEzaJpli3bSoldds4caGklRR7MUevm3ju9CMcBCRVmSMq2ZXLlJkgoihmZZDuxJBzhIeqTtqYhCoh0k+nRE3iolR70I6ErVHCqfp9IUCDlOPB0Z4DUQP72UvEvrx0rv+ImNOSxIiGeLfJjBlUE0wRgjwqCFRtrgrCg+laIB0ggrHROWR3C16fwf9Kwi1ap6Nw4+ao9jyMD9sEBKAALlEEVXIMaqAMM7sEDeALPxsh4NF6M11nrgjGf2QM/YLx9Ar6vkMI=</latexit>

A⇤(p1 = p� p0)
<latexit sha1_base64="FZx1kmhOOXZcVerIhcfjvymBVaw=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR68KShKJuhIIblxXsA9o0TKbTdugkGWcmhRLqxl9x40IRt/6FO//GSZuFVg9cOJxzL/fe43NGpbKsLyO3tLyyupZfL2xsbm3vmLt7DRnFApM6jlgkWj6ShNGQ1BVVjLS4ICjwGWn6o+vUb46JkDQK79SEEzdAg5D2KUZKS555oK5K/IyfnHadDrmP6Rhyz+46sOCZRatszQD/EjsjRZCh5pmfnV6E44CECjMkZdu2uHITJBTFjEwLnVgSjvAIDUhb0xAFRLrJ7IMpPNZKD/YjoStUcKb+nEhQIOUk8HVngNRQLnqp+J/XjlX/0k1oyGNFQjxf1I8ZVBFM44A9KghWbKIJwoLqWyEeIoGw0qGlIdiLL/8lDadsn5crt5Vi1cniyINDcARKwAYXoApuQA3UAQYP4Am8gFfj0Xg23oz3eWvOyGb2wS8YH98mc5S6</latexit>

t = (p� p0)2 ⌘ p21

Virtuality of 
exchanged state: Soft scale
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Single-Diffractive Hard Exclusive Processes (SDHEP) for Extracting GPDs

Bethe-Heitler-type

EM form factor

To be factorized into GPD
Energy ≫ virtuality

≥ 𝟑 parton connection:
Power suppressed

q The exchange virtual state and the power expansion:

The exchanged state A*(p-p’) is a sum of all possible partonic states, n=1,2, … , allowed by
§ Quantum numbers of  h(p) – h’(p’)
§ Symmetry of producing non-vanishing  H 

Qiu & Yu, JHEP 08 (2022) 103
PRD 107 (2023) 014007
PRL 131 (2023) 161902

Need to separate different contributions!
Proper angular modulations!
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Generalized Parton Distributions (GPDs)

(x+ ξ)P+ (x− ξ)P+

(1− ξ)P+(1 + ξ)P+

q Definition:
<latexit sha1_base64="DLf1CSbgfhk7cibu7o6NqkgXluA="></latexit>

F
q(x, ⇠, t) =

Z
dz�

4⇡
e
�ixP+z�

hp0|q̄(z�/2)�+
q(�z

�
/2)|pi

=
1

2P+


H

q(x, ⇠, t) ū (p0) �+
u(p)� E

q(x, ⇠, t) ū (p0)
i�

+↵�↵

2m
u(p)

�
,

eF q(x, ⇠, t) =

Z
dz�

4⇡
e
�ixP+z�

hp0|q̄(z�/2)�+
�5q(�z

�
/2)|pi

=
1

2P+


eHq(x, ⇠, t) ū (p0) �+

�5u(p)� eEq(x, ⇠, t) ū (p0)
�5�+

2m
u(p)

�
.

DGLAP DGLAPERBL

𝒒 PDF"𝒒 PDF DA

q Combine PDF and Distribution Amplitude (DA):

Forward limit                      :
<latexit sha1_base64="KQ/X7qiVE0I//AtxRRQ7YEyAp+U="></latexit>

⇠ = t = 0
<latexit sha1_base64="bTqpjfXK5CwhrOu3v0RRY5cwrMg="></latexit>

H
q(x, 0, 0) = q(x), H̃

q(x, 0, 0) = �q(x)

<latexit sha1_base64="6R5TB/oXgQrtipdLhhtWQsbTU+E="></latexit>

�+ = 2⇠P+

<latexit sha1_base64="ggG1/XuMDBpjUBebaS6BDRtbQsg="></latexit>

P+ =
p+ + p0+

2
<latexit sha1_base64="x0kTZ05SDEW8/wBi+M3td98OAHk="></latexit>

� = p� p0
<latexit sha1_base64="B4DbY2Mic1Yl9DOZqtG2+Ompu4M=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyWol6Egh48VrAfsF1LNs22odlkSWaFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWEiuAHX/XYKa+sbm1vF7dLO7t7+QfnwqG1UqilrUSWU7obEMMElawEHwbqJZiQOBeuE45uZ33li2nAlH2CSsCAmQ8kjTglYyYdr3LtlAshjrV+uuFV3DrxKvJxUUI5mv/zVGyiaxkwCFcQY33MTCDKigVPBpqVealhC6JgMmW+pJDEzQTY/eYrPrDLAkdK2JOC5+nsiI7Exkzi0nTGBkVn2ZuJ/np9CdBVkXCYpMEkXi6JUYFB49j8ecM0oiIklhGpub8V0RDShYFMq2RC85ZdXSbtW9S6q9ft6pVHL4yiiE3SKzpGHLlED3aEmaiGKFHpGr+jNAefFeXc+Fq0FJ585Rn/gfP4AOyyQiA==</latexit>

t = �2

Similar definition
for gluon GPDs

D. Müller, D. Robaschik, B. Geyer, F.-M. Dittes, J. Hořejši, 
Fortsch. Phys. 42 (1994) 101
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Properties of GPDs – Partonic 

q Impact parameter dependent parton density distribution:

Measurement of       fixes   
<latexit sha1_base64="VvfiB482ukMvKLd8TQJsMXqxnso=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA9hd3g6xjw4jGKeUCyhNlJbzJkdnaZmRXCkj/w4kERr/6RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JGe9UtmtuDOQZeLlpAw56r3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aUTcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU1442dcJqlByeaLwlQQE5Pp26TPFTIjxpZQpri9lbAhVZQZG07RhuAtvrxMmtWKd1W5vL8o16p5HAU4hhM4Bw+uoQZ3UIcGMAjhGV7hzRk5L8678zFvXXHymSP4A+fzBzkIjR8=</latexit>

p0
<latexit sha1_base64="DE7wAv7z1+fHbhd8OWx4hePrjUg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNgNvo4BLx4jmAckS5idzCZDZmeXmV4xhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkEhh0HW/nZXVtfWNzdxWfntnd2+/cHDYMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb6d+85FrI2L1gKOE+xHtKxEKRtFKzRKed57EWbdQdMvuDGSZeBkpQoZat/DV6cUsjbhCJqkxbc9N0B9TjYJJPsl3UsMTyoa0z9uWKhpx449n507IqVV6JIy1LYVkpv6eGNPImFEU2M6I4sAselPxP6+dYnjjj4VKUuSKzReFqSQYk+nvpCc0ZyhHllCmhb2VsAHVlKFNKG9D8BZfXiaNStm7Kl/eXxSrlSyOHBzDCZTAg2uowh3UoA4MhvAMr/DmJM6L8+58zFtXnGzmCP7A+fwBYISO6A==</latexit>

(t, ⇠)
<latexit sha1_base64="NjmD1SpQfZ1ao6v7lsZQG0qhV2Q=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryOJF4+QyCOBDZkdemFkdnYzM2skhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3HlFpHst7M07Qj+hA8pAzaqxUf+oVS27ZnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3RKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhPe+BMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzUrZuypf1i9K1UoWRx5O4BTOwYNrqMId1KABDBCe4RXenAfnxXl3PhatOSebOYY/cD5/AOSpjPY=</latexit>x = momentum flow 

    between the pair

Quark density in 
<latexit sha1_base64="rNLFR7Go8CBviH+uInR5NPRl2CM="></latexit>

dx d2bT

q(x, b?, Q) =

Z
d
2�?e

�i�?·b?Hq(x, ⇠ = 0, t = ��2
?, Q)

Proton radii from quark and gluon spatial 
density distribution,             &        

<latexit sha1_base64="PfjgW5zvrZ3s2husd1IDe8AC938=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx4MVjBfsB7VKyabaNzSZrkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfD3z249UaSbFnZnE1I/wULCQEWys1FL9h/LTeb9YcivuHGiVeBkpQYZGv/jVG0iSRFQYwrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtFTii2k/n107RmVUGKJTKljBorv6eSHGk9SQKbGeEzUgvezPxP6+bmPDKT5mIE0MFWSwKE46MRLPX0YApSgyfWIKJYvZWREZYYWJsQAUbgrf88ippVSveRaV2WyvVq1kceTiBUyiDB5dQhxtoQBMI3MMzvMKbI50X5935WLTmnGzmGP7A+fwBBbiOug==</latexit>

rq(x)
<latexit sha1_base64="ESgl3UKBuRLLhYK91v2I7KEN4H0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuKdVjwYvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Gbudx6p0kyKezONqR/hkWAhI9hYqa0Go/LT5aBYcivuAmideBkpQYbmoPjVH0qSRFQYwrHWPc+NjZ9iZRjhdFboJ5rGmEzwiPYsFTii2k8X187QhVWGKJTKljBoof6eSHGk9TQKbGeEzVivenPxP6+XmPDaT5mIE0MFWS4KE46MRPPX0ZApSgyfWoKJYvZWRMZYYWJsQAUbgrf68jppVytevVK7q5Ua1SyOPJzBOZTBgytowC00oQUEHuAZXuHNkc6L8+58LFtzTjZzCn/gfP4A9mOOsA==</latexit>

rg(x)

Tomographic image of hadron
in slice of x

How fast does 
glue density fall?

How far does glue 
density spread?

Modeled by 
M. Burkdart, 

PRD 2000

bx=?

Slice in (x,Q)

<latexit sha1_base64="AyT5UBNzM7U7K2rspTKHXegKSyM="></latexit>

hqN? i ⌘
Z

db?b
N
? q(x, b?, Q)
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Properties of GPDs – Hadronic  =  Moments of GPDs

q “Mass” – QCD energy-momentum tensor: Ji, PRL78, 1997

with and

Polyakov, schweitzer, 
Inntt. J. Mod. Phys. 
A33, 1830025 (2018)
Burkert, Elouadrhiri , Girod
Nature 557, 396 (2018)

Related to pressure 
& stress force inside h

<latexit sha1_base64="wh1HKSt2X/MC0LkSP0/DiuhlkYE=">AAACB3icbVDJSgNBEO2JW4zbqEdBGoMQL3EmxOUYiAePEcwCyTD0dHqSJj0L3TVKGHLz4q948aCIV3/Bm39jZ5KDRh8UPN6roqqeFwuuwLK+jNzS8srqWn69sLG5tb1j7u61VJRIypo0EpHseEQxwUPWBA6CdWLJSOAJ1vZG9anfvmNS8Si8hXHMnIAMQu5zSkBLrnlYd3kJTnqC+SD5YAhEyugeX2XqadU1i1bZyoD/EntOimiOhmt+9voRTQIWAhVEqa5txeCkRAKngk0KvUSxmNARGbCupiEJmHLS7I8JPtZKH/uR1BUCztSfEykJlBoHnu4MCAzVojcV//O6CfiXTsrDOAEW0tkiPxEYIjwNBfe5ZBTEWBNCJde3YjokklDQ0RV0CPbiy39Jq1K2z8tnN9VirTKPI48O0BEqIRtdoBq6Rg3URBQ9oCf0gl6NR+PZeDPeZ605Yz6zj37B+PgGUDqYRQ==</latexit>

Ci(t) $ Di(t)/4

q Gravitational form factors:

q Connection to GPD moments:

q “Spin” – Angular momentum sum rule:
3D tomography
Relation to GFF
Angular Momentum

x-dependence
of GPDs!

Need to know the x-dependence of GPDs to construct the proper moments!
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DVCS at a Future EIC (White Paper)

q Spatial distributions:

q Cross Sections:

<latexit sha1_base64="Q4OSnw1rkanwrnd9EHrhCjYyi/c=">AAAB8XicbVBNSwMxEM3Wr1q/qh69BItYD5bdUtSLUPDisYL9wHYt2TRtQ7PZkMwKZem/8OJBEa/+G2/+G9N2D9r6YODx3gwz8wIluAHX/XYyK6tr6xvZzdzW9s7uXn7/oGGiWFNWp5GIdCsghgkuWR04CNZSmpEwEKwZjG6mfvOJacMjeQ9jxfyQDCTvc0rASg9wXVTn6vTssdzNF9ySOwNeJl5KCihFrZv/6vQiGodMAhXEmLbnKvATooFTwSa5TmyYInREBqxtqSQhM34yu3iCT6zSw/1I25KAZ+rviYSExozDwHaGBIZm0ZuK/3ntGPpXfsKlioFJOl/UjwWGCE/fxz2uGQUxtoRQze2tmA6JJhRsSDkbgrf48jJplEveRalyVylUy2kcWXSEjlEReegSVdEtqqE6okiiZ/SK3hzjvDjvzse8NeOkM4foD5zPH7ygj50=</latexit>

t = (p� p0)2

Effective ”proton radius” in terms of quarks as a function of xB
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q Spatial distributions:

<latexit sha1_base64="Q4OSnw1rkanwrnd9EHrhCjYyi/c=">AAAB8XicbVBNSwMxEM3Wr1q/qh69BItYD5bdUtSLUPDisYL9wHYt2TRtQ7PZkMwKZem/8OJBEa/+G2/+G9N2D9r6YODx3gwz8wIluAHX/XYyK6tr6xvZzdzW9s7uXn7/oGGiWFNWp5GIdCsghgkuWR04CNZSmpEwEKwZjG6mfvOJacMjeQ9jxfyQDCTvc0rASg9wXVTn6vTssdzNF9ySOwNeJl5KCihFrZv/6vQiGodMAhXEmLbnKvATooFTwSa5TmyYInREBqxtqSQhM34yu3iCT6zSw/1I25KAZ+rviYSExozDwHaGBIZm0ZuK/3ntGPpXfsKlioFJOl/UjwWGCE/fxz2uGQUxtoRQze2tmA6JJhRsSDkbgrf48jJplEveRalyVylUy2kcWXSEjlEReegSVdEtqqE6okiiZ/SK3hzjvDjvzse8NeOkM4foD5zPH7ygj50=</latexit>

t = (p� p0)2

Effective ”proton radius” in terms of gluons

Imaging the Gluon at the EIC (White Paper)

q Exclusive vector meson production:

The bT space density for gluons 
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Why is the GPD’s 𝒙-Dependence so difficult to Measure?

36

q  Amplitude nature: exclusive processes

x+ ξ x− ξ

p p′

q q′

x

γ∗ γDVCS
x+ ξ x− ξ

p p′
GPD

𝒙 ∼ loop momentum

<latexit sha1_base64="WTjFKLcclxC9DOvYOYuVLtIYUMQ="></latexit>

iM ⇠
Z 1

�1
dxF (x, ⇠, t) · C(x, ⇠;Q/µ)

P

l

k

q
⊗

l
q

k̂

P

k

PDF

cross section: cut diagram
<latexit sha1_base64="TZB3IAlDoMe3eYS2BlUdihYNgnw="></latexit>

�DIS '
Z 1

xB

dx f(x) �̂(x/xB)

Compare with DIS

q  Sensitivity to 𝒙: comes from 𝑪(𝒙, 𝝃; 𝑸/𝝁)

<latexit sha1_base64="Y29/CDk9KoL4qQiyN3QSo0z5aeM="></latexit>

iM /
Z 1

�1
dx

F (x, ⇠, t)

x� ⇠ + i"
⌘ “F0(⇠, t)”

[Bertone et al. PRD `21]

Equally fit!
“moment”

<latexit sha1_base64="2xWXJPyzC5/olcx6ZPM5JaIOMzg="></latexit>

C(x, ⇠;Q/µ) = T (Q/µ) ·G(x, ⇠) / 1

x� ⇠ + i✏
· · ·

Full range of 𝒙, 𝐢𝐧𝐜𝐥𝐮𝐝𝐢𝐧𝐠  
<latexit sha1_base64="XvWXi4NkUYEsP4lwfeJOo95VatE=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgKiTpU6RQcOOygm2FJpTJdNIOnTyYmUhDqb/ixoUibv0Qd/6Nk7aCih64cDjnXu69x4sZFdI0P7Tc2vrG5lZ+u7Czu7d/oB8edUWUcEw6OGIRv/WQIIyGpCOpZOQ25gQFHiM9b3KZ+b07wgWNwhuZxsQN0CikPsVIKmmgF6ewCc0LBzpw2nTiADpTOtBLpnHeqNlVG5qGadbtci0jdr1il6GllAwlsEJ7oL87wwgnAQklZkiIvmXG0p0hLilmZF5wEkFihCdoRPqKhiggwp0tjp/DU6UMoR9xVaGEC/X7xAwFQqSBpzoDJMfit5eJf3n9RPoNd0bDOJEkxMtFfsKgjGCWBBxSTrBkqSIIc6puhXiMOMJS5VVQIXx9Cv8nXduwakb1ulJqVVZx5MExOAFnwAJ10AJXoA06AIMUPIAn8Kzda4/ai/a6bM1pq5ki+AHt7RNcxZNM</latexit>

x = 0; x = ±⇠
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What Kind of Process Could be Sensitive to the x-Dependence?
q Create an entanglement between the internal x and an externally measured variable?

<latexit sha1_base64="JfQrlMchdNP9pIdo6fGjkMDlY+E="></latexit>

iM /
Z 1

�1
dx

F (x, ⇠, t)

x� xp(⇠, q) + i"
Change external q to sample different part of x.

§ Double DVCS (two scales):
<latexit sha1_base64="a8499XGZTZ2SEzfLLmAajSb1/4o="></latexit>

xp(⇠, q) = ⇠

✓
1� q2/Q2

1 + q2/Q2

◆
<latexit sha1_base64="XuTtG2QW5/jOyErZnu/Poc3/RKw="></latexit>

! ⇠ same as DVCS if q ! 0
x+ ξ x− ξ

p p′

q q′

x

γ∗ γ

Q
q

§ Production of two back-to-back high pT particles (say, two photons):  
<latexit sha1_base64="Un1R/YS5K7qNumc1ze8DdVCHl2k=">AAACHHicbVDLSgMxFM3UV62vqks3g0WcoVhmalGXBTeupIJ9QGccMmlaQ5OZmGSEMvRD3Pgrblwo4saF4N+YPhBtvRBycs693JwTckqkcpwvI7OwuLS8kl3Nra1vbG7lt3caMk4EwnUU01i0QigxJRGuK6IobnGBIQspbob985HevMdCkji6VgOOfQZ7EekSBJWmgvyxx8nNkcUDfdvFmsVtT8Wm14OMQesucO1i7udRtouXFj+0g3zBKTnjMueBOwUFMK1akP/wOjFKGI4UolDKtutw5adQKIIoHua8RGIOUR/2cFvDCDIs/XRsbmgeaKZjdmOhT6TMMft7IoVMygELdSeD6lbOaiPyP62dqO6Zn5KIJwpHaLKom1BT+x8lZXaIwEjRgQYQCaL/aqJbKCBSOs+cDsGdtTwPGuWSe1KqXFUK1fI0jizYA/vAAi44BVVwAWqgDhB4AE/gBbwaj8az8Wa8T1ozxnRmF/wp4/MbQZ6eSw==</latexit>

⇡�(p⇡) + P (p) ! �(q1) + �(q2) +N(p0)
p

p′

pπ

q1

q2

x

G
PDHard scale: 𝒒𝑻 ≫ 𝚲𝐐𝐂𝐃	 Soft  scale: 𝒕 ∼ 𝚲𝐐𝐂𝐃𝟐

§ Factorization:

[suppressing pion DA factor]
<latexit sha1_base64="OnCGF/18SfsYLxevNU+gWq6er/o="></latexit>

M (t, ⇠, qT ) =

Z 1

�1
dxF (x, ⇠, t;µ) · C (x, ⇠; qT /µ) +O (⇤QCD/qT )

<latexit sha1_base64="owiJfrg4xMd4yCRKA1/dwfUrjeY="></latexit>

d�

dt d⇠ dqT
⇠ |M (t, ⇠, qT )|2

𝑥 ↔ 𝑞!
𝒒𝑻 distribution is “conjugate” to 𝒙 distribution

Qiu & Yu
JHEP 08 (2022) 103
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Enhanced 𝒙-Sensitivity: (1) Diphoton Meso-production

q1

q2

qTx

γ(q1)

γ(q2)

N ′(p′)

π(p2)

q⃗T

N(p) θ

In addition to
<latexit sha1_base64="e5U/RczGxGfFbz5Anw598MZsOMI="></latexit>

F0(⇠, t) =

Z 1

�1

dxF (x, ⇠, t)

x� ⇠ + i✏

also contains
<latexit sha1_base64="TK5aQR4OXP082SD48rn1Eb+Klh8="></latexit>

iM

−1 1−ξ ξ x0

<latexit sha1_base64="aJP0ggxScolW4oukViXfNxz5Jeg="></latexit>

⇢(z; ✓) = ⇠ ·

1� z + tan2(✓/2) z

1� z � tan2(✓/2) z

�
2 (�1,�⇠] [ [⇠,1)

When two photons are radiated from the same charged line

Qiu & Yu, PRD 109 (2024) 074023
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Enhanced 𝒙-Sensitivity: (2) 𝜸-𝝅 Pair Photoproduction

−1 1−ξ ξ x0

also contains the special integral:
<latexit sha1_base64="TK5aQR4OXP082SD48rn1Eb+Klh8="></latexit>

iM

N ′(p′)

γ(p2)

q⃗T
π(q1)

γ(q2)

N(p) θ

𝑵	𝝅 → 𝑵&	𝜸	𝜸

ξ−x−ξ− x

x
−ξ ξ0 1−1

+ξxxξ− x+ξ x−ξ

DGLAP DGLAPERBL

Complementary sensitivity:

<latexit sha1_base64="1j+u1Fq+uY/0nz6UB1YXZI1lUzY="></latexit>

⇢0(z; ✓) = ⇠ ·

cos2(✓/2) (1� z)� z

cos2(✓/2) (1� z) + z

�
2 [�⇠, ⇠]

G. Duplancic et al., JHEP 11 (2018) 179
G. Duplancic et al., JHEP 03 (2023) 241

G. Duplancic et al., PRD 107 (2023), 094023
Qiu & Yu, PRL 131 (2023), 161902

For DVCS/DVMP
<latexit sha1_base64="AHgGyAKhqE8ojuut8PUHpM8fOHw="></latexit>

⇢0(z, ✓) ! ⇠
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Exclusive Massive Photon-Pair Production in Meson-Hadron Collision

q Challenge for QCD factorization:

Gluons in the Glauber region:
<latexit sha1_base64="w+ra3We5Cx2atD7eMr48j1OQ4hk=">AAACEHicdVDLSgMxFM3UV62vqks3wSJWKGVmHNq6EApuXLZgH9AZh0wmbUMzD5KMUEo/wY2/4saFIm5duvNvzLQVfB4IHM65h5t7vJhRIXX9XcssLa+srmXXcxubW9s7+d29togSjkkLRyziXQ8JwmhIWpJKRroxJyjwGOl4o4vU79wQLmgUXslxTJwADULapxhJJbn545Er4Dks2kxlfHRtln6xE7sEm26+oJfPahXTqkC9rOtVwzRSYlatUwsaSklRAAs03Pyb7Uc4CUgoMUNC9Aw9ls4EcUkxI9OcnQgSIzxCA9JTNEQBEc5kdtAUHinFh/2IqxdKOFO/JiYoEGIceGoyQHIofnqp+JfXS2S/5kxoGCeShHi+qJ8wKCOYtgN9ygmWbKwIwpyqv0I8RBxhqTrMqRI+L4X/k7ZZNiplq2kV6uaijiw4AIegCAxQBXVwCRqgBTC4BffgETxpd9qD9qy9zEcz2iKzD75Be/0AvZCbHw==</latexit>

ks = (�2,�2,�)Q

<latexit sha1_base64="BuMKpn9UJiRyytELpLRXxQBkkHY=">AAACE3icbVDNS8MwHE3n16xfU49egkMQkdmOoR4HXjxusC9YR0nTdAtL2i5JhVH2P3jxX/HiQRGvXrz535h1Pejmg4THe+9H8ntezKhUlvVtFNbWNza3itvmzu7e/kHp8Kgjo0Rg0sYRi0TPQ5IwGpK2ooqRXiwI4h4jXW98N/e7D0RIGoUtNY3JgKNhSAOKkdKSW7pwmA77CDqScshdJ6ZXzUvoTBLkZ5fZzJyJ23JLZatiZYCrxM5JGeRouKUvx49wwkmoMENS9m0rVoMUCUUxIzPTSSSJER6jIelrGiJO5CDNdprBM634MIiEPqGCmfp7IkVcyin3dJIjNZLL3lz8z+snKrgdpDSME0VCvHgoSBhUEZwXBH0qCFZsqgnCguq/QjxCAmGlazR1CfbyyqukU63Y15Vas1auV/M6iuAEnIJzYIMbUAf3oAHaAINH8AxewZvxZLwY78bHIlow8plj8AfG5w8n650J</latexit>

� ⇠ m⇡/Q, Q ⇠ qT

<latexit sha1_base64="bVulwdVOcYik8JKjWUzhduHwPTw=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahQilJKepGKLhx2YJ9QBPDZDJth04mYWYilNClG3/FjQtF3PoJ7vwbp20EbT0wcDjnHu7c48eMSmVZX0ZuZXVtfSO/Wdja3tndM/cP2jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9LxR9dTv3NPhKQRv1XjmLghGnDapxgpLXnm8cij8AqW7LLDdCpAd9UfduaUYdMzi1bFmgEuEzsjRZCh4ZmfThDhJCRcYYak7NlWrNwUCUUxI5OCk0gSIzxCA9LTlKOQSDedHTKBp1oJYD8S+nEFZ+rvRIpCKcehrydDpIZy0ZuK/3m9RPUv3ZTyOFGE4/mifsKgiuC0FRhQQbBiY00QFlT/FeIhEggr3V1Bl2AvnrxM2tWKfV6pNWvFejWrIw+OwAkoARtcgDq4AQ3QAhg8gCfwAl6NR+PZeDPe56M5I8scgj8wPr4BB6SXZw==</latexit>

ki = (1,�2,�)Q
<latexit sha1_base64="np82CMIO6EbNW/mEyKInrV7tNuk=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahQilJKepGKLhx2YJ9QBPDZDJtx04mYWYilNClG3/FjQtF3PoJ7vwbp20W2npg4HDOPdy5x48Zlcqyvo3cyura+kZ+s7C1vbO7Z+4ftGWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjj66nfueBCEkjfqvGMXFDNOC0TzFSWvLMY+bdwytYcpjOBOiuWrbLGT9zyrDpmUWrYs0Al4mdkSLI0PDMLyeIcBISrjBDUvZsK1ZuioSimJFJwUkkiREeoQHpacpRSKSbzg6ZwFOtBLAfCf24gjP1dyJFoZTj0NeTIVJDuehNxf+8XqL6l25KeZwowvF8UT9hUEVw2goMqCBYsbEmCAuq/wrxEAmEle6uoEuwF09eJu1qxT6v1Jq1Yr2a1ZEHR+AElIANLkAd3IAGaAEMHsEzeAVvxpPxYrwbH/PRnJFlDsEfGJ8/DjaXaQ==</latexit>

lj = (�2, 1,�)Q

Transverse component contribute to the leading region!

N
N ′

p p′

π

p2

ks
ki + ks

lj−
ks

q1

q2

D̂1

D̂2

Ĥ

ERBL region

<latexit sha1_base64="FN7QnMRhdzf4mg7KZnZV+dI+7lw="></latexit>

1

(ki + ks)2 + i"
! 1

k�s + i"
<latexit sha1_base64="mw3HFfQR3V+yQN70mc68OwMtVAo="></latexit>

1

(lj � ks)2 + i"
! 1

�k+s + i"

<latexit sha1_base64="+i+TlNK0KYxLMdfjNM8x5rzvsCo=">AAACLXicbVDLSgMxFM34rOOr6tJNsAiCWGZKUZcFXbisYB/QGYdMmmlDM8mQZApl6A+58VdEcFERt/6GaTuIth4IHM45l5t7woRRpR1nYq2srq1vbBa27O2d3b394sFhU4lUYtLAggnZDpEijHLS0FQz0k4kQXHISCsc3Ez91pBIRQV/0KOE+DHqcRpRjLSRguKtF0mEM3ecDQL1WDmn3hBJkijKBB/bnhb2T+Ai88IIDsbLuaBYcsrODHCZuDkpgRz1oPjqdQVOY8I1Zkipjusk2s+Q1BQzYvamiiQID1CPdAzlKCbKz2bXjuGpUbowEtI8ruFM/T2RoVipURyaZIx0Xy16U/E/r5Pq6NrPKE9STTieL4pSBrWA0+pgl0qCNRsZgrCk5q8Q95FpR5uCbVOCu3jyMmlWyu5luXpfLdUqeR0FcAxOwBlwwRWogTtQBw2AwRN4ARPwbj1bb9aH9TmPrlj5zBH4A+vrGxT0qTo=</latexit>

1

k2s + i"
! 1

�k2
s + i"

No pinch!

N N ′

p p′

π

p2

ks

zp+ ks q1

q2

(1− z)p− ks

lj−
ks

D̂2

Ĥ

DGLAP region

<latexit sha1_base64="pCQnPiAx9EfgapOtvEI4hEjHtUk=">AAACK3icbVDLSgMxFM34rPVVdelmsAiVYpkpRV0W3bisYB/QaYdMmmlDM0lIMoU69H/c+CsudOEDt/6H6QOxrQcCh3PO5eaeQFCitON8WCura+sbm6mt9PbO7t5+5uCwpngsEa4iTrlsBFBhShiuaqIpbgiJYRRQXA/6N2O/PsBSEc7u9VDgVgS7jIQEQW0kP3PthRKixB0luQeR7/vqrF3ME28AJRaKUM5GaU/z9G/KJNrn8wE/k3UKzgT2MnFnJAtmqPiZF6/DURxhphGFSjVdR+hWAqUmiGKzMFZYQNSHXdw0lMEIq1YyuXVknxqlY4dcmse0PVH/TiQwUmoYBSYZQd1Ti95Y/M9rxjq8aiWEiVhjhqaLwpjamtvj4uwOkRhpOjQEIknMX23Ug6YWbepNmxLcxZOXSa1YcC8KpbtStlyc1ZECx+AE5IALLkEZ3IIKqAIEHsEzeAPv1pP1an1aX9PoijWbOQJzsL5/APMMqB4=</latexit>

1

(zp+ ks)2 + i"
! 1

k�s + i"

<latexit sha1_base64="2GQrVj81tLMlBy9R8P0bLjyeqnk="></latexit>

1

((1� z)p� ks)2 + i"
! 1

k�s � i"

Pinched!

Same conclusion if ks flows
Through N’!

<latexit sha1_base64="Un1R/YS5K7qNumc1ze8DdVCHl2k=">AAACHHicbVDLSgMxFM3UV62vqks3g0WcoVhmalGXBTeupIJ9QGccMmlaQ5OZmGSEMvRD3Pgrblwo4saF4N+YPhBtvRBycs693JwTckqkcpwvI7OwuLS8kl3Nra1vbG7lt3caMk4EwnUU01i0QigxJRGuK6IobnGBIQspbob985HevMdCkji6VgOOfQZ7EekSBJWmgvyxx8nNkcUDfdvFmsVtT8Wm14OMQesucO1i7udRtouXFj+0g3zBKTnjMueBOwUFMK1akP/wOjFKGI4UolDKtutw5adQKIIoHua8RGIOUR/2cFvDCDIs/XRsbmgeaKZjdmOhT6TMMft7IoVMygELdSeD6lbOaiPyP62dqO6Zn5KIJwpHaLKom1BT+x8lZXaIwEjRgQYQCaL/aqJbKCBSOs+cDsGdtTwPGuWSe1KqXFUK1fI0jizYA/vAAi44BVVwAWqgDhB4AE/gBbwaj8az8Wa8T1ozxnRmF/wp4/MbQZ6eSw==</latexit>

⇡�(p⇡) + P (p) ! �(q1) + �(q2) +N(p0)
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Factorization for SDHEP in the Two-Stage Paradigm

q Factorization for 2-parton channel factorization: Qiu & Yu, JHEP 08 (2022) 103,
PRD 107 (2023) 1

h(p) h′(p′)

B(p2)

C(q1)

D(q2)
F

S

H

ERBL region: 𝒒6𝒒& ∼ meson

h′(p′)

B(p2)

C(q1) D(q2)

h(p)

H

F

S

DGLAP region: Glauber pinch

+
A
∗ = [qq̄]

∗ (p1)

h(p) h′(p′)

B(p2)

C(q1)

D(q2)

H

F

q Soft gluons cancel when coupling to color neutral hadrons (differs from coupling to jet(s)):  

h(p) h′(p′)

B(p2)

C(q1)

D(q2)

S

F

H

Glauber gluons of SDHEP: 
<latexit sha1_base64="zUFpRy4CduSYt/IYKCDMRHu3Egk=">AAACJ3icbVDLSsNAFJ34rPEVdelmsAgVpCSlPjZKwY3LCvYBTQyTyaQdOpmEmYlQSv/Gjb/iRlARXfonTtsstO2BgcM593LnnCBlVCrb/jaWlldW19YLG+bm1vbOrrW335RJJjBp4IQloh0gSRjlpKGoYqSdCoLigJFW0L8Z+61HIiRN+L0apMSLUZfTiGKktORb131fXpVcpjdC9FA5nWMnrumqBLpmyVlg+lbRLtsTwHni5KQIctR9680NE5zFhCvMkJQdx06VN0RCUczIyHQzSVKE+6hLOppyFBPpDSc5R/BYKyGMEqEfV3Ci/t0YoljKQRzoyRipnpz1xuIir5Op6NIbUp5minA8PRRlDOrg49JgSAXBig00QVhQ/VeIe0ggrHS1pi7BmY08T5qVsnNePrurFmvVvI4COARHoAQccAFq4BbUQQNg8ARewDv4MJ6NV+PT+JqOLhn5zgH4B+PnFyW9o5w=</latexit>

ks = (�2,�2,�) ! (1,�2,�) Collinear gluons

B(p2)

C(q1)

D(q2)

H
B(p2)

C(q1)

D(q2)

H or
<latexit sha1_base64="iZBxjCs4oG9oubNohFkfHVoGmQs="></latexit>

GPD ⌦

Hard probes
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Exclusive Massive Photon-Pair Production in Meson-Hadron Collision

q Factorization formula:
<latexit sha1_base64="Un1R/YS5K7qNumc1ze8DdVCHl2k=">AAACHHicbVDLSgMxFM3UV62vqks3g0WcoVhmalGXBTeupIJ9QGccMmlaQ5OZmGSEMvRD3Pgrblwo4saF4N+YPhBtvRBycs693JwTckqkcpwvI7OwuLS8kl3Nra1vbG7lt3caMk4EwnUU01i0QigxJRGuK6IobnGBIQspbob985HevMdCkji6VgOOfQZ7EekSBJWmgvyxx8nNkcUDfdvFmsVtT8Wm14OMQesucO1i7udRtouXFj+0g3zBKTnjMueBOwUFMK1akP/wOjFKGI4UolDKtutw5adQKIIoHua8RGIOUR/2cFvDCDIs/XRsbmgeaKZjdmOhT6TMMft7IoVMygELdSeD6lbOaiPyP62dqO6Zn5KIJwpHaLKom1BT+x8lZXaIwEjRgQYQCaL/aqJbKCBSOs+cDsGdtTwPGuWSe1KqXFUK1fI0jizYA/vAAi44BVVwAWqgDhB4AE/gBbwaj8az8Wa8T1ozxnRmF/wp4/MbQZ6eSw==</latexit>
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q GPD models – simplified GK model:

Numerical Results

<latexit sha1_base64="e7zhvihVTPcbktykTkUAAOgO6vA="></latexit>
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§ Neglect 𝑬, 9𝑬. Neglect evolution effect.
§ Tune 𝝆, 𝝉  to control 𝒙 shape.
§ Fix DA: 𝑫 𝒛 = 𝑵	𝒛𝟎.𝟔𝟑 𝟏 − 𝒛 𝟎.𝟔𝟑
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See Z. Yu’s talk on Tuesday
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Numerical results

Relative 𝒒𝑻 shape
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Why and How QCD factorization works?

q Necessary conditions for QCD factorization to work:
§ All process-dependent nonperturbative contributions to “good” cross sections are suppressed by powers 

of O(1/QR), which could be neglected if the hard scale Q is sufficiently large
§ All factorizable nonperturbative contributions are process independent, representing the characteristics 

of identified hadron(s), and
§ The process dependence of factorizable contributions is perturbatively calculable from partonic scattering 

at the short-distance

q Predictive power and the value of factorization:
§ Our ability to calculate the process-dependent short distance partonic scatterings at the hard scale Q
§ Prediction follows when cross sections with different hard scatterings but the same nonperturbative long-distance 

effect of identified hadron are compared
§ Factorization supplies physical content to these universal long-distance effects of identified hadrons by matching 

them to hadronic matrix elements of active quark and/or gluon operators, which could be interpreted as parton 
distribution or correlation functions of the identified hadrons, and allows them to be measured experimentally or 

by numerical simulations and model calculations



46

Factorization beyond the Leading Power

q Single-Hadron – Inclusive DIS:
4 †1( , , )  e  , ( ) (0) ,

4
iq zS S SW q p d z p J z J pµn µ np
×= ò

OPE ensures that perturbative factorization 
is valid to all powers in 1/Q expansion

q Single-Hadron – the Role of LQCD:
<latexit sha1_base64="abrj7fm92uu+4o2wPdNhoilXWaQ="></latexit>

hh(P )|OR
q,g(z, µR)|h(P )i =

X

f

Z 1

�1

dx

x
bKf (xP · z, z2, µR, µF )�f/h(x, µF ) +O(z2)n

Lattice 
“cross section”

Calculable partonic
“Probe”

Matching 
Parton to Hadron

Approximation
“controllable?”

LQCD matrix elements 
need renormalization!

q Two-Hadron – Drell-Yan and beyond:

Only the first subleading 
power can be factorized!S

Qiu & Sterman, 1991

Single scale transverse single-spin asymmetry 
(vanishes at the leading power)

Heavy quarkonium production at high pT
(necessary to produce a pair of heavy Q)

…
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Factorization at Twist-3 – Transverse Single-Spin Asymmetry

q Collinear factorization beyond leading power:

�(Q,~s) / + + + · · ·

2

p,~s k

 t ⇠ 1/Q
– Expansion  

Too large to compete! Three-parton correlation

Efremov, Teryaev, 82; 
Qiu, Sterman, 91, etc.

q Single transverse spin asymmetry:

��(sT ) / T (3)(x, x)⌦ �̂T ⌦D(z) + �q(x)⌦ �̂D ⌦D(3)(z, z) + ...

T (3)(x, x) /

Qiu, Sterman, 1991, …

D(3)(z, z) /

Kang, Yuan, Zhou, 2010

Integrated information on parton’s transverse motion!

Needed Phase: Integration of  “dx”  using unpinched poles
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Twist-3 Distributions Relevant to AN

q Twist-2 distributions: 
§ Unpolarized PDFs:

§ Polarized PDFs:

q Two-sets Twist-3 correlation functions: No probability interpretation!    

Role of color magnetic force!

Kang, Qiu, 2009

q Twist-3 fragmentation functions: 
See Kang, Yuan, Zhou, 2010, Kang 2010
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Test QCD at Twist-3 Level
q Scaling violation – “DGLAP” evolution: Kang, Qiu, 2009

µ2
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@
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=

eTq,F

eT�q,F
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eT (d)
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eT (d)
�G,F

eT (f)
�G,F

⌦

Kqq Kq�q K(d)
qGK(f)

qG K(f)
q�G K(d)

q�G

K(d)
�q�GK(f)

�q�GK(f)
�qG K(d)

�qGK�q�qK�qq

K(f)
Gq K(f)

G�q
K(ff)

GG K(fd)
GG K(ff)

G�G K(fd)
G�G

K(dd)
G�GK(df)

G�G
K(dd)

GGK(df)
GG

K(d)
G�qK(d)

Gq

K(f)
�Gq K(f)

�G�qK
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�GG K(fd)

�GG K(ff)
�G�GK(fd)

�G�G

K(dd)
�G�GK(df)

�G�GK(dd)
�GGK(df)

�GGK(d)
�G�qK(d)

�Gq

(x, x+ x2, µ, sT ) (⇠, ⇠ + ⇠2;x, x+ x2,↵s)
Z

d⇠

Z
d⇠2

q Evolution equation – consequence of factorization: 

Factorization:

DGLAP for f2:

Evolution for f3:
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Factorization at Twist-4 – Heavy Quarkonium Production
Lee, Qiu, Sterman, Watanabe, 2022

q Heavy quarkonium production at high PT:
<latexit sha1_base64="lT9GoqdM8b/eGZePTq1qM3SZlxk="></latexit>
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=

X

cc̄[n]

Fcc̄[n]!J/ ⌦
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f )
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dz
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f )Ef
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d3pf
(z, pf = P/z, µ2

f )

§ Factorized partonic scattering:

<latexit sha1_base64="G7UZn9y0js4TsfBecyLs55hfiXw="></latexit>

⇥ E
d�̃Resum

ab!cc̄[n](P )X

d3P
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cc̄[n] = cc̄[2S+1L[1,8]
J ]

<latexit sha1_base64="AlUy/EQuvcd3euPqvA21TwwsEMU="></latexit>

Fcc̄[n]!J/ = hOJ/ 
cc̄[n](0)iNRQCD: with

Kang, Ma, Qiu, Sterman, 2014
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 = (v, a, t)[1,8]
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= (�+, �+�5, �
+�i

?)
[1,8]

NRQCD factorization for 
Fragmentation functions
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Renormalization group improvement 

q Renormalization group:
<latexit sha1_base64="XA+WECRsmasY7/oZxSegwrmgaFg="></latexit>
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Heavy quark pair produced at the input scale
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Heavy quark pair produced between the hard scale and the input scale
Modified DGLAP – inhomogeneous evolution 
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Kang, Ma, Qiu, Sterman, PRD 90, 034006 (2014)

q Modified evolution equations:
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Heavy quark pair produced at the hard scaleDGLAP-type:
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� =

NRQCD:
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Single inclusive high PT J/y-production in hadronic collisions

q Test the consistency:

Lee, Qiu, Sterman, Watanabe, 2108.00305, 2211.12648
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pT � mJ/ 

KNLP=2

q Input FFs from NRQCD: Ma, Qiu, Zhang, PRD89 (2014) 094029; 
ibid. 94030
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NLO LO x KNLP
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Matching to fixed-order PQCD calculation
Lee, Qiu, Sterman, Watanabe, 2022

q Leading power logarithmically enhanced 
contributions start to dominate when
                                      GeV 

<latexit sha1_base64="iTynYW+SbtpegPTZxRvMjmA1THI=">AAACBHicbVA7T8MwGHTKq5RXgLGLRYVUliqpKDBWYmEsUl9SE0WO67ZWbSeyHaQq6sDCX2FhACFWfgQb/wanzQAtJ1k6390n+7swZlRpx/m2ChubW9s7xd3S3v7B4ZF9fNJVUSIx6eCIRbIfIkUYFaSjqWakH0uCeMhIL5zeZn7vgUhFI9HWs5j4HI0FHVGMtJECu9wK2t5YmwCHDVit8wBfQC+7uY3Arjg1ZwG4TtycVECOVmB/ecMIJ5wIjRlSauA6sfZTJDXFjMxLXqJIjPAUjcnAUIE4UX66WGIOz40yhKNImiM0XKi/J1LElZrx0CQ50hO16mXif94g0aMbP6UiTjQRePnQKGFQRzBrBA6pJFizmSEIS2r+CvEESYS16a1kSnBXV14n3XrNvao17i8rzXpeRxGUwRmoAhdcgya4Ay3QARg8gmfwCt6sJ+vFerc+ltGClc+cgj+wPn8Am76WGg==</latexit>

PT & 5(2mc) ⇠ 15

q Next-to-leading power is important for 
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5(2mc) & PT & (2mc)

q Matching to fixed-order NRQCD calculation
                                
      NLP term is necessary for the matching
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PT ⇠ (2mc)

q Further improvement by exploring the FFs
           Use the medium as a filter?
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Summary and Outlook

q Reliable factorization is necessary for probing QCD dynamics with identified hadrons(s) 
o Need for exploring QCD dynamics
o Need for probing hadron’s internal structure

q Joint factorization for both QCD and QED is critical for lepton-hadron collisions (not discussed in this talk)

o QED radiation is a part of production cross sections, treated in the same way as QCD radiation 
from quarks and gluons

o No artificial and/or process dependent scale(s) introduced for treating QED radiation, other than 
the standard factorization scale, universal lepton distribution and fragmentation functions

o All perturbatively calculable hard parts are IR safe for both QCD and QED
o All lepton mass or resolution sensitivity are included into “Universal” lepton distribution and 

fragmentation functions (or jet functions)

Thank you!

q QCD factorization beyond the leading power is important and necessary
o It is necessary for heavy quarkonium production where a heavy quark-pair is required  
o It is also necessary for better understanding of QCD contribution to transverse single-spin asymmetries
o New form of evolution equations and modified scale dependence

Liu, Melnitchouk, Qiu, Sato,
Phys.Rev.D 104 (2021) 094033 

JHEP 11 (2021) 157
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Backups
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How to Calculate the Perturbative Parts?

q Use DIS structure function F2 as an example:
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h q®² Apply the factorized formula to a parton state:
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² Express both SFs and PDFs in terms of powers of  αs:
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PDFs of a Parton

q Change the state without changing the operator:

– given by Feynman diagrams

q Lowest order quark distribution:
² From the operator definition:

q Leading order in αs quark distribution:
² Expand to (gs)2 – logarithmic divergent:

UV and CO divergence Choice of regularization
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Partonic Cross Sections

q Projection operators for SFs:
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NLO Coefficient Function – a Complete Example
( ) ( ) ( ) ( ) ( )1 1 02 2 2 12 2

/2 2( , / ) ( , ) ( , ) ,q q qq qC x Q F x Q F x Q xµ j µ= - Ä

q Projection operators in n-dimension: 4 2g g nµn
µn e= º -
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q Feynman diagrams:
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,qWµn

+  UV CT

+ + +
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Real

Virtual

q Calculation:
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Contribution from the Trace of Wμν

q Lowest order in n-dimension:

q NLO virtual contribution:

q NLO real contribution:
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Contribution from the trace of Wμν

q The “+” distribution:

q One loop contribution to the trace of Wμν:

q Splitting function:
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One-Loop Contribution to Partonic F2 and Quark-PDF:

q One loop contribution to pμpν Wμν:

q One loop contribution to F2 of a quark:

q One loop contribution to quark PDF of a quark:
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Different UV-CT = different factorization scheme!
– in the dimensional regularization
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NLO Coefficient Function for Inclusive DIS (at EIC):
q Common UV-CT terms:

² MS scheme:

² DIS scheme:   choose a UV-CT, such that

² MS scheme:
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