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Part II: GPD multichannel analysis 



Conformal moments of GPDs
Motivation
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μ
d

dμ
Fq (x, ξ, Δ2, μ2) = −

αs(μ)
2π

γ(0) ⊗ Fq (x, ξ, Δ2, μ2),

Convolution, hard to implement numerically,  
integral kernel complicated and mixes GPD components

GPDs depend on scale, evolution equations (at LO):

Can we linearize the evolution equations? 



Gegenbauer polynomials
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quark GPDs: Fq
n (ξ, Δ2) = ∫

1

−1
dxc3/2

n (x, ξ)Fq (x, ξ, Δ2) → c3/2
n (x, ξ) = ξn Γ(3/2)Γ(n + 1)

2nΓ(n + 3/2)
C3/2

n ( x
ξ )

gluon GPDs: FG
n (ξ, Δ2) = ∫

1

−1
dxc5/2

n−1(x, ξ)FG (x, ξ, Δ2) → c5/2
n−1(x, ξ) = ξn−1 Γ(3/2)Γ(n + 1)

2nΓ(n + 3/2)
3
n

C5/2
n−1 ( x

ξ )

Evolution equations (LO): μ d
dμ

Fq
j (ξ, t, μ2) = −

αs(μ)
2π

γ(0)
j Fq

j (ξ, t, μ2)

At NLO the anomalous dimension is a matrix, so there is mixing between components, but it is matrix multiplication which is simpler than  
integrating over a complicated evolution kernel.

}
Gegenbauer polynomials



Inverting into x-space
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pn(x, ξ) = ξ−n−1θ(1 − |x/ξ | )
2nΓ ( 5

2 + n)
Γ ( 3

2 ) Γ(3 + n)
(1 − (x/ξ)2) C

3
2
n(−x/ξ)

+ orthogonality relation: ∫
1

−1
dxpn(x, ξ)cm(x, ξ) = (−1)nδnm

Conformal moments:

= x-space GPD: F(x, ξ, t) =
∞

∑
n=0

(−1)npn(x, ξ)Fn(ξ, t)

Series does not converge due to , we need to perform an analytic continuation: integer   complex number 1/ξn+1 n → j



6

Sommerfeld-Watson representation

GPDs: F(x, ξ, t) =
1
2i ∮ dj

1
sin(πj)

pj(x, ξ)Fj(ξ, t)

Integral contour

If we avoid poles of the conformal moments and the GPDs, we only  
have poles from the sine function, which are at . If we ignore  
the contribution from the arches, we get the Mellin-Barnes integral:

j = n

F(x, ξ, t) =
1
2i ∫

c+i∞

c−i∞
dj

1
sin(πj)

pj(x, ξ)Fj(η, t)

Carlson’s theorem guarantees the uniqueness of the analytic 
continuation if the functions  and  are bounded by an 
exponential function.

p F

Constant  has to be chosen so that all poles of  and  are to the 
left of it on the real line.

c p F



Conformal moments
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Schläfli integral for representing conformal moments: pj(x, ξ) = −
Γ(5/2 + j)

Γ(1/2)Γ(2 + j)
1

2iπ ∮
1

−1
du (u2 − 1)j+1

(x + uξ) j+1

pj(x, ξ) = θ(ξ − |x | )ξ−j−1𝒫j ( x
ξ ) + θ(x − ξ)ξ−j−1𝒬j ( x

ξ )
𝒫λ

j (y) =
2j+λ−1/2Γ( j + λ + 1)

Γ (1/2) Γ( j + 1)Γ (λ + 1/2)
(1 + y)λ−1/2

2F1 (−j − λ + 1/2 j + λ + 1/2
λ + 1/2

1 + y
2 )

Qλ
j (y) = −

sin(πj)
π

y−j−1
2F1 (( j + 1)/2 ( j + 2)/2

j + λ + 1
1
y2 )

Hypergeometric function

Zero skewness example: pλ
j (x, ξ = 0) = (−1)λ+1/2x−j−1

sin [π (j + λ − 1/2)]
π

⇒ Fj Mellin moments of PDFs

For general  and :x ξ



Mellin-Barnes representation of scattering amplitudes
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ℱS (ξ, Δ2, Q2) = ∫
1

−1

dx
2ξ

AT (x, ξ αs (μR),
Q2

μ2
F ) FA (x, ξ, Δ2, μ2

F)

ℱS (ξ, Δ2, Q2) =
1
2i ∫

c+i∞

c−i∞
djξ−j−1 [i ± {tan

cot} ( πj
2 )] T I

j (Q2, μ2
0) Fj (ξ, Δ2, μ2

0)

CFFs:

TFFs:

ℱA (ξ, Δ2, Q2) =
fCF

QNc

1
2i ∫c

djξ−j−1 [i ± {tan
cot} ( πj

2 )] ∑
k, even

φk (μ2
0) TI

jk (Q2, μ2
0) FA

j (ξ, Δ2, μ2
0)

ℱA (ξ, Δ2, Q2) =
fCF

QNc ∫
1

−1

dx
2ξ ∫

1

0
dvφ(v)AT (x, v, ξ αs (μR),

Q2

μ2
F

,
Q2

μ2
φ

,
Q2

μ2
R ) FA (x, ξ, Δ2, μ2

F, μ2
R)

Conformal space

Conformal space



Kumerički-Müller GPD model
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Fa
j (ξ, t) =

j+1

∑
J = Jmin

even

Fa
j,J(t)ξ

j+1−J ̂dJ
α,β(ξ), J = j + 1,j − 1,j − 3,…, a ∈ {q, G}

t-channel SO(3) partial wave expansion:

 Wigner’s reduced rotation matrices

Doubly expanded GPDs

This expansion comes from the crossed channel , where the expansion is done in terms of orbital angular 

momentum (Legendre polynomials), but we need to introduce the substitution 

γ*(q) + γ (−q′￼) → h (p′￼) + h̄(−p)
cos θt → −

1
ξ

+ 𝒪 (1/Q2)

̂dJ
0,0(ξ) =

Γ (1/2) Γ(J + 1)
2JΓ (J + 1/2)

ξJC1/2
J ( 1

ξ ) =
Γ (1/2) Γ(J + 1)

2JΓ (J + 1/2)
ξJ

2F1 (−J J + 1
1

ξ − 1
2ξ )

̂dJ
0,1(ξ) =

Γ (1/2) Γ(J)
2JΓ (J + 1/2)

ξJ−1C3/2
J−1 ( 1

ξ ) =
Γ (3/2) Γ(J + 1)

2JΓ (J + 1/2)
ξJ−1

2F1 (−J + 1 J + 2
2

ξ − 1
2ξ )

Only two Wigner matrices contribute:

For , which is valid for most kinematics, we can take 
 since it makes no numerical difference

ξ ≤ 0.3
̂dJ
α,β(ξ) ≈ 1

Angular momentum J complex?
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What are ?Fa
j,J(t)

In the forward limit we expect to recover PDFs: Fa
j,j+1(0) = f a

j = ∫
1

0
dxxjf a(x)

We include the standard PDF Ansatz into our model:   f a(x) =
Na

B (2 − αa
0, βa + 1)

x−αa
0(1 − x)βa ⇒ f a

j = Na
B (1 − αa

0 + j, βa + 1)
B (2 − αa

0, βa + 1)

For low x we only model sea quarks and gluons, we fix the parameters that regulate high-x behavior, .βsea = 8, βG = 6

Normalization constants are defined as average longitudinal momentum of parton a, so momentum conservation gives: . Nsea  + Nval  + NG = 1

We use Regge theory to model the low-x factorized t and x dependence. We first complete the Regge trajectory .αa
0 → αa(t) = αa

0 + α′￼at

Regge theory predicts the behavior of the cross section, and models it by particle exchange that follow Regge trajectories in the complex J space. 
When a threshold for particle energy is crossed, the cross section contains a pole, which we model with a monopole function: 

 .
1

1−
t

(ma
j )2

, (ma
j )2 =

1 + j − αa
0

α′￼a

We model the form factor type t dependence with a dipole β(t) = (1 −
t

m2
a )

−2

.



Final GPD form
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Fa
j,j+1(t) ≡ f a

j (t) = f a
j

1 + j − αa
0

1 + j − αa
0 − α′￼at (1 −

t
m2

a )
−2

→

⇒ Fa
j (ξ, t) = (1 + sa

2ξ2 + sa
4ξ4) f a

j (t) →

We multiply all of our “ingredients” for the final GPD

We truncate the series after the third wave, and set all of the subleading waves  
to be proportional to the leading one.  and  parameters obtained from fits.sa

2 sa
4

𝓕 =
1
2i ∫

c+i∞

c−i∞
djξ−j−1 [i + tan ( πj

2 )] [T I
j + s2T I

j+2 + s4T I
j+4] Fj → Fj = (Fsea

FG)CFFs: 
↓

shift by j − 2
↓

shift by j − 4

To evaluate the integral, we introduce the variable  and deform the integration contour. This provides numerical stability if .  is chosen 
to avoid GPD and hard scattering amplitude poles. 

j = c + yeiϕ ϕ > π/2 c

ℱA (ξ, Δ2, 𝒬2) = ℑ𝔪eiϕ ∫
∞

0
dyξ−j−1 tan ( πj

2 ) Cj (Q2/μ2, αs(μ)) FA
j (ξ, Δ2, μ2)

+iℑ𝔪eiϕ ∫
∞

0
dyξ−j−1Cj (Q2/μ2, αs(μ)) FA

j (ξ, Δ2, μ2)
j=c+yeiϕ



Cross section and data
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For  CFF  suppressed by . For  Regge intercept , for  ,  also suppressed. We ignore 

valence contributions, only singlet sea quark and gluon GPDs. We take the asymptotic distribution amplitude, dominant term in conformal space . 
We use dispersion relations without a subtraction constant.

|Δ2 | < 1 GeV2 ℰ −
⟨Δ2⟩
4M2

≈ 5 × 10−2 ℋ̃ α(0) ≈ 1/2 ℋ α(0) ≈ 1 ℋ̃

φ0 ≈ 1

DVCS:  dσγ*N→γN

dΔ2
≈

πα2
em

(W2 + Q2)2 [ |ℋ |2 + | ℋ̃ |2 −
Δ2

4M2
|ℰ |2 ]

DVMP:  dσγ*N→VN

dΔ2
≈

4π2αemx2
B

Q4 [ |ℋ |2 −
Δ2

4M2
|ℰ |2 ]

• DIS data: H1  
• DVCS: H1 and ZEUS data,   
• DVMP: H1 and ZEUS  production,  
• no  dependence

F2
Q2 ≥ 5.0 GeV2

ρ0 Q2 ≥ 10.0 GeV2

t



Fitting procedure
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f = g.MinuitFitter(DISpoints, th)                                                                                  
f.release_parameters('ns', 'al0s', 'al0g')                                                                         
f.fit()                                                                                                            
f.fix_parameters('ALL')                                                                                            
f = g.MinuitFitter(DVCSpoints+DVMPpoints, th) 
f.release_parameters('ms2', 'alps', 'secs', 'this', 'mg2', 'alpg', 'secg', 'thig')                                 
f.limit_parameters(pars_range)                  
f.fit() 

MINUIT routine for finding the best fit by minimizing . Fitting is usually performed in two steps. We first fit to DIS data, and release parameters pertaining 
to the PDF portion of the GPD model. Then we fit to DVCS and DVMP points and release parameters pertaining to the  and  dependence of the GPD.  

χ2

t ξ

We needed to implement constraints on the parameters so they take on physically plausible values. It is easy to obtain a good fit with a flexible model, but 
does it have physical predictions?

χ2/Nd.o.f
NLO all

= 1.279

χ2/Nd.o.f
LO all

= 1.012

χ2/Nd.o.f
NLO DVCS

= 0.786

χ2/Nd.o.f
LO DVCS

= 0.659

χ2/Nd.o.f
NLO DVMP

= 1.135

χ2/Nd.o.f
LO DVMP

= 0.879

Initial version of fits 
with no constraints:



Results
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Hybrid models
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CFF: ℑ𝔪ℋ(ξ, t) = π [ 4
9

Huval(ξ, ξ, t) +
1
9

Hdval(ξ, ξ, t) +
2
9

Hsea(ξ, ξ, t)] + subtraction constant: Δ(t) =
C

(1−
t

M2
C )

2

GPDs: Hval
q (x, x, t) =

nqrq

1 + x ( 2x
1 + x )

−αv(t)

( 1 − x
1 + x )

bq 1

1−
1 − x
1 + x

t
M2

q

, q = u, d

KM-type models have a hybrid implementation of GPDs: valence sector is modeled in the x-space at the crossover line, there is no evolution; sea and gluon 
sector is implemented in the conformal space, LO evolution. The valence sector is defined as:



Gepard
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Software for calculating observables for exclusive processes: https://
gepard.phy.hr/index.html developed by Krešimir Kumerički. It can be 
downloaded as a Python package, but also hosts a GPD server which 
directly outputs values of CFFs for a variety of models. This software 
also includes neural network models implemented in PyTorch. They 
are available on the Torch branch on GitHub. The DVCS+DVMP 
models are available on the Devel branch.

https://gepard.phy.hr/index.html
https://gepard.phy.hr/index.html

