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I) Exclusive processes in lepton-hadron scattering
Kinematic variables

Collinear frames and light-cone components

L/T currents

Cross section

Meson production and Virtual Compton Scattering VCS

Bjorken regime

QCD factorization

Quantum correlation functions

DVCS factorization from collinear expansion

Generalized parton distributions

II) Asymptotic behavior and factorization

III) Asymptotic behavior and factorization II
Meson production factorization and GPDs

GPD evolution

Characteristics of large and small x

Heavy quarkonium production near threshold

TBD

[Webpage]

“kinematics”

“dynamics"

https://www.jlab.org/conference/HadronFemtographySchool


2Lepton-hadron scattering

Lepton-hadron scattering  l + H → l′ + H′ 

Final states

H

l’

H’

l l = e±, μ± nucleon , nucleus , mesonH = p/n A

Mediated by electromagnetic (EM) interaction

Lowest order in EM coupling 𝒪(e2)

Amplitude  =  lepton current  x  hadron current

  only momentum changedH′ = H elastic scattering

 + meson,  + photon H′ = H H γ

Also: QED radiative corrections, two-photon exchange

inelastic scattering — exclusive 

  anythingH′ = X inelastic scattering — inclusive 



3Related: Hadron/photon-hadron scattering

Hadron-hadron scattering with dilepton production

2 H’H

l

l
+

−H1

H

H’

γ

H1 + H2 → l+l− + H′ 

Photon-hadron scattering

γ + H → H′ 

 + meson,  + heavy quarkonium H′ = H H Q̄Q

Exclusive final states possible



4Kinematic variables

Relativistically covariant formulation

Invariant variables describing hadronic transition

q ≡ l − l′ 

l
l′ 

P

q

Particles described by 4-momenta  pμ = (p0, p)

Kinematic variables defined as 4-vector products = invariants

Can be interpreted in particular frame, e.g. target rest frame

4-momentum transfer, contains energy and 
momentum transfer (independent variables)

−q2 ≡ Q2 > 0 invariant 4-momentum transfer

(P + q)2 ≡ W2 > 0 invariant CM energy of  initial state 
= invariant mass of total hadronic final state

γ*H



5Kinematic variables

Bjorken scaling variable, 
ratio of 4-momentum and energy transferxB ≡

−q2

2Pq

W2 = (P + q)2 = P2 + q2 − 2Pq = M2 − Q2 + 2Pq

Uses alt. invariant energy variable , related to  byPq W2

In target rest frame:    →  P = (M, 0), q = (ν, q) Pq = νM energy transfer

Variables describing hadronic final state in exclusive processes: 
Depend on specific final state, to be defined later

   target massM2 = P2



6Kinematic range
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x

JLab 12
√s = 20 GeV

√s = 100 GeV

Kinematic coverage
in ep scattering

EIC

s = (l + P)2

s →

lepton-hadron invariant

= (El + EH)2
𝖢𝖬 energies of particles in CM frame

Kinematic range 

kinematic limitQ2 < xB(s − M2)

Large CM energies  needed to access 
small , high 

s
xB Q2

Theoretical coverage, experimental  
limitations at low  and large Q2 xB

l
l′ 

P

q

Additional limitations due to kinematic 
dependence of cross sections and rates, 
esp. in exclusive processes

xB

E1



7Collinear frames

Scattering processes can be analyzed in any frame: 
Invariant variables, cross section

Coordinate system

x

z

y

qP
l

l’
Collinear frames   P ∥ q

Rotational symmetry around  collision axisγ*H

Initial state: L/T currents, target spin L/T

Final-state: Particles described by azimuthal angle

High-energy limit

Longitudinal momentum components grow

Transverse components remain finite

Qualitative distinction, used in factorization
 along z-axis,  in -z directionP, q q

 in xz-plane, with  in +x directionl, l′ l + l′ 

Other conventions in use — verify!

*) Here the collinear frame is defined using the initial hadron momentum. In applications to exclusive processes one 
also defines frames using a combination of initial and final hadron momenta.

*)



8Collinear frames

x

z

y

qP
l

l’

Class of collinear frames

P = 0

Collinear condition  defines not single 
frame, but equivalence class of frames related 
by longitudinal boosts

P ∥ q

Members include:

Target rest frame

P + q = 0 -target CM frameγ*

P = − q/2 = 0 Breit frame (only 3-
momentum transfer,  
no energy transfer)



9Light-cone components

v± ≡ v0 ± v3 light-cone components of 4-vector aμvT ≡ (v1, v2)

vw =
v+w− + v−w+

2
− vT ⋅ wT scalar product and squarev2 = v+v− − |vT |2

Boost along 3-axis

v+ → Λv+ v− → Λ−1v− transform homogeneously - simple!

v± → e±y v±   rapidity of boosty = log Λ

Particle momenta in collinear frame

kμ = [k+, k−, kT] k− =
k2 + |kT |2

k+
k+ = αP+ fraction of  momentum 

in collinear frame
P+

Particular collinear frame specified by value of .  
No explicit boost needed to change between frames, just change value of 

P+

P+

Calculations can be performed in general collinear frame, without specifying value of P+

E2

, numberΛ > 0



10Longitudinal and transverse subspaces

4D spacetime can be decomposed into subspace spanned by  and transverse subspace{P, q}

Basis 4-vectors

4-vectors, currents, tensors have components in the subspaces, can be projected

Important for high-energy limit, scaling behavior → later

L ≡ P −
(Pq)
q2 Lq = 0

eL ≡
L

L2
eq ≡

q

−q2

orthogonal 4-vectors

unit 4-vectors, span space {P, q}

Projectors

gμν
L ≡ eμ

Leν
L gμν

T ≡ gμν + eμ
Leν

L + eμ
q eν

q projectors on L and T subspaces (orthogonal to )q

In collinear frame, vectors  have spatial components are along the 3-axiseL, eq

Calculations with 4-vectors/tensors can be performed covariantly using the basis 4-vectors

gμν = gμν
L + gμν

T + eμ
q eν

q completeness relation



11Scattering amplitude

Longitudinal and transverse currents

l
l′ 

H

q

lepton and hadron current matrix elements  
orthogonal to , can be projected on L and Tq

amplitude

ℳ(lH → l′ H′ ) =
e2

q2
⟨l′ | jμ | l⟩ ⟨H′ |Jμ |H⟩

H′ 

lepton hadron current
L, T

qμ⟨l′ | jμ | l⟩ = 0 qμ⟨H′ |Jμ |H⟩ = 0

jμ
L,T ≡ gμν

L,T jν Jμ
L,T ≡ gμν

L,T Jν
L and T projections of lepton and hadron currents
(→ observables, high-energy limit, QCD factorization)

Current matrix elements depend on momentum and spin variables

Lepton current: Point particle, current matrix elements computed explicitly

Hadron current: Composite system, current computed using approximate methods



12Longitudinal-transverse ratio

l
l′ 

H

q

Ratio of L and T projections of lepton current

H′ 

L, T ϵ ≡
j*L jL

−j*T jT
=

⟨l′ | jμ
L | l⟩⟨l | jLμ | l′ ⟩

−⟨l′ | jμ
T | l⟩⟨l | jTμ | l′ ⟩

ϵ =
1 − y − y2x2

B M2/Q2

1 − y + y2/2 + y2x2
B M2/Q2

y ≡
Pq
Pl

=
Q2

xB(s − M2)
Explicit expression in 
terms of invariants

Depends on variables  and lepton-hadron CM energy xB, Q2 s

Interpretation: Ratio of L and T polarization in virtual photon flux (probability)

Plays important role in cross section and observables

E3



13Cross section

general expression 
of differential cross section

dσ (lH → l′ H′ ) = Flux × |ℳ |2 × dΓl′ × ∏
h 𝗂𝗇 H′ 

dΓh

× (2π)4δ(4)(l + P − l′ − ∑
h 𝗂𝗇 H′ 

Ph)

invariant phase space element 
of particle (mass )mdΓ ≡

d4p
(2π)4

2πδ(p2 − m2)p0 > 0 =
d3p

(2π)32E(p)

dΓl′ → Jacobian × dxB dQ2 final lepton phase space element expressed in variables xB, Q2

dΓh for  in h H′ final hadron phase space elements, specifics depend on channel

Spin degrees of freedom

Average over spins in initial hadron state  with spin density matrix describing polarizationH
Sum over spins of hadrons in final state  (not observed)H′ 

Lepton helicity conserved in scattering process (up to terms  lepton mass)∝ ml



14Cross section

Represent lepton-hadron cross section as “virtual photon flux” and “virtual photon-hadron cross section”

dσ (lH → l′ H′ ) = Φ dxB dQ2 × dσ (γ*H → H′ )

Φ ≡
α𝖾𝗆

2π
y2

1 − ϵ
1 − xB

xB

1
Q2

ϵ = function(xB, Q2, s)

virtual photon flux factor, depends on convention

L/T ratio of virtual photon flux

Virtual photon-hadron cross section contains terms arising from L and T virtual photon 
amplitudes and their interference, can be decomposed accordingly.  
Details depend on specific final state.



15Exclusive meson production

l + N → l′ + π + N

P
P′ 

q′ q

} t, ϕ

Variables describing hadronic final state

exclusive pion production

t = (P′ − P)2 = (q − q′ )2
invariant momentum transfer 
between initial and final nucleon, 
or virtual photon and pion

ϕ pion azimuthal angle around collinear axis

Differential cross section

dσ = Φ dxB dQ2 [FT + ϵ FL + 2ϵ(1 + ϵ) cos ϕ FLT + ϵ cos(2ϕ) FTT

+ (2λe) 2ϵ(1 − ϵ) sin ϕ FLT′ + spin-dep. terms] dt
dϕ
2π

FT, FL, . . . = functions(xB, Q2, t) structure functions, parametrize 
virtual photon-hadron cross section



16Exclusive meson production

• Terms in cross section arise as bilinear forms in L and T hadron currents, including interference

FT ∝ JT
*JT FL ∝ JL

*JL FLT ∝ JL
*JT + JT

*JL

• Expression of cross section separates “kinematics” and “dynamics” 

Dependence on  ,  :  Kinematics, exhibited explicitlys → ϵ ϕ

Dependence on  :  Dynamics, included in structure functionsxB, Q2, t

• Connection with real photoproduction in limit  fixedQ2 → 0, W

 FT(Q2 → 0) =
dσ
dt

(γN → πN )  FL(Q2 → 0) = 0

• More structures arise with nucleon polarization (target or recoil)



17Exclusive meson production
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FIG. 16. (Color online) The extracted structure functions vs t for the ⇡0 (left column) [20] and ⌘ (right column).
The top row presents data for the kinematic point (Q2 =1.38 GeV2,xB=0.17) and bottom row for the kinematic point
(Q2 =2.21 GeV2,xB=0.28). The data for the ⌘ is identical to that shown in Fig. 13, with the vertical axis rescaled to
highlight the di↵erence in the magnitude of the cross sections for ⇡0 and ⌘ electroproduction. The data and curves
are as follows: black circles - d�U/dt = d�T /dt+ ✏d�L/dt, blue triangles - d�TT /dt, red squares - d�LT /dt. The error
bars are statistical only. The gray bands are our estimates of the absolute normalization systematic uncertainties on
d�U/dt. The curves are theoretical predictions produced with the models of Ref. [8].

XIII. CONCLUSION

Di↵erential cross sections of exclusive ⌘ electro-
production were obtained in the few-GeV region in
bins of Q2

, xB , t and �⌘. Virtual photon structure
functions d�U/dt = d(�T + ✏�L)/dt, d�TT /dt and
d�LT /dt were extracted. It is found that d�U/dt is
larger in magnitude than d�TT /dt, while d�LT /dt

is significantly smaller than d�TT /dt. The exclu-
sive cross sections and structure functions are typ-
ically more than a factor of two smaller than for
previously measured ⇡

0 electroproduction for simi-
lar kinematic intervals. It appears that some of these
di↵erences can be roughly understood from GPD-
models in terms of the quark composition of ⇡0 and
⌘ mesons. The cross section ratios of ⌘ to ⇡

0 appear
to agree with the handbag calculations at low |t|,
but show significant deviations with increasing |t|.

Within the handbag interpretation, there are the-
oretical calculations [8], which were earlier found to
describe ⇡

0 electroproduction [6] quite well. The
result of the calculations confirmed that the mea-

sured unseparated cross sections are much larger
than expected from leading-twist handbag calcula-
tions, which are dominated by longitudinal photons.
For the present case, the same conclusion can be
made in an almost model independent way by not-
ing that the structure functions d�U/dt and d�TT /dt

are significantly larger than d�LT /dt.
To make significant improvement in interpreta-

tion, higher statistical precision data, as well as L-T
separation and polarization measurements over the
entire range of kinematic variables are necessary.
Such experiments are planned for the Je↵erson Lab
operations at 12 GeV.
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FT + ϵFL
FLT

FTT

Exclusive  and  production cross sections 
( -dependent structure functions) measured 
by JLab CLAS with 6 GeV beam energy 

π0 η
t

I. Bedlinskiy et al. [CLAS], Phys. Rev. C 95,  
035202 (2017) [INSPIRE]

Curves: GPD-based theoretical model

Example

https://inspirehep.net/literature/1517056


18Virtual Compton Scattering

l + N → l′ + γ + N′ exclusive production of real photon

P
P′ 

q′ 

q

} t, ϕγ

Variables describing final state: t, ϕγ

Hadronic transition matrix element

⟨N′ γ |Jμ |N⟩ = Tμν ϵ*ν

ϵν ≡ ϵν(q′ , λ′ ) polarization vector of outgoing photon

Tμν ≡ i∫ d4x ei(q′ +q)x/2 ⟨N′ | T Jμ(−x /2) Jν(x /2) |N⟩

= function(P, q, q′ ; σ′ , σ)

Compton tensor: Correlation function 
of EM currents in nucleon state

Depends on momenta and nucleon 
spin quantum numbers σ, σ′ 

Can be derived from general arguments: Reduction theorem, EM current as interpolating operator



19Virtual Compton Scattering

Same final state produced by  
real photon emission from lepton: 
Bethe-Heitler process (BH)

VCS BH

BH and VCS amplitudes interfere  
in  cross sectionlN → l′ γN′ 

Cross section

dσ(lN → l′ γN′ ) ∝ |ℳ(BH) + ℳ(VCS) |2

Rich structure of cross section and observables

BH amplitude given in terms of nucleon elastic form factors, real function (Im = 0)

Analysis methods use unique features of BH-VCS interference

→ Lectures Marija Cuic, Herve Dutrieux



20E1: Kinematic range in lepton-hadron scattering

1)  Derive the kinematic limit   !Q2 < xB(s − M2)

Hint: Introduce the variable  relative energy loss of lepton in target rest frame 

and show that 

y ≡
Pq
Pl

=
P(l − l′ )

Pl
=

0 < y < 1

2) Evaluate lepton-hadron CM energy  for fixed-target setup (JLab) and colliding-beam setup (EIC)s



21E2: 4-vector components in collinear frame

1)  Determine the light-cone components of the 4-vector  in -collinear frames in terms of  and  !q Pq xB P+

,P = [P+,
M2

P+
,0], q = [q+, q−,0] what are the values of  ?q+, q−



22E3: L/T ratio 

1)  Derive explicit expression of  as function of  and  (or ) !ϵ xB, Q2 y s

2) Plot  as function of  and  for a given value of  (e.g. JLab12, EIC), 
or as function of  for a given  and  !

ϵ xB Q2 s
s x Q2

Hint: Use explicit expression of lepton current , where helicityjμ = ū(l′ , σ′ ) γμ u(l, σ) σ, σ′ =

Compute spin average    using spin projector   

(put lepton mass 

1
2 ∑

σ,σ′ 

jν* jμ ∑
σ

u(l, σ)ū(l, σ) = l ⋅ γ + m

m = 0

Contract    with projectors formed from basis 4-vectors 
1
2 ∑

σ,σ′ 

jν* jμ eL, eq

Express result in terms of invariant variables  and  xB, Q2 y


