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Objective of these lectures 

Deeply virtual Compton 

scattering (DVCS)  

Non -local operator  

Off -forward matrix element  

What is the physical meaning/content 

of such a correlator ? 

GPDs 
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in Born approximation 
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Large recoil for light nuclei!  
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target 
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[Alexandrou et al ., PRD100 (2019) 014509]  
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Generic expectation value  
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domain  
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Internal  distribution  

[Sachs, PR126 (1962) 2256]  
[Burkardt, PRD62 (2000) 071503]  

[Belitsky, Ji, Yuan, PRD69 (2004) 074014]  
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Breit (aka brick-wall) frame  

3D charge distribution  
Relativistic 

recoil 

corrections ?  

Same structure as in 

non-relativistic case !  

responsible for the Darwin term 

in the non-relativistic expansion 

Semi-relativistic interpretation (Sachs approach) 

[Sachs, PR126 (1962) 2256]  
[Friar, Negele, In Adv. Nucl. Phys., Vol.8 (1975) 219]  
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[Bouchiat, Fayet, Meyer, NPB34 (1971) 157]  
[Soper, PRD15 (1977) 1141]  

[Burkardt, PRD62 (2000) 071503]  

Infinite -momentum  frame  

No recoil correction !  Galilean symmetry under finite boosts  

2D charge distribution  

Relativistic interpretation (IMF approach) 

Validity 

domain  

Probabilistic  interpretation  



Other approaches with similar results 

Light -front quantization  and Drell -Yan frame               (no need to consider IMF) 

[Ralston, Jain, Buniy, AIP Conf. Proc. 549 (2000) 1, 302 ]  
[Burkardt, IJMPA 18 (2003) 2, 173 ]  

[Miller, PRL99 (2007) 11200]  
[Carlson, Vanderhaeghen, PRL100 (2008) 032004]  

[Freese, Miller, PRD105 (2022) 1, 014003]  



[Fleming, In Phys. Reality & Math. Descrip. (1974) 357]  
[Epelbaum, Gegelia, Lange, Meissner, Polyakov, PRL129 (2022) 012001]  

[Panteleeva, Epelbaum, Gegelia, Meissner, PRD106 (2022) 5, 056019]  

Other approaches with similar results 

Method of dimensional  counting   (IMF averaged over all directions) 
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[Ralston, Jain, Buniy, AIP Conf. Proc. 549 (2000) 1, 302 ]  
[Burkardt, IJMPA 18 (2003) 2, 173 ]  

[Miller, PRL99 (2007) 11200]  
[Carlson, Vanderhaeghen, PRL100 (2008) 032004]  

[Freese, Miller, PRD105 (2022) 1, 014003]  
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[Miller, PRL99 (2007) 11200]  
[Carlson, Vanderhaeghen, PRL100 (2008) 032004]  
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Hadron tomography 

(2+1)D picture  

[Soper, PRD15 (1977) 1141]  
[Burkardt, PRD62 (2000) 071503]  

[Burkardt, IJMPA18 (2003)2,  173]  
[Diehl, Hägler, EPJC44 (2005) 87]  

tomê = « cut  » 

graphein = « draw/write  » 

Gauge invariance and spin  

Leading 

twist G 

Unpolarized quark  

Longitudinally  polarized quark  

Tranversely  polarized quark  
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Space-time foliation  
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= 3D hypersurface  

« Time  »  

= hypersurface label  

Time  
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Energy 
 

Momentum  

Forms of dynamics 

[Dirac, RMP21 (1949) 292]  
[Brodsky, Pauli, Pinsky, PR301 (1998) 299]  



Instant form dynamics  Light -front form dynamics  

Space-time foliation  

« Space »  

= 3D hypersurface  

« Time  »  

= hypersurface label  

Light -front components  

Time  
 

Space 
 

Energy 
 

Momentum  

Forms of dynamics 

[Dirac, RMP21 (1949) 292]  
[Brodsky, Pauli, Pinsky, PR301 (1998) 299]  



t4, z4 

t3, z3 t2, z2 
t1, z1 

Ordinary point of view  

t5, z5 

t6, z6 

t7, z7 

Instant form vs light-front form 



Light front point of view  
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x+ 

x+ 
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x+ 

x+ 

x+ 

Instant form vs light-front form 



Initial frame  

Instant form vs light-front form 
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Instant form vs light-front form 

Infinite -momentum frame  
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[C.L., EPJC78 (2018) 9, 785]  
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Galilean symmetry  

Position operator  

Galilean/non-relativistic algebra 

[Kogut, Soper, PRD1 (1970) 2901]  
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Galilean symmetry  

Position operator  (center of inertia) 

Galilean/non-relativistic algebra 

[Kogut, Soper, PRD1 (1970) 2901]  
[Burkardt, IJMPA18 (2003) 2, 173]  

[C.L., EPJC78 (2018) 9, 785]  



Galilean boost  

Galilean symmetry  

Position operator  (center of inertia) 

Galilean/non-relativistic algebra 

[Kogut, Soper, PRD1 (1970) 2901]  
[Burkardt, IJMPA18 (2003) 2, 173]  

[C.L., EPJC78 (2018) 9, 785]  



Transverse  boost  

Transverse  space-time symmetry  

Transverse  position operator  (center of P+) 

 

Light-front Poincaré algebra 

[Kogut, Soper, PRD1 (1970) 2901]  
[Burkardt, IJMPA18 (2003) 2, 173]  

[C.L., EPJC78 (2018) 9, 785]  
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Light-front densities 

mixed  space 

Localized states  

Impact -parameter dependent distributions (IPDs)  

[Soper, PRD15 (1977) 1141]  
[Burkardt, PRD62 (2000) 071503]  

[Diehl, EPJC25 (2002) 223]  
[Burkardt, IJMPA18 (2003) 2, 173]  

 momentum space  

Normalizations  

 

Internal  distribution  

is essential to ensure 

probabilistic  interpretation !  

Drell -Yan frame  

 

NB:  
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Light-front densities 

Unpolarized quark IPD  

Center of P+ (light-front inertia) 

as a result of  

[Burkardt, IJMPA18 (2003) 2, 173]  



Light-front densities 

[Guidal, Moutarde Vanderhaghen, RPP76 (2013) 066202]  

Flat in t  

Narrow in b 

Steep in t  

Wide in b 



Light-front artifacts 

[Burkardt, IJMPA18 (2003) 2, 173]  
[Carlson, Vanderhaeghen, PRL100 (2008) 032004]  
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1) The notion of spatial distribution relies on simultaneity  

2) Probabilistic interpretation requires factorization  of    -dependence 

Traditional  perspective:    maintain  strict probabilistic  interpretation  by
   

Phase-space perspective:    relax to quasi-probabilistic interpretation  

                but fully account for frame dependence !  

Å neglecting  recoil  corrections (Sachs approach) 

Å restricting  to Galilean  subgroup  (IMF/LF approach) 
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Relativistic spatial distributions 

Abel 

transform  
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[C.L., PRL125 (2020) 232002]  
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Four-current amplitude 
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Confirmed by explicit evaluation of spinors  

Wigner rotation  

Boost parameters  
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EF charge distributions (transverse polarization) 
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Neutron 

BF 
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[Kim, Kim, PRD104 (2021) 7, 074003]  
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Mellin moments 

Local LF operators  

Spin-dependent operators  

Longitudinal  polarization and spin -orbit correlation  

[C.L., Pasquini, PRD84 (2011) 014015]  
[C.L., PLB735 (2014) 344]  

Transverse  polarization and spin -orbit correlation  

[C.L., Pasquini, PRD93 (2016) 3, 034040]  
[Bhoonah, C.L., PLB774 (2017) 435]  

Transverse  spin and color Lorentz force  

[Burkardt, PRD88 (2013) 114502]  
[Aslan, Burkardt, Schlegel, PRD100 (2019) 9, 096021]  
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Normal stress    (pressure)  

Energy  
density  

Energy  
flux  
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ÅNucleon  mechanical  properties  

ÅQuark -gluon plasma  

ÅRelativistic  hydrodynamics  

ÅStellar  structure and dynamics  

ÅCosmology  

ÅGravitational  waves 

ÅModified  theories  of gravitation  

Åé 

 

 

Central object for  

Mass, spin and pressure  are all encoded in the EMT  
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Gravitational form factors (GFFs) 

Spin-1/2 target  

NB: Because of the Dirac equation, alternative but equivalent parametrizations 

may look quite different ! 

Gordon 

identity  

[Pagels, PR144 (1966) 4, 1250]  
[Ji, PRL78 (1997) 610]  

[Bakker, Leader, Trueman, PRD70 (2004) 114001]  
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Four-momentum sum rules  

Not a four -vector  !  

(unless state is massless) 

Light-front 

version 

Expectation value  

Four-momentum conservation 

Why two sum rules ? 

What is the meaning of          ? 

Deep-inelastic  

scattering  
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Hadron spectroscopy 

Lattice QCD reproduces very well the light hadron spectrum  

é but this does not tell us much about the origin  

of the hadron masses  

One of the goals of the EIC is to provide clues 

to this fundamental question  

[Durr et al. , Science 322 (2008) 1224]  
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What is mass ? 

« Formal  » definition  

« Physical » definition  

A global Lorentz-invariant quantity 

characterizing the physical system 

Proper inertia (i.e. rest-frame energy) 

of the system 

CM four -

velocity  

Not additive ! 

Additive 

Rest frame  

In relativity, there are essentially two  equivalent 

definitions of mass  
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Quark mass and quantum corrections break conformal symmetry  
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The behavior under spacetime dilations is determined by  
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scattering  

[Shifman, Vainshtein, Zakharov, PLB78 (1978) 443]  
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Trace decomposition 

Quark mass and quantum corrections break conformal symmetry  

Trace anomaly  Quark mass 

matrix  

The behavior under spacetime dilations is determined by  

Based on this picture, one often concludes that 

most of the hadron mass comes from gluons !  

Nucleon -meson 

scattering  

~ 8%  

(measurement to 

be improved) 

~ 92% 

(to be measured) 

[Shifman, Vainshtein, Zakharov, PLB78 (1978) 443]  
[Donoghue, Golowich, Holstein, CMPPNPC2 (1992) 1]  

[Kharzeev, PISPF130 (1996) 105]  
[Hatta, Rajan, Tanaka, JHEP12 (2018) 008]  

Near -threshold  

heavy meson 

production  

[Crewther, PRL28 (1972) 1421]  
[Chanowitz, Ellis, PRD7 (1972) 2490]  

[Adler, Collins, Duncan, PRD15 (1977) 1712]  
[Collins, Duncan, Joglekar, PRD16 (1977) 438]  

[Nielsen, NPB120 (1977) 212]  
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Trace decomposition 

The physical interpretation of the «  quark  » and « gluon  » contributions 

is however not so clear é 

Can be 

negative !  
Partial pressure -

volume work  

The «  gluon  » contribution is amplified  because  

the gluon pressure -volume work  is negative  (attractive forces)  

[C.L., EPJC78 (2018) 2, 120]  

Rest frame  

Mechanical  

equilibrium  

(virial  theorem ) 



Energy decomposition 



Energy decomposition 

Renormalized QCD operators  

[C.L., EPJC78 (2018) 2, 120]  
[ Metz, Pasquini, Rodini, PRD102 (2020) 114042 ]  
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Renormalized QCD operators  

Rest-frame energy  

Known  but scheme 

and scale-dependent  ! 
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Energy decomposition 

Renormalized QCD operators  

Rest-frame energy  

Refinement  

Known  but scheme 

and scale-dependent  ! 

[C.L., EPJC78 (2018) 2, 120]  
[ Metz, Pasquini, Rodini, PRD102 (2020) 114042 ]  

[C.L., Metz, Pasquini, Rodini, JHEP11 (2021) 121]  



Energy decomposition 

Renormalized QCD operators  

Rest-frame energy  

Refinement  

~ 21% (MS) 

~ 38% (D2) 

~ 8% (MS) 

~ 8% (D2) 

~ 71% (MS) 

~ 54% (D2) 

Known  but scheme 

and scale-dependent  ! 

[C.L., EPJC78 (2018) 2, 120]  
[ Metz, Pasquini, Rodini, PRD102 (2020) 114042 ]  

[C.L., Metz, Pasquini, Rodini, JHEP11 (2021) 121]  



Jiõs decomposition 

Combination of features from both trace and energy decompositions  
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Jiõs decomposition 

Step 1 

Step 2 

Twist-2 

Twist-4 

« Quantum anomalous energy » 

Rest-frame energy  

Poincaré symmetry ensures that this separation is scheme and scale-independent ! 

[Ji, PRL74 (1995) 7, 1071]  
[ Ji, PRD52 (1995) 1, 271 ]  

[Ji, FP16 (2021) 6, 64601]  

Combination of features from both trace and energy decompositions  
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[ Yang et al ., PRL121 (2018)  21, 212001 ]  

Lattice QCD  

Determined by 

mass sum rule  
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Jiõs decomposition 

The physical interpretation of the «  quark  » and « gluon  » contributions 

is however not so clear é 

Partial pressure -

volume work  

Also, it is tempting to write the classical relations  

é but there is no scheme where both are simultaneously  valid !  

[C.L., EPJC78 (2018) 2, 120]  
[ Metz, Pasquini, Rodini, PRD102 (2020) 114042 ]  

[C.L., Metz, Pasquini, Rodini, JHEP11 (2021) 121]  



Trace decomposition  

Energy decomposition  

Jiõs decomposition 

Mass decompositions (in D2 scheme                                                  ) 



Trace decomposition  

Energy decomposition  

Jiõs decomposition 

1 independent input 

Mass decompositions (in D2 scheme                                                  ) 



Trace decomposition  

Energy decomposition  

Jiõs decomposition 

1 independent input 

2 independent inputs 

Mass decompositions (in D2 scheme                                                  ) 



Trace decomposition  

Energy decomposition  

Jiõs decomposition 

1 independent input 

2 independent inputs 

2 independent inputs 

Mass decompositions (in D2 scheme                                                  ) 



Trace decomposition  

Energy decomposition  

Jiõs decomposition 

1 independent input 

2 independent inputs 

2 independent inputs 

Mechanical  
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Jiõs decomposition Energy decomposition  Trace decomposition  

Quark 

mass 

Quark 

mass 

Quark 

mass 

Trace 

anomaly  
¼ Trace 

anomaly  

Gluon 

« tensor  » 

energy  

~ 8% ~ 8% ~ 8% 

~ 38% ~ 38% 
~ 54% 

~ 92% 
~ 23% 

~ 31% 

Scale dependence 

Relation to mass 
Amplitude 

level 

No  

Operator 

level 

Operator 

level 

Yes 

Virial theorem Dependent  Independent  

Yes 

Quark  

kin+pot 

energy  

Gluon  

kin+pot 

energy  

Quark  

kin+pot 

energy  

Involved  
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Sg L g 

L q 

Canonical  

Gauge fixed !  

Spin sum rules (1990-2008) 

[Jaffe, Manohar, NPB337 (1990) 509]  
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Canonical  Kinetic  
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Spin sum rules (1990-2008) 

[Ji, PRL78 (1997) 610]  [Jaffe, Manohar, NPB337 (1990) 509]  



Sq 

Sg L g 

L q 

Canonical  

Gauge invariant !  
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Sq 

Lq 

Lg Sg 

Sq 

Sg L g 

L q 

Canonical  Kinetic  

Gauge invariant !  « Complete  » 

Spin sum rules (2008-now) 

[Wakamatsu, PRD81 (2010) 114010]  [Chen, Lu, Sun, Wang, Goldstein, PRL100 (2008) 232002]  



Lq 

Canonical  Kinetic  

Sq Sq 
L q 

Sg 

Spin sum rules (2008-now) 

[Wakamatsu, PRD81 (2010) 114010]  
[C.L., Leader, PR541 (2014) 163 ]  

« Potential  » 

angular momentum  

Sg L g 
Lg 


