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Nucleon structure

Non-relativistic picture

dominated by constituents

e ~ AQCD

Relativistic picture

dominated by dynamics
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Obijective of these lectures

Deeply virtual Compton
scattering (DVCS)

Off-forward matrix element

dz—

izPt 2z~ W (—Z = 2 .
ge P <p”8,‘¢(—§)FW(_§j §)¢(§)‘p?s>‘z+=|2]_|=0
|

Non-local operator

What is the physical meaningl/content
of such a correlator ?



Mo e Spatial imaging

Tu-We o | jght-front & phase-space pictures
We ¢ Energy-momentum tensor
Th-Fr ¢ Mass & spin decompositions

Fr  * Mechanical properties

=» Do not hesitate to ask questions !
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Spatial structure

3D structure is fundamental to understand physical properties

i.e. thermal, electrical, mechanical, ...
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fullerene nanotube graphene



Spatial structure through elastic scattering

Example: X-ray diffraction

Incident X-rays Diffracted X-rays
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Spatial structure through elastic scattering
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Spatial structure through elastic scattering

Example: X-ray diffraction

Incident X-rays Diffracted X-rays
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Nuclear elastic scattering

Crystals & atoms d~107"%m = Aw=~10%*eV =—> X-rays

High-energy

. ~ _15 ~ 9
Nuclei & nucleons d =~ 10 m = hw=~10"eV —> electron beams

A Large recoil for light nuclei!



Nuclear elastic scattering

Crystals & atoms d~10"1m

Nuclei & nucleons d~10"1""m

Relativistic treatment
in Born approximation

Spin-0
do’ do’ target b
d_Q E pointlike B [F(Q )}
Q% = —A?

=  hw =~ 10%*eV X-rays

High-energy
electron beams

=  hw=a~10%eV =

& Large recoil for light nuclei!

[Rosenbluth, PR79 (1950) 615]
[Hofstadter, RMP28 (1956) 214]
[Yennie, Lévy, Ravenhall, RMP29 (1957) 144]



Nuclear elastic scattering

Crystals & atoms d~107"%m = Aw=~10%*eV =—> X-rays

High-energy

. ~ _15 ~ 9
Nuclei & nucleons d =~ 10 m = hw=~10"eV —> electron beams

& Large recoil for light nuclei!

Relativistic treatment _ | _

€ (&
in Born approximation P Pf
Spin-0
target
iyl Gk
dQ2/ dQ pointlike B N N
p=P-35 p=P+%5
Spin-112
target 5 - 5 1
= < [Ge(@)]" + - [Gu(Q? }
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[Yennie, Lévy, Ravenhall, RMP29 (1957) 144]



Nucleon form factors
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Electromagnetic current matrix elements
Normalization (1'|p) = (2m)*2p" 6% (5" — p)

s (', s'|74(0)|p, s) = a(p’, s")TH(P, A)u(p, s)



Electromagnetic current matrix elements

Normalization (P'[p) = (27)%2p° 5 (0" —p)
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o ANY
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Electric Anomalous
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[Foldy, PR87 (1952) 688]
[Ernst, Sachs, Wali, PR119 (1960) 1105]
[Sachs, PR126 (1962) 2256]
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Electromagnetic current matrix elements

Normalization (P'[p) = (27)%2p° 5 (0" —p)

: ®,s'|J(0)Ip, s) = a(p’, s")T" (P, A)u(p, s)
o ANY
DH(P,A) = /'R (Q7) + T2 Fy(QP)
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Electric Anomalous
charge magnetic moment
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Sachs form factors
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Non-relativistic interpretation

. d’p —ip7
Localized states |7) = / @) ¢ P 1p) Normalization (7'[5) = (2m)* 3 (5 — )

(p(@)|7) =

Charge
density



Non-relativistic interpretation

3
d°p  _igr

Localized states |7) = / 2n)3 e

D) Normalization (7'[7) = (27)° 63 (5" — p)

dSP dSA i_.. 7 _,i-'_f_f"’+f=' s x R X
(@) = / P 7)o 8@ TE) (B4 8)5()P - &)

Charge
density



Non-relativistic interpretation

3
d°p g

Localized states |7) = f B

D) Normalization (7'[7) = (27)° 63 (5" — p)

dSP dSA i_.. 7 _,i-'_f_f"’+f=' s x R X
(@) = / P 7)o 8@ TE) (B4 8)5()P - &)

Charge
density

Non-relativistic boost

Galilean symmetry (P + 5 |p(0)|P — 5) = (£[p(0)| — £) o> 5 Mad



Non-relativistic interpretation

3
d’p —ipT

Localized states |7) = / 2n)3 e

D) Normalization (7'[7) = (27)° 63 (5" — p)

dSP dSA i_.. 7 _,i-'_f_f"’+f=' s x R X
(@) = / P 7)o 8@ TE) (B4 8)5()P - &)

Charge
density

Non-relativistic boost

ﬁHﬁ-FMNT_f

—

Galilean symmetry (P + %\p(o)\

el
N7

|
T
=
c!

|
NIt

3 L
7 p(@)|7) = 6O —m/“ e~ iR (8)5(0)] - B



Non-relativistic interpretation

3
d°p g

Localized states |7) = f B

D) Normalization (7'[7) = (27)° 63 (5" — p)

dSP dSA i_.. 7 _,i-'_f_f"’+f=' s x R X
(@) = / P 7)o 8@ TE) (B4 8)5()P - &)

Charge
density

Non-relativistic boost

Galilean symmetry (P + 5 |p(0)|P — 5) = (£[p(0)| — £) o> 5 Mad

3 L
7 p(@)|7) = 6O —m/“ e~ iR (8)5(0)] - B




Non-relativistic interpretation

3
d’p —ipT

Localized states |7) = f B
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Semi-relativistic interpretation (Sachs approach)

Normalization (7'|p) = (2r)? 53 (p" —p)
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[Sachs, PR126 (1962) 2256]
[Burkardt, PRD62 (2000) 071503]
[Belitsky, Ji, Yuan, PRD69 (2004) 074014]



Semi-relativistic interpretation (Sachs approach)
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Semi-relativistic interpretation (Sachs approach)
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Semi-relativistic interpretation (Sachs approach)
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Semi-relativistic interpretation (Sachs approach)

A —/
Breit (aka brick-wall) frame v ———>
7
— — P"ﬂ
_ 0 _ _
P=0 = A"= 50 = 0

[Sachs, PR126 (1962) 2256]
[Friar, Negele, In Adv. Nucl. Phys., Vol.8 (1975) 219]



Semi-relativistic interpretation (Sachs approach)
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Semi-relativistic interpretation (Sachs approach)

A —/
Breit (aka brick-wall) frame  von ———
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L B
_ 0 _ _
P=0 = A= D0 0
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Breit frame distributions
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[C.L., PRL125 (2020) 232002]



Breit frame distributions
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Breit frame distributions

Proton Neutron
oL lef fin] Pim Leffim’]
1.5\\ —— Gg(0Q%) (Sachs) 0.5\\ —— Gga(Q® (Sachs)
G QOINT+7 AN — G @NT+7

1.0¢ 0.3

0.2
0.5}

0.1} Positive Negative
core pion cloud
02 04 06 08 10 12 14 U™ 02 04 0508 10 12 14 " UM

;— Nuclei
0.10=

0.05p

Charge Distribution (¢/ fm?)

0.0L
0

r (fm)

[C.L., PRL125 (2020) 232002]



Breit frame distributions

Proton Neutron
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Relativistic interpretation (IMF approach)

A
Probabilistic int tati 9 0
ropRbTIstic Iterpretation Infinite-momentum frame v \
P

Yalidity 1 /D <« |A| < |6p] < P°

domain

P, = A’~A,«<P°

[Bouchiat, Fayet, Meyer, NPB34 (1971) 157]
[Soper, PRD15 (1977) 1141]
[Burkardt, PRD62 (2000) 071503]



Relativistic interpretation (IMF approach)

Probabilistic int tati - =
ropRbTIstic Iterpretation Infinite-momentum frame v \
7

Yalidity 1 /D <« |A| < |6p] < P°

domain

P, = A’~A,«<P°

—

Z‘ 5: / X 5 z
(' N I0(0)[ps A |1y = 2P° [Snn F1(Q2) + (*“;MN ) FQ(Q2)] Q.. = A?

[Bouchiat, Fayet, Meyer, NPB34 (1971) 157]
[Soper, PRD15 (1977) 1141]
[Burkardt, PRD62 (2000) 071503]



Relativistic interpretation (IMF approach)

Probabilistic interpretation

Validity
domain

1/D < |A] <« |6p] < P°

W NI T (O)lp, W)y = 2P°

A f ik
Infinite-momentum frame v \
i

P, = A’x~A, <P

(0 )\ X 5 > -
S F1(Q?) + LTxa X 8) Fz(Q2)] Q?| e = A2

2M N

2D charge distribution PE

(2m)*
. (g X ﬁ)z d2Ai —zﬁi b, 2
My / (2m)= Q)

Galilean symmetry under finite boosts

=9 No recoil correction!

[Bouchiat, Fayet, Meyer, NPB34 (1971) 157]
[Soper, PRD15 (1977) 1141]
[Burkardt, PRD62 (2000) 071503]



Other approaches with similar results

Light-front quantization and Drell-Yan frame A" = ()

[Ralston, Jain, Buniy, AIP Conf. Proc. 549 (2000) 1, 302]
[Burkardt, IJMPA 18 (2003) 2, 173]

[Miller, PRL99 (2007) 11200]

[Carlson, Vanderhaeghen, PRL100 (2008) 032004]
[Freese, Miller, PRD105 (2022) 1, 014003]

The instant form The front form



Other approaches with similar results

Light-front quantization and Drell-Yan frame A" = 0 (no need o consider IMF)

iiaozl:a?’

a=[a",a,a*,a"], a

&

[Ralston, Jain, Buniy, AIP Conf. Proc. 549 (2000) 1, 302]
[Burkardt, IJMPA 18 (2003) 2, 173]

[Miller, PRL99 (2007) 11200]

[Carlson, Vanderhaeghen, PRL100 (2008) 032004]
[Freese, Miller, PRD105 (2022) 1, 014003]

The instant form The front form

Method of dimensional counting (IMF averaged over all directions)

- 2.2
: ,t/l % 2
4 VAN [Fleming, In Phys. Reality & Math. Descrip. (1974) 357]
» KL ‘ [Epelbaum, Gegelia, Lange, Meissner, Polyakov, PRL129 (2022) 012001]

[Panteleeva, Epelbaum, Gegelia, Meissner, PRD106 (2022) 5, 056019]




IMF distributions
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[Miller, PRL99 (2007) 11200]
[Carlson, Vanderhaeghen, PRL100 (2008) 032004]



IMF distributions

Proton
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[Miller, PRL99 (2007) 11200]
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IMF distributions

Proton
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1
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0
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~15
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[Miller, PRL99 (2007) 11200]
[Carlson, Vanderhaeghen, PRL100 (2008) 032004]



Generalized parton distributions
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Generalized parton distributions

(p|O(x)p) [PDES] [Ffs] (»'|O|p) E\xﬁw

Non-local operator T A Off-forward
v matrix element

—— A=0

vlOlp) - [ChigES] — e



Generalized parton distributions
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Hadron tomography

(2+1)D picture A" =0

[Soper, PRD15 (1977) 1141]
[Burkardt, PRD62 (2000) 071503]
[Burkardt, IJIMPA18 (2003) 2, 173]
[Diehl, Hagler, EPJC44 (2005) 87]



Hadron tomography

(2+1)D picture

AT =0

tomé = « cut »
graphein = « draw/write »

Pionzloud quarklcore elastif: limit
i

x<0.1 x~0.3 x~0.8
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Hadron tomography

(2"‘ | )D picture A+ = () tomé = « cut »

graphein = « draw/write »

pion Iloud quarklcore elasti? }imit
i

x<0.1 x~0.3 x~0.8

Gauge invariance and spin

—5 At =0
exp ig]_ dy~ A" (y) = 1

2

_ _ B W=7,
O e

[Soper, PRD15 (1977) 1141]
[Burkardt, PRD62 (2000) 071503]
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Hadron tomography

(2"‘ | )D picture A+ = () tomé = « cut »

graphein = « draw/write »

pion Iloud quarklcore elasti? }imit
i

x<0.1 x~0.3 x~0.8

W="P

2

-5 AT =0
exp ig]_ dy~ A (y) = 1

’Y+

Leading +
twist T’ R
io j+’Y5
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Hadron tomography

(2"‘ | )D picture A+ = () tomé = « cut »

graphein = « draw/write »

pion Iloud quarklcore elastif: }jmit
i

x<0.1 x~03 x~0.8
—5 At =0
W =P [exp ig]_ dy~ At (y) = 1
7
7+ ~ 5)\;)\q Unpolarized quark
Leading n
twist I” Y Vs (0'3))\:1 Ag Longitudinally polarized quark

'io'j+')/5 ~ (O'j ) AN Tranversely polarized quark

[Soper, PRD15 (1977) 1141]
[Burkardt, PRD62 (2000) 071503]
[Burkardt, IIMPA18 (2003)2, 173]
[Diehl, Hagler, EPJC44 (2005) 87]



Light-front picture



Forms of dynamics

Space-time foliation

AC[

Instant form dynamics

Time T

Space T
Energy pO

Momentum 7]

« Space »

= 3D hypersurface

« Time »

= hypersurface label

[Dirac, RMP21 (1949) 292]
[Brodsky, Pauli, Pinsky, PR301 (1998) 299]



Forms of dynamics

Space'time foliation Light-front components
at = \%(ag + a?)

A °t « Space » A @

= 3D hypersurface

« Time »
= hypersurface label

Instant form dynamics Light-front form dynamics
Time z° xt
Space T Ty, x”
Energy pU -
Momentum 7] 7L, p+

[Dirac, RMP21 (1949) 292]
[Brodsky, Pauli, Pinsky, PR301 (1998) 299]



Instant form vs light-front form

Ordinary point of view




Instant form vs light-front form

Light front point of view




Instant form vs light-front form

Initial frame

> =




Instant form vs light-front form

Boosted frame

/0

S0 2V + B’
V1 — (32
3 x3 4 BaY

I+



Instant form vs light-front form

Infinite-momentum frame [ — 1

/0

/3

10 ~ /3 ~o

S
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Light-front Poincare algebra

Transverse space-time symmetry

(I3, 1] = [BY,P]]=
[J?, Bt ] = (B, P7] =
[BiaBi} — [Biap_i_] -

[Kogut, Soper, PRD1 (1970) 2901]
[Burkardt, IJMPA18 (2003) 2, 173]
[C.L., EPIC78 (2018) 9, 785]



Light-front Poincare algebra

Transverse space-time symmetry
(7%, T1) = i 7]
[J3, B] = ie* B/,
[Bi? Bi} =0

Bl = o (K'+J%)  Jl=(J"+K?)
Bl = (K*=J)  Ji=5(-K)
i pll— _ ;854 pt
[ J_:PJ_]__Z(SLP
i p—1_ _;pi
[BJ_:P ]__ZPJ_

(B, PT|=[J°,PT]=[J°,P ] =0

[Kogut, Soper, PRD1 (1970) 2901]
[Burkardt, IJMPA18 (2003) 2, 173]
[C.L., EPIC78 (2018) 9, 785]



Galilean/non-relativistic algebra

Galilean symmetry
[T, J7] = ielk g¥
[J*, BY] = ie"I* B*
[Bi? Bj} =0

[B*, P’] = —i6" M
(B, H] = —iP"
[B', M] = [J*,M] = [J*,H] = 0

[Kogut, Soper, PRD1 (1970) 2901]
[Burkardt, IJMPA18 (2003) 2, 173]
[C.L., EPIC78 (2018) 9, 785]



Galilean/non-relativistic algebra

Galilean symmetry

[J*, J7] = i P "
[J*, B7] = ie"’" B"
[Bi? Bj} =0

Position operator

[B*, P’] = —i6" M
(B, H] = —iP"
[B', M] = [J*,M] = [J*,H] = 0

[R!, P/] = i6Y1
[Ri: RJ] =0
[J¢, R7] = ie"* R*

[Kogut, Soper, PRD1 (1970) 2901]
[Burkardt, IJMPA18 (2003) 2, 173]
[C.L., EPIC78 (2018) 9, 785]



Galilean/non-relativistic algebra

Galilean symmetry

[T, J7) = i€k " (B!, P] = —i6" M
[J*, B] = i€k B* (B!, H] = —iP"
[B',B’] =0 [B', M] = [J?,M] =[J* H] =0
Position operator
B'= —-MR' = [R', P7] =691
[Ri: RJ] =0

[J¢, R7] = ie"* R*

[Kogut, Soper, PRD1 (1970) 2901]
[Burkardt, IJMPA18 (2003) 2, 173]
[C.L., EPIC78 (2018) 9, 785]



Galilean/non-relativistic algebra

Galilean symmetry

[J*, J7] = i P "
[J*, B7] = ie"’" B"

[Bi?Bj} =0

Position operator

B'=-MR

Galilean boost M’

I
<

—i69 M
—iP*

B, P’]
[B*, H]

(B, M] = [J3, M] = [J3, H] = 0

= [Ri,PI] =il

[Ri: RJ] =0
[J¢, R7] = ie"* R*

[Kogut, Soper, PRD1 (1970) 2901]
[Burkardt, IJMPA18 (2003) 2, 173]
[C.L., EPIC78 (2018) 9, 785]



Light-front Poincare algebra

Transverse space-time symmetry

72, 71 = i 7] (B, P]] = —io7 P*
[J°, B}] = ic* B, [B",P7]=—iP{
(B ,B]]=0 (BY ,PT|=[J?,PT]|=[J%,P ]| =0

Transverse position operator

B, = —-P*R} => [R,P]]=1i6"1
(R, R} ]=0
[J3, R ] = i3 R,

oo+

Transverse boost D Pl =pL+pUL

I
iS

[Kogut, Soper, PRD1 (1970) 2901]
[Burkardt, IJMPA18 (2003) 2, 173]
[C.L., EPIC78 (2018) 9, 785]



Light-front densities

Normalizations (", 7l |p".7.) =
2p™ (2m)* 6(p'" — pT) 6P (L —p1)
Localized states ot Lt L) =
ot 2 s(p't —pH) 6B (FL — 7))

momentum space ‘ p

d? o
mixed space |p+,ﬂ_> =/$€_ZPLTL \p+,]3l>

[Soper, PRD15 (1977) 1141]
[Burkardt, PRD62 (2000) 071503]
[Diehl, EPIC25 (2002) 223]
[Burkardt, IJIMPA18 (2003) 2, 173]



Light-front densities

Normalizations (7,7l |pT, 7)) =
2p™ (27)? 6(p"" — pT) 6P (FL — L)
Localized states ('t FLp T, L) =
2pt 2w d(p't — pt) 6P (L - 7L
momentum space \p+ ; ﬁL)

d? o
mixed space |p+,ﬂ_> =]$6_1PLM \ptﬁl)

Impact-parameter dependent distributions (IPDs) " =0

s f de~ J* (2)|p*, L) =

[Soper, PRD15 (1977) 1141]
[Burkardt, PRD62 (2000) 071503]
[Diehl, EPIC25 (2002) 223]
[Burkardt, IJIMPA18 (2003) 2, 173]



Light-front densities

Normalizations (", 7l |p".7.) =
2p™ (2m)% 6(p'" — pT) 6P (1 —pL)
Localized states (o', 7L pt, L) =
ot 2 s(p't —pH) 6B (FL — 7))

momentum space \p+ ) ﬁL)

d? o
mixed space |p+,ﬂ_> =/$€_ZPLTL \p+,]3l>

Impact-parameter dependent distributions (IPDs) " =0

AL iz ey PTLEEITO) P -5
2P+

Y

Internal distribution

[Soper, PRD15 (1977) 1141]
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Light-front densities

Normalizations (", 7l |p".7.) =
2p™ (27)? 6(p"" — pT) 6P (FL — L)
Localized states ('t FLp T, L) =
2pt 2w d(p't — pt) 6P (L - 7L
momentum space \p+ ; ﬁL)

d? o
mixed space |p+,ﬂ_> =/$€_ZPLTL \p+,]3l>

Impact-parameter dependent distributions (IPDs) " =0

AL iz ey PTLEEITO) P -5
2P+

Y

Internal distribution

Drell-Yan frame

NB: /d:r:_ < AT =0 is essential to ensure
probabilistic interpretation !

[Soper, PRD15 (1977) 1141]
[Burkardt, PRD62 (2000) 071503]
[Diehl, EPIC25 (2002) 223]
[Burkardt, IJIMPA18 (2003) 2, 173]



Light-front densities

Unpolarized quark IPD L =4 T
Hy(z,€.1)
- d*A, _x 7 - e= AT
x,b1) = e ALl (2,0, —A2 2P+
a(z,b1) / (2m)* ol 1) t=A2=2ATA~ — A2

[Burkardt, IJMPA18 (2003) 2, 173]



Light-front densities

Unpolarized quark IPD =3 -7
- d2AL —i& 5 —
Q(LU, bJ-) - / (27‘_)2 € L Hq(xa 0, _Aﬁ_)
Center of P* Bl = Mt = /daj_ 2z, ($+T+i
2 ! — 42, 7, T+
RJ_ doe™— d r| T T (:E)

:F

1 o~ -+ o
— F E rinpb, = E LTl n
n n

Hq(l',f,t)
A-f—
f - _W

[Burkardt, IJMPA18 (2003) 2, 173]



Light-front densities

Unpolarized quark IPD L =4 T
Hq(mvgat)
- d*A, _x 7 - e= AT
x,b1) = e ALl (2,0, —A2 2P+
a(z,b1) / (2m)* ol 1) t=A2=2ATA~ — A2
Center of P* Bl = Mt = / do~ %z, (27T — 2} T+
5 1 — 42, 2 ot =P
R_J_:_+ dz diU_J_.ﬁU_J_T (ZU) —
Pl ~_
— F Z FJ_,’n, P}',,_ - an 'F’J_,fn,
pion cloud quark core elastic limit
T T -t
1 - —
ﬁ .] Jd%b1 g(x,b)
x:<10:] x~0.3 x~0.8

[Burkardt, IJMPA18 (2003) 2, 173]



Light-front densities

Unpolarized quark IPD L =4 T
Hy(z, €, 1)
T d2Ai iA | b A2 £ = _A_+
q(x, by —/ e "=t Ho(x,0,—A T a2pT
( ) (2?.{.)2 q( _J_) N _&i

Center of P* By = M*i = / do~ d%z, (2T — o T+F)

> L — 42, =, Pt — Pt

RJ_:F dz dLUJ_LL'J_T (ZL‘) —

~_

1 St = e
— P+ T_J_,ﬂpn — :U?‘L T_J_,?‘L
e n

pion cloud quark core elastic limit

H l By =L }idbi; (‘i’fbf;) =1

asaresultof 7, = 0, Zicn =1
> - T

[Burkardt, IJMPA18 (2003) 2, 173]



Light-front densities

JLab Hall A JLab CLAS HERMES
| = xg=0.36 e x5=0.25 = x;=0.09

0.2 0.4, (GeV?)
Flatint Steepint
Narrow in b Wide in b

[Guidal, Moutarde Vanderhaghen, RPP76 (2013) 066202]



Light-front artifacts

[Burkardt, IJIMPA18 (2003) 2, 173]
[Carlson, Vanderhaeghen, PRL100 (2008) 032004]



Light-front artifacts

Neutron
at rest

.4\/\/\/\/\/\

fn = —1.91

Magnetic dipole
moment

[Burkardt, IJIMPA18 (2003) 2, 173]
[Carlson, Vanderhaeghen, PRL100 (2008) 032004]



Light-front artifacts

Neutron
at rest
Jl?est < O
3
Jrest > 0

—

S®  pa=-191

Magnetic dipole
moment

[Burkardt, IJIMPA18 (2003) 2, 173]
[Carlson, Vanderhaeghen, PRL100 (2008) 032004]



Light-front artifacts
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Light-front artifacts

Neutron
at rest
Jl?est < O
3
Jrest > 0

S®  pa=-191

Magnetic dipole
moment

[Burkardt, IJIMPA18 (2003) 2, 173]
[Carlson, Vanderhaeghen, PRL100 (2008) 032004]



Light-front artifacts

Neutron
at rest

J3 . <0

rest

aVAVAVAVAVA

3
Jrest > 0

S®  pa=-191

Magnetic dipole
moment

! e — 3 dBT
— 7 % fd _f
d| =UX [ -

Induced
electric dipole
moment

[Burkardt, IJIMPA18 (2003) 2, 173]
[Carlson, Vanderhaeghen, PRL100 (2008) 032004]



Light-front artifacts

Transverse electric dipole moment

(Cﬁ) = /dzlu bL )OLF(EL) =

[Burkardt, IJMPA18 (2003) 2, 173]
[C.L., EPIC78 (2018) 785]
[Chen, C.L., PRD107 (2023) 9, 096003]



Light-front artifacts

Transverse electric dipole moment  5- §/|5 €, < Timr
- — - gz X SJ_
diy= [ d*b.b bl) = ———k
(d1) / 1 b1 pLr(bl) i N

[Burkardt, IJMPA18 (2003) 2, 173]
[C.L., EPIC78 (2018) 785]
[Chen, C.L., PRD107 (2023) 9, 096003]



Light-front artifacts

Transverse electric dipole moment  5- §/|5 €, < Timr
(di) = /d bibypLr(br) = iy N
é’z X S_J_ é'z X S_J_
= —Gu0)— ——GE(0
oty M) = =g Gel0)

\ J
Y

Expected from Lorentz
transformation

[Burkardt, IJMPA18 (2003) 2, 173]
[C.L., EPIC78 (2018) 785]
[Chen, C.L., PRD107 (2023) 9, 096003]



Light-front artifacts

Transverse electric dipole moment  5- §/|5 €, < Timr
- 9 — - gz X SJ_
= bl b b)) = ——
(d1) /d 1 b1 pLr(bl) i N
Electric
charge
A~ A {—1—]
é’z X S_J_ é'z X S_J_
= ——Gn(0)— —GE(0
oty M) = =g Gel0)

\ J
Y

Expected from Lorentz
transformation

[Burkardt, IJMPA18 (2003) 2, 173]
[C.L., EPIC78 (2018) 785]
[Chen, C.L., PRD107 (2023) 9, 096003]



Light-front artifacts

Transverse electric dipole moment  §-=5/|5 €. < Timrp

(Cﬁ) = /dzlu bL )OLF(EL) =

gz xS L
RN
2Mn
Electric
charge
- A - A
e, X S L €, X S 1L
—7— Gm(0) — ——GE(0)
2M N 2Mn
Y J L Y J
Expected from Lorentz Transverse shift
transformation of center of P*

[Burkardt, IJMPA18 (2003) 2, 173]
[C.L., EPIC78 (2018) 785]
[Chen, C.L., PRD107 (2023) 9, 096003]



Light-front artifacts

Transverse electric dipole moment  5- §/|5 €. < TIMF
B, , L oe xS
2 z
(di)= [ d"brLby pLr(bl) = —— kN
2M N
Electric
charge
— A — A !_A_\
e, X S 1L e, X S L
= —Gn(0) — ——GE(0
2M N (0) 2MnN (0)
L Y ) L Y )
Expected from Lorentz Transverse shift
transformation of center of P*
Nucleon
at rest

.*x/\/\/\/\/\

[Burkardt, IJMPA18 (2003) 2, 173]
[C.L., EP]C78 (2018) 785]
[Chen, C.L., PRD107 (2023) 9, 096003]



Light-front artifacts

Transverse electric dipole moment  5- §/|5 €. < TIMF
B, , L oe xS
2 z
(di)= [ d"brLby pLr(bl) = —— kN
2M N
Electric
charge
— A — A !_A_\
e, X S 1L e, X S L
= —Gn(0) — ——GE(0
2M N (0) 2MnN (0)
L Y ) L Y )
Expected from Lorentz Transverse shift
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Nucleon
at rest
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Light-front artifacts

Transverse electric dipole moment  5- §/|5 €. < TIMF
(di)= [ d"brLby pLr(bl) = —— kN
2M N
Electric
charge
— A — A !_A_\
e, X S 1L e, X S L
= —Gn(0) — ——GE(0
2M N (0) 2MnN (0)
L Y ) L Y )
Expected from Lorentz Transverse shift
transformation of center of P*
Nucleon
at rest
P, >0
Centerof P* |
P, <0

[Burkardt, IJMPA18 (2003) 2, 173]
[C.L., EP]C78 (2018) 785]
[Chen, C.L., PRD107 (2023) 9, 096003]



Phase-space picture




Position operator in QFT

Textbook claim: « R* does not exist »
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Position operator in QFT

Textbook claim: « R* does not exist »

In reality... it depends on what you mean or want !

Canonical Vector under Compatibility of Four-vector
. relation rotations components transformation
Position operator
[RY, P =i6Y  [J', R7| = ie"* R” [R\, R =0 R'™ = A* R”

[Pryce, PRSLA195 (1948) 62]

[Newton, Wigner, RMP21 (1949) 3, 400]
[Fleming, PR137 (1965) B188]

[C.L., EPJC78 (2018) 785]



Position operator in QFT

Textbook claim:

In reality... it depends on what you mean or want !

« R*" does not exist »

Canonical Vector under Compatibility of Four-vector
Cent Positi ¢ relation rotations components transformation
enter osition operator
[RY, P] =iV | [J', R7] = i7" RF [R\, R =0 R'™ = A* R”
a7 = (1) )
i 1 -2 it B
P+ RL:E dx dl‘LfBLT :—ﬁ ® 2D

[Pryce, PRSLA195 (1948) 62]
[Newton, Wigner, RMP21 (1949) 3, 400]
[Fleming, PR137 (1965) B188]

[C.L., EPIC78 (2018) 785]



Position operator in QFT

Textbook claim:

In reality... it depends on what you mean or want !

« R* does not exist »

Canonical Vector under Compatibility of Four-vector
. relation rotations components transformation
Center Position operator
[RY, P] =iV | [J', R7] = i7" RF [R\, R =0 R'™ = A* R”
a7 = (1) )
; 1 _ i B
P* R = ﬁfdgn Poy o TH = — 2L &9 2D
1 S0 g
i 3., 000 _
Energy RE_ﬁ/d zx'T =50 @ @ 3D

[Pryce, PRSLA195 (1948) 62]
[Newton, Wigner, RMP21 (1949) 3, 400]
[Fleming, PR137 (1965) B188]

[C.L., EPIC78 (2018) 785]



Position operator in QFT

Textbook claim:

In reality... it depends on what you mean or want !

« R* does not exist »

3D

Canonical Vector under Compatibility of Four-vector
. relation rotations components transformation
Center Position operator
[RY, P] =iV | [J', R7] = i7" RF [R\, R =0 R'™ = A* R”
a7 = (1) )
i 1 - i B}
P* R = ﬁfdgn Poy o TH = — 2L &9 2D
1 20 i
i 3, ig00 _
Energy RE_ﬁ/dx:z:T =50 @ @
Mass RY, = A" RY| 0

[Pryce, PRSLA195 (1948) 62]
[Newton, Wigner, RMP21 (1949) 3, 400]
[Fleming, PR137 (1965) B188]

[C.L., EPIC78 (2018) 785]



Position operator in QFT

Textbook claim:

In reality... it depends on what you mean or want !

« R* does not exist »

3D

Canonical Vector under Compatibility of Four-vector
. relation rotations components transformation
Center Position operator
[RY, P] =iV | [J', R7] = i7" RF [R\, R =0 R'™ = A* R”
a7 = (1) )
; 1 ; B
P* R = ﬁfdx— day o) T = - 2= &9 2D
1 S0 g
i 3, ig00 _
Energy RE_ﬁ/dx:z:T =50 @ @
Mass Ry, = A" Ry| 0
; P'RL+ MR;
o R’L _ E M
Canonical = TPl @

[Pryce, PRSLA195 (1948) 62]
[Newton, Wigner, RMP21 (1949) 3, 400]
[Fleming, PR137 (1965) B188]

[C.L., EPIC78 (2018) 785]



Position operator in QFT

Textbook claim: « R* does not exist »

In reality... it depends on what you mean or want !

Canonical Vector under Compatibility of Four-vector
. relation rotations components transformation
Center Position operator
[RY, P] =iV | [J', R7] = i7" RF [R\, R =0 R'™ = A* R”
a7 = (1) )
P* R = ﬁ/dx_ d*z, 2\ T = —P—i & l/ Q 2D
1 20 i
P 3, 00 _
Energy Ry = ﬁ/d 2T = —%5 @ @
;. PRy + MR &
i Rl——_ T 7M
Canonical c PO M @

Localized states

— d3p R
=" on spacelike R.|r) =7|r r)= / ———c """
=7 | = [ Grarame "

hypersurface [Pryce, PRSLA195 (1948) 62]

[Newton, Wigner, RMP21 (1949) 3, 400]
' =0 [Fleming, PR137 (1965) B188]
[C.L., EPIC78 (2018) 785]




Spatial distributions (general formalism)

Phase-space representation

(Y[O(z)[y) =



Spatial distributions (general formalism)

Phase-space representation

B3P N
WO = [ Gz PR (R P) (0) 5@
Vi AR P) = [ @z PR i 0= [ G 770
Ba e - ]y
= [ G T ELDIE-H T

[Wigner, PR40 (1932) 749]

[Carruthers, Zachariasen, PRD13 (1976) 4, 950 ]

[Hillery, O'Connell, Scully, Wigner, PR106 (1984) 121]
[Bialynicki-Birula, Gornicki, Rafelski, PRD 44 (1991) 1825]



Spatial distributions (general formalism)

Phase-space representation

d3
wio@)lv) = | S
ucleon Wigner 5 D —iP-Z x/3  Z - d’ 57T
Ndilstrib:::ifn pu(R, P) = /dBZB P2 (R — $)u( w(r)—/(%l))ge ()
_ / d’g i@ - o2
) (2n)3 p
2
Quasi-probabilistic interpretation [ (12)]
&R py (R, P) = [ (P)[?
/ pu(R, P)

gl
]}

)I®

) = [¥(

3P -,
[Wigner, PR40 (1932) 749]
[Carruthers, Zachariasen, PRD13 (1976) 4, 950 ]

[Hillery, O'Connell, Scully, Wigner, PR106 (1984) 121]
[Bialynicki-Birula, Gornicki, Rafelski, PRD 44 (1991) 1825]



Relativistic spatial distributions

Internal distribution ¥ =0

@)= [ L4 maon (£ OO - 3)
(27)° VAP = (&)

[C.L., Mantovani, Pasquini, PLB776 (2018) 38]
[C.L., EPIC78 (2018) 9, 785]
[C.L., Moutarde, Trawinski, EPJC79 (2019) 89]



Relativistic spatial distributions

Internal distribution ¥ =0

@)= [ L4 maon (£ OO - 3)
(27)? VA(PO)Z —(A0)?

= (0)g p(7), T=T-R

[C.L., Mantovani, Pasquini, PLB776 (2018) 38]
[C.L., EPIC78 (2018) 9, 785]
[C.L., Moutarde, Trawinski, EPJC79 (2019) 89]



Relativistic spatial distributions

Internal distribution ¥ =0

o A
O pld) = [ o8 -isia-y L1 FOOIP )
R, P (27{')3 \/4(130)2 _ (AO)Q
= (0)s 5(7), F=f—-R
Elastic frames A" = P-A L0 (no energy transfer == same initial and final boost factor)
J28
= 5! A /4, 5 fﬁ
ww —> T =
p \ ‘ﬁ
o IMF

[C.L., Mantovani, Pasquini, PLB776 (2018) 38]
[C.L., EPIC78 (2018) 9, 785]
[C.L., Moutarde, Trawinski, EPJC79 (2019) 89]



Relativistic spatial distributions

Fundamental features

1) The notion of spatial distribution relies on simultaneity
2) Probabilistic interpretation requires factorization of P-dependence

[C.L., EPIC78 (2018) 9, 785]
[C.L., PRL125 (2020) 232002]
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Relativistic spatial distributions

Fundamental features

1) The notion of spatial distribution relies on simultaneity
2) Probabilistic interpretation requires factorization of P-dependence

Condition 2) is satisfied by Galilean symmetry

... but not Lorentz symmetry ! P = \/132 + M3(1+71)

Traditional perspective: maintain strict probabilistic interpretation by

* neglecting recoil corrections
* restricting to Galilean subgroup

Phase-space perspective: relax to quasi-probabilistic interpretation

but fully account for frame dependence !

[C.L., EPIC78 (2018) 9, 785]
[C.L., PRL125 (2020) 232002]



Relativistic spatial distributions

) _é /ﬁ'
Elastic frame VWW\
P.A \ﬁ
D — 0o 2z
P=Pe, = A"= 70
A =0 = A,.=0 < /dz

[C.L., Mantovani, Pasquini, PLB776 (2018) 38]
[C.L., PRL125 (2020) 232002]

[Panteleeva, Polyakov, PRD104 (2021) 1, 014008]
[Kim, Kim, PRD104 (2021) 7, 074003]



Relativistic spatial distributions

) _é /ﬁ'
Elastic frame VWW\
P.A \ﬁ
D — 0o 2z
P=Pe, = A"= 70
A% =0 = A,=0 < /dz

Abel \

transform

——> b

2z ¥ line of
sight

[C.L., Mantovani, Pasquini, PLB776 (2018) 38]
[C.L., PRL125 (2020) 232002]

[Panteleeva, Polyakov, PRD104 (2021) 1, 014008]
[Kim, Kim, PRD104 (2021) 7, 074003]



Relativistic spatial distributions

A >

b, /p

VWV
\ﬁ

PzAz
PO

Elastic frame

—

P=P,e,

= AV=

A% =0 = A,=0 < /dz

Abel
transform

2D charge distribution

< sight
pp (b5 Py) = /dZUD)éPzéz(f)
_ / CAL iz g, W 51T00)p, 5)
(27)? 2P0 -

[C.L., Mantovani, Pasquini, PLB776 (2018) 38]
[C.L., PRL125 (2020) 232002]

[Panteleeva, Polyakov, PRD104 (2021) 1, 014008]
[Kim, Kim, PRD104 (2021) 7, 074003]



Relativistic spatial distributions

A P’ F(b \
Elastic frame N / (1)
\p’ Abel \
A transform
13 - P é' = AO — Pz z
- 2L f(r) r
> b
A’ =0 = A,=0 < /dz
A
2D charge distribution | o2 (b, ; P.) = f dz (J%) g p.o (T)
B / CAL xp 081°0)ps)
(2m)® 2P° EF

Interpolates between BF and IMF
P (0150) = f dz p (F) B}

by =2, — R,
EF /7 . _ IMF 7
pi (bi;o0) =pg (b1)
[C.L., Mantovani, Pasquini, PLB776 (2018) 38]
[C.L., PRL125 (2020) 232002]
[Panteleeva, Polyakov, PRD104 (2021) 1, 014008]
[Kim, Kim, PRD104 (2021) 7, 074003]



Four-current amplitude

Lorentz transformation of an off-forward amplitude

,,. v "= A,
(', '[T*(0)|p, ) # A", (plp, "7 (0)|ps, 5) y ;

P = A,



Thomas-Wigner rotation

A Relativistic boosts do not commute ! [K' K’] = —ie'* J*

[Thomas, Nature 117 (1926) 514]
[Wigner, ZP124 (1948) 665]
[Wigner, RMP29 (1957) 255]
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Thomas-Wigner rotation

A Relativistic boosts do not commute ! [K' K’] = —ie'* J*

p,s = 0)

4.0
Drest; 0) [Thomas, Nature 117 (1926) 514]

[Wigner, ZP124 (1948) 665]
[Wigner, RMP29 (1957) 255]



Thomas-Wigner rotation

A Relativistic boosts do not commute ! [K' K’] = —ie'* J*

Z[R(pB?Aboost)}sBs \p, S = O')
A

Aboost (PB — P)

‘pBaSB — O'>

— PB)

4.0
Drest; 0) [Thomas, Nature 117 (1926) 514]

[Wigner, ZP124 (1948) 665]
[Wigner, RMP29 (1957) 255]



Four-current amplitude

Lorentz transformation of an off-forward amplitude

@, s |.T74(0)p, ) Z D30, (0, VDY), (pp, A) A, (plg, $51.7 (0)|ps, 55)

[Durand, De Celles, Marr, PR126 (1962) 1882]



Four-current amplitude

Lorentz transformation of an off-forward amplitude

(p',s'|7"(0)|p, ) Z D) (W, MDY (5. A) A, (plg, s517 (0)|ps, 55)

[Durand, De Celles, Marr, PR126 (1962) 1882]

Confirmed by explicit evaluation of spinors A=A/|A| Q?|pr = A2
<pf78/|']0(0)|p7 S>}EF: QMNA/{[ :| GE(QZ)
+ 4| | vran@n)}
@1 O0)lp, ) e = 207 {5 | | ex(@?)
o |ve6uia)
<p/75l“]i(0)|p7 SHEF =2Mn \/;GM(QZ)

[Chung, Polyzou, Coester, Keister, PRC37 (1988) 2000]
[Rinehimer, Miller, PRC80 (2009) 015201]

[C.L., Wang, PRD105 (2022) 9, 096032]

[Chen, C.L., PRD106 (2022) 11, 116024]



Four-current amplitude

Lorentz transformation of an off-forward amplitude

(p',s'|7"(0)|p, ) Z D) (W, MDY (5. A) A, (plg, s517 (0)|ps, 55)
[Durand, De Celles, Marr, PR126 (1962) 1882]

— —

Confirmed by explicit evaluation of spinors A=A/|A| Q?|pr = A2

@', s'17°00)p, 8)| o = 2Mn { [5sfscosﬁ’ + (Fys x A1), sin 9} Gr(Q?)
+ 3 [—5“ sinf + (Gys X iA L), cos 9} \/FGM(QZ)}

8| TO)p, 8| o = 2My 5 {[5 [5 cos 0+ (Gos X iAL), sin 9] G (Q?)

+ [—5513 sin 6 + (Fyrs X iA L) cos 9] \/FGM(Q2)}

<p/7 Sl‘Ji(ONp’ SHEF - 2]\JN (GZ)S’S (gz X iAl)i \/;GM(QZ)

[Chung, Polyzou, Coester, Keister, PRC37 (1988) 2000]
[Rinehimer, Miller, PRC80 (2009) 015201]

[C.L., Wang, PRD105 (2022) 9, 096032]

[Chen, C.L., PRD106 (2022) 11, 116024]



Four-current amplitude

Lorentz transformation of an off-forward amplitude

(p',s'|7"(0)|p, ) Z D) (W, MDY (5. A) A, (plg, s517 (0)|ps, 55)
[Durand, De Celles, Marr, PR126 (1962) 1882]

— —

Confirmed by explicit evaluation of spinors A=A/|A| Q?|pr = A2
(', '7°(0)[p, )|y = 2Mn 5 { [5 cos0+ (Gys x iA 1), sin 9} Gr(Q?) Boost parameters

N 0
5 [0 sin0+ Gy x 1A L) cos0] V7GI(Q?)) g L

P T

P?=Muy(l+71)

8| TO)p, 8| o = 2My 5 {[5 [5 cos 0+ (Gos X iAL), sin 9] G (Q?)

" Wi tati
+ |:_5s’s sin 6 + (as’s X 'iAJ_)z COS 0:| \/FGM(Q2)} Igher rotation

PP+ My(1
cosf = mak L5 i)

T (0)|p, )] e = 2My (02)ars (82 % IA L) VTG (Q?) o M\I/V;Pl -
- (PO + MNn)VI+T

[Chung, Polyzou, Coester, Keister, PRC37 (1988) 2000]
[Rinehimer, Miller, PRC80 (2009) 015201]

[C.L., Wang, PRD105 (2022) 9, 096032]

[Chen, C.L., PRD106 (2022) 11, 116024]



EF Chal‘ge distributions (longitudinal polarization)

ﬂéﬂ e/ fm?] Convection 2
F [e/fmz] L0 contribution G (Q )
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[C.L., PRL125 (2020) 232002]



EF Charge distributions (longitudinal polarization)
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EF Charge distributions (transverse polarization)
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Graviton exchange
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A non-local probe

Deeply virtual Compton scattering (DVCS)

High-velocity quark
along z-direction

[Ji, PRL78 (1997) 610]

[Ji, IPG24 (1998) 1181]

[Diehl, PR388 (2003) 41]

[Belitsky, Radyushkin, PR418 (2005) 1]



A non-local probe

Deeply virtual Compton scattering (DVCS)

Y

€
High-velocity quark
along z-direction

V(=5 WY(5) =~ 0y v0) +

b

Jtoc JV 4+ J?

Electromagnetic

current [Ji, PRL78 (1997) 610]

[3i, JPG24 (1998) 1181]
[Diehl, PR388 (2003) 41]
[Belitsky, Radyushkin, PR418 (2005) 1]



A non-local probe

Deeply virtual Compton scattering (DVCS)

Y

rfrHrTigh-velocity quark

along z-direction

D TWe(ES) ~ B0 TR0) + 2 B0y DT(0) +

{ {

J+ X JO T J3 T++ o TOO 4 T03 + TBO 4 T33
Electromagnetic Energy-momentum
current tensor

[Ji, PRL78 (1997) 610]

[Ji, IPG24 (1998) 1181]

[Diehl, PR388 (2003) 41]

[Belitsky, Radyushkin, PR418 (2005) 1]



Mellin moments

Local LF operators

dz= . p+ - — _ _
fd:m:n ;Tezxp z w(_%)l"ww(%):

[Ji, PRL78 (1997) 610]

[Ji, IPG24 (1998) 1181]

[Diehl, PR388 (2003) 41]

[Belitsky, Radyushkin, PR418 (2005) 1]



Mellin moments

Local LF operators

[ daan [ GBI ) = e BOTGD ) (0

[Ji, PRL78 (1997) 610]

[Ji, IPG24 (1998) 1181]

[Diehl, PR388 (2003) 41]

[Belitsky, Radyushkin, PR418 (2005) 1]



Mellin moments

Local LF operators

d n dz™ izPtTz7 T z r Z27 N 1 A r ?',B+ e
T ?6 w(_T) VW)( 2 ) — (P+)n_|_1 ?,[J(O) (§ ) 1,[)(0)
First moment I'=7" BB v'(0()p)
x, A
/dxﬂq(az,g,t) =H@® | .
ectromagnetic
_—D form factors (plO(z)|p) |POES] S @' 0lp)
fd:r} Ey(z,&,t) = FJ(t) ’ .

[Ji, PRL78 (1997) 610]

[Ji, IPG24 (1998) 1181]

[Diehl, PR388 (2003) 41]

[Belitsky, Radyushkin, PR418 (2005) 1]



Mellin moments

Local LF operators

d n dz™ izPtTz7 T z r Z27 N 1 A r ?',B+ e
T ?6 w(_T) VW)( 2 ) — (P+)n_|_1 ?,[J(O) (§ ) 1,[)(0)
First moment I'=7" BB v'(0()p)
x, A
/dxﬂq(az,g,t) =H@® | .
ectromagnetic
—_— form factors (plO(x)|p) DS s (o)
fd:r} Ey(z,&,t) = FJ(t) ’ 4

Second moment I'=~+"

/dm:Hq(x,g,t) = A, (t) + 42 C,(t)

[ dwa S 1H, + Bg0) = 7,0

Gravitational
form factors

[Ji, PRL78 (1997) 610]

[Ji, IPG24 (1998) 1181]

[Diehl, PR388 (2003) 41]

[Belitsky, Radyushkin, PR418 (2005) 1]



Mellin moments

Local LF operators

[ daan [ GBI ) = e BOTGD ) (0

Spin-dependent operators

I'= ’)/+fy5 == Longitudinal polarization and spin-orbit correlation

[C.L., Pasquini, PRD84 (2011) 014015]
[C.L., PLB735 (2014) 344]
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Spin-dependent operators

I'= ’)/+fy5 == Longitudinal polarization and spin-orbit correlation

[C.L., Pasquini, PRD84 (2011) 014015]
[C.L., PLB735 (2014) 344]

[ =~'y; == Transverse spin and color Lorentz force

[Burkardt, PRD88 (2013) 114502]
[Aslan, Burkardt, Schlegel, PRD100 (2019) 9, 096021]



Mellin moments

Local LF operators

[ daan [ GBI ) = e BOTGD ) (0

Spin-dependent operators

I'= ’)/+fy5 == Longitudinal polarization and spin-orbit correlation

[C.L., Pasquini, PRD84 (2011) 014015]
[C.L., PLB735 (2014) 344]

[ =~'y; == Transverse spin and color Lorentz force

[Burkardt, PRD88 (2013) 114502]
[Aslan, Burkardt, Schlegel, PRD100 (2019) 9, 096021]

[ =o' 5 W=  Transverse polarization and spin-orbit correlation

[C.L., Pasquini, PRD93 (2016) 3, 034040]
[Bhoonah, C.L., PLB774 (2017) 435]



Energy-momentum tensor (EMT)

Mass, spin and pressure are all encoded in the EMT

Energy Momentum

density density

@ 7o 702 703

T'10

T’J’ _— - Shear stress

T20
5 T30 - Normal stress (pressure)
Energy Momentum

flux flux



Energy-momentum tensor (EMT)

Mass, spin and pressure are all encoded in the EMT o5

TH =

Central object for

Energy
density

'* 701 02 703 ]
710 1

720 2

TSO

Nucleon mechanical properties
Quark-gluon plasma
Relativistic hydrodynamics
Stellar structure and dynamics
Cosmology

Gravitational waves

Modified theories of gravitation

>

711

Shear stress

Normal stress (pressure)




Gravitational form factors (GFFs)

l A Poincaré symmetry constrains the form
of the EMT matrix elements
p P
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Gravitational form factors (GFFs)

| A

Poincaré symmetry constrains the form

of the EMT matrix elements
/

p p

Symmetrized variables P =

Spin-0 target T - > T

prpv ABAY — ghv A2
Au(t) + Mg

Calt) + Mg C, (1)

[Kobzarev, Okun, JETP16 (1963) 5, 1343]
[Pagels, PR144 (1966) 4, 1250]
[3i, PRL78 (1997) 610]
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Gravitational form factors (GFFs)

| A

Poincaré symmetry constrains the form

of the EMT matrix elements
/

p p

Symmetrized variables P =

Spin-0 target T - > T

PHPY | ARAY - g A2
M

Calt) + Mg C, (1)

0 = (p'|0,T"" (x)|p) = iA,(p"IT*" (x)Ip)

[Kobzarev, Okun, JETP16 (1963) 5, 1343]
[Pagels, PR144 (1966) 4, 1250]
[3i, PRL78 (1997) 610]



Gravitational form factors (GFFs)

| A

Poincaré symmetry constrains the form

of the EMT matrix elements
/

p p

Symmetrized variables P =

Spin-0 target T - > T

PHPY | ARAY - g A2
M

Calt) + Mg C, (1)

Non-conserved

0= (|0, T (@)lp) = il (P [T (2)lp) = | D Cult)=0

[Kobzarev, Okun, JETP16 (1963) 5, 1343]
[Pagels, PR144 (1966) 4, 1250]
[3i, PRL78 (1997) 610]



Gravitational form factors (GFFs)

Spin-1/2 target

(P, s'|TE(0)|p, s) = u(p', s")TL (P, A)u(p, s)

[Pagels, PR144 (1966) 4, 1250]
[Ji, PRL78 (1997) 610]
[Bakker, Leader, Trueman, PRD70 (2004) 114001]



Gravitational form factors (GFFs)

Spin-1/2 target

(P, s'|TE(0)|p, s) = u(p', s")TL (P, A)u(p, s)

pHpY ALAY — g A? .
D (PA) = —— Aa(t) + = Ca(t) + Mg Ca(t)
PligVIAA PlujgVIA A,
+ Wi Ja(t) T Wi Sa(t)

[Pagels, PR144 (1966) 4, 1250]
[Ji, PRL78 (1997) 610]
[Bakker, Leader, Trueman, PRD70 (2004) 114001]



Gravitational form factors (GFFs)

Spin-1/2 target

(P, s'|TE(0)|p, s) = u(p', s")TL (P, A)u(p, s)

pHpY ALAY — g A? .
D (PA) = —— Aa(t) + = Ca(t) + Mg Ca(t)
PlrigVIA A, PlujgVI A
+ Wi Ja(t) — Wi Sa(t)

:L-{My'/} = aty” + ¥yt

x[‘“yy} = ghy” — ¥yt

B: Because of the Dirac equation, alternative but equivalent parametrizations
may look quite different !

Gord _ . Pr ich A,
Corden 0, upss) = W) | T+ S o)

[Pagels, PR144 (1966) 4, 1250]
[Ji, PRL78 (1997) 610]
[Bakker, Leader, Trueman, PRD70 (2004) 114001]



Four-momentum conservation

PH
Expectation value (PI') = WPy lp) =

(plp)
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Four-momentum conservation

PH P TO,U, 0
Expectation value (PH) = (| By lp) _ (PITH(0)]p)

{p|p) 2p0

(p|TH (0)|p) = 2p"p” Ao (0) 4+ 2M?gH" Cy, (0)

a <P£L> - p”Aa (O) —I— p—D gO,u,Ca (O) Not a four-vector !
2
Light-front M _
I\%ersi;?\n <P£LF> - pﬂAa (O) + p—+ g'HLCa (O) = <P;,_LF> - Aa(o) P+
++ _ '
bt = 0 )/ o - @ s

Deep-inelastic
scattering

Fourrmomentum sum rules

D Al0) =1
a Y Ca(0)=0




Four-momentum conservation

Expectation value

(P — (p| P |p)

(P|T5"(0)Ip)

{p|p)

(p|TH (0)|p) = 2p"p” Ao (0) 4+ 2M?gH" Cy, (0)

_

Light-front
version

p = (" £p%)/V2

Fourrmomentum sum rules

(Pl Lg) = P"Au(0) + — g7 C4(0)

D Al0) =1
Y Ca(0)=0

Not a four-vector !

o <P.;,_LF> = A,(0) p*
l—Y—J
- / doz fi(x)

Deep-inelastic
scattering

Why two sum rules ?
What is the meaning of C,(0)?



Mechanical equilibrium

Physical interpretation is simpler in target rest frame

A (0) + C,h(0) 0 0 0
(Prese| J &2 T8 (2)|prest) _ 0 ~Ca(0) 0 0
(Drest|Prest) 0 0 —C(0 0

0 0 0 C,(0
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Mechanical equilibrium

Physical interpretation is simpler in target rest frame

A (0) + C,h(0) 0 0 0
(Prest] fd3;z; THY ()| prest) — M 0 —C'Q(O) _O 0
<prest ‘prest> 0 0 —Ca, (0) _0
0 0 0 Ca(0
cal O 0 0
Olpe O O
& V
O 0 ps O
0/ 0 0 p,

= —(,(0) measures the average stress (or pressure)
exerted by subsystem «a

Mechanical equilibrium implies Zpa =0 = Z C,(0)=0



Mass decomposition




Hadron spectroscopy

Lattice QCD reproduces very well the light hadron spectrum

2000

: -0
1500- EE-;—E*

> : ___"}!\“_._ gl==]

- |

= 1000- e+

= : E p

500{ e K ; :r;::]riment
| e input
1= i QCD
0

[Durr et al., Science 322 (2008) 1224]



Hadron spectroscopy

Lattice QCD reproduces very well the light hadron spectrum

M[MeV]

2000
] 0
i <=
1500 : | a
: B Lk
1000 ) A
. =K
: Ealy
500_' e K —— experiment
1 == width
i o input
—~—n # QCD
0

[Durr et al., Science 322 (2008) 1224]

... but this does not tell us much about the origin
of the hadron masses

One of the goals of the EIC is to provide clues
to this fundamental question

By v

N "

&,
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« Formal » definition pi'p, =M 2 A global Lorentz-invariant quantity
characterizing the physical system
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What is mass ?

In relativity, there are essentially two equivalent
definitions of mass

« Formal » definition pi'p, =M 2 A global Lorentz-invariant quantity
characterizing the physical system

I\ Not additive ! p* =pl +pj = M2:p3—|—p3—|—2pq-p9
« Physical » definition plu, =M Proper inertia (i.e. rest-frame energy)
T of the system
CM four-
velocity ut = p# /M

= pg + pg Rest frame
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What is mass ?

Poincaré symmetry tells us that  (p|T""(0)|p) = 2pt'p”  ¥'|p) = 20°2n)*®) (5" — p)

ops . o 2
« Formal » definition <p‘T,u# (O) ‘p> =2M In the literature one often
introduces an ad hoc 757
« Physical » definition (Prest \TOO (0)|prest) = 2M 2 normalization factor

/\ Only expectation values correspond to physical quantities !

(State normalization is a pure human convention)
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What is mass ?

Poincaré symmetry tells us that  (p|T"”(0)|p) = 2p"'p”  (¥'|p) = 20°(27)*6® (5" — )

ops . o 2
« Formal » definition <p‘T,u# (O) ‘p> =2M In the literature one often
introduces an ad hoc 757
« Physical » definition (Prest \TOO (0)|prest) = 2M 2 normalization factor

/\ Only expectation values correspond to physical quantities !

(State normalization is a pure human convention)

dVvTH
ol [ W (@)lp) Mo Ay — 0 dts
(p ‘p> Proper volume

element

_ <p1"e‘5t‘ fdngOO(x)‘prest>

rest <prest ‘prest>

= « Formal » definition

=M

== « Physical » definition (H)‘



What is mass ?

Poincaré symmetry tells us that  (p|T""(0)|p) = 2pt'p”  ¥'|p) = 20°2n)*®) (5" — p)

ops . o 2
« Formal » definition <p‘T,u# (O) ‘p> =2M In the literature one often
introduces an ad hoc 757
« Physical » definition (Prest \TOO (0)|prest) = 2M 2 normalization factor

/\ Only expectation values correspond to physical quantities !

(State normalization is a pure human convention)

(p| [AVTH, (z)|p)

= « Formal » definition = M, dy = " d%z

(p ‘p> Proper volume
element
res dg T res
== « Physical » definition (H) ‘rest = (Prest] J &2 T (@) Prest) =M
<prest ‘prest>
. (p| [ &z T (z)[p)
ut =pt /M <P#>uﬂ- — [T M

(p|p)
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Trace decomposition

The behavior under spacetime dilations is determined by

jiﬁ") — Ty - aﬂjif) — K

Quark mass and quantum corrections break conformal symmetry

B(g) 2 _ _ [Crewther, PRL28 (1972) 1421]
TH — [—9 (= Ym ?,bmd)] + megb [Chanowitz, Ellis, PRD7 (1972) 2490]
H 29 [Adler, Collins, Duncan, PRD15 (1977) 1712]

L Y J T [Collins, Duncan, Joglekar, PRD16 (1977) 438]

Trace anomaly Quark mass [Nielsen, NPB120 (1977) 212]

matrix



Trace decomposition

The behavior under spacetime dilations is determined by

jiﬁ") — Ty - aﬂjif) — K

Quark mass and quantum corrections break conformal symmetry

T’”’ ﬁ(g) G2 — n — [Crewther, PRL28 (1972) 1421]
= || === -+ m :| m [Chanowitz, Ellis, PRD7 (1972) 2490]
K [ 29 Tm ?7b w w ?7b [Adler, Collins, Duncan, PRD15 (1977) 1712]
: T J T [Collins, Duncan, Joglekar, PRD16 (1977) 438]
Trace anomaly Quark mass [Nielsen, NPB120 (1977) 212]
matrix
_ B(g) 2 vy e — Nucleon-
= M=([dV (5 ;G m Ymap)) + ([ dV pmy) (omap) ™ eemring

2 Near-threshold
<G ) heavy meson
production

[Shifman, Vainshtein, Zakharov, PLB78 (1978) 443]
[Donoghue, Golowich, Holstein, CMPPNPC2 (1992) 1]
[Kharzeev, PISPF130 (1996) 105]

[Hatta, Rajan, Tanaka, JHEP12 (2018) 008]



Trace decomposition

The behavior under spacetime dilations is determined by

jiﬁ") — Ty - aﬂjif) — K

Quark mass and quantum corrections break conformal symmetry

T,”' [ﬁ(g) G2 E d) E ij [Crewther, PRL28 (1972) 1421]
= | === —|— m :| —|— m [Chanowitz, Ellis, PRD7 (1972) 2490]
H 29 Ym [Adler, Collins, Duncan, PRD15 (1977) 1712]
L Y J T [Collins, Duncan, Joglekar, PRD16 (1977) 438]
Trace anomaly Quark mass [Nielsen, NPB120 (1977) 212]
matrix
_ ) 2 oy — Nucleon-
= M= (f dv (2 G + 4, wm%b» ([ AV ymap) Wmy) ™ cattering
. \ J
= 2GeV ~92% ~ 8% Near-threshold

2
<G ) heavy meson
production

Based on this picture, one often concludes that

most of the hadron mass comes from gluons!
[Shifman, Vainshtein, Zakharov, PLB78 (1978) 443]
[Donoghue, Golowich, Holstein, CMPPNPC2 (1992) 1]
[Kharzeev, PISPF130 (1996) 105]
[Hatta, Rajan, Tanaka, JHEP12 (2018) 008]



Trace decomposition

The physical interpretation of the « quark » and « gluon » contributions
is however not so clear ...

[C.L., EPIC78 (2018) 2, 120]
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The physical interpretation of the « quark » and « gluon » contributions
is however not so clear ...

Rest frame <f dSLE‘ T"i) = <f dSQC‘ TOO> — Z(f dBQL' Tﬂ')

\ J J . \ J

Y Y 7 Y
=M =M =0
Mechanical
equilibrium

(virial theorem)
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Trace decomposition

The physical interpretation of the « quark » and « gluon » contributions
is however not so clear ...

Rest frame <f dSLE‘ T"i) = <f dSQC‘ TOO> — Z(f dBQL' Tﬂ')

\ J J . \ J

Y Y 7 Y
=M =M =0
Mechanical
equilibrium

(virial theorem)

T =N T
= ([d%Tl) = (T =Y (AT a=qg
Can'be — <Ha> ‘ ?g 0
negative !

Partial pressure-
volume work

[C.L., EPIC78 (2018) 2, 120]



Trace decomposition

The physical interpretation of the « quark » and « gluon » contributions
is however not so clear ...

Rest frame <f dg,’L‘ Tﬂg> — <f dSLL‘ TOO> — Z<f dgﬂﬂ' TH)

=M =M =0
Mechanical
equilibrium

(virial theorem)

T =N T
= ([ PaTh) = ([PTO) -3 (JPTH)  a=q.qg

Can be — <Hﬂ> ;é 0

negative !

Partial pressure-
volume work

The « gluon » contribution is amplified because

the gluon pressure-volume work is negative (attractive forces)

[C.L., EPIC78 (2018) 2, 120]
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Energy decomposition

v I ’l:(_)V
TP = Py 5DV

Renormalized QCD operators 7" —= T + T;&v . 1 2
Tgp,v — _GM GV)\ _|_ ng.u G

[C.L., EPIC78 (2018) 2, 120]
[Metz, Pasquini, Rodini, PRD102 (2020) 114042]
[C.L., Metz, Pasquini, Rodini, JHEP11 (2021) 121]



Energy decomposition

— .
o THY — ¢,.Y}L1DV¢
Renormalized QCD operators 7" —= TH 4 THv q ;; 1 2
T = —G*\G¥\ + 19" G

Rest-frame energy
M = (Hy) + (Hg)
= ([ d*z 9y iD ) + (f &’z 3(E° + B7))

[C.L., EPIC78 (2018) 2, 120]
[Metz, Pasquini, Rodini, PRD102 (2020) 114042]
[C.L., Metz, Pasquini, Rodini, JHEP11 (2021) 121]



Energy decomposition

— .
o THY — ¢,.Y}L1DV¢
Renormalized QCD operators 7" —= TH 4 THv q ;; 1 2
T = —G*\G¥\ + 19" G

Rest-frame energy

M = (Hy) + (Hg)
= ([ &*zPpy%iD ) + (f Az $(E* + B?)) Aa(0) = (@)

b , ’ 00(0) = fal(x)y, (Wmab))

[44(0) + C(0)] M [4g(0) + Cy(0)] M

Known but scheme
and scale-dependent !

[C.L., EPIC78 (2018) 2, 120]
[Metz, Pasquini, Rodini, PRD102 (2020) 114042]
[C.L., Metz, Pasquini, Rodini, JHEP11 (2021) 121]



Energy decomposition

Renormalized QCD operators T+ =T/ + "

Rest-frame energy
M = (Hy) + (Hg)
= ([ A’z 9y iD ) + ([ &’z 3(E° + B7))

J L J

[44(0) + C(0)] M [4g(0) + Cy(0)] M

Refinement

uy - [..t,’l-.HV
TP = §y* Dy
Tgp,v _ _Gp.AGV)\ + %gp.u G2

Aa(0) = (2)q
0a(0) = fa((x)q: (b))

Known but scheme
and scale-dependent !

M = ([ d®z 7 -iDy) + ([ Az Ppmap) + ([ &z L(E? + B?))

[C.L., EPIC78 (2018) 2, 120]

[Metz, Pasquini, Rodini, PRD102 (2020) 114042]
[C.L., Metz, Pasquini, Rodini, JHEP11 (2021) 121]



Energy decomposition

— .
. THY — 'QD'Y#EDV@D
Renormalized QCD operators 7" —= TH 4 THv q z:\ 1 2
T = —G*\G¥\ + 19" G

Rest-frame energy

M = (Hy) + (Hg)
= ([ &*zPpy%iD ) + (f Az $(E* + B?)) Aa(0) = (@)

b , ’ 00(0) = fal(x)y, (Wmab))

[44(0) + C(0)] M [4g(0) + Cy(0)] M

Known but scheme
and scale-dependent !

Refinement

M = ([ d®z 7 -iDy) + ([ Az Ppmap) + ([ &z L(E? + B?))

\ J \
Y

J \ J
Y

~21% (MS) ~ 8% (MS) ~71% (MS) =2 GeV

[C.L., EPIC78 (2018) 2, 120]
[Metz, Pasquini, Rodini, PRD102 (2020) 114042]
[C.L., Metz, Pasquini, Rodini, JHEP11 (2021) 121]



Ji's decomposition

Combination of features from both trace and energy decompositions

[3i, PRL74 (1995) 7, 1071]
[Ji, PRD52 (1995) 1, 271]
[3i, FP16 (2021) 6, 64601]



Ji's decomposition

Combination of features from both trace and energy decompositions

Thv = T _ L g Ty
T’u — % g# UTQQ Twist-4

Step | THY = THY 4 THv

Poincaré symmetry ensures that this separation is scheme and scale-independent !

[3i, PRL74 (1995) 7, 1071]
[Ji, PRD52 (1995) 1, 271]
[3i, FP16 (2021) 6, 64601]



Ji's decomposition

Combination of features from both trace and energy decompositions

D muy . uw TH =T — L g Twist-2
Step | TH =TH +T*#

T’u Y= % gt UTQQ Twist-4
Poincaré symmetry ensures that this separation is scheme and scale-independent !

T = i 4 T
Step 2 . _
i ) . T = 1 g Py
T =Tk + TH

i
¢ = 1 [0 6 4 ]

[3i, PRL74 (1995) 7, 1071]
[Ji, PRD52 (1995) 1, 271]
[3i, FP16 (2021) 6, 64601]



Ji's decomposition

Combination of features from both trace and energy decompositions

D muy . uw TH =T — L g Twist-2
Step | TH =TH +T*#

T’u Y= % gt UTQQ Twist-4
Poincaré symmetry ensures that this separation is scheme and scale-independent !

T = i 4 T
Step 2 v _

j\-:,(w _ T#lu + T}aﬂv g Emg[)

i
¢ = 1 [0 6 4 ]

Rest-frame energy

= M= ([ (TP - 3Pmy)) + ([ EoPmy) + ([ 2 TO) + ([ @ 1)

« Quantum anomalous energy »

[3i, PRL74 (1995) 7, 1071]
[Ji, PRD52 (1995) 1, 271]
[3i, FP16 (2021) 6, 64601]



Ji’s decomposition

< 0.40-
a
O 0.35-
u
S 0.30-
S
2 0.25-
£
O 0.20- _
n Lattice QCD
[72]
£ 0-157 e H ([ dP2 TO0)
S 0.10- e He | B (T - 3me))
£ 0.05- W HalA | ([ a0 e Dorminesey
W Hm ([ Pz pmap)
0.00

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175
m? (GeV)?

[Yang et al., PRL121 (2018) 21, 212001]



Ji's decomposition

The physical interpretation of the « quark » and « gluon » contributions
is however not so clear ...

[C.L., EPIC78 (2018) 2, 120]
[Metz, Pasquini, Rodini, PRD102 (2020) 114042]
[C.L., Metz, Pasquini, Rodini, JHEP11 (2021) 121]



Ji's decomposition

The physical interpretation of the « quark » and « gluon » contributions
is however not so clear ...

T = T." + T a=4q,g )
Y (TP #0

J J
T
1’y ’ s 2
_ 3 TOO 1 T 1 TOO 1 § :Tm,
4"a + 4 2: a 4 7a 1.7 Partial pressure-
T (3

volume work

\ \

Y

[C.L., EPIC78 (2018) 2, 120]
[Metz, Pasquini, Rodini, PRD102 (2020) 114042]
[C.L., Metz, Pasquini, Rodini, JHEP11 (2021) 121]



Ji's decomposition

The physical interpretation of the « quark » and « gluon » contributions
is however not so clear ...

T, = T, + 15" a=q,yg

a

\ \

Y (TP #0

T : T /
0.0 ’ s 2
_ 3 TDO 1 T 1 TOO 1 § :Tzz
4"a + 4 2: a 4 7a 1.7 Partial pressure-
. E volume work

Also, it is tempting to write the classical relations

||~

700
TQ

[C.L., EPIC78 (2018) 2, 120]
[Metz, Pasquini, Rodini, PRD102 (2020) 114042]
[C.L., Metz, Pasquini, Rodini, JHEP11 (2021) 121]



Ji's decomposition

The physical interpretation of the « quark » and « gluon » contributions

is however not so clear ...

00 00 00 _
( . J ( . J Z(f d Xz Ta > ?é 0
3700, 1 it _ 100 1 ii i
— 1 T,” + 4 Z T, 4 T3 : T Partial pressure-
2 v volume work

I ? . =
T — 2 ¢ymyp = 47 - iDy

q

||~

00 7
T
... but there is no scheme where both are simultaneously valid !

[C.L., EPIC78 (2018) 2, 120]
[Metz, Pasquini, Rodini, PRD102 (2020) 114042]
[C.L., Metz, Pasquini, Rodini, JHEP11 (2021) 121]



Mass decompositions (in D2 scheme g, {T}*) = [4,(0) + 4C,(0)]M = o)

Trace decomposition

M = ([ @z Ppm) + (/ &z (5L G2 + v bmap))

Energy decomposition

M = (f 32 (T — dmap)) + ([ APz pmep) + ([ PPz T°)

Ji’s decomposition

M = (] P (T — 3 Tmp) + ([ e Pmp) + ([ P2 TO) + (f &z 12D 6 4 4, Fmo))



Mass decompositions (in D2 scheme g, {T}*) = [4,(0) + 4C,(0)]M = o)

Trace decomposition I independent input

M = (] &z bmy) + ([ & (52 c* + Ymmy))

a'q .ZV.[_O'q

Energy decomposition

M = (f 32 (T — dmap)) + ([ APz pmep) + ([ PPz T°)

Ji’s decomposition

M = ([ &z (I — 3Pm)) + (J Pz ym) + (f Bz T) + (f d*z L5

G* + 'Ymamw) )



Mass decompositions (in D2 scheme g, {T}*) = [4,(0) + 4C,(0)]M = o)

Trace decomposition I independent input

M = (] &z bmy) + ([ & (52 G? + ym o))

T
oy M — o,

Energy decomposition 2 independent inputs
_ 3 00 _ -1 3.7 3, 00 A (0) + A (0) =1
M=(de "~ dmy) +  doymy) + ([ d e T, 4(0) + Cy(0) = 0

[44(0) + C4(0)] M — oy o, [4,4(0) + C,(0)] M

Ji’s decomposition

M = ([ & (T — 3 ) + (f o Tmp) + (&2 T) + (] P 2L G + i)

2g



Mass decompositions (in D2 scheme g, {T}*) = [4,(0) + 4C,(0)]M = o)

Trace decomposition I independent input

M = ([ & Tmy) + ([ P (32 G+ ymiom)

a4 M -,
Energy decomposition 2 independent inputs
M = ([ &% (T30 = pm)) + (] Pz gmy) + ([ %2 TY) e
[Aq(0) + C*; (0)] M — o, o:'q [A44(0) + C,y(0)] M
Ji’s decomposition 2 independent inputs

M = (] P (T — 3 Tmp) + ([ e Pmp) + ([ P2 TO) + (f &z 12D 6 4 4, Fmo))

%[Aq (0) ']\J — 0oy Oq %AQ(O) M i(M —0y)

(f &2 (T30 = Fomy)) + ([ P2 T%) = 3 ([ P2 T)°)




Mass decompositions (in D2 scheme g, {T}*) = [4,(0) + 4C,(0)]M = o)

Trace decomposition I independent input

M = ([ & Tmy) + ([ P (32 G+ ymiom)

a4 M -,
Energy decomposition 2 independent inputs
M = ([ &% (T30 = pm)) + (] Pz gmy) + ([ %2 TY) e
[Aq(0) + C*; (0)] M — o, o:'q [A44(0) + C,y(0)] M
Ji’s decomposition 2 independent inputs

M = (] P (T — 3 Tmp) + ([ e Pmp) + ([ P2 TO) + (f &z 12D 6 4 4, Fmo))

%[Aq (0) ']\J — 0oy Oq %AQ(O) M i(M —0y)

Mechanical (f deTii> —0 == <f A3z (T;)O _ %Emw» + <f d3x T;()) =3 <f d3x TBOO>

equilibrium
(virial theotem)




Mass decompositions (in D2 scheme g, {T}*) = [4,(0) + 4C,(0)]M = o)

Trace decomposition Energy decomposition Ji’s decomposition

n=2GeV
~ 8% ~ 8%

Gluon
« tensor »
energy Quark

s
Quark

Trace kin+pot

kin+pot

[
V4 Trace energy

anomaly energy
anomaly

~929% ~23%
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Trace decomposition Energy decomposition Ji’s decomposition

n=2GeV
~ 8% ~ 8%

Gluon
« tensor »
energy Quark
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Quark
kin+pot
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energy
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anomaly

Ya Trace
anomaly

energy
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Scale dependence No Yes Yes



Mass decompositions (in D2 scheme g, {T}*) = [4,(0) + 4C,(0)]M = o)

Trace decomposition Energy decomposition Ji’s decomposition

n=2GeV
~ 8% ~ 8%

Gluon
« tensor »
energy Quark

S

Quark
kin+pot

kin+pot
energy

Trace
anomaly

Ya Trace
anomaly

energy

~92% ~23%
Scale dependence No Yes Yes
Relation to mass Amplitude Operator Operator

level level level



Mass decompositions (in D2 scheme g, {T}*) = [4,(0) + 4C,(0)]M = o)

Trace decomposition Energy decomposition Ji’s decomposition

n=2GeV
~ 8% ~ 8%

Gluon
« tensor »
energy Quark

S

Quark
kin+pot

kin+pot
energy

Trace
anomaly

Ya Trace
anomaly

energy

~92% ~23%
Scale dependence No Yes Yes
Relation to mass Amplitude Operator Operator
level level level

Virial theorem Dependent Independent Involved



Spin decomposition



Spin sum rules (1990-2008)

Canonical

oL
ov

Gauge fixed ! AT =0

[Jaffe, Manohar, NPB337 (1990) 509]




Spin sum rules (1990-2008)

Canonical Kinetic
__ oL T =mu
=55 — 7+ gA
—V — ig/f
S, = fd?’m/ﬂ%iw Bl 5 - fdi’*m/ﬂ%izp
L, = f r ot x (—iV)Y Bl - f &ryti x (iD)y
] gg:fdsrﬁaxga ] @:fdarfx<ﬁaxéa)
Bl - f Pr ¥ (7 x V)AY
Gauge fixed ! AT =0 « Incomplete » AG?
[Jaffe, Manohar, NPB337 (1990) 509] [Ji, PRL78 (1997) 610]




Spin sum rules (2008-now)

A

—

—

- Apure + Aphys

Kinetic

Canonical

-ﬁpure = —6 — ":ggpure
S, :/d%zp’r%iw
L, = / APr 7 x (iDyyre )t

Sy = / &P B x A

£y =~ [ @B x By Al

Gauge invariant!

[Chen, Lu, Sun, Wang, Goldstein, PRL100 (2008) 232002]

3|
I
3
<y

I
Ty
+
Ne)

]

S, :fd%/ﬂ%iqp
L,= f dPr oyt x (iD)

J, :/dSTfo (E* x B%)

« Incomplete » AG?

[Ji, PRL78 (1997) 610]




— —

Spin sum rules (2008-now) A = Apyre + Apiys

Canonical Kinetic

-Dpure = -V - légApure

S, = /d%zp’f%iw S, = /d%w%fzw

L, = / APr 7 x (iDyyre )t L,= f d*rtF x (iD)y

5= [ dor Be x A

phys

S, = [ dr Be x A

phys

Eg - = [dST Eai(fFX ﬁgﬁre)Azgjhys EQ — Eg o /dSTpan 14_1’(1

phys

Gauge invariant! « Complete »

[Chen, Lu, Sun, Wang, Goldstein, PRL100 (2008) 232002] [Wakamatsu, PRD81 (2010) 114010]
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Spin sum rules (2008-now) A = Apyre + Apiys
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[Wakamatsu, PRD81 (2010) 114010]
[C.L., Leader, PR541 (2014) 163 ]




Ambiguity
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Ambiguity
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Factorization in high-energy scattering
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Ambiguity

Pure gauge p —77iaprr—1 v
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Factorization in high-energy scattering
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I
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At =Af . = Al =0 [Hatta, PLB708 (2012) 186]
' [C.L., PLB719 (2013) 185]
[C.L., PRD187 (2013) 034031]
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Generalized angular momentum

Poincaré symmetry implies that the following current is conserved

JraB — popuB _ Bppa | graf

Orbital Intrinsic

8J”aﬁ:0 {p, vy _ oy, v v,

M — T[aﬁ]:_a S,u,ofﬁ iy =xty” +xty
0,T"" =0 " wliy’h = aty” — vy

PHPY AFAY — ghv A2 _
T (P,A) = A (t) + I 2 Cult) + Mg Oy (2)
M S,(t) = 1 G%(¢t)
—— q 274
PlrjgvIAA PlejgvIAA t) =
+#J(t)_LSa(t) Sg() 0

oM “ oM
[Shore, White, NPB581 (2000) 409]

[Bakker, Leader, Trueman, PRD70 (2004) 114001]
[C.L., Leader, PR541 (2014) 163]

Forward matrix elements of angular momentum are ill-defined

oo / Bz ' 0(x)[p) = (plO0) p) / Bz

l—Y—J
Ambiguous!



Amplitude for compound operators

Standard prescription
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[Jaffe, Manohar, NPB337 (1990) 509]
[Bakker, Leader, Trueman, PRD70 (2004) 114001]
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d°R explains the origin of the delta contribution

Remark: (O)standara = / ——————(0) 5
LASNTIREI<] WX 3 3 R,P H
(27) S( )(0) in standard approach [C.L., EPIC78 (2018) 9, 785]
[C.L., EPIC81 (2021) 5, 431]
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Angular momentum conservation (local kinetic operators)

Longitudinally polarized target (Jo) = (LI) +(S1) + (L)

For a wave-packet centered at the origin, one finds
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(5%) = 3 AX = 5 G%(0) = 5,4(0)
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(L9) = ([d*x ($1T5?2 —z°T)Y)) = Jy4(0) S,(t) =0

Angular momentum (or spin) sum rule

[Bakker, Leader, Trueman, PRD70 (2004) 114001]

=> Z Jo(0) = % [3i, PRL78 (1997) 610]
a

The same sum rule is obtained with a transversely polarized target
(but more complicated analysis due to non-commutativity of boosts)

[C.L., EPIC81 (2021) 5, 431]



Angular momentum conservation (local kinetic operators)

Lattice QCD has made a lot of progress recently in computing
the nucleon spin contributions
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[Alexandrou et a/, PRD101 (2020) 094513]
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Mellin moments ¢=0

[ty 0.0 = F 0

/dx E,(z,0,t) = Fi(t)
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magnetic qu (0) = Kgq
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Sum rule
T -
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“ = — b
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a -2 a
Equivalence principle for spinning targets [Tewgﬂ:’,"::;_spsggag;g}

= No intrinsic energy dipole moment !

[Brodsky, Hwang, Ma, Schmidt, NPB593 (2001) 311]
[Burkardt, IJMPA18 (2003) 2, 173]
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A2
Loodt

does not contribute to the integral but affects the spatial distribution !



Angular momentum distributions

Orbital vs intrinsic
Li() = ek (T o(7)

S'(F) = 3{7"59)5,5(7)

[1/fm?]

f Large-N_
0.100 "=~ - bag model
0.08 -

0.06
0.04}
0.02-
0.00-
m =5 MeV
00 05 10 15  bm]
| t
pa:‘:::ter b= \/332 + y2 = \/T2 — 22 [C.L., Mantovani, Pasquini, PLB776 (2018) 38]

[C.L., Schweitzer, Tezgin, PRD106 (2022) 1, 014012]



Angular momentum distributions

Orbital vs intrinsic Kinetic vs Belinfante

i(=\ _ ijk,.J 0k _ i i i
Li(7) = €% (T%)5 4(7) JH(F) = A7) + §'(7)

i 1 L i (= _ ijk,.j /1 70k KO (=
S'(r) = 5{Vy" v51)5.5(7) Jpea(T) = €777 (5(T77 +T77))55(7)
[1/fm?] [1/fm?]

I Large-N, I Large-N,
0.100 "=~ - bag model 0.10° "=~ - Jz(b) bag model
0.08 - 0.08jAsyr£r:ln1<_etric \\\ Symmetric

[ N EMT
0.06 0.06-

0.04- 0.04 -
: L Jéel(b) \\
0.02- 0.02-
0.00- 0.00-
- m=5MeV - m=5MeV
00 05 10 15  bm] 00 05 10 15  b[m]
pal:‘::::er b= \/332 + y2 = \/T2 — 22 [C.L., Mantovani, Pasquini, PLB776 (2018) 38]

[C.L., Schweitzer, Tezgin, PRD106 (2022) 1, 014012]



Mechanical properties




Let us recap

(P, s'|TE(0)|p, s) = u(p', s")TL (P, A)u(p, s)

prpY AFAY — ghv A2 §
P (P, A) = —— Ao (t) + Mg Cu(t) + Mg’ Gy (1)
PlrjgViIAAy PligVIA A,
+ o Sl = Wi Sa(t)
AG(O) <+ Momentum
Ca (0) <> Pressure
Ja, (O) <+ Total angular momentum
Sq (0) <+ Intrinsic angular momentum
Cu(0) < ?



Rest frame energy (or mass) distribution

701 02 703

(%))

Shear stress

Normal stress

Energy 4..C.,Co,J,

[GeV/im3]
q+G
-------- q )

Multipole model for the

——= G gravitational form factors
£(0)

(t) = N

(14+1t/A2)

' — r[fm]
1.5 2.0

[Polyakov, PLB555 (2003) 57]
[Polyakov, Schweitzer, IJMPA33 (2018) 26, 1830025]
[C.L., Moutarde, Trawinski, EPJC79 (2019) 1, 89]



Rest frame energy (or mass) distribution

701 02 703
T10

1
T20 2
TBO 3

(%))

Shear stress

Normal stress

Energy 4..C.,Co,J,

[GeV/im3]
q+G
-------- q )
Multipole model for the
——= G gravitational form factors

~ F()
() = (1+t/A2)"

Energy (or mass) radius

Charge radius

. “— r[fm]
1.5 2.0

[Polyakov, PLB555 (2003) 57]
[Polyakov, Schweitzer, IJMPA33 (2018) 26, 1830025]
[C.L., Moutarde, Trawinski, EPJC79 (2019) 1, 89]



Rest frame pressure distributions

Energy
density
g | by 1 .. * 701 702 703 |
T =6 () + (—TZ - 55”) ) e e -
1’!}(7 T T2O 9 ear stress
pr(r) T30 Normal stress

()
Center of l
the nucleon

[Polyakov, PLB555 (2003) 57]

[Polyakov, Schweitzer, IIMPA33 (2018) 26, 1830025]
[C.L., Moutarde, Trawinski, EPJC79 (2019) 1, 89]



Rest frame pressure distributions

ij ij r'rl 1
o 0 =7+ (T 20 ) st
\

Center of
the nucleon

Isotropic pressure C,,C,

[GeV/im®]
0.8) g+G

r [fm]
0

Energy
density

* 7oL 702 703 |
T10 1
T2O 9 Shear stress

Normal stress

TBO

[Polyakov, PLB555 (2003) 57]

[Polyakov, Schweitzer, IJMPA33 (2018) 26, 1830025]

[C.L., Moutarde, Trawinski, EPJC79 (2019) 1, 89]



Rest frame pressure distributions

Energy
density

* 7oL 702 703 |

(THY(7) = 69 p(r) + (E - 15”) s(r) | oo (@

I)I,(Y") T2 3 T2O Shear stress
AN I)"(T) T30 Normal stress
o=~ AR pe(r)
Center of l

the nucleon

Isotropic pressure C,,C, Pressure anisotropy C,

[GeV/im®] [GeV/im®]
0.8

q+G 0.14
0.12"
0.0/
0.08'

0.06

0.04/f

0.02 4

r [fm] r [fm]
0 0

[Polyakov, PLB555 (2003) 57]
[Polyakov, Schweitzer, IJMPA33 (2018) 26, 1830025]
[C.L., Moutarde, Trawinski, EPJC79 (2019) 1, 89]



Some figures
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Some figures

Density (kg/m?3) Pressure (Pa or N/m?)
Atmosphere at sea level ~ 1.2 ~ 10°
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Some figures

Density (kg/m?3)

Pressure (Pa or N/m?)

Atmosphere at sea level

Center of sun

Center of neutron star

Atomic nucleus

~ 1.2
~ 1.6 x 10°
~ 8 x 107

~ 2.3 x 107

~ 10°



Some figures

Density (kg/m?3) Pressure (Pa or N/m?)
Atmosphere at sea level ~ 1.2 ~ 105
Center of sun ~ 1.6 x 105 ~ 2.9 X 1016
Center of neutron star ~ 8 X 1017 ~ 10°°
Atomic nucleus ~ 2.3 X 1017 ~ 3.5 x 10°°
Center of nucleon ~ J X 1018 ~ 3.7 X 1034




Some figures

Density (kg/m?3) Pressure (Pa or N/m?)
Atmosphere at sea level ~ 1.2 ~ 10°
Center of sun ~ 1.6 x 10” ~ 2.5 X 1016
17 35
Center of neutron star ~ 8 x 10 ~ 10”7
17 ~ 33
Atomic nucleus ~ 2.3 x 10 ~ 3.5 x 10
1 4
Center of nucleon ~ 3 x 10 8 ~ 3.7 X 103
PhD student a month
~ 103 > 10%?

before graduation




Mechanical equilibrium

VT () = 0

von Laue relation

/ drrp(r) =0
0

[Laue, AP340 (1911) 8, 524]
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Mechanical equilibrium

VT () = 0

von Laue relation

/ drrp(r) =0
0

[Laue, AP340 (1911) 8, 524]

412 pir) [GeVifm]

0.15
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Repulsive
0.05
0.00 -
-0.05 \m
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Mechanical equilibrium
Young-Laplace equation

VH{TYY(F) =0 . dp(,;(r) _ _23(7“)

von Laue relation

/ drrp(r) =0
0

[Laue, AP340 (1911) 8, 524]

412 pir) [GeVifm]

0.15
0.10 -
Repulsive
0.05
0.00 -
_0'055 \m
o 1 2 3 4



Mechanical equilibrium

0.15
0.10 -
o.osi
0.00 -

-0.05

VHTY)(7) =0

von Laue relation

/ drrp(r) =0
0

[Laue, AP340 (1911) 8, 524]

412 pir) [GeVifm]

Repulsive

Attractive

i 2 3
r [fm]

Young-Laplace equation

dp-(r)  2s(r)

dr r

Surface tension

Y = fdfrs(r)
Vv

L =0
2ok 2

I= O =2 ——>  Attractive
R 4 “N — => Repulsive
7 N

[Bakker, Kapillaritdt und Oberflachenspannung (1928)]
[Kirkwood, Buff, JCP17 (1949) 338]
[Marchand, Weijs, Snoeijer, Andreotti, AJP79 (2011) 999]



First experimental extractions

LETTER

=/ dui.ong/ 10, 1028/541586-018-0060-2

The pressure distribution inside the proton

V.. Burkert'®, 1. Elouadrhiri' & F. X. Girod'

The proton, one of | of atomic nuclei, i
i gluons. Gluons arc the

(2)W tll mnvk't(.FF M, Hl.nt.hbdmﬁ)i refated to the
ables describing the DVICS process, thal is, the

of |

carriers of the force that binds
are never found in isolation — that is, they are confined within
the composite particles in which they reside. The origin of quark
confinement is one of the mast important questions in modern
p:rtﬂrnﬂmﬂﬁ(ﬂly:ﬁmﬂnﬁnmlnlllhmnl

d the beam- mmm

{3) The real and imaginary parts of # can be related through a disper
ston refation 1° at frxed £ where the term D0, of T term, appears a5
asublraction term'”.

1) We derive di(1) from the expemston of D(1) i the Gegenbaner

protona
mmmmnmqmmﬂmmmumm
by deeply virtual Compton scatfering'~, =pmminnrikl\=h:lmns\

transfer to mesumawnt
(s)mwwﬁnmmmmmmn (1)
(6) Then, we determine the pressure distribution from the relation

offl quarks inside
emit high-cnergy photons, which are dmcled in coincidence
with the scattered electrons and recoil protons. Here we report a

in the “We find a.

the profon (up
m1hmmxmmmthemnmm|m"
pascals, which exceeds the pressure estimated for the most
packed known objects in the Universe, neutron stars’. This work
ofpens up a new area of research on the fundamental gravitational

Tl 2 e " \hea
The

the proton ded In the
h entum tensor ',
Gravilon—profon scatiering 1s the only known process thal <an be used
to directly measure these form . whereas generaltzed parton
distrabutsons™# enable indirect access to the basic mechanical prop-
erties of the proton’”.
A direct ‘the quark mlhepm
fon (Fig 1) equi

pr
lensor®. This malrix element conlains b |

GFFs that depend on the four- momenturn transier { o the proton.
e of these GFTs, dy(f), encodes the shear forces and pressure distri-
bution an the quarks in the proton, and the other two, My(f) and J(1).
anglar n
tnformatton on these form factors s essential o gain insight inlo the
dynamics of the fundamental constituents of the | “The frame-
(GPDs)*
o obain information o0 di(1) from experiments. The most effective
waly lo aceess GPDs expertmentally 15 deeply virtual Complon scl-
tering (LVCS)™, where high-energy dectrons (¢) are scattered from
the protons (p) 1 hquid hydrogen as.e p — ' p' v, and the scattered
electron {#7), proton (') and photon {) are detectad In coincidence.
T this process, the quark strocture 1s probed with high-energy virtual
photons that are exchanged between the scatiered electron and the
proton, and the emitied (real) photon controls the momentum (ransfer

even GPDs to the GFFs are'-

JriHeen s Ewgnl

Jrtespaeaan + 2eam

1z

14

Fig 1| Radil pressure distribution in the 3
the pressure disrbution ptr that el o the Iateractions o the

{10 the proton, w)nk]mmgm.pmm Recently,
about the GPDs and the related
Compton hrmiacms{ﬂ"FFi) from TWVCS data™ .

To determine the pressure distribulion in the proton (rom the experi-
minlal dala, we follow e sleps al we briefly describe bere. We noke
that the GPDs, CFFs and GFFs apply only to quarks, not to ghuons.
(1) We begin with the sum rules that relate the Mellin moments of the
GPDs to the GFFs',

the centre of the
d

proton. The hick bl i n
the ). lecl shlished al 6 CeV. The
i dsplaped s heightpreen

s awen, The: bl arca i he
data that wore availabl before the &-CoV ur’wnmt'-ﬂ and rl-.a shaded
arva shows projocted result from fulure experiments s 12 GeV that will
b perfoemen with L
represent one standand deviation.
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@

Puttshees imatad 7

15

r? Pq(r)

Repulsive
pressure

—_—

10

103
r2p(r) (<182 GeV fm™)

Confining
pressure

0 02 04 06 08 1.0 12 14 16 18 20
r (fm)

A Contribution from C,(¢) still missing !

[Burkert, Elouadrhiri, Girod, Nature557 (2018) 7705, 396]
[Kumericki, Nature570 (2019) 7759, E1]
[Dutrieux, C.L., Moutarde, Sznajder, Trawinski, EPJC81 (2021) 4, 300]



D-term and stability

4nr? p(r) [GeV/m]

------------------
0.1 F x05M
+
0 \/
..................
0 0.5 1 15 r([fm]

/ drr?p(r) =0
0

[Laue, AP340 (1911) 8, 524]

Equilibrium



D-term and stability

4nr? p(r) [GeV/m]

T | R B R
01 XOSM
+
{' \/
a1 PRI ST N S S T
0 0.5 1 1.5 I [fm]

/ drr?p(r) =0
0

[Laue, AP340 (1911) 8, 524]

Equilibrium

r'p(r) x4xm [fm™)

Druck =
« pressure »

[Polyakov, Weiss, PRD60 (1999) 114017]
[Goeke et al., PRD75 (2007) 094021]



D-term and stability

4nr? p(r) [GeV/m]

T | R B R
01 XOSM
+
{' \/
PR B PRI ST N S S T
0 0.5 1 1.5 I [fm]

/ drr?p(r) =0
0

[Laue, AP340 (1911) 8, 524]

Equilibrium

r'p(r) x4xm [fm™)

M/OOO dr 7‘4p(fr) = 40(0) — D(O) Druck =

« pressure »

[Polyakov, Weiss, PRD60 (1999) 114017]
[Goeke et al., PRD75 (2007) 094021]
?
Stability < D(0) <0

[Perevalova, Polyakov, Schweitzer, PRD94 (2016) 5, 054024]
[Polyakov, Schweitzer, IIMPA33 (2018) 26, 1830025]
[Varma, Schweitzer, PRD102 (2020) 1, 014047]



D-term and stability

This conjecture is supported by both Lattice QCD and experiments

-1073
—-= J/¥ =007 using M-Z approach
T T ~—— J/W — 007 using G-J-L approach
1F MS(p=2GeV)1 | Lattice
a ] ] ;
Uj } }F IE Igﬁf‘im” ﬁmi 1072
-1 :‘ T AI § % E
= C § ] ~
= 9Lk T 4 X
Q - : Qm_lo—l
i .
=3 :_ A ‘D(uAd, conn.) ;
—4F o Dg ;
r © ] -10°
=5 I S T S H S S S P y
0.0 0.5 1.0 1.5 2.0
a 2
—t (GeV?) 05 10 15 20 25 30 35 40 45
k? (GeV?)
[Hagler et al, PRD77 (2008) 094502] [Duran et al., Nature615 (2023) 7954, 813]
[Shanahan, Detmold, PRD99 (2019) 4, 014511] [Meziani, PoS SPIN2023 (2024) 168]

[Shanahan, Detmold, PRL122 (2019) 072003]



Key players in the near future

Electron-Ion Collider (~2035)
Brookhaven, Long Island
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>1500 members from 290 institutions in 40 countries
[Abdul Khalek et al., NPA1026 (2022) 122447]
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injection
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gradientsynchrotron

But also EicC, JLab 20+ GeV,...?

>1500 members from 290 institutions in 40 countries
[Abdul Khalek et al., NPA1026 (2022) 122447]

[Anderle et al, FP16 (2021) 6, 64701]
[Accardi et al, EPJA 60 (2024) 9, 173]



Some reviews

GPDs

EMT & GFFs

Spin
decomposition

Mass
decomposition

[Diehl, PR388 (2003) 41]
[Belitsky, Radyushkin, PR418 (2005) 1]
[Kumericki, Liuti, Moutarde, EPJA52 (2016) 6, 157]

[Polyakov, Schweitzer, IJIMPA33 (2018) 26, 1830025]
[Burkert et al.,, RMP95 (2023) 4, 041002]

[Leader, C.L., PR541 (2014) 3, 163]
[Wakamatsu, IJIMPA29 (2014) 1430012]
[Liu, C.L., EPJA52 (2016) 6, 379]

[Ji, Yuan, Zhao, NRP3 (2021) 1, 27]

[Ji, FP16 (2021) 6, 64601]
[C.L., Metz, Pasquini, Rodini, JHEP11 (2021) 121]

... and references therein !






In short ...

Belinfante form

-

\_

~

[Ji, PRL78 (1997)]

A,(0) :/d:Ea:Hq(:E,{f,O)
B,(0) :/dmeq(zc,g,O)

Gravitational
form factor

GPD

/

Transverse spin

Both are correct !

<

[Leader, PRD85 (2012)]

[Ji-Yuan, PLB810 (2020)]

[C.L., EPIC81 (2021y




What do we mean by « spin »?

Originally « spin » was reserved to intrinsic angular momentum (AM),
to be distinguished from orbital AM

Nowadays « spin » refers more generally to internal AM,
i.e. AM about the center of the system

J=RxP+S5
Position of Momentum of
the center the system

—_— [The key question is: what is the relativistic center of the system? J

Poorly addressed in the nucleon spin literature ...
triggered a review of the subject  [C.L., EPIC78 (2018)]



Option |: Relativistic center of energy

Relativistic version of the center of inertial mass [Fokker, Relativiteitstheorie (1929)]
[Born-Infeld, PRSLA150 (1935)]

7 1 3 00

RE:E d°r T P”—/dBTTO”
=D R’ — ¢t r £ ~— Lorentz boost
2 ﬁ o PO generator

—_ — — — W

Spin operator p=J—Rgpx P = 56
Pauli-Lubanski 1 A\ . . .
pseudo-vector W = 5 e Mo Py MeF = /d?’?“ (P78 — P 70%]

Remark: These definitions coincide in the infinite-momentum
frame with the corresponding light-front operators



Option 2: Relativistic center of mass

12 Pryce, PRSLA195 (1948
R';, does not transform as a Lorentz four-vector [[Nr.‘,;"er, CDIASAS 219493}

[Fleming, PR137 (1965)]

Covariant }3 . }:_(" PH P MVH 5 =
four-position RﬂM = |t+ _ Y = % ( + PA/[_‘QK)
operator M? Po M?2 Proper
time
~ PxW

=D EM:RE—

Spin operator Sy=J—RyxP=

Remarks: EM = R}; in the rest frame
* Relativistic center of mass can be considered as a physical point

(i.e. not just as a mere representative point)



Option 3: Relativistic center of spin

, , (R, Ry] =0 o [Pryce, PRSLA180 (1935)]
Canonical relations i wi1_ . ikor Dot satisfied for X = E, M [Pryce, PRSLA195 (1948)]
[Sk, Sx] = i€ Sk [Mgiller, CDIASAS (1949)]

[Newton-Wigner, RMP21 (1949)]
[Bogolyubov-Logunov-Todorov, Introduction to

Canonical R — PO R% + M R’}f/{ Axomatic Quantum Field Theory (1975)]
operator c PO M
a RC — R —_ — R
ET PPy M) M T AP - )
i S.=J—-R.x P = — :
Spin operator % W~ MBI

Transversely polarized nucleon

Center of 1
Rnsiter = Y0

energy —|—
spin X

mass ([ ]

[C.L., EPIC81 (2021)]

Rest frame Moving frame Infinite-momentum
frame



Transverse spin sum rules

P 3
"
s (M,

§ PP 5)

ST M@+ )

)

Aq(0) + Ba(0)

. 3 o o S,
(/ d3r TZT.SJ (7))int = — (poﬁzjaﬁ —|-p2630aﬁ + p’ Ezoaﬁ) QPOI;@
B ijOiQBSapﬁ 4,(0)
2M (p° + M)

2

Blue tems do not
contribute to WH

/ Leader sum rule

<J§>Leader — Ekij(fdgr TiTaqj(T»int

Sk A

[Leader, PRD85 (2012}
[Leader-C.L., PR541 (2014)]

/

/ Ji-Yuan sum rule
(T8 s -vaan = €99 f B P T (1) )ing

0 pr(p-s)

without blue terms

A4(0) + Ba(0)

_P_(Sk_
M p°(p° + M)

)

2

[Ji-Yuan, PLB810 (2020}

Interpreted as contributions from
« center-of-mass motion »

(requires rigorous justification)

/




Comparison between expectation values

1

Let us denote rest-frame spin vector by 55 with 57 =1

Longitudinal component

<Sé> = <S§'4> = <S§'> = %SL Explains why the question of the nucleon center
did not draw much attention in the past

Transverse component

<ST> = ’}/_1 %ST Transverse part of a four-vector is subleading v = pO/M'
(ST ) S | T f . . . .
M) =7 35ST ransverse part of an antisymmetric rank-two tensor is leading
[Landau-Lifshitz, Classical Theory of Fields (1951)]

<Sg> = %ST Frame-independent!

(simple AM composition crucial for the wavefunction formalism)



Phase-space approach

_ i pX§
Rp)=TR

ftx) +2p°(p°+M)
5\ _ 3 P XS
(By) =R M (p° + M)
(Re)=TR

We define quark and gluon contributions to internal AM operator as

S% .o = € f *r (r' — (R%)) T (r) = JF — (R4 ) P2 X=E,M,c

/ Relativistic spin sum rules

K Ji-Yuan: X=M covariant spin sum rule

(Sxa) = (Sx) Aa(0) + (Sar) Ba(0)

Leader: X =c canonical spin sum rule

[C.L., EPIC81 (zon

(When « spin » is properly defined,

there is no need to drop terms!)




