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Outline

@ project goals:
e comprehensive survey of QCD stationary states in finite volume
e hadron scattering phase shifts, decay widths

@ preliminary results for 20 channels I =1, S =0

@ correlator matrices of size 100 x 100
e large number of extended single-hadron operators
e attempt to include all needed 2-hadron operators

@ preliminary results for I = %, S =1, T,
@ very preliminary results for I =0, S =0, A,
@ [ =1 P-wave 77 scattering phase shifts and width of p



Extended operators for single hadrons

@ quark displacements build up orbital, radial structure

Meson configurations
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Baryon configurations
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Bos (p,t) = 3, ePOtHdatdis, gl (a,1) g1, (@, 1)
B (1) = P ewe 08 (@, 1) 7l (1) T (2. 1)
@ group-theory projections onto irreps of lattice symmetry group
Mi(t) = ey Tas (1) Bu(t) = clly, Tasy (1

@ definite momentum p, irreps of little group of p



Two-hadron operators

@ our approach: superposition of products of single-hadron
operators of definite momenta

CIS(LIBb Io1345a BIbI3bSb
PaXa; PoAb — Paladaia — PrApApip

o fixed total momentum p = p, + py, fixed A, iq, Ay, iy
@ group-theory projections onto little group of p and isospin irreps
@ restrict attention to certain classes of momentum directions
@ on axis +z, +y, +2z
o planardiagonal +z + gy, +x + 2z, +y + 2z
@ cubic diagonal +z +y + 2z
o efficient creating large numbers of two-hadron operators
@ generalizes to three, four, ... hadron operators
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Testing our two-meson operators

@ (left) K operator in Ty, I = % channels
@ (center and right) comparison with localized =7 operators

(em)to(t) = St (e, t) 7 (@, t),
+

(rm)Tiu(t) = Zw,k:1,2,3{7r+(mv t) Apm(x,t) —70(x, t) Apr T (, t)}

025 * '°.'. 03
< - 1::2’3"*'-*-’;.’-7;* S5 .
5 o2f 1= *. ...

ESeebint O . ‘,‘,‘,‘,‘,‘,izzszg::::.
015} kn (T, ) I=% ] P
% ]IO llﬁ ZIU 25 Iﬁ ]Icl llﬁ 2‘0 0.] ,Iﬁ ]IG llﬁ EIU
t t t

@ less contamination from higher states in our =7 operators



Quark line diagrams

@ temporal correlations involving our two-hadron operators need
@ slice-to-slice quark lines (from all spatial sites on a time slice to all
spatial sites on another time slice)
e sink-to-sink quark lines

tr 7

@ isoscalar mesons also require sink-to-sink quark lines

_ [C} C[

@ solution: the stochastic LapH method!
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Stochastic estimation of quark propagators

@ do not need exact inverse of Dirac matrix K[U]

@ use noise vectors 7 satisfying £(n;) = 0 and E(n,n;) = 0;;

@ Z, noise is used {1,i, —1, —i}

@ solve K[U]X (™ = n(") for each of N noise vectors 5", then
obtain a Monte Carlo estimate of all elements of K !

L

-1 (r), (r)*

Kyt~ 5 ) X
r=1

@ variance reduction using noise dilution

@ dilution introduces projectors

pla) pb) — sabp( a) Z pla) — 1, p@t — pa)

@ define plal = ply, xlal = fg—1ylal

to obtain Monte Carlo estimate with drastically reduced variance

ZZX r)[a] (7 I

rla
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Correlators and quark line diagrams

@ baryon correlator
1 MNdadpde], (P [dadsde], s S
Ci~ FRZ Yo pladedelpa B C)pinldadedcl(ph oF 4C)

T dAdrgdc

@ express diagrammatically

e ok e % — %
¢ Q ¢ 0 o ~Q
¢ ol — | gl — o1 el
S e W1 A (K T A K el
tp A Iy A g [
R — % — — % — —
¢ -9 @ -G 0 |-
- Je<te| + lopsile| + |elzoe|
1% R iILa efr Y] Y]
Iy t tp 4, tr 7
@ meson correlator
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More complicated correlators

@ two-meson to two-meson correlators (non isoscalar mesons)
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Quantum numbers in toroidal box

@ periodic boundary conditions in
cubic box
e not all directions equivalent =
using J7¢ is wrong!!

@ label stationary states of QCD in a periodic box using irreps of
cubic space group even in continuum limit
e zero momentum states: little group Oy,
A1a>A2ga>Eu7Tla7T2a7 Gla7G2a7Haa a=4g,u
e on-axis momenta: little group Cly,
A13A27BI7B27E7 GlyGQ
e planar-diagonal momenta: little group Cs,
A1, A2, B1, B2, Gi1,G2
@ cubic-diagonal momenta: little group Cs,
Al,AQ,E, F17F27G

@ include G parity in some meson sectors (superscript 4 or —)
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Spin content of cubic box irreps

@ numbers of occurrences of A irreps in J subduced

J Al A2 E T1 T2
0 1 0 0 0 0
1 0 0 0 1 0
2 0 0 1 0 1
30 1 0 1 1
4 1 0 1 1 1
5 0 0 1 2 1
6 1 1 1 1 2
70 1 1 2 2
J G1 G2 H J Gl G2 H
;1 0 0 5 1 0 2
11
20 0 1 401 1 2
13
S0 11 2 1 2 2
15
1 1 1 2 1 1 3
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Common hadrons

@ irreps of commonly-known hadrons at rest

Hadron lrrep Hadron Irrep Hadron Irrep
™ A7, K Ar, n,n Af,
p T BN Ty, K* Thu
ag A, fo A, ha Ty,
by Tf; K Tig T 1y,

N, ¥ e AE Gy A Q H,
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Ensembles and run parameters

@ plan to use three Monte Carlo ensembles
o (323]240): 412 configs 32 x 256, m, ~ 240 MeV, m.L ~ 4.4
@ (243]240): 584 configs 24 x 128, m, =~ 240 MeV, m,L ~ 3.3
o (24%]390): 551 configs 24° x 128, m. ~ 390 MeV, mxL ~ 5.7

@ anisotropic improved gluon action, clover quarks (stout links)

@ QCD coupling g = 1.5 such that as ~ 0.12 fm, a; ~ 0.035 fm

@ strange quark mass m, = —0.0743 nearly physical (using kaon)
@ work in m, = my limit so SU(2) isospin exact

@ generated using RHMC, configs separated by 20 trajectories

stout-link smearing in operators £ = 0.10 and ng = 10

LapH smearing cutoff 02 = 0.33 such that
e N, = 112 for 242 lattices
e N, = 264 for 322 lattices

source times:

e 4 widely-separated t, values on 243
@ 8t values used on 32 lattice
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Excited states from correlation matrices

@ in finite volume, energies are discrete (neglect wrap-around)
Cii(t) =Y 2z e bt z" = (0] 05 |n)

n

not practical to do fits using above form
define new correlation matrix C() using a single rotation

C(t)=Ut C(r)~ V2 C(t) C(r0)" Y2 U
columns of U are eigenvectors of C(7o)~ /2 C(mp) C(ro)~/?

choose ) and p large enough so 5(7&) diagonal for t > mp
effective energies 1 ( Conar()

Coa(t + At)
tend to NV lowest-lying stationary state energies in a channel

(1) =

2-exponential fits to C.. (t) yield energies E,, and overlaps ZJ(.")
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I=1,5=0, T}, channel

o effective energies m°(t) for levels 0 to 24

@ energies obtained from two-exponential fits

"
g

5

i

[—
H=

T

£ {1
4

PSotesnces
b,
P
b

sy

N

;

o

3"\“ *.? 2 Z“h] 2
-
-

b

A5

®y L
——i
IVE=——y

gX

Sk Xl T
) EL

A

15/49



I =1, S =0, T}, energy extraction, continued

o effective energies m°(¢) for levels 25 to 49
@ energies obtained from two-exponential fits

Mo mﬁf ~ 5@%%_ e
x‘ifit i

;::%’lﬁ%lf

ety

b i
el ‘ﬁqﬂr H-
{0 My

A

’_’Q‘—H
8(*
%M}—H
==
J&
==u

o

Iy ==

B == ¥

I o

g: ?—K—(;N_{

16/49



Level identification

@ level identification inferred from Z overlaps with probe operators

@ analogous to experiment: infer resonances from scattering cross
sections

@ keep in mind:

. (I)J' >!
Z’s are overlaps of probe state with each eigenstate
|@,) = 0i[0), 2" = (@)
e have limited control of “probe states” produced by probe operators
@ ideal to be p, single 7, and so on
@ use of small—a expansions to characterize probe operators
@ use of smeared quark, gluon fields
@ field renormalizations
@ mixing is prevalent
e identify by dominant probe state(s) whenever possible
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Level identification

@ overlaps for various operators

A, SS1TTA, SS1 0A

KA, SS1K" A, SS10A

12

TTA, SSO A, SSO PD

7T T(140) T(140) K(497) K°(497) T(140) n(140)
£
e I
T % g T %% o — E—
N E SS1mA,LSD1 OA K A, SSOK® A, SSO PD = @E SS1TA, SS10A

7 (782) T(140) T K(497) K(497) ©(1020) T(140)
0 H; i
—— % g T g %

A, SSO A, SSO CD
T(140) T(140)

T, SSPTA;, SSO
w({f82) a (980)

A, SS1TTA, TSDO OA
T(140) T(1300)
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Identifying quark-antiquark resonances

@ resonances: finite-volume “precursor states”

@ probes: optimized single-hadron operators
e analyze matrix of just single-hadron operators 0!°*") (12 x 12)
e perform single-rotation as before to build probe operators
O;LSH]
@ obtain Z' factors of these probe operators

Zm = (0] Ot |n)

_ 3y lsH]

i

53
Level

0.40]
LEE!
0.30]

03
Level

10

2050
Level
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Staircase of energy levels

e stationary state energies I = 1, S =0, T}, channel on
(323 x 256) anisotropic lattice

Tlup
ol
4 allat
||'l||l|
II--II-llI"""I'I'"I
]
K3 II|-I
Sl
Sz 1
i Il single-hadron dominated
1 Il two-hadron dominated
[ significant mixing

Levels
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Summary and comparison with experiment

@ right: energies of gg-dominant states as ratios over my for
(323]240) ensemble (resonance precursor states)
@ left: experiment

Experiment
|
—
—_—
— ==
|
p(T70)  p(1450) p(1570) ps(1690)p(1700) p(1900) py(1990)p(2150)

Lattice 7.} I

I lattice g state
I experimental mass
experimental width
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Bosonic I =1, S=0, A;, channel

@ finite-volume stationary-state energies: “staircase” plot
@ 323 x 256 lattice for m.,, ~ 240 MeV
@ use of single- and two-meson operators only

@ blue: levels of max ovelaps with SH optimized operators
Alum 1

0.5F

0.4F n 0|

a,Energy
o
W

II
0.2F I

0.1F

0.0

Levels
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Bosonic I =1, S =0, E; channel

@ finite-volume stationary-state energies: “staircase” plot
@ 323 x 256 lattice for m.,, ~ 240 MeV
@ use of single- and two-meson operators only
@ blue: levels of max ovelaps with SH optimized operators

a,Energy

0.5F

0.4F

0.2F

0.1F

Eup 1

0.0

Levels
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Bosonic / =1, S =0, T}, channel

@ finite-volume stationary-state energies: “staircase” plot
@ 32° x 256 lattice for m.,, ~ 240 MeV

@ use of single- and two-meson operators only

@ blue: levels of max ovelaps with SH optimized operators

Tlgm 1
0.5F
0.4p II"
> ll-|..l|-I-||.I....|
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0.1
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Bosonic I =1, S =0, 1}, channel

@ finite-volume stationary-state energies: “staircase” plot
@ 323 x 256 lattice for m.,, ~ 240 MeV

@ use of single- and two-meson operators only

@ blue: levels of max ovelaps with SH optimized operators

Tlum1
0.5F
0.4F
I W EEELTEED Illll‘|
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Bosonic / =3, S =1, T}, channel

@ kaon channel: effective energies m°f () for levels 0 to 8
@ results for 322 x 256 lattice for m, ~ 240 MeV
@ two-exponential fits

0.153(11) 0.1771(7) 0.2171(11) 0.2224(32)
0.5
04
o3 *oagane M, e mesman
0.1~
0.2459(11) 0.253(8) 0.256(7) 0.258(3)
05
0.4 . x 1
5030 = P T, |
€03 gl SRR . .o SREE 22 £ 24 ::::::ga*;‘f;ﬂi},rlﬂ%ﬁh Ty 3
0.1
0.2726(28) 0.278(4) 0.278(27) 0.281(5)
05
=0.4 o o { @, So 1
E“gz ---‘-’"-’000...!{!;};{-{- ---"-““m;llptiii{ ...W_:::;:;:”, ————————————— .l
0.1 1
0.283(7) 0.286(5) 0.287(5)
05
044, . } ., .
;g.g :::"”-:"'!iii‘ﬂﬁ"'” “!me..iﬂzﬁ({fﬁ ‘!m!;“;;r;ﬁ, T
o1 Hy f
5 10 15 20 5 10 15 20 5 10 15 20 5 10 15 20
time time time time
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Bosonic / =3, S =1, T}, channel

o effective energies m° (¢) for levels 9 to 17
@ results for 323 x 256 lattice for m, ~ 240 MeV
@ two-exponential fits
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Bosonic I = 1,

S =1, Ty, channel

o effective energies m°®(¢) for levels 18 to 23
@ dashed lines show energies from single exponential fits
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Bosonic I = 4, S =1, Tj, channel

@ finite-volume stationary-state energies: “staircase” plot
@ 323 x 256 lattice for m.,, ~ 240 MeV

@ use of single- and two-meson operators only

@ blue: levels of max ovelaps with SH optimized operators

kaon T1lu 32

0.5F

0.4F

a,Energy
o
w
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0.1F

0.0

Levels
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Preliminary I = 1, S =1, T}, Results

@ Lowest level diagonalized correlator fit
@ 323 x 256 lattice for m.,, ~ 240 MeV
@ use of single- and two-meson operators only

10 4 & Correlator data
—  1.093654exp(- 0.172205*t)(1+ 1.432729exp(- 0.577109"2%t)
- single_exp with these values

Fit Correlator
o

o
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Preliminary I = 1, S =1, T}, Results

@ Second level diagonalized correlator fit
@ 323 x 256 lattice for m.,, ~ 240 MeV
@ use of single- and two-meson operators only

10 % § Correlator data
—  1.285821exp(- 0.217758*t)(1+ 1.450305exp(- 0.600980"2+t)
08 - single_exp with these values
Sos
4
5
Soa
02
00
04
03
02
¢
01
00
¢ & Emass of data
fit mass=0.21776+0.00246

5 10 15 20 E3
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Preliminary I = 1, S =1, T}, Results

@ Third level diagonalized correlator fit
@ 323 x 256 lattice for m, ~ 240 MeV
@ use of single- and two-meson operators only

10 # # Correlator data
—  0.909978exp(- 0.218416*t)(1+ 2.835906exp(- 0.557947~2+t)
- single_exp with these values

Fit Correlator
°

o

5 10 15 20 2

$ ¢ Emass of data
05 fit mass=0.21842+0.00216 k

04 R
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Preliminary I = 1, S =1, T}, Results

@ Fourth level diagonalized correlator fit
@ 323 x 256 lattice for m, ~ 240 MeV
@ use of single- and two-meson operators only

10 % § Correlator data
—  1.326653exp(- 0.259069*t)(1+ 1.836376exp(- 0.593648"2*t)
- single_exp with these values
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Preliminary I = 1, S =1, T}, Results

@ Fifth level diagonalized correlator fit
@ 323 x 256 lattice for m, ~ 240 MeV
@ use of single- and two-meson operators only

10 4 § Correlator data
—  1.589164exp(- 0.277228*t)(1+ 1.575491exp(- 0.639255"2+t)
- single_exp with these values
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Preliminary I =0, S =0, A], Results

@ Lowest level diagonalized correlator fit
@ 323 x 256 lattice for m.,, ~ 240 MeV
@ use of single-meson operators only

s % # Correlator data
—  1.560399(exp(- 0.107627t)+exp(- 0.107627%(t-256))+ 0.024436
¢ - single_exp with these values

o =

o

Fit Correlator
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Preliminary I =0, S =0, A], Results

@ Second level diagonalized correlator fit
@ 323 x 256 lattice for m.,, ~ 240 MeV
@ use of single-meson operators only

# ¢ Correlator data
—  2.303565(exp(- 0.179201*)-+exp(- 0.179201*(t-256))+ 0.002717
single_exp with these values

¥ ¢ Emass of data

fit mass=0.17920+0.00952
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Scattering phase shifts from finite-volume energies

@ correlator of two-particle operator o in finite volume

- o.o 1
» CUEELD -

@ Bethe-Salpeter kernel
)= > DD
+ 3+ e

@ (C°°(P) has branch cuts where two-particle thresholds begin

@ momentum quantization in finite volume: cuts — series of poles
@ O’ poles: two-particle energy spectrum of finite volume theory
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Phase shift from finite-volume energies (con'’t)

@ finite-volume momentum sum is infinite-volume integral plus
correction F

1 + :

@ define the foIIowmg quantities: A, A’, invariant scattering

amplitude iM
@ =@ +GLw-
+ @ + o
@ = 1D+ (W)
+@¢ +on
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Phase shifts from finite-volume energies (con’t)

@ subtracted correlator Cy,(P) = C*(P) — C>(P) given by
CufP)= (@) “
+ (it (a0 (&) + .

@ ()

@ sum geometric series
Csun(P) = A F(1 —iMF)™!
@ poles of Cy,,(P) are poles of C*(P) from det(1 — iMF) =0
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Phase shifts from finite-volume energies (con’t)

work in spatial L3 volume with periodic b.c.
total momentum P = (2x/L)d, where d vector of integers
masses m; and mq of particle 1 and 2

calculate lab-frame energy E of two-particle interacting state in
lattice QCD

boost to center-of-mass frame by defining:

Em = \/EQ_P27 Y= E7

Ecm

1 1 (m? —m3)?
2 _ 2 2 2 1 2
dem — ZEcm - §(m1 + m2) + 4E3m ’
L2q? (m2 —m3)
2 cm 1 2
I O

E related to S matrix (and phase shifts) by
det[1 + FE79 (8§ —1)] = 0,

where I matrix defined next slide
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Phase shifts from finite-volume energies (con’t)

@ F' matrix in JLS basis states given by

(s,vu) Pa
FJ’m‘,/L’S’a’; JmyLSa — ?&I'G(SS’S 6&],‘]6177/']/777,‘]6[//[/

“!‘W(‘?;Zﬁ? Lmp, <J’mj/ |L’mL/ 5 Sm5> <L’I’I’LL7 SmS|JmJ>},
@ total angular mom J, J’, orbital mom L, L/, intrinsic spin S, S
@ a,a’ channel labels
@ p, = 1 distinguishable particles, p, = ; identical
u 24 " "

ngj;;:;/? Lmy, = ™y 1+1 Zl’"b(sv s UZ) /sz YL’mL/ (Q)iflm(Q)YLmL (Q)
@ Rummukainen-Gottlieb-Lischer (RGL) shifted zeta functions Z;,,,

defined next slide
e F(7% diagonal in channel space, mixes different .J, J’

@ recall S diagonal in angular momentum, but off-diagonal in
channel space
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RGL shifted zeta functions

@ compute Z;,, using

Zin(o i) = 3 DunE) o

(22 —u?)
nezs

+ogyme (2uD(u\/K) - A_l/z)

il"y ! T 1+3/2 u? Tin-8 —mw?
*W/Odt (7) e X ey (w) e

nezd
n#0

@ where
z=n—’y_1[%+('y—1) ’n-sls,
w=mn—(1-7)s2s ns, Vim (%) = %' Vi (X)
D(z) = e / “dte®  (Dawson function)

@ choose A ~ 1 for conveorgence of the summation

@ integral done Gauss-Legendre quadrature, Dawson with Rybicki
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P-wave [ = 1 7w scattering

@ for P-wave phase shift §; (E..,) for 77 I = 1 scattering

@ define  Zia(s, 7, u?)
Wim = = B2l
d A cot 01
(0,0,0) Tl—"'l_,l Re wo,0
(0,0,1) A-li_ Re wo,0 + }Re w20
E+ Re wWo,0 — Re w20
(0,1,1) Air Re wo,0 + Re wa,0 — \[Im wo 1 — %Re w2 2,
Br Re Wo,0 — Re w20 + *Re w2 2,
B;'_ Re wop,0 + \[Re we,0 + fImwg 1 — %Re w2, 2
(1,1,1) Af Re w0,0+2\/;lm w2 2
E’Jr Re Wo,0 — \/éhl’l w2 2
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Finite-volume =7 [ = 1 energies

e mr-state energies for various d>
@ dashed lines are non-interacting energies, shaded region above

inelastic thresholds

aF

aFE .

d> =1 d’> =2
E 3
x = N - e — =
kS S - =
K3 KX
s
Al‘ E‘ Al. Bl‘ BQ‘
d’ =3 d’ =4
R
s x
£
T
. KN
i E 3 =0 - Lg ks K
0] I M =
A1+ ET Al+ ET
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Pion dispersion relation

@ boost to cm frame requires aspect ratio on anisotropic lattice
@ aspect ratio £ from pion dispersion

B2 — 9 1 [ 27mag 2 9
(a: E)* = (azm) —&—5—2 T d

@ slope below equals (7/(16¢))?, where £ = ag/a;

0.03

0.025
0.020
,0.015
0.010
0.005

0.00
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I = 1 nx scattering phase shift and width of the p

@ preliminary results 323 x 256, m, ~240 MeV
@ additional collaborator: Ben Hoerz (Dublin)

o fit

25

. =0
2 —
o0 foe T+
- =3 T+ \ L
150 o =4 T ° +
° e T + + +
T>100] & A"
w A B
50| x
L
0 L d
‘ ————— Breit-Wigner g =>5.04+£0.48 m, =0.1284+£0.0010 x* /dof=2.1474 ‘
~¥os 0.10 0.12 0.14 0.16 0.18 0.20 0.22
a’tEcm
/2 9
2 243/2
tan(dy) = +A and T = 5 (my — 4m2)%/
my, — F 48mm?2
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Conclusion

goal: comprehensive survey of energy spectrum of QCD
stationary states in a finite volume

stochastic LapH method works very well

o allows evaluation of all needed quark-line diagrams
e source-sink factorization facilitates large number of operators
e last_laph software completed for evaluating correlators

analysis software sigmond urgently being developed

analysis of 20 channels I = 1, S = 0 for (243|390) and (323]240)
ensembles nearing completion

can evaluate and analyze correlator matrices of unprecedented
size 100 x 100 due to XSEDE resources

study various scattering phase shifts also planned

infinite-volume resonance parameters from finite-volume
energies — need new effective field theory techniques
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