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Theory of
interactions
of quarks

Interactions
mediated
by gluons
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•	 Decays of quarks via weak interactions 
predicted by Standard Model.

•	 Experiments measure decays of hadrons

QCD + ElectroweakKnown Elementary Particles
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Standard Model quark decays involve ele-
ments of a 3 by 3 unitary matrix, the CKM 

matrix, described by 4 parameters

11. CKM quark-mixing matrix 1

11. THE CKM QUARK-MIXING MATRIX

Revised March 2012 by A. Ceccucci (CERN), Z. Ligeti (LBNL), and Y. Sakai (KEK).

11.1. Introduction

The masses and mixings of quarks have a common origin in the Standard Model (SM).

They arise from the Yukawa interactions with the Higgs condensate,

LY = −Y
d
ij Q

I
Li φ d

I
Rj − Y

u
ij Q

I
Li ε φ

∗
u

I
Rj + h.c., (11.1)

where Y
u,d

are 3× 3 complex matrices, φ is the Higgs field, i, j are generation labels, and

ε is the 2 × 2 antisymmetric tensor. Q
I
L are left-handed quark doublets, and d

I
R and u

I
R

are right-handed down- and up-type quark singlets, respectively, in the weak-eigenstate

basis. When φ acquires a vacuum expectation value, 〈φ〉 = (0, v/

√
2), Eq. (11.1) yields

mass terms for the quarks. The physical states are obtained by diagonalizing Y
u,d

by four unitary matrices, V
u,d
L,R, as M

f
diag = V

f
L Y

f
V

f†
R (v/

√
2), f = u, d. As a result,

the charged-current W
±

interactions couple to the physical uLj and dLk quarks with

couplings given by

−g√
2

(uL, cL, tL)γ
µ

W
+
µ VCKM




dL
sL
bL



 + h.c., VCKM ≡ V
u
L V

d
L
†

=




Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb



.

(11.2)

This Cabibbo-Kobayashi-Maskawa (CKM) matrix [1,2] is a 3 × 3 unitary matrix. It

can be parameterized by three mixing angles and the CP -violating KM phase [2]. Of

the many possible conventions, a standard choice has become [3]

VCKM =




c12c13 s12c13 s13e

−iδ

−s12c23−c12s23s13e
iδ

c12c23−s12s23s13e
iδ

s23c13

s12s23−c12c23s13e
iδ −c12s23−s12c23s13e

iδ
c23c13



 , (11.3)

where sij = sin θij , cij = cos θij , and δ is the phase responsible for all CP -violating

phenomena in flavor-changing processes in the SM. The angles θij can be chosen to lie in

the first quadrant, so sij , cij ≥ 0.

It is known experimentally that s13 � s23 � s12 � 1, and it is convenient to exhibit

this hierarchy using the Wolfenstein parameterization. We define [4–6]

s12 = λ =
|Vus|√

|Vud|2 + |Vus|2
, s23 = Aλ

2
= λ

∣∣∣∣
Vcb

Vus

∣∣∣∣ ,

s13e
iδ

= V
∗
ub = Aλ

3
(ρ + iη) =

Aλ
3
(ρ̄ + iη̄)

√
1 − A

2
λ

4
√

1 − λ
2[1 − A

2
λ

4(ρ̄ + iη̄)]

. (11.4)

These relations ensure that ρ̄+ iη̄ = −(VudV
∗
ub)/(VcdV

∗
cb) is phase-convention-independent,

and the CKM matrix written in terms of λ, A, ρ̄, and η̄ is unitary to all orders in λ.

The definitions of ρ̄, η̄ reproduce all approximate results in the literature. For example,

ρ̄ = ρ(1 − λ
2
/2 + . . .) and we can write VCKM to O(λ

4
) either in terms of ρ̄, η̄ or,

traditionally,

VCKM =




1 − λ

2
/2 λ Aλ

3
(ρ − iη)

−λ 1 − λ
2
/2 Aλ

2

Aλ
3
(1 − ρ − iη) −Aλ

2
1



 + O(λ
4
) . (11.5)

J. Beringer et al.(PDG), PR D86, 010001 (2012) (http://pdg.lbl.gov)

June 18, 2012 16:19
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Major Development:  Ensembles with Physical Quark Masses

2+1 flavors, (M)DWF
RBC and UKQCD Collaborations

Large volume ensembles with physical quark masses are also being produced and used 
by the European BMW Collaboration (hex-smeared clover fermions) and the US MILC/
FNAL group (HISQ staggered fermions)
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FIG. 19. fπ (left) and fK (right) unitary data corrected to the physical strange quark mass and the continuum

and infinite-volume limits as a function of the unrenormalized physical quark mass, plotted against the

ChPTFV fit curves. Circular data points are those included in the fit and diamond points are those excluded.

The square point is our predicted continuum value. Note the 64I and 48I data lie essentially on top of each

other in this figure.
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FIG. 20. fπ (left) and fK (right) data corrected to the physical up/down and strange quark masses and

the infinite-volume as a function of the square of the lattice spacing. The curve shows the continuum

extrapolation for the Iwasaki action with the ChPTFV ansatz. Here we have not shown the 32ID data point

as it has a different gauge action.

The above values can be compared to the following results obtained using 2+1f 2HEX-smeared

Small Chiral Extrapolation

Quantity Physical Value Ens. 10 Value Deviation Ens. 11 Value Deviation
mπ/mK 0.2723 0.2790 2.4% 0.2742 0.7%

mπ/m� 0.0807 0.0830 2.8% 0.0822 1.9%

mK/m� 0.2964 0.2974 0.3% 0.2998 1.2%

•	 Input ml, ms and a bare coupling.  Find measured mass ratios are close to physical

•	 Use SU(2) chiral perturbation theory and reweighting in ms to make small corrections
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Simplest Matrix Elements:  fπ and fK
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70 80 90 100 110 120 130 140 150

2000 quench 137.0(11.0)

2007 127.0( 4.0)

2008 124.1( 7.8)

2010 124.0( 5.4)

2014 130.2( 0.9)

2015 FLAG 130.2( 1.4)

RBC/UKQCD f
:

fK
100 110 120 130 140 150 160 170

2000 quench 156.0( 8.0)

2007 157.0( 5.0)

2008 149.6( 7.3)

2010 149.0( 4.5)

2014 155.5( 0.8)

2015 FLAG 156.3( 0.9)

RBC/UKQCD fK

•	 Inputs are mπ, mK and m�

•	 Use SU(2) ChPT to extrapolate

•	 Now have ensembles with essentially 
physical quark masses (few percent) 
arXiv:1411.7017 (RBC-UKQCD)

•	 fπ and fK are predictions
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Constraining the CKM Matrix via Kl3 decays
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Figure 6. Illustration for fit E to all data for the form factor renormalised with Z⇡

V . The coefficient

A0 is assumed to agree for ensembles A and C. Note the two sets of error bands, one for ensemble

A and one for ensemble C.

Figure 7. Continuum extrapolation for results from fit E with mass cut-o↵ 600MeV. Left: Coeffi-

cients A and A0 di↵er between ensembles A and C. Right: A0 assumed to be the same for ensembles

A and C.

factors as determined from the vector current renormalised with Z⇡
V and ZK

V and from

the scalar current, respectively, we instead analyse their joint continuum limit assuming

universality: We impose that all three extrapolations have to agree in the continuum limit.

The combined extrapolation is shown in figure 7 once without and once with the assumption

of cuto↵ independence on A0. In table 6 we only show fits for which the �2/dof in the mass

interpolation was below one. The result is very stable under variation of the fit ansatz.

To underline the stability of our fit ansatz we also show the final result from fits F where

either A1 or A0 and A1 are assumed to be cut-o↵ independent. The gain in statistical error

from assuming A0 to be cut-o↵ independent carries over to the continuum limit.

– 16 –

precision further is mandatory in view of experimental progress [12]. The error budget is

typically dominated by the statistical uncertainty resulting from the Monte Carlo sampling

of the QCD path integral in lattice QCD. Until recently the largest systematic uncertainty

arose from the fact that simulations were only feasible for QCD with unphysically heavy

pions. In order to make predictions for QCD as found in nature the simulation data had

to be extrapolated using e↵ective field theory or phenomenological models. Advances in

algorithmic methods and computing technology now allow us to carry out simulations

directly at the physical pion mass, thereby removing the dominant systematic uncertainty

from the extrapolation.

In this work we present the first prediction of the form factor fK⇡
+ (0) with physical

valence and sea quark masses in the continuum limit of domain wall lattice QCD with

Nf = 2 + 1 dynamical flavours. The physics described by our simulations corresponds to

nature up to isospin breaking in the light quark masses and electromagnetic e↵ects and the

contribution arising from charm (and heavier quark) vacuum polarisation e↵ects.

We anticipate the final results presented in this paper:

fK⇡
+ (0) = 0.9685(34)(14) , |Vus| = 0.2233(5)(9) , (1.1)

for the K ! ⇡ form factor at vanishing momentum transfer and the CKM-matrix element

for u ! s flavour changing processes, respectively. The errors are statistical and systematic,

respectively.

The rest of this paper is organised as follows: In Section 2 we explain the computational

strategy for determining the form factor from Euclidean two- and three-point functions.

In sections 3 and 4 we discuss the simulation parameters and some aspects of the compu-

tational setup and the data analysis. Section 5 details how we predict the physical results

from a very small interpolation of the simulation data to the precise physical quark mass

combined with an extrapolation to the continuum limit. A discussion of residual systematic

errors follows in section 6 and our final results and conclusions are presented in section 7.

2 Strategy

In this section we define the observables from which we can determine the K ! ⇡ vector

form factor fK⇡
+ (q2), where q = pK − p⇡ is the momentum transfer between the kaon and

pion. The form factor is defined in terms of the QCD matrix element

h⇡(p⇡)|Vµ|K(pK)i = fK⇡
+ (q2)(pK + p⇡)µ + fK⇡

� (q2)(pK − p⇡)µ , (2.1)

of the flavour changing vector current Vµ = ZV ūγµs, where u and s are up- and strange-

quark fields and ZV is the vector current renormalisation constant. As first noted in [13] in

the context of charm semileptonic decays an alternative way to determine the form factor

is to consider the matrix element of the flavour changing scalar current S = ūs. From the

vector Ward-Takahashi identity we derive

h⇡(p⇡)|S|K(pK)i|q2=0 = fK⇡
0 (0)

m2
K −m2

⇡

ms −mu
, (2.2)

– 2 –

Small interpolation to the physical point (arXiv:1504.01692 RBC/UKQCD)

value of ∆M2 corresponding to the physical point [32]. This still leaves a systematic un-

certainty due to the sea-quark isospin breaking which is difficult to quantify in our setup.

We expect however that these e↵ects are small compared to the other components of our

error budget. Techniques to include such e↵ects in future calculations are being devel-

oped [37–40].

These considerations lead to our final result:

fK⇡
+ (0) = 0.9685(34)stat(14)finite volume . (6.1)

Using |Vus|fK⇡
+ (0) = 0.2163(5), as determined in [3] from experiment in a phenomenological

analysis, we also predict

|Vus| = 0.2233(5)experiment(9)lattice , (6.2)

where the errors are from experiment and from the lattice computation, respectively. With

further input for |Vud| = 0.97425(22) from super-allowed nuclear β-decay the unitarity test

for the first row of the CKM matrix yields

1− |Vud|2 − |Vus|2 = 0.0010(4)Vud
(2)V exp

us
(4)V lat

us
= 0.0010(6) , (6.3)

where we have neglected the contribution from |Vub| ⇡ 10�3.

7 Discussion and conclusions

Simulations of lattice QCD are now feasible with physical light quark masses. This

step change in simulation quality leads to the reduction if not removal of the often dominant

systematic uncertainty due to the chiral extrapolation. In this paper we have demonstrated

how this can be achieved in practice in the case of the K ! ⇡ form factor at vanishing

momentum transfer. This is a phenomenologically important quantity allowing for unitar-

ity tests of the CKM matrix and therefore for stringent constraints of beyond SM physics.

Lattice QCD is the only first principles computational tool that can predict this form fac-

tor. An important strategic decision that has been made is in which way to make use of

our previous results for unphysically heavy light quark masses. We have chosen an inter-

mediate path, i.e. we have used the information from the heavier ensembles to correct for

a small mistuning in the average up- and down-quark mass and the strange quark mass

to the physical point. Our choice of fit ansatz and fit range gives the result at the physi-

cal point the heaviest weight and uses earlier simulation results with heavier pion masses

merely for guiding small corrections towards the physical point. In this way any model

dependence in the fit ansatz is reduced to a minimum. We note that by restricting the

set of ensembles entering the fit less (i.e. including ensembles with heavier pion mass) the

statistical error on our final result could have been reduced by around 30%. This would

however have come at the cost of an increased model dependence which we find difficult to

quantify. The remaining dominant systematic is due to finite volume e↵ects for which we

provide an estimate based on e↵ective theory arguments.

– 18 –
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K -> ππ  Decays and CP Violation

+

d

ū

π
−

u

d̄

π
+

d̄

u

π
+

ūu + d̄d

π
0

d

ū

π
−

s

d̄

s̄

d

KL = p K
0

+ q K̄
0

p ≈ q

Γi/Γ = (2.056 ± 0.033) × 10
−3

C. Connecting Experiment and Theory

The previous two subsections have given the ∆S =1 and ∆S =2 effective Hamiltonians
in the notation we will use in this paper. To further establish our notation and conventions,
we now collect the relevant formulae to connect these Hamiltonians with the experimentally
measured quantities. For a more comprehensive review, the reader is referred to [42,43].

Considering only the strong Hamiltonian, a neutral kaon, the K0, containing an anti-

strange and down quark and its anti-particle, the K
0
, containing an anti-down and strange

quark are energy eigenstates. We adopt the conventional definitions of parity, P and charge

conjugation, C, for quark fields in the Standard Model, giving CP |K0⟩ = −|K0⟩. While
charge conjugation and parity are valid symmetries of the strong interactions, they are
violated by the weak interactions. Allowing for the weak interactions to also violate CP ,
for the neutral kaons seen in nature one writes

|KS⟩ = p|K0⟩ − q|K0⟩ (29)

|KL⟩ = p|K0⟩ + q|K0⟩ (30)

with p2 + q2 = 1. CP is not a valid symmetry if the resulting physical states have p ̸= q.
Provided CP violating effects are small, KS, being predominantly CP even, has a much
shorter lifetime than KL, since KS decay to two pions, where more phase space is available,
conserves CP .

The quantities measured experimentally to determine CP violation are

η+− = |η+−|eiφ+−=
A(KL → π+π−)

A(KS → π+π−)
(31)

η00 = |η00|eiφ00 =
A(KL → π0π0)

A(KS → π0π0)
(32)

The current values for these quantities are [34] |η+−| ≈ |η00| = 2.28 × 10−3 and |φ+−| ≈
|φ00| = 440.

It is important to distinguish between CP violation due to mixing, also known as indirect
CP violation, and CP violation in decays, also referred to as direct CP violation. CP

violation due to mixing refers to KL ↔ KS transitions (or alternately K0 ↔ K
0
) and if all

CP violation came from this source, one would find η+− = η00. The initial states would
mix and the decay processes would preserve CP . Allowing for CP violation in decays, one
defines

η+− = ϵ + ϵ′, η00 = ϵ − 2ϵ′ (33)

and a non-zero value for ϵ′ signals CP violation in decays. The current value for ϵ is
(2.271 ± 0.017) × 10−3 and for ϵ′/ϵ is (2.1 ± 0.5) × 10−3 [34].

To relate the experimental quantities to the theoretical matrix elements calculated here,
it is conventional to define the isospin amplitudes by

A
(
K0 → ππ(I)

)
= AIe

iδI (34)

A
(
K

0 → ππ(I)
)

= −A∗
Ie

iδI (35)

13

CP ≈ −1

CP = 1 
CP violating

KL = p K
0

+ q K̄
0K0
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CP Violation in Mixing
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RBC/UKQCD BK
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arXiv:1411.7017 RBC-UKQCD
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Kaon Decays Via Exchange
CP Conserving

Kaon Decays Via "Penguin" Diagrams
Give Indirect CP violation

Described by effective weak Hamiltonian:  

Standard model prediction for direct CP violation in K → ππ decay

Z. Bai,1 P.A. Boyle,2 T. Blum,3 N.H. Christ,1 C. Jung,4

C. Kelly,5 C. Lehner,4 C.T. Sachrajda,6 A. Soni,4 and D. Zhang1

(RBC and UKQCD Collaborations)
1Physics Department, Columbia University, New York, NY 10027, USA

2SUPA, School of Physics, The University of Edinburgh, Edinburgh EH9 3JZ, UK
3Physics Department, University of Connecticut, Storrs, CT 06269-3046, USA
4Physics Department, Brookhaven National Laboratory,Upton, NY 11973, USA

5RIKEN-BNL Research Center, Brookhaven National Laboratory, Upton, NY 11973, USA
6School of Physics and Astronomy, University of Southampton, Southampton SO17 1BJ, UK

(Dated: April 7, 2015)

We report the first calculation of the complex kaon decay amplitude A0 using lattice QCD with
physical kinematics, at a single lattice spacing. This calculation is performed on a 323 × 64 lattice
with an inverse lattice spacing of 1/a = 1.37 GeV and a sample of 172 gauge configurations. We find
Re(A0) = 3.5(1.0)(0.57) × 10−7 and Im(A0) = −4.1(1.2)(0.50) × 10−11 in units of GeV, where the
first error is statistical and the second systematic. The first value is in approximate agreement with
the experimental result: Re(A0) = 3.3201(18)× 10−7 while the second can be used to compute the
direct CP violating ratio Re(ε′/ε) = 1.08(51)(15)× 10−3, which is consistent with the experimental
value 1.66(23)×10−3. The real part of A0 is CP conserving and serves as a test of our method while
the result for Re(ε′/ε) provides a new, sensitive test of the standard model theory of CP violation.

PACS numbers: 12.38.Gc 11.30.Er 12.15.Hh 13.20.Eb

The violation of CP symmetry was discovered as a sub-
percent admixture of the CP-even combination ofK0 and
K0 mesons in a nominally CP-odd decay eigenstate [1].
In the standard model this mixing is caused by a single
CP-violating phase which can only be introduced if there
are three generations of quarks in Nature [2]. This CP-
violating mixing is the indirect effect of virtual top quarks
and described by the parameter ε whose magnitude is de-
termined from experiment to be 2.228(0.011)×10−3. The
parameter ε can be computed in the standard model us-
ing a combination of electro-weak and QCD perturbation
theory [3] and lattice QCD [4] from the value of this CP
violating phase which can be measured directly in the
decay of bottom mesons.

More difficult to measure and much more challenging
to compute theoretically is the direct violation of CP
in K decay, described by the parameter ε′ and result-
ing from a CP violating difference between the phases of
the decay amplitudes A0 and A2, which describe kaon
decay into a two-pion state with isotopic spin 0 and 2
respectively. This direct CP violation is three orders
of magnitude smaller than that caused by mixing, with
Re(ε′/ε) = 1.66(0.23) × 10−3 [5–7]. Because of its small
size this direct violation of CP is especially sensitive to
phenomena beyond the standard model, phenomena that
are believed to be required to explain the current excess
of matter over anti-matter in the universe.

The standard model determination of direct CP vio-
lation involves massive W bosons and top quarks which
enter at an energy scale far above those accessible to
lattice QCD. However, the consequences of these high-
energy interactions can be accurately captured by a low

energy effective Lagrangian with Wilson coefficients (yi
and zi below) which have been computed to next-leading-
order in QCD and electro-weak perturbation theory [3]:

HW =
G√
2
V ∗
usVud

10∑

i=1

[
zi(µ) + τyi(µ)

]
Qi(µ). (1)

Here GF = 1.166× 10−5 (GeV)−2 is the Fermi constant,
Vq′q is the Cabibbo-Kobayashi-Maskawa matrix element
connecting the quarks q′ and q and τ = −V ∗

tsVtd/V
∗
usVud.

The ten operators Qi are combinations of seven, inde-
pendent four-quark operators, defined in Ref. [8]. These
operators require renormalization and µ specifies their
renormalization scale. The task that remains is to com-
pute the matrix element of these ten operators between
an initial kaon and final ππ state with I = 0 or 2. While
this has been an active area for theoretical work over the
past thirty years, no reliable analytic method to compute
these matrix elements has emerged [9, 10]. However, this
task is well-suited to lattice QCD.

Over the past five years, the calculation of the I = 2
decay has become accessible to lattice methods [11, 12]
and physical, continuum-limit results for A2 are available
with 10% errors [13]. However, calculating the I = 0
amplitude A0 faces substantial new difficulties. We now
describe the methods that were used to overcome them.

COMPUTATIONAL METHOD

The K → ππ matrix elements of the ten operators Qi

are determined from the Euclidean Green’s functions

Ci
K,ππ(tK , tQ, tππ) =

〈
0|Jππ(tππ)Qi(tQ)JK(tK)|0

〉
(2)

s̄

d

K0



11

K -> (ππ)I=2 Amplitudes

•	 Need moving pions and correct kinematics. 
Use tuned lattice volume and antiperiodic 
spatial boundary conditions for one quark.

•	 Only connected diagrams enter

•	 Finite volume matrix element corrected by 
Lelloch-Luscher factor to get infinite 
volume amplitude.

•	 Re(A2) from experiment is (1.4787 ± 0.0031) � 10-8 GeV.  Im(A2) is unknown.

•	 First result for a single lattice spacing (PRL 108 (2012) 141601 RBC-UKQCD) 

		  Re(A2) = ( 1.3861 ± 0.046stat ± 0.258sys )� 10-8 GeV

		  Im(A2) = ( -6.54 ± 0.46stat ± 1.20sys ) � 10-13 GeV

•	 Now have finished ensemble 10 and 11 calculations, with smaller statistical errors and 
an extrapolation to the continuum limit (PRD91 (2015) 7, 0704502 RBC-UKQCD) 

		  Re(A2) = ( 1.50 ± 0.04stat ± 0.14sys ) � 10-8 GeV

		  Im(A2) = ( -6.99 ± 0.20stat ± 0.84sys ) � 10-13 GeV

u

ū

π0

u

ū

π0

s̄

d

K0
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K -> (ππ)I=0 Amplitudes

Calculating the two-pion decay and mixing of neutral K mesons Norman Christ

ReA2 ImA2
lattice artifacts 15% 15%
finite-volume corrections 6.0% 6.5%
partial quenching 3.5% 1.7%
renormalization 1.8% 5.6%
unphysical kinematics 0.4% 0.8%
derivative of the phase shift 0.97% 0.97%
Wilson coefficients 6.6% 6.6%
Total 18% 19%

Table 1: Estimates of the major systematic errors in this calculation of ReA2 and ImA2.

Figure 3: The topologies distinguishing the four types of diagram contributing to the I = 0 amplitude A0

2.2 K → ππ decay with ∆I = 1/2

The calculation of the ∆I = 1/2 amplitude A0 describing kaon decay into the I = 0, π−π state
is much more difficult than that for A2. A total of 50 different contractions contribute which can
be organized into the four types shown in Fig. 3. The greatest difficulty is cause by disconnected
diagrams shown as type 4. Such diagrams lead to a signal-to-noise ratio which decreases expo-
nentially with increasing time separation and imply that both sea and valence quarks enter in the
physical propagating states. This requires that if boundary conditions are used to remove unwanted
zero relative momentum π−π states, these conditions must be imposed both when computing the
valance propagators and when generating the gauge ensembles. A further difficult comes from the
quadratically divergent quark loops found in diagrams of type 3 and type 4. While these terms do
not contribute to on-shell matrix elements, they can enhance off-shell, excited state contributions
by factors of 10-20 and some partial subtraction must be carried out if the usual large-time methods
are to be able to successfully remove the resulting excited state contamination.
However, while severe, these difficulties may be more easily overcome for a quantity such as

A0 which involves light pions with their positive definite propagators and a kaon, which has half the
mass of the much more difficult nucleon. Here we will summarize recent results for A0 obtained
with unphysical, threshold kinematics and relatively heavy pions which appear in Ref. [20] and
in the Ph.D. thesis of Q. Liu [21]. The former were obtained from 800 configurations using 2+1
flavors, 1/a = 1.73 GeV and an 163 × 32 lattice volume. In contrast to the calculations of A2
described earlier in which the two-pion was fixed on a single time slice, the correlation functions
used in the calculation of A0 were computed for each of the possible 32 time slices. With these large

7

u

ū

π0

s̄

d

u

ū

π0

s̄

d

u

ū

π0

π0

d̄

d

•	 Disconnected quark diagrams enter - noisy

•	 Need more than antiperiodic boundary 
conditions on one quark to ensure the have 
relative momenta:  G parity boundary 
conditions used

•	 Need to generate G parity ensembles, 
since see and valence sectors require same 
boundary conditions.

•	 G parity evolution by Chris Kelly.  Operator 
code by Daiqian Zhang.

K0

K0
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3

limited volume does not distort the final result. Such
finite-volume corrections take two forms. The first are
errors which fall exponentially with the lattice size and
result from “squeezing” the physical states. Such errors
are expected at the percent level if Lmπ ≥ 4. In our case,
Lmπ = 3.2 so errors ≤ 5% may result.
The second are effects falling as a power of L, similar

to the discretization of the energy that we are exploiting.
Here we apply a correction [27] which removes the lead-
ing 1/L3 error but depends on the I = 0 ππ phase shift
δ0, determined from our calculated ππ energy [28, 29].
This approach requires our final ππ state to be an “s-
wave” combination of the eight approximate single-pion
momenta (±1,±1,±1)π/L. Ensuring this s-wave sym-
metry requires care when constructing pion interpolating
operators to minimize cubic-symmetry violations at the
quark level introduced by G-parity boundary conditions.

Essential to this calculation is the ability to define the
seven independent, four-quark, lattice operators which
correspond to those in the continuum Eq. (1). This
is accomplished by using domain wall fermions (DWF).
The chiral symmetry of DWF ensures that the pattern
of operator mixing is the same as that in the contin-
uum and we can follow well-established procedures [8, 30]
to relate our operators to the continuum operators in
Eq. (1). Specifically we apply the Rome-Southampton
method at µ = 1.52 GeV, to introduce RI/SMOM nor-
malization [30]. We then step-scale to µ = 3 GeV and use
continuum QCD perturbation theory [31] to connect with
the MS normalization used for the Wilson coefficients [3].

ANALYSIS AND RESULTS

The K → ππ matrix elements of the operators Qi can
be determiend from the time dependence of the three-
point functions defined in Eq. (2)

⟨Jππ(tππ)Qi(tQ)JK(tK)⟩ = e−Eππ(tππ−tQ)e−MK(tQ−tK)

×⟨0|Jππ(0)|ππ⟩⟨ππ|Qi(0)|K⟩⟨K|JK(0)|0⟩+ · · · . (3)

The ellipses represent contributions from the vacuum fi-
nal state or excited kaon or ππ states. For the “split-
pion” operator Jππ(tππ), tππ is the time closest to tQ.
The operator normalization factors ⟨0|Jππ(0)|ππ⟩ and

⟨K|JK(0)|0⟩ in Eq. (3), as well as the energies MK and
Eππ can be determined from the two-point functions:

⟨0|J†
X(ta)JX(tb)|0⟩ = e−EX(ta−tb)

∣∣⟨0|JX(0)|X⟩
∣∣2 (4)

where X = ππ or K. For X = ππ the contribution of
the vacuum intermediate state to the left hand side must
be subtracted. Figure 2 shows the effective energy of the
kaon and two-pion states as obtained from these two-
point Green’s functions. A clear plateau is visible for
both states for t ≥ 4, to ≈ 3% precision, substantially
smaller than the ≈ 20% accuracy that we will obtain

below for the decay matrix elements. Fits to these two-
point functions for 4 ≤ t ≤ 32 give MK = 485.07(24) and
Eππ = 528(33). For the I = 2 state EI=2

ππ = 565.7(1.0).

0.3
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FIG. 2. Effective energies of the kaon (squares) and two-pion
(crosses) states deduced from the corresponding two-point
functions by equating the results from two time separations
to the function A coshEeff(T/2− t) where T = 64 is the tem-
poral lattice size, plotted as a function of the smallest of those
two separations. (We replace T by T − 8 for the ππ case.)

An important aspect of type 3 and 4 diagrams is the
quadratic divergence present in the quark loop. This con-
tribution is the same as that from the operator dγ5s with
a divergent coefficient ∼ (ms −ml)/a

2. Since the opera-
tor dγ5s is the divergence of an axial current, its matrix
element will vanish if evaluated between initial and final
states with equal four-momentum and it will not con-
tribute to a physical process such as K → ππ. However,
for energy non-conserving kinematics, this term may be
20× larger than the other physical terms and, even for
an approximately energy conserving amplitude, it will
contribute both noise and an enhanced systematic error.
We determine the approximate size of such an unphysical
piece from the ratio ri = ⟨0|Qi(tQ)|K⟩/⟨0|dγ5s(tQ)|K⟩
and then subtract, time slice by time slice, the opera-
tor ridγ

5s(tQ). This dramatically reduces the noise for
the operators Qi with i = 2, 4, 6 and 8 and reduces a
potentially large systematic error.

The largest contributions to the real and imaginary
parts of the amplitude A0 come from the operators Q2

and Q6, respectively. Figure 3 shows the three-point
functions for these operators as a function of the time
separation between the operator Qi and the two-pion in-
terpolating operator Jππ. Because the vacuum state may
appear between Qi and Jππ, the relative size of the sta-
tistical noise in the vacuum-subtracted matrix element
increases rapidly as tππ − tQ increases. In Fig. 3 we have
combined the data (by taking an error-weighted aver-
age) from each three-point function in which the Qi-ππ
time separation is fixed and the K-Qi separation is 4 or

K -> (ππ)I=0 Amplitudes

4

more. Reasonable evidence for a plateau is seen when
tQi − tππ ≥ 4.
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FIG. 3. The three point functions containing the operators
Q2 (top) and Q6 (bottom) plotted as a function of the time
difference, tππ − tQ, between the time at which the operator
acts and the two final-state pions are absorbed. Only data
with a K −Oi separation of 4 more more are plotted to sup-
press possible contributions from an initial excited kaon. The
horizontal lines show the central value and errors that are ob-
tained from a fit to the 35 data points with tQi − tK ≥ 4 and
tππ − tQi ≥ 4. Their slope results from the small difference
between MK and Eππ.

Values for the ten lattice matrix elements
{M lat

i }1≤i≤10 are obtained by fitting the corresponding
three-point functions to the time dependence given in
eq. (3). We use time separations for which tQ − tK ≥ 4
and tππ− tQ ≥ 4. In total we fit 35 separate time separa-
tions since results were obtained only for tππ − tK ≤ 18.
Each of these 35 data values is an average over 64 sets
of measurements obtained with the kaon source located
on each of the 64 time slices. The resulting values from
various combinations of the different types of diagrams
are shown in Tab. ??. The type 1 and 2 diagrams
give the most accurate result and consequently were
computed on only 1/4 of the available time slices. The

type 3, “eye diagrams” are also determined with good
precision and have an important effect, especially on
the critical matrix element of Q6. We resolve the type
4 diagrams poorly with their inclusion substantially
increasing the error but producing no significant shift in
the central values.

i Re(A0)(GeV) Im(A0)(GeV)

1 9.5(2.8)e-08 0
2 2.45(0.97)e-07 0
3 −2.7(1.5)e-10 2.9(1.6)e-12
4 −1.20(0.57)e-09 9.4(4.4)e-12
5 −1.25(0.26)e-09 1.91(0.40)e-12
6 5.7(1.2)e-09 −5.1(1.0)e-11
7 2.87(0.59)e-11 5.0(1.0)e-14
8 −1.488(0.056)e-10 −2.000(0.075)e-12
9 −5.8(2.3)e-12 −1.83(0.72)e-12
10 6.0(3.4)e-12 −3.7(2.1)e-13
Tot 3.4(1.0)e-07 −4.1(1.2)e-11

TABLE I. A0 results, bin size = 2. Averaged over K − π
separation of 10, 12, and 14. Using 172 configurations with

m
(0)
K .

Finally these lattice matrix elements can be combined
with the renormalization factors, the Wilson coefficients
and the Lellouch-Lüscher finite volume correction to ob-
tain their contributions to A0 as listed in table I. Adding
these individual contributions together gives our final re-
sult:

Re(A0) = 3.78(1.13)(0.57)× 10−7 GeV (5)

Im(A0) = −3.30(1.17)(0.50)× 10−11 GeV (6)

where the first error is statistical and the second (dis-
cussed below) is systematic. These can also be combined
to determine the measured indicator of direct CP viola-
tion, Re(ε′/ε):

Re

(
ε′

ε

)
=

iωeδ2−δ0

√
2ε

[
ImA2

ReA2
− ImA0

ReA0

]
(7)

= 1.00(43)(25)× 10−3. (8)

This result for Re(ε′/ε) is obtained from Eq. (7) by sub-
stituting our new, standard-model result for Im(A0), our
earlier value for Im(A2) [13] and the experimental values
for Re(A0), Re(A2), their ratio ω, the experimental value
for ε and the I = 2-I = 0 phase shift difference δ2 − δ0.

The dominant systematic error in our results for
Re(A0) and Im(A0) arises from the effects of our dis-
crete lattice. Quantities with energy-dimension one,
computed on a similar ensemble show O(a2) errors at
or below the 5% level [4]. For dimension-3 quantities,
such as these matrix elements we estimate these effects as
3× 5% = 15%. A similar estimate [11], made for Re(A2)
and Im(A2) when computed on a similar ensemble, was
later found to be conservative [13]. As described above,
our calculation includes all diagrams and all the weak

•	 Have to match K and ππ energies

•	 Q2 is most important matrix element for 
Re(A0) and Q6 for Im(A0)

•	 Plateaus visible, but more data planned

•	 Results from ~200 measurements 
expected very soon!
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more. Reasonable evidence for a plateau is seen when
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difference, tππ − tQ, between the time at which the operator
acts and the two final-state pions are absorbed. Only data
with a K −Oi separation of 4 more more are plotted to sup-
press possible contributions from an initial excited kaon. The
horizontal lines show the central value and errors that are ob-
tained from a fit to the 35 data points with tQi − tK ≥ 4 and
tππ − tQi ≥ 4. Their slope results from the small difference
between MK and Eππ.

Values for the ten lattice matrix elements
{M lat

i }1≤i≤10 are obtained by fitting the corresponding
three-point functions to the time dependence given in
eq. (3). We use time separations for which tQ − tK ≥ 4
and tππ− tQ ≥ 4. In total we fit 35 separate time separa-
tions since results were obtained only for tππ − tK ≤ 18.
Each of these 35 data values is an average over 64 sets
of measurements obtained with the kaon source located
on each of the 64 time slices. The resulting values from
various combinations of the different types of diagrams
are shown in Tab. ??. The type 1 and 2 diagrams
give the most accurate result and consequently were
computed on only 1/4 of the available time slices. The

type 3, “eye diagrams” are also determined with good
precision and have an important effect, especially on
the critical matrix element of Q6. We resolve the type
4 diagrams poorly with their inclusion substantially
increasing the error but producing no significant shift in
the central values.

i Re(A0)(GeV) Im(A0)(GeV)

1 9.5(2.8)e-08 0
2 2.45(0.97)e-07 0
3 −2.7(1.5)e-10 2.9(1.6)e-12
4 −1.20(0.57)e-09 9.4(4.4)e-12
5 −1.25(0.26)e-09 1.91(0.40)e-12
6 5.7(1.2)e-09 −5.1(1.0)e-11
7 2.87(0.59)e-11 5.0(1.0)e-14
8 −1.488(0.056)e-10 −2.000(0.075)e-12
9 −5.8(2.3)e-12 −1.83(0.72)e-12
10 6.0(3.4)e-12 −3.7(2.1)e-13
Tot 3.4(1.0)e-07 −4.1(1.2)e-11

TABLE I. A0 results, bin size = 2. Averaged over K − π
separation of 10, 12, and 14. Using 172 configurations with

m
(0)
K .

Finally these lattice matrix elements can be combined
with the renormalization factors, the Wilson coefficients
and the Lellouch-Lüscher finite volume correction to ob-
tain their contributions to A0 as listed in table I. Adding
these individual contributions together gives our final re-
sult:

Re(A0) = 3.78(1.13)(0.57)× 10−7 GeV (5)

Im(A0) = −3.30(1.17)(0.50)× 10−11 GeV (6)

where the first error is statistical and the second (dis-
cussed below) is systematic. These can also be combined
to determine the measured indicator of direct CP viola-
tion, Re(ε′/ε):

Re

(
ε′

ε

)
=

iωeδ2−δ0

√
2ε

[
ImA2

ReA2
− ImA0

ReA0

]
(7)

= 1.00(43)(25)× 10−3. (8)

This result for Re(ε′/ε) is obtained from Eq. (7) by sub-
stituting our new, standard-model result for Im(A0), our
earlier value for Im(A2) [13] and the experimental values
for Re(A0), Re(A2), their ratio ω, the experimental value
for ε and the I = 2-I = 0 phase shift difference δ2 − δ0.

The dominant systematic error in our results for
Re(A0) and Im(A0) arises from the effects of our dis-
crete lattice. Quantities with energy-dimension one,
computed on a similar ensemble show O(a2) errors at
or below the 5% level [4]. For dimension-3 quantities,
such as these matrix elements we estimate these effects as
3× 5% = 15%. A similar estimate [11], made for Re(A2)
and Im(A2) when computed on a similar ensemble, was
later found to be conservative [13]. As described above,
our calculation includes all diagrams and all the weak
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Generic Process Examples Experiment LQCD calculates

Kl2
K+ → µ+νµ 
K+ → e+νe

fK ( )f falsoK r

Kl3 K+ → π0 l+ νl 
K0 → π− l+ νl

|Vusf
+(0)|2 f+(0)

Kl4 K → π π l ν̄l ??

K → ππ
(CP conserving)

K0 → π+ π− 
K+ → π+ π0

|A0| 
|A2|

|A0|  |A2| 
(SMcpc inputs)

∆mK 
(CP conserving)

K0 ↔ π π ↔ K
0
 (LD) 

K0 ↔ O∆S=2 ↔ K
0
 (SD)

∆mK
∆mK 

(SMcpc inputs)

K0 → π π 
(indirect CP violation)

KL → π π�
K0 ↔ K

0
�
→ π π

 
independent of π π isospin

� =
B̂KF 2

K SM

∆mK ,
Re
Im

B
A
A

K
0

0

^
^
h
h

K0 → π π 
(direct CP violation)

KL → π π 
depends on π π isospin

Re(��/�) 
= f(A0, A2, SM)

A0  A2 
(SMcpc inputs)

K ll"r K l lL
0" r + -

K l lS
0" r + - ??

SMcpc = Standard Model CP-conserving parameters
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Computers

Columbia/RBRC
QCDSP 1998-2005
0.050 GFlops/node

Columbia/RBRC/
UKQCD
QCDOC 2005-2011
0.8 GFlops/node

IBM BGL 2005-2013
2.8 GFlops/node

IBM BGP 2007-
13.6 GFlops/node

IBM BGQ 2012-
200 GFlops/node

RBC/UKQCD have production jobs on the Argonne ALCF BGQ that sustain 1 PFlops on 
32 racks = 32k nodes = 0.5 M cores.

This performance comes from very carefully tuned assembly code on BGQ, produced by 
Peter Boyle (University of Edinburgh), using his BAGEL code generator

~ 4,000× speed-up per node in 15 years, for QCD
~ 700× speed-up in Flops/$ in 15 years (no inflation) 
~ 1,000x speed-up in Flops/(inflation adjusted $)
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Quantum Chromodynamics

•	 Like QED, but with SU(3) local gauge symmetry 

Z =

∫
[dA]

3∏

i=1

det

[
D(A, g0, m

i

0)
]

exp

{
−

i

4
(∂µAν − ∂νAµ + g0f

abc
A

b

µ
A

c

ν
)
2

}

D(A, g0, m
i

0) ≡ iγ
µ
(∂µ − igA

a

µ
t
a
/2) − m

i

0

•	 Good approximation:  Only include three (or four) light quarks in path integral

•	 Gluon self-interaction yields a very non-linear system.

•	 Chiral symmetry of system broken by vacuum state

•	 Quarks bound in hadrons

start trajectory 1
start

start trajectory 2

gluon 
phase 
space
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Algorithms for Gauge Field Production
•	 Producing gauge fields:

*	 Use classical molecular dynamics to move through gauge field space

*	 Quark loops give back reaction on gauge fields by solving Dirac equation

*	 Hasenbusch mass preconditioning allows tuning back reaction  
 

      
det
det

det
det

det det
D m
D m

D m
D m

D m D m

,

n

m m
m m

1 2

1

For gives
small force but
expensive to calculate

and less
expensive to calculate

Control force size from1

1 2

# g=

c

^ ^
^

^
^ ^h h

h
h
h h6 6

6
6
6 6@ @

@
@
@ @

1 2 3444 444 1 2 3444 444
 

 
 

*	 RBC/UKQCD uses 7 levels of intermediate masses

*	 Integrate different d.o.f on different time scales (Sexton-Weingarten integrators)

*	 Use higher order integrators, currently RBC/UKQCD use force gradient, O(dt4)

•	 These are giving 10-100× speed-up over a decade ago.

*	 Hard to be completely quantitative here, since without these algorithmic 
speed-ups, we could not even try current simulations
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Algorithms for Measurements

118 CHAPTER 6. KL3 CALCULATION ON THE LATTICE

usually the vector ρ meson,

ZV =
〈Vµ(x) · q(0)γµq(0)〉
〈Vµ(x) · q(0)γµq(0)〉

. (6.34)

The signal to noise ratio of this quantity decays rapidly as the vector current moves away

from the ρ source, since ρ is heavy on the lattice.

A better but more expensive method to compute the vector current renormalization

factor involves using the zero momentum π −→ π matrix element

∑

x

〈π(tπ)Vµ(x, t)π(0)〉 =
|Zπ|2

2mπ

1

ZV

, 0 < t < tπ. (6.35)

Where both the initial and final pions are static on the lattice. We use wall source propagators

to generate both the initial and final pions. The setup is shown in the right panel of figure

6.1. The apparent advantage is that this matrix element maintains good signal to noise ratio

even when the 2 pions are separated far away. This is because a zero momentum pion is

the lightest particle on the lattice, consequently the signal to noise ratio does not degrade

when the separation between the 2 pions becomes larger. This correlation function is more

expensive to calculate, requiring light quark propagators computed at both t = 0 and t = tπ.

However, due to the vastly better signal to noise ratio, it is the preferred method we use

in the Kl3 calculation on the 483 × 96 (5.5fm, 140MeV) and 643 × 128 (5.5fm, 140MeV)

ensembles.

K π

pπ(twisted)s
γµ

π π

γµ

Figure 6.1: Left: Kl3 matrix element with twisted pion. Right: Computing the vector
current renormalization factor ZV using the π to π matrix element.

128 CHAPTER 7. SIMULATION RESULTS
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Figure 7.4: Kl3 contraction 〈π−(T + τ) | s(t+ τ)γ3,0u(t+ τ) |K0(τ)〉. Averaged over 64
possible τ values. Top left: operator sγ3u with twisted pion. Top right: operator sγ3u
with twisted kaon. Bottom left: operator sγ0u with twisted pion. Bottom right: operator
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T t tK= - r

•	 Time translated the n-point function, on a fixed background gauge field, are 
sufficiently decorrelated (independent enough) to make them worth calculating

•	 This means many solutions of the Dirac equation D[Uμ]„ = s for fixed Uμ

•	 Calculating eigenvectors of D[Uμ] with small eigenvalues (low-modes) speeds up 
subsequent solves.  Can be done with EigCG or Lanczos algorithms

•	 Alternatives for Wilson fermions are domain decomposition and multigrid, giving 
similar speed-up with smaller memory requirements.

•	 Further improvement from all-mode-averaging of Blum, Izubuchi and Shintani 

*	 Separates measurements into expensive parts, with small statistical errors after a 
few measurements, and inexpensive parts, where many measurements are needed.
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Measurement Times
•	 RBC/UKQCD has measurements of , , , , , ( ),f f B m m f K0K ud s K I 2" rrr rJ

+
=^ h  all in a single 

executable, using EigCG deflation and all mode averaging,

•	 In production on ensemble 10, using RBRC/BNL and Edinburgh BGQ's. 
In production on ensemble 11 on Mira at the ALCF

•	 Ensemble 10 runs on 1 rack, ensemble 11 on 32 racks. 
Number of EigCG low modes is 600 for ensemble 10, 1500 for ensemble 11  
 

Ensemble 10 Ensemble 11

EigCG setup time 29.5 66
Exact light quark time 18.7 13
Sloppy light quark time 64 55
Exact strange quark time 8 17
Contraction time 3 16
Total time 123 167

Total time on partition 5.2 days 5.3 hrs

•	 With more deflation, the ensemble 11 calculation is only 1.3× ensemble 10
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Improvement from All Mode Averaging
•	 For ( )f 0Kr

+  RBC/UKQCD statistical errors are 5× smaller with AMA than exact only. 
With 26 configurations, have 0.5% statistical error for ( )f 0Kr

+  

10 483 ∗ 96, β = 2.13 DWF+I lattice

mπ mK fπ fK fK/fπ ZA mΩ

AMA 0.08056(17) 0.28845(25) 0.07594(16) 0.09047(12) 1.1914(21) 0.71184(13) -
Exact 0.08064(21) 0.28889(38) 0.07622(28) 0.09052(42) 1.1876(57) 0.71278(63) 0.9649(50)

Table 5: mπ, mK , fK , fπ and ZA measurement from 26 configurations. mΩ measurement from 18 configu-
rations. Data points 10 slices away from the sources are used. For mΩ data points 13 slices away from the
sources are used.

K − π sep AMA? f+
Kπ(0) f−

Kπ(0) ZV

20:24 AMA 0.9672(45) -0.1327(123) 0.7123(13)
20:28 AMA 0.9602(52) -0.1254(97) 0.7089(17)
20:32 AMA 0.9639(49) -0.1318(96) 0.7093(16)
24:28 AMA 0.9598(59) -0.1230(112) 0.7087(18)
24:32 AMA 0.9646(52) -0.1322(106) 0.7092(17)
20:24 exact 1.0018(253) -0.1206(320) 0.7315(150)
20:28 exact 0.9552(227) -0.0850(205) 0.7016(157)
20:32 exact 0.9537(246) -0.1004(215) 0.6971(162)

mres 0.0006148(59)

Table 6: Fitting Results from 26 configurations. The results are obtained from simultaneous fit of K −→ π
and π −→ K contractions. Data points that are at least 10 slices away from the sources are used.

K −K sep AMA? BK

20:4:24 AMA 0.5836(11)
20:4:28 AMA 0.5844(12)
20:4:32 AMA 0.5839(12)
20:4:24 exact 0.5712(109)
20:4:28 exact 0.5870(110)
20:4:32 exact 0.5845(116)

Table 7: BK fitting results from 25 (AMA)/ 26 (exact) configurations. Data points that are at least 10 slices
away from the sources are used. Meson sector also includes the wall source point sink (WP) contractions.

The BK values listed in the table are obtained from the following fitting functions

〈
A0(t)

∣∣K0(0)
〉
= C

(
−e−mKt + e−mK(T−t)

)
, (30)

〈
K0(t1)

∣∣∣OV V+AA(t)
∣∣∣K

0
(t2)

〉
= −8Blat

K C2

3V
e−mK |t2−t1|. (31)

10.1 π, K and Ω correlators

11

•	 FNAL/MILC (arXiv:1212.4993) has ( ) . . .f 0 0 9667 0 0023 0 0033K stat sys! !=r
+

•	 BK has 0.2% statistical errors as well, 10× smaller than without AMA 
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•	 More work can reduce perturbative matching errors
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3

tion to these 13 ensembles with Nt = 8, two cal-
culations were performed at T = 0 with space-
time volume 323 × 64. These used β = 1.633
(first reported here) and β = 1.75 [5] and corre-
spond to our T = 139 MeV and T ≈ 170 MeV
when Nt = 8.

The choices of quark masses and assigned
temperatures given in Tab. I were estimated
from earlier work [5, 6]. Results from the new
zero temperature ensemble at β = 1.633, ob-
tained with the quark masses shown in Tab. I,
are summarized in Tab. II and provide a check
of these estimates. The resulting lattice spacing
and pion mass are close to our targets while the
kaon mass is lighter than expected, which may
be unimportant for the quantities studied here.
Of special interest is a comparison of the resid-
ual mass for this value of β given in Tabs. I and
II. The 1.1% discrepancy is a measure of dis-
cretization error. Likewise the comparison with
experiment of fπ and fK gives 6% and 4% er-
rors, indicating the size of discretization effects.

TABLE II. Results at β = 1.633 and T = 0 (in
lattice units and MeV) from 25 configurations sep-
arated by at least 20 time units. We use MΩ to fix
the scale. Also listed are the experimental values.

1/a MeV Expt.(MeV)

mπ 0.1181(5) 129.2(5) 135
mK 0.4230(5) 462.5(5) 495
mΩ 1.530(3) 1672.45 1672.45

T = 1
8a

0.125 136.7(3) —
fπ 0.1263(2) 138.1(2) 130.4
fK 0.1483(4) 162.2(4) 156.1
mres 0.00217(2) — —

RESULTS

Our most dramatic result is the temperature-
dependent, disconnected chiral susceptibility
χdisc, plotted in Fig. 1. Three of the four lower
curves show earlier results with mπ = 200 MeV
on 163, 243 and 323 volumes. A significant de-
crease in χdisc is seen for temperatures below
165 MeV as the volume is increased above 163,

a volume dependence anticipated in earlier scal-
ing [8, 9] and model [10] studies. The two
higher curves show a large increase in χdisc in
the entire transition region for mπ = 135 MeV
and both 323 and 643 volumes. The ratio of
peak heights for the mπ = 135 and 200 MeV,
323 data is 2.1(0.2), which is consistent with
the ratio 1.86 predicted by universal O(4) scal-

ing ∼ m̃
1/δ−1
l ∝ m−1.5854

π , only if the regular,
mass-independent part of χdisc is small.

This comparison of χdisc with universal O(4)
scaling neglects the connected part of the chiral
susceptibility. We find that the connected chiral
susceptibility has a mild dependence on both
the temperature and quark mass (as is expected
if the δ screening mass remains non-zero at Tc)
and so does not contribute to the singular part
of the chiral susceptibility.

Also shown in this figure are HISQ results
for Nt = 12 and a Goldstone pion mass of 161
MeV [7, 11]. If scaled to mπ = 135 MeV as-
suming this same m−1.5854

π behavior, the HISQ
value for χdisc is 50% smaller than that seen
here. This discrepancy reaffirms the importance
of an independent study of the order of the tran-
sition and calculation of Tc using chiral quarks.
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FIG. 1. The dependence of the disconnected chiral
susceptibility on temperature for mπ = 135 and
200 MeV. The mπ = 135 MeV data shows a near
2× increase over that for mπ = 200 MeV. HISQ
results for mπ = 161 MeV [7, 11] are also plotted.

QCD Thermodynamics with DWF

•	 The HotQCD Collaboration has done 
simulations on 323 � 8 and 643 � 8 lat-
tices with physical pions 
(PRL 113 (2014) 8, 082001 HotQCD)

•	 Susceptibilities show larger peaks than 
for HISQ ensembles

•	 Strong quark mass dependence

•	 Pseudocritical temperature with 
physical pions: 
          Tc = 155(1)(8) MeV

•	 This Tc changes to about 165 MeV 
when mπ = 200 MeV



23

ΛQCD ∼ 300
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FIG. 7. The eigenvalue spectrum for T = 149−195 MeV, expressed in the MS scheme at the

scale µ = 2 GeV. The imaginary, “unphysical” eigenvalues are plotted as −
q
|⇤2 − em2

l |.
The spectra from the 323 ⇥ 8 ensembles are plotted as histograms and fit with a linear

(T = 149 − 178 MeV) or a quadratic (T = 186 − 195 MeV) function (blue dashed line).

The spectrum from each of the 163 ⇥ 8 ensembles [9] is plotted as a black solid line.
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4

The peak shown in Fig. 1 implies a pseudo-
critical temperature of 155(1)(8) MeV. The cen-
tral value and statistical error are obtained by
fitting the T = 149, 154 and 159 MeV values of

χMS
disc to a parabola. The second, systematic er-

ror reflects the expected 5% discretization error.
We do not include a systematic error caused
by our finite volume. While typically neglected
whenNσ/Nt ≥ 4, we lack the data needed for an
empirical estimate. This result for Tc is consis-
tent with the continuum limit for this quantity
obtained using staggered fermions [11, 12].
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FIG. 2. The time histories of ⟨q
l
ql⟩ for four streams

with T = 154 MeV . Streams beginning with an or-
dered or disordered configuration are labeled “ord”
and “dis”. Each point is the average of measure-
ments made with 10 random sources on each of 20
configurations, separated by one time unit.

The order of the QCD phase transition can
now be studied using the time-history of the chi-
ral condensate for T ≈ Tc. Figure 2 shows four
time histories of ⟨qlql⟩ at T = 154 MeV. All four
streams fluctuate over the same range of values,
showing no metastable behavior and no differ-
ence between those streams starting from or-
dered versus disorder configurations. This and
the failure of χdisc to grow as 23 when the vol-
ume is increased from 323 to 643 provide strong
evidence that for mπ = 135 MeV, the QCD
phase transition is not first-order but a cross-
over, a conclusion consistent with previous stag-

gered work [11, 13–15].
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FIG. 3. Two susceptibility differences are shown
that reflect the SU(2)L × SU(2)R symmetry of
QCD and our chiral fermion formulation. Below
Tc this symmetry is spontaneously broken. For
T > 164 MeV we see accurate chiral symmetry.
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In Fig. 3 we show the SU(2)L × SU(2)R-
breaking differences between the susceptibilities
χπ and χσ and between χδ and χη. Each pair

of fields, (π⃗, σ) and (δ⃗, η) forms a 4-dimensional
representation of SU(2)L × SU(2)R symmetry.
These SU(2)L × SU(2)R-breaking differences
are large below Tc but have become zero for
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Symmetries for T ≠ 0

•	 Difference of susceptibilities related by 
SU(2)L � SU(2)R, showing breaking for 
low temperatures and accurate chiral 
symmetry for T › 164 MeV

•	 Difference of susceptibilities related 
by U(1)A showing breaking for T › 164 
MeV
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Conclusions

•	 After 30 years of QCD simulations, large volume, physical 2+1 flavor ensembles 
are begin produced by a number of collaborations, including DWF fermions, with 
continuum chiral symmetries at finite lattice spacing.

•	 Many technical improvements are being used:  twisted b.c. for particle states, NPR, 
RI-SMOM renormalization, EigCG, deflation, Lellouch-Luscher relation

•	 We can now do quite sophisticated field theory numerically

•	 4,000× improvement in computer power in 15 years.

•	 Evolution algorithms to produce gauge fields are 10-100× faster

•	 Measurement algorithms are > 10× faster

•	 Our most refined measurements have total errors in the 0.2 - 1% range

•	 5 - 10% errors for much more complicated observables are now possible

•	 2+1+1 flavor DWF ensembles with 1/a = 3 GeV being generated.  Accurate inclusion 
of charm and charm loops

•	 Enormous opportunity for precison comparisons of theory and experiment and,  
hopefully, new physics.


