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Introduction: Phases of QCD
Here is an illustration or our current understanding of the phase diagram of
QCD, with the behavior at low temperature and large baryon chemical
potential µb most speculative.
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The challenge:

I Explain this from first
principles

I Put numbers to the
transitions & crossover

I Determine properties of
the different phases

The method: Lattice QCD

In this talk, I will restrict myself to the left axis of this phase diagram, the
part with µB = 0.

Urs M. Heller (APS) Topical Group on Hadronic Physics 2015 April 8–10, 2015 4 / 25



Phases of QCD

There is a transition/crossover from a confined phase with (spontaneously)
broken chiral symmetry at low temperature to a quark-gluon plasma phase
with restored chiral symmetry at high temperature.

With lattice QCD we can vary the quark masses.
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Lattice QCD setup

Lattice QCD starts from the path integral:

〈O(U, ψ, ψ)〉 =
1

Z

∫
dUµdψdψO(U, ψ, ψ)e−SG (U)+ψM(U)ψ

=
1

Z

∫
dUµO(U,M−1(U))e−SG (U)detM(U) .

Gauge fields, Ux,µ = eigaAx,µ , are on links, quarks, ψ and ψ, on sites.

The Gaussian integration over the quark fields has been carried out, giving
detM(U).

The integration over the gauge links is done by Monte Carlo methods.

Generically,

SG (U) −→
∫

d4x
1

2
Tr
(
F 2
µν

)
+O(a2) .

By judicious choices the O(a2) can be improved to O(a4), classically –
O(αn

s a
2) with quantum fluctuations taken into account.
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Fermion action

Similarly, for the (staggered) fermion discretization,

ψM(U)ψ −→
∫

d4x ψ (D/ + m)ψ +O(a2) .

Fermions are difficult to put on a lattice while preserving the chiral symmetry.
So called doublers, named “tastes” appear, naively 16.

Staggered fermions reduce this to 4, while preserving a partial chiral
symmetry.

Staggered fermions are the least computationally demanding.

However, at finite lattice spacing, due to interaction with ultraviolet gluons
taste symmetry is broken: only one pion is a Goldstone boson; the others get
additional mass contributions of O(αsa

2).

Improvements try to reduce both generic lattice artifacts and those from
taste symmetry breaking.
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Fermion action improvements
Four different improved staggered fermions are in use:

I stout (WB) — taste symmetry breaking, only
I p4 (Bielefeld, HotQCD)
I asqtad (MILC, HotQCD)
I HISQ, highly improved staggered quarks (HPQCD, MILC, HotQCD)

Generic lattice artifacts affect the high temperature behavior, illustrated in
the free energy [left figure].

The right figure shows the effect of taste symmetry breaking:
mRMS
π = mGoldstone +O(αk

s a
2) — Goldstone pion fixed at physcial mass.
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Finite temperature transition
In the chiral limit, ml = 0, — the strange quark mass is kept at its physcial
value — the condensate is an order parameter,

〈
ψ̄ψ
〉
l

=
T

V

∂ lnZ

∂ml
; χm,l =

T

V

∂2 lnZ

∂m2
l

.

The latter is the chiral susceptibility. Both need (UV) subtractions (∼ m/a2

for the condensate, ∼ 1/a2 for the susceptibility) and multiplicative
renormalization (which is avoided in the combination m

〈
ψ̄ψ
〉

or m2χm)

〈
ψ̄ψ
〉
R

=
ml

T 4

[〈
ψ̄ψ
〉
l,T
−
〈
ψ̄ψ
〉
l,0

]
, ∆l,s(T ) =

〈
ψ̄ψ
〉
l,T
− ml

ms

〈
ψ̄ψ
〉
s,T〈

ψ̄ψ
〉
l,0
− ml

ms

〈
ψ̄ψ
〉
s,0

.

χR(T )

T 4
=

m2
s

T 4
[χm,l(T )− χm,l(T = 0)] .

The temperature is T = 1/(aNt) and the volume V = (aNs)3.

The transition/crossover can be obtained from the inflection point of the
condensate or the peak of the susceptibility.
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Condensate and susceptibility
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The order of the quantum chromodynamics
transition predicted by the standard model of
particle physics
Y. Aoki1, G. Endrődi2, Z. Fodor1,2, S. D. Katz1,2 & K. K. Szabó1

Quantum chromodynamics (QCD) is the theory of the strong
interaction, explaining (for example) the binding of three almost
massless quarks into a much heavier proton or neutron—and thus
most of the mass of the visible Universe. The standard model of
particle physics predicts a QCD-related transition that is relevant
for the evolution of the early Universe. At low temperatures, the
dominant degrees of freedom are colourless bound states of
hadrons (such as protons and pions). However, QCD is asympto-
tically free, meaning that at high energies or temperatures the
interaction gets weaker and weaker1,2, causing hadrons to break
up. This behaviour underlies the predicted cosmological tran-
sition between the low-temperature hadronic phase and a high-
temperature quark–gluon plasma phase (for simplicity, we use the
word ‘phase’ to characterize regions with different dominant
degrees of freedom). Despite enormous theoretical effort, the
nature of this finite-temperature QCD transition (that is, first-
order, second-order or analytic crossover) remains ambiguous.
Here we determine the nature of the QCD transition using
computationally demanding lattice calculations for physical
quark masses. Susceptibilities are extrapolated to vanishing lattice
spacing for three physical volumes, the smallest and largest of
which differ by a factor of five. This ensures that a true transition
should result in a dramatic increase of the susceptibilities. No such
behaviour is observed: our finite-size scaling analysis shows that
the finite-temperature QCD transition in the hot early Universe
was not a real phase transition, but an analytic crossover (involv-
ing a rapid change, as opposed to a jump, as the temperature
varied). As such, it will be difficult to find experimental evidence
of this transition from astronomical observations.
During the evolution of the Universe there were particle-physics-

related transitions. Although there are strong indications of an
inflationary period, we know little about how it affected possible
transitions of our known physical model. To understand the con-
sequences, we need a clear picture about these cosmologically
relevant transitions. The Standard Model (SM) of particle physics
predicts two such transitions.
One of the SM-based transitions occurs at temperatures (T) of a

few hundred GeV. This transition is responsible for the spontaneous
breaking of the electroweak symmetry, which gives the masses of the
elementary particles. This transition is also related to the electroweak
baryon-number violating processes, which had a major influence on
the observed baryon-asymmetry of the Universe. Lattice results have
shown that the electroweak transition in the SM is an analytic
crossover3–6.
The second transition occurs at T < 200MeV. It is related to the

spontaneous breaking of the chiral symmetry of QCD. The nature of
the QCD transition affects our understanding of the Universe’s

evolution (see ref. 7 for example). In a strong first-order phase
transition the quark–gluon plasma supercools before bubbles of
hadron gas are formed. These bubbles grow, collide and merge,
during which gravitational waves could be produced8. Baryon-
enriched nuggets could remain between the bubbles, contributing
to dark matter. The hadronic phase is the initial condition for
nucleosynthesis, so inhomogeneities in this phase could have a strong
effect on nucleosynthesis9. As the first-order phase transition weak-
ens, these effects become less pronounced. Our calculations provide
strong evidence that the QCD transition is a crossover, and thus the
above scenarios—and many others—are ruled out.
We emphasize that extensive experimental work is currently being

done with heavy ion collisions to study the QCD transition (most
recently at the Relativistic Heavy Ion Collider, RHIC). Both for the
cosmological transition and for RHIC, the net baryon densities are
quite small, and so the baryonic chemical potentials (m) aremuch less
than the typical hadron masses (,45MeVat RHIC and negligible in
the early Universe). A calculation at m ¼ 0 is directly applicable for
the cosmological transition and most probably also determines the
nature of the transition at RHIC. Thus we carry out our analysis at
m ¼ 0.
QCD is a generalized version of quantum electrodynamics (QED).

The euclidean lagrangianwith gauge coupling g and with a quarkmass
ofm can bewritten asL¼21=ð2g2ÞTrFmnFmn þwgmð›m þAm þmÞw;
where Fmn ¼ ›mAn 2 ›nAm þ [Am,An]. In electrodynamics the gauge

LETTERS

Figure 1 | Susceptibilities for the light quarks forN t 5 4 and forN t 5 6 as a
function of 6/g2, where g is the gauge coupling. (T grows with 6/g2.) The
largest volume is eight times bigger than the smallest one, so a first-order
phase transitionwould predict a susceptibility peak that is eight times higher
(for a second-order phase transition the increase would be somewhat less,
but still dramatic). Instead of such a significant change we do not observe
any volume dependence. Error bars are s.e.m.

1Department of Physics, University of Wuppertal, D-42097 Wuppertal, Germany. 2Institute for Theoretical Physics, Eötvös University, H-1117 Budapest, Hungary.

Vol 443|12 October 2006|doi:10.1038/nature05120

675
© 2006 Nature Publishing Group 

 0

 5

 10

 15

 20

 25

 30

 35

 40

 45

 120  140  160  180  200  220  240
T [MeV]

χR/T4

fK scale

HISQ/tree: Nτ=6
Nτ=8

asqtad: Nτ=8
Nτ=12

stout: Nτ=8
 Nτ=10

Urs M. Heller (APS) Topical Group on Hadronic Physics 2015 April 8–10, 2015 10 / 25



Scaling analysis

More systematic than locating peak or inflection points is a proper scaling
analysis based on

f

T 4
= − 1

VT 3
lnZ ≡ fsing (t, h) + freg (T ,ml ,ms) ,

where fsing (t, h) = h1+1/δfs(z), with scaling variables,

t =
1

t0

T − Tc

Tc
, h =

1

h0
H =

1

h0

ml

ms
, z =

t

h1/βδ
.

β and δ are critical exponents, known for 3d O(4) and O(2).
For the order parameter and susceptibility one has

Mb ≡
ms

〈
ψ̄ψ
〉

T 4
= h1/δfG (z) + reg ,

m2
sχm,l

T 4
=

1

h0
h1/δ−1fχ(z) + reg ,

with fG (z) and fχ(z) known functions.

In a “scaling fit,” Tc , t0 and h0 serve as fit parameters.
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Scaling analysis
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from
〈
ψ̄ψ
〉
R

, ∆l,s , and χ′R/T
4.
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Tc from domain-wall fermions
A theoretically cleaner, but computationally (much) more expensive fermion
discretization than staggered fermions: domain-wall fermions.
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The result from the (disconnected) chiral susceptibility, at one lattice spacing
(Nt = 8), Tc = 155(1)(8)MeV, confirms the staggered continuum result.
T. Bhattacharya et al. (HotQCD), Phys. Rev. Lett. 113 (2014) 082001
[arXiv:1402.5175]
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QCD equation of state

Lattice QCD computations of the EoS usually start with the trace anomaly,
or interaction measure,

Θµµ(T )

T 4
≡ ε− 3p

T 4
=

I

T 4
= T

∂

∂T
(p/T 4) = − 1

VT 3

∂ lnZ

∂ ln a
.

which can be computed from local expectation values and “β-functions.”
The computation requires subtraction of UV divergencies, using zero
temperature measurements,

∆(X ) = 〈X 〉T − 〈X 〉0 ,

which, at the same time, normalize the pressure to zero at T = 0. Thus

ε− 3p

T 4
= N4

t Rβ(β)
{
−∆(sG ) + Rm(β)

[
2aml∆(ψ̄lψl) + ams∆(ψ̄sψs)

]}
,

where sG denotes the gauge action density and RX are β-functions.
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Scale setting

The lattice scale is determined from the heavy quark potential via(
r2 dVq̄q(r)

dr

)
r=r1

= 1.0 , Rβ(β) = −adβ
da = (r1/a)(β)

(
d(r1/a)(β)

dβ

)−1

,

Rm(β) = 1
m(β)

dm(β)
dβ .
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Alternatively, the scale can be set from fK with a similar β-functions.
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EoS results
HotQCD data with the HISQ/tree action compared to earlier results (with
Nt = 8) on the left. The differences are due to the reduced taste symmetry
breaking lattice artifacts (disappearing at high temperatures).
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T 4
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B

N2
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+
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[
Ci +
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]
Si (T ) ,

where the Si (T ) are B-splines, and the fit uses two internal knots.
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EoS results
The pressure is determined by integration from the trace anomaly

p(T )

T 4
=

p0

T 4
0

+

∫ T

T0

dT ′
ε− 3p

T ′5
.

The energy density, entropy s = (ε+ p)/T , and speed of sound c2
s = ∂p/∂ε

can be obtained as well. The results of the HotQCD and WB collaborations
agree within about 1 sigma over the temperature range considered.
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Approach to the perturbative limit
At high temperature, a weakly interacting quark-gluon gas: should be
treatable in perturbation theory. Away from T =∞ (g = 0), resummations
and/or dimensional reduction is needed.
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I Electrostatic QCD (EQCD) – dimensional reduction, M. Laine and
Y. Schröder, Phys. Rev. D73 (2006) 085009 [arXiv:hep-ph/0603048]

I Three-loop hard thermal loop expansion, N. Haque et al., JHEP 1405
(2014) 027 [arXiv:1402.6907]
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EoS with dynamical charm
The Wuppertal-Budapest and the MILC Collaboration have started to
investigate the influence of dynamical charm quarks on the EoS.

 0

 1

 2

 3

 4

 5

 6

 200  400  600  800  1000  1200

T [MeV]

(ε-3p)/T4 HTL Nf=4
continuum limit Nf=2+1
Nf=2+1+1 @ 214 MeV

Nf=2+1+1 Nt=6
Nf=2+1+1 Nt=8

Nf=2+1+1 Nt=10
HRG

Preliminary results indicate the influence of dynamicl charm becoming visible
around T ∼ 300MeV.
S. Borsányi et al. (HotQCD), arXiv:1410.7917
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Conclusions

I Computations with staggered fermions by the HotQCD and
Wuppertal-Budapest Collaborations established the QCD finite
temperature transition/crossover at Tc = 154± 9MeV.

I The two collaborations also agree on the QCD equation of state for
130MeV ≤ T <∼ 400MeV within about 1 sigma.

I For T <∼ 145MeV the lattice QCD EoS agrees well with the hadron
resonance gas model result.

I The energy density at the crossover temperature is
εc ' 300MeV/fm3 ≈ 2εnuclear ≈ 2

3εproton.

I Other thermodynamic quantities, like entropy density and the velocity of
sound are easily obtained as well. The velocity of sound has a minimum
at T ∼ 146MeV.

I A dynamical charm quark appears to lead to visible effects on the EoS
for T >∼ 300MeV.
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Extra
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EoS in the fixed scale approach

Temperature is changed by varying Nt with other parameters fixed.
Advantage: only one “zero temperature” (large Nt) simulation needed.

Improved Wilson quarks, 2+1 flavors, at heavy mud , corresponding to
mπ/mρ ' 0.63, and one lattice spacing, a ' 0.07 fm.

100 200 300 400 500 600 700
0

2

4

6

8

10

12

Straight line
Cubic Spline
Akima Spline

T [MeV]

(ε−3p)/T4

100 200 300 400 500 600 700
0

1

2

3

4

5

6

Straight line
Cubic Spline
Akima Spline

p/T4

T [MeV]

T. Umeda et al., Phys. Rev. D85 (2012) 094508 [arXiv:1202.4719]
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EoS with twisted mass Wilson fermions
2 flavors, with Nt up to 12, three quark masses, corresponding to mπ ' 360,
430, and 640 MeV.

Left: tree-level corrected interaction measure for mπ ' 360 MeV.
Right: Comparison with quenched and (2+1)-flavor continuum results.

F. Burger et al., Phys. Rev. D91 (2015) xxxxxx [arXiv:1412.6748]
S. Borsányi et al., JHEP 1207 (2012) 056 [arXiv:1204.6184]
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HISQ/tree – numerical setup

I Line of constant physics ml = ms/20 (physical ml = ms/27),
mπ = 160 MeV

I Statistics (in molecular dynamics time units):

T > 0 T = 0
243 × 6 30-40K 243 × 32 5-20K
323 × 8 30-100K 324, 323 × 64 10-30K
403 × 10 100-200K 484 5-14K
483 × 12 50-100K 483 × 64 8-12K

644 8K
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HISQ/tree – scale setting

Fit a/r1 data with the Ansatz:

a

r1
=

c0f (β) + c2(10/β)f 3(β)

1 + d2(10/β)f 2(β)
,

f (β) = (b0(10/β))−b1/(2b2
0) exp(−β/(20b0))

c0 = 43.1281± 0.2868

c2 = 343236± 41191

d2 = 5513.84± 754.821
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