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Lattice QCD
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The ability of lattice QCD to calculate interesting things in 
quark and hadron physics has been growing by leaps and 
bounds for the last 15 years.

Euclidean Lagrangian for this theory is L ¼ 1=
ð4e2ÞFmvFmv þ 1=ð2g2ÞTrGmvGmv þ ∑ f ψf ½gmð∂mþ
iqf Am þ iBmÞ þmf &yf , where gm are the Dirac
matrices, f runs over the four flavors of quarks,
the mf are their masses, and the qf are their
charges in units of the electron charge e. More-
over, Fmv = ∂mAv – ∂vAm, Gmv = ∂mBv – ∂vBm +
[Bm, Bv], and g is the QCD coupling constant.
In electrodynamics, the gauge potential Am is
the real valued photon field, whereas in QCD,
Bm is a Hermitian 3 by 3 matrix field. The yf

are Dirac-spinor fields representing the quarks
and carry a “color” index, which runs from 1 to
3. In the present work, we consider all of the
degrees of freedom of this Lagrangian; that is,

we include quantum electrodynamics (QED)
and QCD, as well as the four nondegenerate
quark flavors, in a fully dynamical formulation.
The action S of QCD+QED is defined as the

spacetime integral of L. Particle propagators are
averages of products of fields over all possible
field configurations, weighted by the Boltzmann
factor exp(−S). A notable feature of QCD is as-
ymptotic freedom, which means that the interac-
tion becomes weaker and weaker as the relative
momentum of the interacting particles increases
(4, 5). Thus, at high energies the coupling con-
stant is small, and a perturbative treatment is
possible. However, at energies typical of quarks
and gluons within hadrons, the coupling is large,

and the interactions become highly nonlinear.
The most systematic way to obtain predictions
in this nonperturbative regime of QCD involves
introducing a hypercubic spacetime lattice with
lattice spacing a (6) on which the above Lagrangian
is discretized, numerically evaluating the result-
ing propagators and extrapolating the results
to the continuum (a→0). The discretization pro-
cedure puts fermionic variables on the lattice
sites, whereas gauge fields are represented by
unitary 3 by 3 matrices residing on the links
between neighboring sites. The discretized theory
can be viewed as a four-dimensional statistical
physics system.
Calculating the mass differences between the

neutral and charged hadron partners by using
lattice techniques has involved different levels
of approximation. In the pioneering work of
(7), the quenched approximation was used both
for QCD and QED. Recent studies (8–10) have
typically performed dynamical QCD computations
with quenched QED fields. Another quenched
QED approach, in which the path integral is ex-
panded to O(a), has also recently been imple-
mented (11). In all such calculations, the neglected
terms are of the same leading order in a as
the isospin splittings of interest (10). To have
a calculation that fully includes QED effects to
O(a) requires including electromagnetic effects
in the quark sea. Three exploratory studies have
attempted to include these effects. The first
two used reweighting techniques in Nf = 2 +
1 QCD simulations (12, 13). Beyond the diffi-
culty of estimating the systematic error asso-
ciated with reweighting, the computation in
(12) was carried out with a single lattice spac-
ing in a relatively small (3 fm)3 spatial volume
and the one in (13) on a single, much coarser and
smaller lattice, with pion masses larger than
their physical value. In the third study (14), real
dynamical QCD and QED simulations were per-
formed, albeit on a single lattice at unphysical
quark mass values.
Here, we provide a fully controlled ab initio

calculation for these isospin splittings. We used
1 + 1 + 1 + 1 flavor QCD+QED with 3 HEX (QCD)
and 1 APE (QED) smeared clover improved Wilson
quarks. Up to now, the most advanced simula-
tions have included up, down, and strange quarks
in the sea but neglected all electromagnetic and
up-down mass difference effects. Such calcula-
tions have irreducible systematic uncertainties
of Oð1=Nc=m2

c ;a;md − muÞ, where Nc = 3 is the
number of colors in QCD. This limits their ac-
curacy to the percent level. We reduced these
uncertainties to Oð1=Nc=m2

b; a
2Þ, where mb is

the bottom quark mass, yielding a complete de-
scription of the interactions of quarks at low
energy accurate to the per mil level.
In our parameter set, we have four lattice

spacings ranging from 0.06 to 0.10 fm. We ob-
served very small cutoff effects in our results,
which is in good agreement with our earlier spec-
trum determination (15, 16). Nevertheless, these
small cutoff effects are accounted for in our sys-
tematic error analysis as g2a or a2 corrections in
the histogram method described in (17).
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Fig. 1. Finite-volume
behavior of kaon
masses. (A) The
neutral kaon mass,
MK0 , shows no signifi-
cant finite volume
dependence; L denotes
the linear size of the
system. (B) The
mass-squared difference
of the charged kaon
mass, MKþ , and MK0

indicates that MKþ is
strongly dependent
on volume. This finite-
volume dependence is
well described by an
asymptotic expansion
in 1/L whose first two
terms are fixed by QED
Ward-Takahashi identities (17). The solid curve depicts a fit of the lattice results (points) to the ex-
pansion up to and including a fitted O(1/L3) term. The dashed and dotted curves show the contribu-
tions of the leading and leading plus next-to-leading order terms, respectively. The computation was
performed by using the following parameters: bare a ∼ 1/10, Mπ = 290 MeV, and MK0= 450 MeV. The
mass difference is negative because a larger-than-physical value of a was used.The lattice spacing a is
~0.10 fm.
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Fig. 2. Mass splittings
in channels that are
stable under the
strong and electro-
magnetic interactions.
Both of these interactions
are fully unquenched in
our 1+1+1+1 flavor
calculation. The horizontal
lines are the experimen-
tal values, and the gray
shaded regions repre-
sent the experimental
error (2). Our results are
shown by red dots with
their uncertainties. The
error bars are the squared
sums of the statistical and systematic errors. The results for the DMN, DMS, and DMD mass splittings
are post-dictions, in the sense that their values are known experimentally with higher precision
than from our calculation. On the other hand, our calculations yield DMX, DMXcc splittings, and the
Coleman-Glashow difference DCG, which have either not been measured in experiment or are mea-
sured with less precision than obtained here. This feature is represented by a blue shaded region
around the label.
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Borsanyi et al., BMW Collaboration, Science, 27 March 2015, 347 p1453.

For example, last weeks Science: 
proton-neutron mass difference.

Must be positive for matter to be stable.
Measured tiny, 0.14% of masses!

Origin traced to delicate cancelation of 
electromagnetic and bare quark mass 
effects.
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This workshop:  lattice QCD for
hadron and quark physics per se
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rather than as a tool to study other science.
Many lattice-QCD talks on structure and 
spectrum of hadrons:
Liu, Qiu, Engelhardt, Izubuchi, Koutsou, 
Bali, Orginos, Morningstar, Mohler, 
Falica, Syritsyn

Crucial interplay with JLab 12-GeV 
upgrade.
Lattice QCD is predicting the exotic 
spectrum from first principles before 
and during the GlueX experiment .
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Nuclear physics
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Talks on interactions of hadrons, 
foundation of nuclear physics:

and on the high-temperature transition between hadrons and quarks.

Savage, Wilson

Rothkopf, Mukherjee

Solve QCD

Interactions of the 
Nucleon and Hyperons

Refine chiral 
nuclear  forces
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In particle physics, LGT is essential as a tool
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March 17, 2005 CKM 2005 - Workshop on the Unitarity Triangle

b
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“Most” of the time,  details of b quark wavefunction 
are unimportant - only averaged properties (i.e.       ) 
matter “Fermi motion”

Theorists love inclusive decays ...
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!!

Decay:  short distance (calculable)
Hadronization:  long distance 
(nonperturbative) - but at leading order, 
long and short distances are cleanly 
separated and probability to hadronize is 
unity

... the basic theoretical tools are more than a decade old 

B→πlν 
semileptonic 
decay

= {π, K, ...}

Determine Vub from B➞πlν.

This talk, Mawhinney, 
Hoebling

If we want to extract the CKM parameter Vub from the experimental result for B➞πlν 
decay, we have to first use lattice QCD to determine the form factor for B➞πlν decay.

I. INTRODUCTION

The Cabibbo-Kobayashi-Masakawa (CKM) matrix [1, 2] element |Vub| is one of the fun-

damental parameters of the Standard Model and is an important input to searches for CP

violation beyond the Standard Model. Constraints on new physics in the flavor sector are

commonly cast in terms of over-constraining the apex of the CKM unitarity triangle. In

contrast to the well-determined angle � of the unitarity triangle, the opposite side |Vub/Vcb|
is poorly determined, and the uncertainty is currently dominated by |Vub|. This is due to

the fact that charmless decays of the B meson have far smaller branching fractions than the

charmed decays, as well as the fact that the theoretical calculations are less precise than

for sin 2�, |Vus|, or |Vcb|. Currently the most precise determination of |Vub| is obtained from

charmless semileptonic B decays, using exclusive or inclusive methods that rely on the mea-

surements of the branching fractions and the corresponding theoretical inputs. Exclusive

determinations require knowledge of the form factors, while inclusive determinations rely

on the operator product expansion, perturbative QCD, and non-perturbative input from

experiments. There is a long standing discrepancy between |Vub| determined from inclusive

and exclusive decays: the central values from these two approaches differ by about 3�. It

was argued in Ref. [3] that this tension is unlikely to be due to new physics effects, and

it is therefore important to examine the (theoretical and experimental) inputs to the |Vub|
determinations. With the result obtained in this paper, the tension is reduced to 2.4�.

In the limit of vanishing lepton mass, the Standard Model prediction for the differential

decay rate of the exclusive semileptonic B ! ⇡`⌫ decay is given by

d�(B ! ⇡`⌫)

dq2
=

G2

F |Vub|2
24⇡3

|p⇡|3|f+(q2)|2, (1.1)

where |p⇡| = 1

2MB
[(M2

B +M2

⇡ � q2)2 � 4M2

BM
2

⇡ ]
1/2 is the pion momentum in the B-meson

rest frame. To determine |Vub|, the form factor |f
+

(q2)| must be calculated with nonpertur-

bative methods. The first unquenched lattice calculations of |f
+

(q2)| with 2+1 dynamical

sea quarks were performed by HPQCD [4] and the Fermilab/MILC collaborations [5] several

years ago. Here we extend and improve Ref. [5] in several ways.

The most recent exclusive determination of |Vub| from the Heavy Flavor Averaging Group

(HFAG) [6] is based on combined lattice plus experiment fits and yields |Vub| = (3.28±0.29)⇥
10�3, where the error includes both the experimental and theoretical uncertainties. The

3
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The standard model

6





Veν1
Veν2

Veν3

Vµν1
Vµν2

Vµν3

Vτν1
Vτν2

Vτν3









Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb





αs, αw, αem

mu, md, mc, ms, mt, mb

me, mµ, mτ , mν1
, mν2

, mν3

Numerous bells and whistles and 20 or 30 free parameters.

SU(3)×SU(2)×U(1),   H

Three forces
Masses
Mixings

MW, MH
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• Why is there more than one generation of quark?

• What is the relation between the three forces?

• What about gravity?

• What is dark matter?

• ...

The Standard Model is maddeningly successful.  It accounts for 
every particle physics experiment performed so far, sometimes to 
great precision (one part in a billion for the electron anomalous magnetic 
moment).
Why maddeningly?  It contains obvious gaps and puzzles!

Where do these parameters come from?
Can we predict them with a more fundamental theory?

Latest (2012) news: standard model 
predicts Higgs properties perfectly (so far).
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Issues
• Do all lattice QCD methods agree with each other?

• Yes, so far.

• Do lattice QCD calculations give the same results as 
other approaches to QCD?

• Perhaps no?  Exclusive and inclusive results sometimes 
disagree.

• Are there deviations from the standard model?

• Yes, but can we find them?

• Standard model predicts that the rows and columns of the 
CKM quark mixing matrix are orthonormal.  Are they?

8

in the meson decay calculations discussed in this talk.





Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb





or, does the Wolfenstein parameterization work?

⇒
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B➞πlν

9

Issues: 
Do exclusive determinations (lattice) of Vub agree with inclusive?
Are first and third rows of CKM matrix orthogonal (unitarity triangle)?

budget in Sec. IV. We then extrapolate the form factors to the full q2 range through the

functional z expansion method in Sec. V. We also perform fits to lattice and experimental

data simultaneously, to obtain |Vub|. We conclude with a comparison to other results and

discussion of the future outlook in Sec. VI. Preliminary reports of this work can be found in

Refs. [16, 17].

II. LATTICE-QCD SIMULATION

In this section, we describe the details of the lattice simulation. We briefly describe the

calculation of the form factors in Sec. II A. We also calculate the tensor form factor, which

follows a analysis similar to that of the vector and scalar form factors. The tensor form

factor enters the Standard-Model rate for B ! ⇡`+`� decay, and our final result for fT will

be presented in a forthcoming paper. In Sec. II B, we introduce the actions and simulation

parameters used in this analysis. This is followed, in Sec. II C, by a brief discussion of the

currents and lattice correlation functions. The correlator fits to extract the lattice form

factors are provided in Sec. II D. In Sec. II E, we discuss the renormalization of the lattice

currents. In Sec. II F, we correct the form factors a posteriori to account for the mistuning

of the simulated heavy b-quark mass.

A. Form-factor definitions

The vector and tensor hadronic matrix elements relevant for B ! ⇡ semileptonic decays

can be parameterized by the following three form factors:

h⇡(p⇡)|Vµ|B(pB)i =
✓
pµB + pµ⇡ �

M2

B �M2

⇡

q2
qµ
◆
f
+

(q2) +
M2

B �M2

⇡

q2
qµ f

0

(q2), (2.1)

h⇡(p⇡)|T µ⌫ |B(pB)i = 2

MB +M⇡

(pµBp
⌫
⇡ � p⌫Bp

µ
⇡) fT (q

2), (2.2)

where Vµ = q̄�µb, and T µ⌫ = iq̄�µ⌫b. In lattice gauge theory and in chiral perturbation

theory, it is convenient to parameterize the vector-current matrix elements by [18]

h⇡(p⇡)|Vµ|B(pB)i =
p
2MB

⇥
vµfk(E⇡) + pµ⇡,?f?(E⇡)

⇤
, (2.3)

where vµ = pµB/MB is the four velocity of the B meson and pµ⇡,? = pµ⇡ � (p⇡ · v)vµ is the

projection of the pion momentum in the direction perpendicular to vµ. The pion energy is
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Amplitudes calculated on lattice.
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Decay:  short distance (calculable)
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(nonperturbative) - but at leading order, 
long and short distances are cleanly 
separated and probability to hadronize is 
unity

... the basic theoretical tools are more than a decade old 

Form factors giving 
CKM matrix elements 
from cross sections.
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B➞πlν
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Figure 27. Left: comparison of vector form factor f
+

(z) from z expansion fits to: only the lattice-

QCD data (cyan band) and only experimental data including all four measurements (gold band).

Right: the similar plot for the partial branching fraction dB/dq2. The fits including lattice results

use Nz = 4, while the experiment-only fit uses Nz = 3. The experimental data points and the

experiment-only z-fit result in the left plot have been converted from
�
�B/�q2

�
1/2 to f

+

using

|Vub| from the combined fit. The lattice-only fit result(cyan band) and the combined-fit result (red

band) in the right plot is converted from the form factor with the same |Vub|.

VI. RESULTS AND CONCLUSION

Our final result for |Vub|, obtained from our preferred z fit combining our lattice-QCD cal-

culation of the B ! ⇡`⌫ form factor with experimental measurements of the corresponding

decay rate, is

|Vub| = (3.72± 0.16)⇥ 10�3. (6.1)

The error includes all experimental and lattice-QCD uncertainties. The contribution from

lattice QCD to the total error is now comparable to that from experiment. The error reported

here, following HFAG [6], does not apply the PDG prescription for discrepant data; that

prescription [65] would scale the error by a factor of
p

�2/dof = 1.2. As can be seen from

Table XVII and Fig. 26, the low fit quality is due to the tension between the BaBar11 data

set and the others. An inspection of all the experimental data in Fig. 27 shows that the

point near z = �0.1 in the BaBar11 data set is lower than the others and a bit more precise

than one might have anticipated, but does not suggest that this or any of the data sets have

any systematic problems.
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Includes all lattice and exp. uncertainties.
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J. Bailey et al., arXiv:1503.07839v1.
Fermilab/MILC Collaborations.

I. INTRODUCTION

The Cabibbo-Kobayashi-Masakawa (CKM) matrix [1, 2] element |Vub| is one of the fun-

damental parameters of the Standard Model and is an important input to searches for CP

violation beyond the Standard Model. Constraints on new physics in the flavor sector are

commonly cast in terms of over-constraining the apex of the CKM unitarity triangle. In

contrast to the well-determined angle � of the unitarity triangle, the opposite side |Vub/Vcb|
is poorly determined, and the uncertainty is currently dominated by |Vub|. This is due to

the fact that charmless decays of the B meson have far smaller branching fractions than the

charmed decays, as well as the fact that the theoretical calculations are less precise than

for sin 2�, |Vus|, or |Vcb|. Currently the most precise determination of |Vub| is obtained from

charmless semileptonic B decays, using exclusive or inclusive methods that rely on the mea-

surements of the branching fractions and the corresponding theoretical inputs. Exclusive

determinations require knowledge of the form factors, while inclusive determinations rely

on the operator product expansion, perturbative QCD, and non-perturbative input from

experiments. There is a long standing discrepancy between |Vub| determined from inclusive

and exclusive decays: the central values from these two approaches differ by about 3�. It

was argued in Ref. [3] that this tension is unlikely to be due to new physics effects, and

it is therefore important to examine the (theoretical and experimental) inputs to the |Vub|
determinations. With the result obtained in this paper, the tension is reduced to 2.4�.

In the limit of vanishing lepton mass, the Standard Model prediction for the differential

decay rate of the exclusive semileptonic B ! ⇡`⌫ decay is given by

d�(B ! ⇡`⌫)

dq2
=

G2

F |Vub|2
24⇡3

|p⇡|3|f+(q2)|2, (1.1)

where |p⇡| = 1

2MB
[(M2

B +M2

⇡ � q2)2 � 4M2

BM
2

⇡ ]
1/2 is the pion momentum in the B-meson

rest frame. To determine |Vub|, the form factor |f
+

(q2)| must be calculated with nonpertur-

bative methods. The first unquenched lattice calculations of |f
+

(q2)| with 2+1 dynamical

sea quarks were performed by HPQCD [4] and the Fermilab/MILC collaborations [5] several

years ago. Here we extend and improve Ref. [5] in several ways.

The most recent exclusive determination of |Vub| from the Heavy Flavor Averaging Group

(HFAG) [6] is based on combined lattice plus experiment fits and yields |Vub| = (3.28±0.29)⇥
10�3, where the error includes both the experimental and theoretical uncertainties. The

3

Result:
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B➞πlν

11

3.2 3.6 4.0 4.4

|V
ub

| × 10
3

UTFit 2014, CKM unitarity

BLNP 2004 + HFAG 2014, B → X
u
lν

Detmold et al. 2015 + LHCb 2015, Λ
b
 → plν

HPQCD 2006 + HFAG 2014, B → πlν

Imsong et al. 2014 + BaBar12 + Belle13, B → πlν

RBC/UKQCD 2015 + BaBar + Belle, B → πlν

Fermilab/MILC 2008 + HFAG 2014, B → πlν

This work + BaBar + Belle, B → πlν

Figure 28. Determinations of |Vub|. The squares are obtained from B ! ⇡`⌫ decay using theoretical

form factors from this analysis, our earlier work [5] (now superseded, but with updated experimental

input from HFAG 2014 [6]), a three-flavor lattice calculation by RBC/UKQCD [13], light-cone sum

rules (orange square) [61], and HPQCD [4] (using the q2 > 16 GeV2 experimental data only). The

blue upward-pointing triangle is obtained from ⇤b ! p`⌫ decay using lattice-QCD form factors

from Ref. [67] and experimental data from LHCb [68]. The black diamond shows the inclusive

determination using B ! Xu`⌫ decays [6] with the theoretical approach of Ref. [15]. Also shown

is the expectation from CKM unitarity [69] (green filled circle). For the exclusive determinations

from B ! ⇡`⌫ decay (squares), all four experimental results [7–10] are used except in the LCSR

z-fit where only the more recent BaBar [8] and Belle [10] data are used.

determine the form factor fK!⇡`⌫
+

(0) [72] and the leptonic decay constants fD(s)
and fK [73],

and hence the relevant CKM matrix elements |Vus|, |Vcd| and |Vcs|, with high precision. All

of these improvements will further refine and reduce the uncertainties in |Vub|, and may also

help to resolve the inclusive/exclusive puzzle.
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29 September 2006 M. Morii, Harvard

 CLEO measured in 1981

 Weakly decaying “new” quark 
would give BF = 1/9 for each lepton

3

Semileptonic B Decays

B → Xν decays were seen as soon as the Υ(4S) 
resonance was discovered

CLEO PRL 46:84 (1981)
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B(B→ Xµν ) = (9.4 ± 3.6)%

    
σ(e

+
e
−

→ qq )
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           B decays:  inclusive analysis
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This has been a problem for a while
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The lifetime of the B meson is 
approximately equal to the lifetime 
of the b quark in perturbation 
theory.  Hadronic corrections can 
be included via a power series of 
operators parameterized in 
powers of (1/MB)n. 

Long time tension between inclusive 
and exclusive determinations of Vub, 
as high as 3 σ. Patrick Owen, CERN LHC seminar, 24/03/15

This work reduces tension to 2.4 σ.
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Reminder: world averages
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7. Results 12/17
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LHCb |Vub| result
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What can LHCb say?
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• Different experiment (LHCb) from B results (B factories.)

• Different process.

• Different lattice gauge theory groups 

• (W. Detmold, C. Lehner, S. Meinel, arXiv:1503.01421, vs. Fermilab/MILC 
and HPQCD.)

• Different lattice gauge theory methods.

• Domain-wall vs. staggered fermion discretization.

15

Hard to see how to get different answers from lattice calculations.
Also not easy to get BSM physics to produce such an effect.
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B➞πlν

16

B➞πlν:  unitarity triangle
New results do not uncover tension in unitarity triangle first/
third row unitarity relations.

This result.
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B➞{D, D*}lν

17

Issues: 
Again, inclusive results are ~3σ above exclusive

B➞Dlν
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(z
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FIG. 10. Left: One sigma contour plots showing the correlation between the normalized slope
a

+,1

/a

+,0

and normalized curvature a

+,2

/a

+,0

from N = 3 z-expansion fits to either the BaBar
experimental data alone, our lattice QCD results alone, and a joint fit to both. Right: vector form
factor f

+

obtained from separate z-expansion fits of the 2009 BaBar experimental data (hatched
band) and lattice form factors (solid band).

TABLE X. Best-fit values of the z-expansion parameters for di↵erent truncations N from a joint
fit to experimental data and lattice values. For completeness, the inferred value and error in a

0,0

is quoted. We also show the zero-recoil form factor G(1) and |V
cb

|.

N = 2 N = 3 N = 4

a

+,0

0.01260(10) 0.01261(10) 0.01261(10)

a

+,1

�0.096(3) �0.096(3) �0.096(3)

a

+,2

0.37(8) 0.37(11) 0.37(11)

a

+,3

� �0.05(90) �0.05(90)

a

+,4

� � �0.0(1.0)

a

0,0

0.01140(9) 0.01140(9) 0.01140(9)

a

0,1

�0.059(3) �0.059(3) �0.059(3)

a

0,2

0.18(9) 0.19(10) 0.19(10)

a

0,3

� �0.3(9) �0.3(9)

a

0,4

� � �0.0(1.0)

G(1) 1.0527(82) 1.0528(82) 1.0528(82)

|V
cb

| 0.0396(17) 0.0396(17) 0.0396(17)

�

2

/df 8.4/10 8.3/10 8.3/10

28

Lattice and experiment 
simultaneous fit.

J. Bailey et al., arXiv:1503.07237v1.
Fermilab/MILC Collaborations.
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FIG. 11. Result of the preferred joint fit of the BaBar experimental data together with the lattice
form factors. The plotted experimental points have been divided by our best-fit value of ⌘̄

EW

|V
cb

|
and converted to f

+

.

D. Comment on the CLN parameterization

The standard approach used by experimentalists to obtain |V
cb

| is to use the Caprini, Lel-
louch, Neubert (CLN) parameterization [10] to extrapolate the experimental data to w = 1.
Caprini, Lellouch, and Neubert use heavy-quark symmetry to derive more stringent con-
straints on the coe�cients of the z-parameterization through O(z3), resulting in a function
with only two free parameters, f

+

(0) and ⇢

2

1

:

f

+

(z)

f

+

(0)
= 1� 8⇢2

1

z + (51⇢2
1

� 10)z2 � (252⇢2
1

� 84)z3 . (5.6)

Use of the CLN parameterization in our analysis does not reduce the quoted errors in |V
cb

|
despite the introduction of additional theoretical information.

The numerical values of the coe�cients in Eq. (5.6) have theoretical uncertainties which
can be estimated from the information given in tables and plots from Ref. [10]. To the best
of our knowledge, however, CLN fits to experimental data do not incorporate the theoretical
uncertainties discussed in Ref. [10], and may therefore be underestimating the uncertainty
in |V

cb

|. We have attempted to quantify the uncertainty from the use of the CLN form by
incorporating the theoretical uncertainties in the CLN parameters via Bayesian priors. We
did not find any di↵erence in the error on |V

cb

| obtained from fits with and without including
these theoretical uncertainties at the current level of precision. This is primarily because
the B ! D`⌫ data displays little evidence of curvature in z within the present errors, and
does not constrain the coe�cient of the z

3 term. Nevertheless, we do not quote the results
of our CLN fits in this work because we are more confident in the errors obtained from the
model-independent z-parameterization, Eq. (5.2), which can be used to obtain |V

cb

| even as
the experimental and lattice uncertainties become arbitrarily more precise.
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VI. DISCUSSION AND OUTLOOK

We obtain
|V

cb

| = (39.6± 1.7
QCD+exp

± 0.2
QED

)⇥ 10�3 (6.1)

from our analysis of the exclusive decay B ! Dl⌫ at nonzero recoil, where the first error
combines systematic and statistical errors from both experiment and theory and the second
comes from the uncertainty in the correction for the final state Coulomb interaction in the
B

0 decays. Because we provide the series coe�cients of a z parameterization and their
correlations, the result for |V

cb

| in Eq. (6.1) can be updated whenever new experimental
information becomes available.

The combined error from lattice and experiment in |V
cb

| is about 4%. Because this error
is obtained from a joint z-fit, the theory and experimental errors cannot be strictly disen-
tangled, but they can be estimated as follows. In the right panel of Fig. 10 we plot the
determinations of f

+

from separate z fits to the lattice form factors and to the experimental
data. Inspection of the error bands shows that the combined error, which determines the
uncertainty on |V

cb

|, is smallest at about z ⇡ 0.025 (w ⇡ 1.2). At this point, the experi-
mental error is about 3.9% and the lattice error is about 1.4%. (Note that combining them
in quadrature yields a total that is close to the 4% lattice+experiment error on |V

cb

| from
the joint fit.) Thus the experimental error currently limits the precision on |V

cb

| from this
approach. The dominant uncertainty in the experimental data is the assumed 3.3% system-
atic error, which is used for all w values in the joint fit. Now that lattice-QCD results for
the B ! D`⌫ form factors are available at nonzero recoil, however, it is clearly worthwhile
to study and improve the systematic errors in the experimental data at medium and large
recoil.

It is interesting to compare the above nonzero-recoil result with the result based on the
standard method that uses only the zero-recoil extrapolation of the experimental and theo-
retical form factors. The z expansion fit to lattice-only data gives G(1) = 1.054(4)

stat

(8)
syst

.
The BaBar collaboration quotes ⌘̄

EW

|V
cb

|G(1) = 0.0430(19)
stat

(14)
syst

[8] from its B-tagged
data, which gives |V

cb

| = (40.8 ± 0.3
QCD

± 2.2
exp

± 0.2
QED

) ⇥ 10�3. The result is con-
sistent with the value from nonzero recoil, but the error is larger, as expected. Our
zero-recoil form factor is consistent with a previous, preliminary Fermilab/MILC result
of G(1) = 1.074(18)

stat

(16)
syst

[13], but with significantly smaller uncertainties due to the
use of a much larger data set with several lattice spacings and lighter pions. We also note
that the systematic error estimate for the earlier result did not include an estimate of the
heavy-quark discretization errors, one of the larger contributions to the error in our new
result.

We compare our result for |V
cb

| with other published determinations from inclusive and
exclusive decays in Fig. 12. Our result is consistent with the determination from our compan-
ion analysis of B ! D

⇤
`⌫ at zero recoil, |V

cb

| = (39.04±0.53
QCD

±0.49
exp

±0.19
QED

)⇥10�3

[5]. The errors on |V
cb

| from the current work are larger, however, because of the larger errors
in the experimental data. Our result is 1.5� lower than a recent inclusive (non-lattice) de-
termination, |V

cb

| = (42.4±0.9
thy+exp

)⇥10�3 [6], which is also based on several experiments
and employs data at nonzero recoil.

We also plot the result for |V
cb

| in Fig. 12 determined from only our zero-recoil lattice
data, but using the best experimental knowledge of the extrapolated quantity ⌘̄

EW

|V
cb

|G(1).
The HFAG average value ⌘̄

EW

|V
cb

|G(1) is 0.04264(72)
stat

(135)
syst

[3], which combines five
experimental measurements from ALEPH [47], Belle [48], BaBar [8, 49], and CLEO [50].

30

B➞Dlν

TABLE VI. Error budget (in percent) for f
+

and f

0

at w = 1.16, which is the largest recoil value
used in our momentum extrapolation to the full kinematic range and determination of |V

cb

| (see
Sec. V). The first row includes the combined error from statistics, matching, and the error from
truncating the chiral expansion resulting from the chiral-continuum fit: errors in parentheses are
approximate sub-parts estimated as described in the text. The total error is obtained by adding the
individual errors in quadrature. Not explicitly shown because they are negligible are finite-volume
e↵ects, isospin-breaking e↵ects, and light-quark mass tuning.

Source f

+

(%) f

0

(%)

Statistics+matching+�PT cont. extrap. 1.2 1.1

(Statistics) (0.7) (0.7)

(Matching) (0.7) (0.7)

(�PT/cont. extrap.) (0.6) (0.5)

Heavy-quark discretization 0.4 0.4

Lattice scale r

1

0.2 0.2

Total error 1.2 1.1

f

0

to be modest. The errors from the chiral-continuum fit are under good control for the
range of simulated lattice recoil values, but grow rapidly for w & 1.16 where we do not have
data.

We add the remaining systematic uncertainties a posteriori to the chiral-continuum fit
error. We estimate the individual contributions to the form-factor error budget in the follow-
ing subsections, discussing each source in a separate subsection for clarity. In practice, only
the heavy-quark discretization errors (Sec. IVD) and lattice-scale uncertainty (Sec. IVE)
turn out to be significant.

We assume that systematic uncertainties from heavy-quark discretization e↵ects and
the lattice-scale uncertainty are uncorrelated, and therefore add them in quadrature. We
then propagate them to f

+

and f

0

according to the linear transformation Eqs. (2.5) and
(2.6), which depends on the recoil w, taking them to be 100% correlated between w values
and between h

+

and h�. Both the lattice-scale and heavy-quark discretization errors are
substantially smaller than the chiral-continuum fit error, and increase only slowly with w.

B. Matching

The ⇢ factors in Eq. (2.11) enter in the renormalization of the components of the transition
vector current V µ

cb

. As explained in Sec. III E these factors are estimated in one-loop lattice
perturbation theory to the extent that such calculations are available. As discussed near the
end of Sec. III F, we build the uncertainty estimates of Eqs. (B31), (B32) and (B37) into
the chiral-continuum fit via Eq. (3.17).

A noteworthy feature of Table VI is the size of the matching error after the chiral-
continuum fit. Had we omitted the errors in Eqs. (B31), (B32), and (B37) from the fitting
function, we would have to add them a posteriori, as we did for B ! D

⇤ at zero recoil [5].
Following the procedure used in Ref. [5], we would assign errors of 1.4% and 1.1% for f

+

19

Result:

Error budget at w=1.1
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Fermilab/MILC ’14 + HFAG ’14, B → D*, w = 1

Fermilab/MILC ’15 + HFAG ’14, B → D, w = 1

Fermilab/MILC ’15 + BaBar ’09, B → D, w ≥ 1

FIG. 12. Comparison of exclusive and inclusive determinations of |V
cb

|⇥ 103. Triangles denote an
extrapolation to zero recoil, while squares use data over a wide kinematic range. The color code
is black, blue (dark gray), and orange (light gray) for B ! D`⌫, B ! D

⇤
`⌫, and B ! X

c

`⌫,
respectively.

From this value we obtain |V
cb

| = (40.0 ± 0.3
QCD

± 1.4
exp

± 0.2
QED

) ⇥ 10�3. This error is
smaller than that from the analysis at nonzero recoil, thanks to the additional experimental
information, but only by about 10%. Thus combining lattice data at nonzero recoil with a
single experiment reduces the error on |V

cb

| by almost as much as adding zero-recoil data
from several experiments. Clearly the error on |V

cb

| from B ! D`⌫ at nonzero recoil can be
further reduced via a joint fit of the lattice form-factor data with additional experimental
measurements once correlations are available.

An interesting byproduct of our combined z-expansion fit to obtain |V
cb

| is an improved
determination of the B ! D form factors f

+

(q2) and f

0

(q2). Because the lattice form factors
are most accurate at high q

2, while the experimental measurements are most accurate at
low q

2, they provide complimentary constraints on the form-factor shape. Table XI provides
the z-fit coe�cients and correlation matrix from our preferred combined lattice-experiment
fit used to obtain our result for |V

cb

| quoted in Eq. (6.1). These represent our current best
knowledge of f

+

(q2) and f

0

(q2) for B ! D semileptonic decays, and can be used in other
phenomenological applications. Here we use the results in Table XI to update our calculation
of the ratio B(B ! D⌧⌫)/B(B ! D`⌫) in the Standard Model [15]. We obtain

R(D) = 0.299(11) , (6.2)

which agrees with our previous determination R(D) = 0.316(12)(7) in [15], but is 2.0�
lower than the BaBar measurement R(D) = 0.440(58)(42) [51]. The error in our new
determination of R(D) is about 20% smaller than in Ref. [15], primarily due to the inclusion
of the experimental information on the shape of f

+

from the joint z-fit.

The dominant errors in the lattice form factors come from statistics, matching, and the
chiral-continuum extrapolation, and can be reduced through simulations at smaller lattice
spacings and at physical quark masses and from further study of the matching factors. The
MILC Collaboration is currently generating (2+1+1)-flavor HISQ ensembles with physical
light quarks [52], which we anticipate using for future calculations of B ! D

(⇤) form fac-
tors. Heavy-quark discretization errors are also important. They can be reduced with a
more improved heavy-quark action such as that proposed in Ref. [53], and work on this is
underway [54, 55].
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of the ratio B(B ! D⌧⌫)/B(B ! D`⌫) in the Standard Model [15]. We obtain

R(D) = 0.299(11) , (6.2)

which agrees with our previous determination R(D) = 0.316(12)(7) in [15], but is 2.0�
lower than the BaBar measurement R(D) = 0.440(58)(42) [51]. The error in our new
determination of R(D) is about 20% smaller than in Ref. [15], primarily due to the inclusion
of the experimental information on the shape of f

+

from the joint z-fit.

The dominant errors in the lattice form factors come from statistics, matching, and the
chiral-continuum extrapolation, and can be reduced through simulations at smaller lattice
spacings and at physical quark masses and from further study of the matching factors. The
MILC Collaboration is currently generating (2+1+1)-flavor HISQ ensembles with physical
light quarks [52], which we anticipate using for future calculations of B ! D

(⇤) form fac-
tors. Heavy-quark discretization errors are also important. They can be reduced with a
more improved heavy-quark action such as that proposed in Ref. [53], and work on this is
underway [54, 55].

31

TABLE X. Final error budget for hA1(1) where each error is discussed in the text. Systematic
errors are added in quadrature and combined in quadrature with the statistical error to obtain the
total error.

Uncertainty hA1(1)

Statistics 0.4%

Scale (r1) error 0.1%

�PT fits 0.5%

gD⇤D⇡ 0.3%

Discretization errors 1.0%

Perturbation theory 0.4%

Isospin 0.1%

Total 1.4%

between the D⇤0 and the D⇤+ is a much smaller e↵ect. Thus, we quote an error of 0.1% due
to isospin e↵ects.

VIII. ELECTROWEAK EFFECTS

In this section, we discuss the electroweak and electromagnetic e↵ects in the semileptonic
rate, Eq. (1.3). They do not enter the lattice-QCD calculation but are needed, in addition
to the hadronic form factor F(1) = hA1(1), to obtain |Vcb|. The factor ⌘EW (written as ⌘em
in Ref. [1]) takes the form [10]

⌘EW = 1 +
↵

⇡


ln

MW

µ
+ tan2 ✓W

M2
W

M2
Z �M2

W

ln
MZ

MW

�
, (8.1)

where the weak mixing angle is specified via cos ✓W = g2/(g22 + g21)
1/2; g2 and g1 are the

gauge couplings of SU(2)⇥U(1). The first (second) term stems from W -photon (W -Z) box
diagrams plus associated parts from vertex and wavefunction renormalization. This form
assumes that GF in Eq. (1.3) is defined via the muon lifetime, which is the case for GF

in Ref. [1]. In the SM, MW = MZ cos ✓W , and the bracket simplifies to ln(MZ/µ). With
this assumption, taking the factorization scale µ = MB± , and varying µ by a factor of 2 to
estimate the error, one finds

⌘EW,SM = 1.00662(16). (8.2)

To reiterate, it is theoretically cleaner not to include this factor in F(w). This way makes
it more straightforward to study or remove the µ dependence in future work.

In the experiments [76], the charged-lepton energy spectrum is corrected for bremsstrahl-
ung with the PHOTOS [77] generator. For charged B decay, this package has been shown [78]
to reproduce the exact formula [79]. For neutral B decay, the charged D� and l+ in the
final state attract each other, which is reflected in a slightly di↵erent formula for the ra-
diation [11]. Reference [12] recommends treating this e↵ect with a Coulomb correction,
1 + ↵⇡/2 = 1.01146 on the amplitude, which is larger than the electroweak correction and
similar in size to the uncertainties from experiment and from QCD. Note, however, that a
detailed study of radiative corrections in K ! ⇡l⌫ finds that QCD-scale e↵ects reduce the
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FIG. 22: Unquenched lattice results for f
K

/f
⇡

[25, 52–56, 60–68]. The previous results are

reviewed in [37]. Results are grouped by the number of flavors from top to bottom: n
f

= 2 (green

diamonds), n
f

= 2 + 1 (blue circles), and n
f

= 2 + 1 + 1 (purple squares). Within each grouping,

the results are in chronological order. Our new result is denoted by a magenta cross and displayed

at the bottom. In this plot we do not distinguish between results done in the isospin symmetric

limit (degenerate up and down quarks) and results including isospin violation. The di↵erence is

small [37] and does not a↵ect the qualitative picture. (Our result does include the up-down quark

mass di↵erence, and so is for f
K

+/f
⇡

+ .)

VI. IMPACT ON CKM PHENOMENOLOGY

We now use our decay constant results to obtain values for CKM matrix elements within

the Standard Model, and to test the unitarity of the first and second rows of the CKM

matrix.

The decay-constant ratio f

K

+
/f

⇡

+ can be combined with experimental measurements of

the corresponding leptonic decay widths to obtain a precise value for the ratio |V
us

|/|V
ud

| [1].

Combining our updated result for f

K

+
/f

⇡

+ from Eq. (36) with recent experimental results

for the leptonic branching fractions [30] and an estimate of the hadronic structure-dependent

EM correction [78], we obtain

|V
us

|/|V
ud

| = 0.23081(52)LQCD(29)BR(K`2)(21)EM . (39)

61

fπ, fK, K➞πlν

A. Bazavov et al., Phys.Rev. D90 
(2014) 7, 074509, arXiv:1407.3772v2,  
Fermilab/MILC Collaborations.

Issues:
Is the first row of the CKM matrix normalized to 1?

and continuum extrapolation described in Sec. IV A:

f

K

+
/f

⇡

+ = 1.1956(10)stat
+23
�14|a2 extrap(10)FV(5)EM , (36)

m

s

/m

l

= 27.352(51)stat
+80
�20|a2 extrap(39)FV(55)EM , (37)

m

c

/m

s

= 11.747(19)stat
+52
�32|a2 extrap(6)FV(28)EM . (38)

Although our analysis also determines m

u

/m

d

, we do not quote a final result, because the

errors in this ratio are dominated by electromagnetic e↵ects. If we take the results from our

preliminary study of EM e↵ects on pion and kaon masses reported in Ref. [36] at face value,

we obtain a central value for m

u

/m

d

= 0.4482(48)stat
+21
�115|a2 extrap(1)FV, where we include

the uncertainties from all sources other than EM. Once the full analysis of m

u

/m

d

from

our QCD+QED simulations is complete, we expect the EM error to lie between 0.0150 and

0.0230. Even the more conservative estimate for the EM error on m

u

/m

d

, however, would

not impact the uncertainties on our final results in Eqs. (32) through (38) significantly;

the electromagnetic error is subdominant for most of these quantities, and one of several

comparably sized errors in the case of m

s

/m

l

. With the charm-quark mass tuned to match

the D

s

mass, our analysis gives a mass for the ⌘

c

of 2982.33(0.35)(+2.34
�2.07) MeV. While this

mass is in good agreement with the experimental value, it should be remembered that our

calculation does not include the e↵ects of disconnected contractions or decay channels to the

⌘

c

mass. Finally, we note that we are computing the values of the decay constants as they

are conventionally defined, in a pure-QCD world. Comparison to experiment thus requires a

matching of the decay rates between QCD and QCD+QED. The errors in such a matching

are not included in our error budgets for the decay constants, but are accounted for in our

determinations of CKM matrix elements in Sec. VI.

Figures 21, 22, 23 and 24 compare our results for m

s

/m

l

, m

c

/m

s

, f

K

+
/f

⇡

+ and the

charm decay constants with other unquenched calculations. Our results agree with most

determinations at the 1–2� level. In particular, our value for f

Ds agrees with the second-

most-precise determination from HPQCD obtained using HISQ valence quarks on the (2+1)-

flavor MILC Asqtad ensembles [49]. We disagree slightly with HPQCD’s determination of

the ratio f

Ds/fD

+ [50], but only by 1.2�. Our result for f

Ds is more precise than previous

determinations primarily for two reasons. First, the statistical errors in our data points for

the decay amplitudes are two or more times smaller than those obtained by, for example,

HPQCD [49]. Second, our use of ensembles with the physical light-quark mass eliminates
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FIG. 22: Unquenched lattice results for f
K

/f
⇡

[25, 52–56, 60–68]. The previous results are

reviewed in [37]. Results are grouped by the number of flavors from top to bottom: n
f

= 2 (green

diamonds), n
f

= 2 + 1 (blue circles), and n
f

= 2 + 1 + 1 (purple squares). Within each grouping,

the results are in chronological order. Our new result is denoted by a magenta cross and displayed

at the bottom. In this plot we do not distinguish between results done in the isospin symmetric

limit (degenerate up and down quarks) and results including isospin violation. The di↵erence is

small [37] and does not a↵ect the qualitative picture. (Our result does include the up-down quark

mass di↵erence, and so is for f
K

+/f
⇡

+ .)

VI. IMPACT ON CKM PHENOMENOLOGY

We now use our decay constant results to obtain values for CKM matrix elements within

the Standard Model, and to test the unitarity of the first and second rows of the CKM

matrix.

The decay-constant ratio f

K

+
/f

⇡

+ can be combined with experimental measurements of

the corresponding leptonic decay widths to obtain a precise value for the ratio |V
us

|/|V
ud

| [1].

Combining our updated result for f

K

+
/f

⇡

+ from Eq. (36) with recent experimental results

for the leptonic branching fractions [30] and an estimate of the hadronic structure-dependent

EM correction [78], we obtain

|V
us

|/|V
ud

| = 0.23081(52)LQCD(29)BR(K`2)(21)EM . (39)
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FIG. 23: Unquenched lattice results for f
D

and f
Ds [26, 49, 50, 61, 68–74]. We do not include

Ref. [75] because of the small volume used, and Ref. [76] because of the lack of a continuum

extrapolation. Results are grouped by the number of flavors from top to bottom: n
f

= 2 (green

diamonds), n
f

= 2+1 (blue circles), and n
f

= 2+1+1 (purple squares). Within each grouping, the

results are in chronological order. Our new results are denoted by magenta pluses and displayed

at the bottom. Again, we do not distinguish results in the isospin symmetric limit from those with

non-degenerate up and down quarks, where we have estimated the di↵erence in Eq. 35.

Taking |V
ud

| from nuclear � decay [79], we also obtain

|V
us

| = 0.22487(51)LQCD(29)BR(K`2)(20)EM(5)
Vud

. (40)

This result for |V
us

| is more precise than our recent determination from a calculation of the

kaon semileptonic form factor on the physical-mass HISQ ensembles [80], and larger by 1.8�.

Figure 25 shows the unitarity test of the first row of the CKM matrix using our result for

f

K

+
/f

⇡

+ . We find good agreement with CKM unitarity, and obtain a value for the sum of

squares of elements of the first row of the CKM matrix consistent with the Standard-Model

prediction zero at the level of 10�3:

1 � |V
ud

|2 � |V
us

|2 � |V
ub

|2 = 0.00026(51) . (41)

Thus our result places stringent constraints on new-physics scenarios that would lead to

deviations from first-row CKM unitarity. Finally, we note that, now that the uncertainty
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TABLE I. Parameters of the Nf = 2+1+1 gauge-field ensem-
bles and correlation functions generated in this work. N

conf

is the number of configurations included, N
src

the number of
time sources used on each configuration, and L the spatial
size of the lattice. Pion masses (fourth and fifth columns) are
given in MeV. Further information, including the light and
charm quark masses, can be found in Ref. [17].

⇡ a (fm) amsea

s amval

s mP
⇡ mRMS

⇡ m⇡L N
conf

N
src

0.15 0.0647 0.06905 133 311 3.30 1000 4
0.12 0.0509 0.0535 309 370 4.54 1053 8

0.0507 0.053 215 294 4.29 993 4
0.0507 0.053 215 294 5.36 391 4
0.0507 0.0531 133 241 3.88 945 8

0.09 0.037 0.038 312 332 4.50 775 4
0.0363 0.038 215 244 4.71 853 4
0.0363 0.0363 128 173 3.66 621 4

0.06 0.024 0.024 319 323 4.51 362 4

for the valence quarks, hence the di↵erent values of mval

s

and msea

s . The up and down sea-quark masses are taken
to be the same: ml = 0.2ms, 0.1ms, or ms/27. The
last corresponds very nearly to the physical pion mass,
135 MeV. We include data at heavier-than-physical pion
masses to further control the chiral-continuum fit.

While the column labeled bymP
⇡ in Table I corresponds

to the valence pion, the root-mean-squared pion mass,
mRMS

⇡ , provides a measure of the dominant discretiza-
tion e↵ects, due to lattice-artifact interactions between
staggered quarks of di↵erent tastes. These taste split-
tings, are of order ↵2

sa
2 for the HISQ action, where ↵s is

the strong coupling at a scale around ⇡/a. They decrease
rapidly with the lattice spacing, as can be seen from the
di↵erence of the fifth and fourth columns in Table I.

We obtain both hadronic matrix elements and meson
energies from combined fits of two-point and three-point
correlation functions. The structure of these three-point
functions is the same as in Ref. [14], but here we only
include moving ⇡ data [18]. The correlation function fits
include ground states, and excited and opposite-parity
states [14].

Our correlation-function fits are stable under varia-
tions of the number of states, time ranges, source-sink
separations, and other aspects of the fits. The central
values and statistical errors are shown as a function of
the light quark mass in Fig. 1, which is discussed in more
detail below. Numerical values are given in Ref. [18].
Within the statistical errors of relative size ⇠ 0.2–0.4%,
the data show no discretization e↵ects except possibly at
0.15 fm.

Chiral interpolation and continuum extrapolation:
Even though we have data at the physical quark masses,
we include data at larger m⇡. The use of chiral per-
turbation theory (�PT) and data at di↵erent masses al-
lows us to correct for small mistunings of the light- and
strange-quark masses, as well as for partially quenched
e↵ects due to mval

s 6= msea

s . In addition, these data are

very precise and help to reduce the final statistical er-
ror. Furthermore, the dominant discretization e↵ects,
are well-described by the �PT formula [35, 36], so they
are removed when taking the continuum limit.

In �PT, the form factor f
+

(0) can be written as
f
+

(0) = 1 + f
2

+ f
4

+ . . .. In continuum QCD, the
Ademollo-Gatto theorem [37] ensures that the O(p2i) chi-
ral corrections f

2i tend to zero in the SU(3) limit as
(m2

K � m2

⇡)
2. In particular, f

2

is completely fixed in
terms of well-known quantities. At finite lattice spac-
ing, however, violations of the Ademollo-Gatto theorem
arise from discretization e↵ects in the dispersion relation
needed to derive the relation in Eq. (5).

We perform the interpolation to the physical masses
and the continuum using next-to-next-to-leading-order
(NNLO) continuum �PT [38], supplemented by next-
to-leading-order (NLO) partially quenched, staggered
�PT [39]. Because we observe almost no lattice-spacing
dependence in our data, discretization e↵ects in higher-
loop �PT should be negligible. After removing the dom-
inant discretization e↵ects with S�PT, the remaining
ones, which stem from violations of the continuum disper-
sion relation and higher orders taste-splitting e↵ects, are
of order ↵sa2, a4, (m2

K�m2

⇡)
2↵sa2, and (m2

K�m2

⇡)
2↵2

sa
2.

We introduce fit parameters for these terms—K
1

, K
3

,

0 0.5
aml/(ams)
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0.97

0.98

0.99

1

f + (q
2 =0

)

a = 0.15 fm 
a = 0.12 fm 
a = 0.09 fm 
a = 0.06 fm
chiral interp. in the continuum

chi2/dof [dof] = 0.24 [7]     p = 0.97

FIG. 1. Form factor f
+

(0) vs. light-quark mass. Errors shown
are statistical only, obtained from 500 bootstraps. Di↵erent
symbols and colors denote di↵erent lattice spacings, and the
corresponding colored lines show the chiral interpolation at
fixed lattice spacing. The solid black line is the interpola-
tion in the light-quark mass, keeping ms equal to its physical
value, and turning o↵ all discretization e↵ects. The turquoise
error band includes statistical, discretization, and higher or-
der chiral errors, as explained in the text.

A. Bazavov et al., Phys.Rev.Lett. 112 
(2014) 11, 112001, arXiv:1312.1228v2.  
Fermilab/MILC Collaborations.
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Introduction: The Cabibbo-Kobayashi-Maskawa [1]
(CKM) matrix underpins all quark flavor-changing inter-
actions in the standard model of particle physics. Sym-
metries reduce the number of physical parameters of this
3 ⇥ 3 unitary matrix to four. They can be taken to be
|Vus|, |Vub|, |Vcb|, and arg (V ⇤

ub), where subscripts denote
the quark flavors interacting with the W boson. The fo-
cus of this Letter is to reduce the theoretical uncertainty
in the first of these, in a way that sharpens the test of
CKM unitarity from the first row of the matrix.

The test asks whether, or how precisely,

�u ⌘ |Vud|2 + |Vus|2 + |Vub|2 � 1 (1)

vanishes. The CKM matrix elements are determined
from, respectively, superallowed nuclear � decays, kaon
decays, and B-meson decays to charmless final states. A
failure of the test would be evidence for phenomena be-
yond the standard model. As it happens, �u and analo-
gous tests remain in agreement with the CKM paradigm.
Still, the absence of deviations provides stringent con-
straints on nonstandard phenomena and their energy
scale [2].

Until now, the error

(��u)
2 = 4|Vud|2 (�|Vud|)2 + 4|Vus|2 (�|Vus|)2

+ 4|Vub|2 (�|Vub|)2 (2)

has been dominated by the second term, because |Vud| =
0.97425± 0.00022 is so precise [3] (the third term is neg-
ligible). One can determine |Vus| via the axial-vector
current, i.e., leptonic kaon decays [4–10], or via the vec-
tor current, i.e., semileptonic decays [11–15]. The current
precision is at the level of 0.23–0.4% [9, 10] for the former,
but only ⇠ 0.5% [14, 15], for the latter. According to the
standard model, both approaches should yield the same
result, because the W -boson current has the structure
V �A.

For semileptonic decays, the relation between the ex-
perimentally measured K ! ⇡`⌫(�) inclusive decay
width and the CKM matrix element |Vus|, up to well
known overall factors, is [16]

�Kl3(�)
/ |Vus|2

���fK0⇡�

+

(0)
���
2

⇣
1 + �Kl

EM

+ �K⇡
SU(2)

⌘
. (3)

The quantities �Kl
EM

and �K⇡
SU(2)

denote long-distance elec-
tromagnetic and strong isospin-breaking corrections, re-
spectively [16]. The latter is defined as a correction rel-
ative to the K0 mode. The quantity needed from lattice
QCD is the vector form factor f

+

(0), defined by

h⇡(p⇡)|V µ|K(pK)i = fK⇡
+

(q2)


pµK + pµ⇡ � m2

K �m2

⇡

q2
qµ

�

+ fK⇡
0

(q2)
m2

K �m2

⇡

q2
qµ, (4)

where V µ = s̄�µu and q = pK � p⇡ is the momentum
transfer.

We previously [14] presented a lattice-QCD calcula-
tion of f

+

(0) using the Nf = 2 + 1 gauge-field con-
figurations generated by the MILC Collaboration. The
RBC/UKQCD Collaboration presented an independent
calculation [15], using a di↵erent set of Nf = 2+1 gauge-
field configurations. Even though both works reduce the
error on |Vus| from f

+

(0) to ⇠ 0.5%, it is still roughly
two times larger than the experimental uncertainty from
�Kl3(�)

.
Before, our dominant systematic uncertainty came

from the chiral extrapolation of light-quark masses from
their simulation values to the physical point [14]. Here,
we reduce this uncertainty by a factor of five with data
directly at the physical light-quark mass. Thus, the ex-
trapolation becomes an interpolation. We work with a
subset of the Nf = 2+1+1 ensembles generated (again)
by the MILC Collaboration [17]. The new ensembles use
an action for the sea quarks with three-times smaller dis-
cretization e↵ects. We now use three di↵erent lattice
spacings, instead of only two. In these ensembles, the
strange sea-quark masses are much better tuned than be-
fore, reducing another important uncertainty in Ref. [14].
Finally, the new ensembles include the e↵ects of charm
quarks in the sea.
Simulation details and statistical errors: We largely

follow the strategy of Ref. [14]. Hence, this Letter only
summarizes the main features and points out the di↵er-
ences. We refer the reader to Ref. [14] for details of our
methodology and to Ref. [18] for technical details of the
current numerical work.
We obtain the form factor using the relation [19]

f
+

(0) = f
0

(0) =
ms �ml

m2

K �m2

⇡

h⇡(p⇡)|sū|K(pK)i . (5)

The last expression requires no renormalization and al-
lows us to extract the form factor from three-point cor-
relation functions with less noise than Eq. (4). The mo-
mentum of the pion, p⇡, is adjusted via partially twisted
boundary conditions [20, 21], such that q2 = 0.
Table I shows the simulation parameters of the en-

sembles used here [17]. These ensembles use a one-loop
Symanzik-improved gauge action for the gluons [22, 23],
and the highly-improved staggered-quark (HISQ) ac-
tion [24] for the u, d, s, and c quarks in the sea. The
HISQ sea quarks were simulated with the fourth-root pro-
cedure for eliminating extra quark species (often called
tastes) arising from fermion doubling [25–34].
We study data at four di↵erent values of the lattice

spacing. The number of configurations analyzed at a ⇡
0.06 fm is too small to remove autocorrelation e↵ects in a
controlled way, so this data set is not used in the central
fit but as a cross-check of discretization e↵ects.
The strange and charmed masses are always near their

physical values. In most cases, however, a better tuning
of ms became available before computing the matrix ele-
ment in Eq. (5). We have chosen the better tuned value

5

TABLE III. Error budget for f
+

(0) in percent.

Source of uncertainty Error f
+

(0) (%)
Stat. + disc. + chiral inter. 0.24
mval

s 6= msea

s 0.03
Scale r

1

0.08
Finite volume 0.2
Isospin 0.016
Total Error 0.33

The unitarity test becomes

�u = �0.00115(40)Vus(43)Vud , (9)

i.e., the error on �u from |Vus| is now slightly smaller
than that from |Vud|. Combining the two errors, one sees
a ⇠ 2� tension with unitarity. Recall that the semilep-
tonic decay proceeds through the vector current; the un-
certainty of |Vus|/|Vud| from the axial-vector current, via
leptonic pion and kaon decays and the ratio fK/f⇡ [10]
already results in a value of �u with smaller error. As
emphasized above, it is important to carry out the test
with both currents.

In summary, with the HISQ Nf = 2 + 1 + 1 ensem-
bles, we have reduced the uncertainties on |Vus| from the
chiral interpolation and discretization e↵ects. The main
remaining sources of error are Monte Carlo statistics and
finite-volume e↵ects. In order to reach the final target of
0.2% precision required by experiment, we are increas-
ing statistics and deriving the finite-volume corrections
at one-loop in partially quenched staggered �PT with
twisted boundary conditions [48].
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, respectively—and take the functional form
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(0) = 1 + fPQS�PT
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a4 + f cont
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+K
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a2
p

�̄+K 0
2

a2�̄

+ C
8

m2

⇡ + C
10

m4

⇡

i
, (6)

where fPQS�PT

2

(a) is the NLO partially quenched stag-
gered �PT expression including leading isospin correc-
tions [40], f cont

4

is the sum of the NNLO continuum chiral
logarithms, and a2�̄ is the average taste splitting, with
�̄ used as a proxy for ↵2

s. The analytic term C
6

is related
to a combination of low-energy constants in continuum
�PT, and C

8

and C
10

are fit parameters that parametrize
chiral corrections at N3LO and N4LO, respectively. We
take the taste splittings from Ref. [17] and set the rest of
the inputs in the same way as in Ref. [14]. The fit param-
eters are constrained with Bayesian techniques. We fix
their prior widths using power counting arguments, ex-
cept for K 0

2

, where we triple the power-counting width,
since it is the numerically dominant term in our fits [18].
Using Eq. (6) expressed in terms of meson masses, we in-
terpolate to physical pion and kaon masses with electro-
magnetic e↵ects removed [41, 42]: mQCD

⇡+ = 135.0 MeV,

mQCD

K0 ⇡ mphys

K0 = 497.7 MeV, and mQCD

K+ = 491.6 MeV.
The last value enters only in f

2

.
We estimate the statistical errors by generating a set of

500 pseudoensembles via the bootstrap method, and re-
peating the fit on each pseudoensemble. The result from
the chiral and continuum interpolation/extrapolation is
f
+

(0) = 0.9704(24), which is shown in Fig. 1. The fits
cannot precisely determine the coe�cients Ki in Eq. (6),
since only the a ⇡ 0.15 fm point appears to show any
discretization e↵ects. We examine this issue via fits with
fewer parameters, including one-by-one the analytical a2

terms in Eq. (6), and excluding higher order chiral terms
(third line in Eq. (6)) to make the comparison cleaner.
The results of these fits are shown in Table II. We find
no di↵erence except when all of the discretization e↵ects
are omitted. Something similar happens with the ad-
dition of higher order chiral terms to the fit function.
Adding a N3LO term slightly changes the central value
and increases the error from 0.9703(23) to 0.9704(24).
Adding a N4LO term does not change either the central
value or the error. The alternate fits with additional dis-
cretization terms and/or chiral terms show that fit errors
are saturated. We thus consider the error from the chi-
ral and continuum interpolation/extrapolation with the
fit function in Eq. (6), f

+

(0) = 0.9704(24), as the to-
tal statistical+discretization+chiral interpolation error.
The increase in the error when adding a N3LO term,
0.0004, gives a measure of the chiral interpolation error,
five times smaller than in our previous work [14], thanks
to the inclusion of data at physical quark masses. We
discuss further tests of the robustness of this Bayesian
error estimate strategy in Ref. [18].

TABLE II. Stability of the continuum extrapolation with
omission of discretization terms, in the notation of Eq. (6).

Parameters omitted f
+

(0) �2/dof p
C

8

, C
10

, K
1

, K
2

, K
3

, K0
2

0.9714(12) 0.27 0.97
C

8

, C
10

, K
1

, K
2

, K
3

0.9703(23) 0.24 0.97
C

8

, C
10

, K
2

, K
3

0.9703(23) 0.24 0.97
C

8

, C
10

, K
3

0.9703(23) 0.24 0.97
C

8

, C
10

0.9703(23) 0.24 0.97
Central fit: full Eq. (6) 0.9704(24) 0.24 0.97

Although we omit it from the chiral and continuum
interpolation/extrapolation, we also show data on an en-
semble with a smaller lattice spacing, a ⇡ 0.06 fm, and
msea

l = 0.2msea

s , the (orange) down-pointing triangle in
Fig. 1. It lies on top of the results for the other lat-
tice spacings, confirming that discretization e↵ects are
much smaller than statistical errors. The same conclu-
sion follows from the fact that the red line in Fig. 1, for
a ⇡ 0.09 fm, is very close to the continuum one. The re-
maining significant sources of systematic uncertainty are
given in Table III. We estimate the error due to including
partially quenched e↵ects only at one loop by the shift in
the final result when using mval

s or msea

s in the NNLO chi-
ral logarithmic function, f cont

4

. To convert dimensionful
quantities from lattice to physical units, we use the scale
r
1

= 0.3117(22) fm [43] obtained from the static-quark
potential [44, 45]. The form factor, being a dimensionless
quantity, depends on the scale only via the input param-
eters. Propagating the uncertainty in the scale through
to f

+

(0) yields the entry shown in Table III. For an es-
timate of the finite volume error we compare our data
obtained with two di↵erent spatial volumes and other
parameters at a ⇡ 0.12 fm fixed. The di↵erence is about
half of the statistical error, so we take the finite volume
error to be the full size of the statistical error. Finally,
we estimate the error from the NNLO and higher order
isospin corrections to the K0⇡+ mode by taking twice
the di↵erence between the NNLO contribution to f

+

(0)
with and without isospin corrections [46]. See Ref. [18]
for more details.
Final result and conclusions: Our final result for the

vector form factor is

f
+

(0) = 0.9704(24)(22) = 0.9704(32), (7)

where the first error is from the chiral-continuum fit, and
the second the sum in quadrature of the other system-
atic errors listed in Table III. This result is the most
precise calculation of f

+

(0) to date and the first to in-
clude data at physical light-quark masses. It agrees with
the previous results of Refs. [14, 15], with a reduced total
uncertainty of 0.33%.
Using the latest average of experimental results for K

semileptonic decays, |Vus|f+(0) = 0.2163(5) [47], and the
form factor in Eq. (7), one obtains

|Vus| = 0.22290(74)f+(0)

(52)
expt

= 0.22290(90). (8)

Very high precision;
<~2 σ tension with unitarity.
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fD, fDs
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FIG. 23: Unquenched lattice results for f
D

and f
Ds [26, 49, 50, 61, 68–74]. We do not include

Ref. [75] because of the small volume used, and Ref. [76] because of the lack of a continuum

extrapolation. Results are grouped by the number of flavors from top to bottom: n
f

= 2 (green

diamonds), n
f

= 2+1 (blue circles), and n
f

= 2+1+1 (purple squares). Within each grouping, the

results are in chronological order. Our new results are denoted by magenta pluses and displayed

at the bottom. Again, we do not distinguish results in the isospin symmetric limit from those with

non-degenerate up and down quarks, where we have estimated the di↵erence in Eq. 35.

Taking |V
ud

| from nuclear � decay [79], we also obtain

|V
us

| = 0.22487(51)LQCD(29)BR(K`2)(20)EM(5)
Vud

. (40)

This result for |V
us

| is more precise than our recent determination from a calculation of the

kaon semileptonic form factor on the physical-mass HISQ ensembles [80], and larger by 1.8�.

Figure 25 shows the unitarity test of the first row of the CKM matrix using our result for

f

K

+
/f

⇡

+ . We find good agreement with CKM unitarity, and obtain a value for the sum of

squares of elements of the first row of the CKM matrix consistent with the Standard-Model

prediction zero at the level of 10�3:

1 � |V
ud

|2 � |V
us

|2 � |V
ub

|2 = 0.00026(51) . (41)

Thus our result places stringent constraints on new-physics scenarios that would lead to

deviations from first-row CKM unitarity. Finally, we note that, now that the uncertainty
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Issues: 
Is the second row of the CKM matrix normalized to 1?

A. Bazavov et al., arXiv:1407.3772v2.
Fermilab/MILC Collaborations.
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fD, fDs

24

Issues: 
Is the second row of the CKM matrix normalized to 1?

sea quarks are shown in Table IX; only the top subsection of the table gives physical results.

Note that the valence masses do not vary in the three di↵erent subsections of the table,

so changes in results show only the e↵ects of the light sea mass. The EM error associated

with the masses of the heavy-light mesons, which we call “EM3,” is not included in any of

the quoted EM errors in the table. As explained in Sec. IV A 3, that is because the error

cancels to good approximation when one extracts the decay constants f

D

+ , f

Ds from �
D

+ ,

�
Ds . One should use the experimental masses M

D

+ = 1869.62 MeV, M

Ds = 1968.50 MeV

[30] in this extraction; the experimental errors in these masses are negligible at the current

level of precision.

To quantify the e↵ect of isospin violations, we also report �
D

and �
D

+ ��
D

, where �
D

is

the value of � in the isospin limit, when the light valence mass is equal to m

l

= (m
u

+m

d

)/2

instead of m

d

. In this case, the EM errors in the heavy-light meson masses do a↵ect the

errors in the corresponding decay constant di↵erence because of the di↵erence between the

EM e↵ect in the charged M

D

+ and in the neutral M

D

0 , which are averaged to obtain M

D

.

We estimate this error when we quote f

D

+ � f

D

below.

In Table X, we report additional results for the case when the light valence mass is kept

equal to the light sea mass and m

0

l

/m

s

= 0.1 or 0.2. These unphysical results may be useful

for normalizing other calculations, such as those of B-system decay constants, as described

in Sec. V.

At each � value, we have reported, in Table VIII, the values for the lattice spacing a and

the strange mass in lattice units am

s

, which come from our scale-setting procedure using

M

p4s

/F

p4s

and aF

p4s

. For the estimates of the extrapolation errors in these quantities, we

have used the six versions of the continuum extrapolation for the inputs, which are the

quark-mass ratios, M

p4s

/F

p4s

, and F

p4s

in physical units. Finite volume and electromagnetic

errors come simply from propagating the errors in f

⇡

+ and the light quark masses through

the analysis.

The self-contained chiral analysis of the current section gives:

f

D

+ = 212.6 ± 0.4stat
+0.9
�0.8|a2 extrap ± 0.3FV ± 0.0EM ± 0.3

f⇡ PDG MeV , (28)

f

Ds = 249.0 ± 0.3stat
+1.0
�0.9|a2 extrap ± 0.2FV ± 0.1EM ± 0.4

f⇡ PDG MeV , (29)

f

Ds/fD

+ = 1.1712(10)stat(
+24
�31)a

2 extrap(3)FV(5)EM , (30)

f

D

+ � f

D

= 0.47(1)stat(
+11
� 4)a

2 extrap(0)FV(4)EM MeV , (31)
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tions. Thus the significant improvement in f

D

+ and f

Ds does not, at present, lead to direct

improvement in |V
cd

| and |V
cs

|. Experimental measurements of the D

+ decay rates have

improved recently [81], however, such that the error on |V
cd

| from leptonic D

+ decays is now

approximately half that of |V
cd

| obtained from either neutrinos [30] or semileptonic D ! ⇡`⌫

decay [90].

Our result for |V
cd

| agrees with the determination from neutrinos. Our |V
cd

| is 1.0� lower

than the determination from semileptonic D decay in Ref. [90], while our |V
cs

| is 1.1� higher

than that of Ref. [91]. Figure 25 shows the unitarity test of the second row of the CKM

matrix using our results for f

D

+ and f

Ds . We obtain a value for the sum of squares of

elements of the second row of the CKM matrix of

1 � |V
cd

|2 � |V
cs

|2 � |V
cb

|2 = �0.07(4) , (44)

showing some tension with CKM unitarity. This test will continue to become more strin-

gent as experimental measurements of the D

+ and D

s

decay rates become more precise.

At present, even if our rough estimate of the uncertainty due to structure-dependent EM

corrections in Eqs. (42) and (43) is too small by a factor of two, the errors on |V
cd

| and

|V
cs

| would not change significantly. It will be important, however, to obtain a more reliable

estimate of the contributions to charged D decays due to hadronic structure in the future.
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BB, BsBs mixing
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No recent results, but an important fact to mention.

Existing experimental errors on 
meson mixing are generically about 
0.5%.

Precision of mixing bounds on the 
unitarity triangle are dominated by 
lattice theory, currently 5% (FLAG).

Existing experimental data will be 
much more valuable once improved 
theory calculations are completed.

____
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Summary: success in the past

• Lattice QCD calculations played an essential role in the 
success of the flavor programs of the Tevatron and 
flavor factories.

• So far, no failures of the standard model.

• Much work yet to do, e.g., matching the precision of BBbar mixing results.

• They have a key role to play in the coming LHCb and 
Belle-2 programs.

• A much richer role than this awaits them in the future US 
particle physics experimental program.

26
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Lattice QCD in the future of particle physics

• Use the Higgs boson as a new tool for discovery.

•  Pursue the physics associated with neutrino mass.

• Identify the new physics of dark matter.

• Understand cosmic acceleration:  dark energy and 
inflation.

• Explore the unknown: new particles, interactions, and 
physical principles.

27

2013, the P5 report outlined the future of US particle physics.

Lattice QCD calculations will be required throughout this program.
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Coming US experiments

28

Muon physics.

g-2 experiment

Mu2e experiment

Goals of experiments are in particle physics, but the methods 
and groups come from both the NP and HEP communities.

Searching for BSM effects in deviation from SM 
prediction of anomalous magnetic moment of 
muon.
Cannot reach potential without new lattice QCD 
calculations.

If new physics is indicated by observation of µ➞e transition, 
lattice QCD calculations needed to interpret in terms of 
fundaments physics.
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Coming US experiments
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Conclusion:  The flavor program established lattice QCD as a critical 
tool in the HEP program.  Lattice QCD will be an essential tool 
throughout particle physics from now on.

Neutrinos

Higgs decays

[Formaggio & Zeller,
RMP 84, 1307‐1341, 2012]

Search for BSM effects in <1% determinations of Higgs 
decays will require SM inputs to that precision;  e.g., mb to 
<1%/

The nucleon component of nucleon and 
nuclear contributions can now be removed by 
lattice calculations.  Results will be integrated 
into the Genie Monte Carlo.


