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* Definition of gluon TMD

 Light-cone expansion at moderate x

* Rapidity factorization approach at small x

* Generalized evolution at moderate and small x
 BK, DGLAP and Sudakov limits

* Gluon TMD factorization function
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Transverse momentum dependent (TMD) distribution
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Transverse momentum dependent (TMD) distribution

Electron lon Collider:
The Next QCD Frontier

Understanding the glue
that binds us all
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Transverse momentum dependent (TMD) distribution
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Transverse momentum dependent (TMD) distribution

Collinear distribution: TMD distribution:
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Current status
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From moderate to small-x
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Two definitions of gluon TMD

Moderate x:

22 (1 1 . .
s aQ _ —izu(P-n) a a&
N, (2, 21) ST2(P )z /due (P|F¢ (2L + un)F*=(0)|P)

asD(x,z1) =

Small x (Weiszacker-Williams):

272 (g 1 ~
asD(x,z1) = N G(z,21) = T3P n)z /du(P\]—"g(zl + un)F%(0)|P)

]—“g(()) = |oon, 0]*""ntg ZZ%(())

~

Fe(zL +un) = n”gﬁlﬁ(un + 21 )|un + z1 ,0on + z, |
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Definitions of gluon TMD

BBD(BB,kL) — 4
as(P|P) /d%idQCULe“ﬁ(h— R
y¢)<P‘ff(5B T ).Fa’i
) L\ (BB,yL)|p>
We consider eyolution of this operator
BBpZ, kJ_ i
p i \ &
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Definitions of gluon TMD

4
D —_— — 2 2 ikJ_ r| —Y. T~ al
B5D (e, hi) = ~ oy / Az, d?y ™ (PIF (B, 0 ) F ¢ (Bp,y)|P)

\

~onsider evolul

on of this operatof

\We

Fo(BpyL) =2 / A2 e55% (00, 2, gFI7 (20, 1)

a 2 iAo~
Fi(Bman) = 1 [ dee 5 g R G ) oy ol
p = apy ‘|’Bp2 —|—pJ_
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Evolution of gluon TMD

Note: there are several diagrams of this kind
Real emission

/ Virtual emission
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Evolution at small and moderate x

Moderate x (DGLAP dynamics) Small x
/

 Ordering in rapidity
a > o’
* No ordering in transverse momentum

pL ~1l

 Ordering in transverse momentum
pL >l

* No ordering in rapidity

/
a ~
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Evolution at small and moderate x

Moderate x (DGLAP dynamics) Small x
/

rapidity factorization approach

light-cone expansion

We consider emission in both limits and
combine results
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Light-cone expansion (moderate x)

Moderate x (DGLAP dynamics)
/

- Parameter of expansion [, /p; <« 1

* In coordinate representation is an expansion
iIn powers of deviation from the light-cone

 Gluon propagator is linear in F

K2 .
lim k(A% (k)AL (y)) = —ie' s ¥=e=*veGab (0o, yu; k)l y,

k2—0

e 43 . 4 . .
glﬂ/(oo? Y kJ-)|y¢ — g/“/[OO, y*]@u + / dzx <_@k9 (Z - y)*glﬂ/ [OO, Z*]yJ_F°j [Z*a y*]yJ_ + @(p2u5i - p2M51]/)[007 Z*]yLFOJ' [Z*7 y*]yJ_)
Yx

The structure at small x (rapidity factorization) is different
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Light-cone expansion. Real emission

Lipatov vertex

Lzlz)(kayJ_aﬁB) =1 lim k2<AZ(k)sz(ﬁBayJ_)>

k2—0

do

<ﬁai(5BaxJ_)"rzq(ﬁBayJ_)> — _/%d2k$iiu(kaxJ—vﬁB)Lui(kayJ_aBB)
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Light-cone expansion. Real and virtual emission

. gk 2g7F 2k? g7k 2k7 Kk
ni — 2N d2 { ik (z1—yl1) |:g — L —
4 (5{9;“) (53’4“ k / B afpst k. | (aBps+ k)2 (aPps+ k)
Ak2 Kk 2k K7k

k2 k2 ~ .
- P Bs + kw5 B+ k) — P B m ) B )

T aBes+ k)P (afps + K23

@ = = = em e em em e wm e
/
Collinear limit =z, =y
d Nt n o &S(:u) ! 1 =~ni ﬁB n BB
M2d—ﬂz<F (B, 2.1)FF(Bp, 1)) = == NC/B dz[z(l_z)+ — 24 2(1—2)| P L) P (L)
DGLAP equation
(K1 < p?)
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Rapidity factorization approach (small x)

Separate slow a > o’
and fast fields o' < o’

Fast fields form the shock-wave

To construct transition to moderate x we
Keep a finite width of the shock-wave

R

R R EE I P
I R,

_‘_"-...

Interaction with external field is :
inside very thin shock-wave e
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Rapidity factorization approach. Gluon propagator

Parameter of expansion %a* <1

No ordering in transverse momentum p; ~ [

The gluon propagator has tortuous structure:
nonlinear in F terms and quark contribution

Quark contributiop

k2 .
lim K2 (A% (k) AL () = —ie’ <5 e~ 10 O (00, g K.

k2—0

O (00, yus k1) = G (00, yui k1) + Ty (00, yu; kL) + T (00, yus —k L)

o° 21 . _ . 4 . .
G 00, 0,11) = G100, 3.] + / (= 25— 1) 20,2 Fuy — o0, 2D} + o (o — paudh) oo, 2 Eug )

2 )
+— dz*/ dzl | (49,0 (2" — *——pgupg,,][oo z*]F.j[z*,z;]F.J[z;,y*]

ass

S
Nonlined? term
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Rapidity factorization approach. Real emission

Lipatov vertex

We take into account position of the shock-wave U = |00, —o0]
a ST a —ik vy, b2 P« . a
Lii(k.ys. Bp) =1 lim BALRF! (Bm o)) = 2e 00 (2 = D85 ) (Fil 1) — 030y, UJ, )
afps afps i pi 2ip1
+(k —U Ut +2 —U Al —0,U, U}
+(kLlgui {aﬁ 34—pL aBBs—i—pl }+ &plu{ﬁQﬁgS—FPi afps+p? } p? YTyl
2'L . J_ 2p2IJJ « BS T ab
+{ —p2, 0;U 6388“ B 2 S01Up }aﬁ’BerpiU Y1)

We apply the same strategy to calculation
of the virtual correction
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One loop correction for the whole region of fransverse momentum

One can unify result obtained for p1 > [, (light-cone
expansion) and p, ~ [, (rapidity factorization approach)

Lia(kyyy, B) =i lm k(AL (k)T (Bs,y1)) =

2e k1vL  aBps k2 aBpsqg, k! 20k, kI k2 ,
{ BB < 1 53 9u 2p1,u}(f]qb(53+_J_,yJ_)_ZajUUTab>

P2y — ozpm)(S — k; (5~7

afps+k? L k2 \as a635+k2 afps+ k?
afpsgui + 2apiuki . 5 1 ; 1 - 2@p1ua ]L
+(k 2k70;U — 07U U'+ 2 o;U U o;U, U
A a58+kz (2 L)a55+p¢ P afps+ p3 i
21 2p2 aBps
o,U — Oy Upi + =g 0R U } Uty )@
+{ st 2H BBS H B a? v afps+p? yL)

Virtual emission:

2 oo
FBpun) =~ [ dyee ™[00, .1 g (e, )

— OO

do
_ s rnkl
— —if /G ={ .l i(aﬁgszﬁUJraLUpz)aﬁBerpL

ly ) (Fi(Be,yL) —i0:Uy, U@L)kl}

afps
afp s—l—pL)

(yJ_| 2(

e Valid in a full range of P |
e Takes into account dependence on 3 # 0
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Evolution equation of gluon TMD

d

<]:"ai(5373&)]:“(53,y¢)> = 2045T7"{

dlno N ) Non/inear.
1r-pig" +2p'p P71 gik + 2PiPk 4 €Quqt;
— —|U 1 — 1 a
(] [ oBps + p2 U ~(U= )] [U ofBps+ p? ut=(U— )} f'On
: Pl [p'g’* +ptg¥ 2p'p’p" PA Gik + 2DiDk 4
iBp O'S)[ oBps+ p? (O‘ﬁBS—I—pi)Q} [ oBps+ p? ( )}

~ 12 gik 1L 9pink | . i i 20iD p?
Rt s L) [T R . TSR PETP O
oBBs + pL , UBBS‘FPL (0Bps ‘fpﬂ ‘75
p* 2p% 7" 4pipFp? 2p’ p/p” p*
—|—2.7: ﬁB-l— [ + - } +
( ) (UBBS+]9J_) (eBps+p1)® (0Bps+pi)* «(Pz 03)

pL p’ [ png+2pzpj - } [~pig”+2p’LpJ~T ~ }pj p1
—F U U U—-1) —|U U — (U — 1)| —=F; + =
1k 1.k
~ pL g pp pJ_
—2F; + { 4+ } +
(BB 08) Bus 12 | (0Bps+ P2 ) k(OB S)
! T )

v 2 (] iyl
> Dy 9 pp b
_2F. y L

K )[aﬁBsﬂu " (aﬁBswiP}ﬂﬁB +og )

i pngg + 2pip; ot B 1
+F (B, 20) (| B U et U ) — e ) Ui)|
2pip; + mgw P’ 1 . ;
+[<m2f iz Ul o) = | e ) Ui)| 7 (0, ) |
d"p.1 i P > d’pp  opps
9 sz_(w y)J_F’L Pl y N _ 9 Ft y /
+ / pJ_ (6 —I_ xJ_) (BB+O_SayJ_) 'F(BBva_)F(BB7yJ_) pi O’BBS"‘]?%_

¢ Valid for the whole range of o and (g

¢ No infrared divergency

® Real emission part contains kinematical
constraint p5 < o(1 — Bg)s
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DGLAP limit i = ~ 1

o<1
d - . N 2g7* 2k2 g7k 2k7 k*
ne n — 2Nc ko 1k (CBL yJ_) _ 1 _
dln0<}- (B, L) 7 (BB yL)) / L{6 {ki ofBps+ k7 i (ofps+k3)? (0Bps+k?)?
4k? kI Kk 2k kI KR k2 k2 ofBps

} (BB + £,$L)ff(53 + YL ﬁm(ﬁB,fw)]‘T(ﬁB,yL)}

+(aﬁgs+ki)3 B (oBps+ k3 )4 )~ k% (cBps+k4)

e Evolution equation is linear
e In the collinear case reproduce DGLAP
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Small x limit s — o ~ 0

. —2
(z Sy) Lokl
d  ~ . P’
U (2, ) UL = —4a,T Up,UT(UZLUT U= UT Up'UT
(0" (2)Uf (y.)) = —da r{(sm pUH (001 = ) (U7 U = 5 )Up U )
7 pzpj T 1 png er 1 1 & 7
— Uz Y U'ly,) — =(y Y Y — (z|U U — —(x x )U;(xz ) |U (y
(z1) |( ui U ) 2“'L'“ )] = [ OS2 0 o) = S| o) i) | U ()

e Nonlinear equation

d <ﬁZ@(x¢)Uia(y¢)>=—%/d2z {( 2(97+Ux)(0 ~g—1)( "jyh . (UZU;—1)(£§J+U3)}

|.Balitsky, A.T. (2014)
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Sudakov limit B = 2 ~ 1

k5~ (z—y)[° ~ few GeV?

No restriction for the virtual emission
o<1

d
dlno

. g2
F(xL,Bp)Fi(yL,BB) = Ne /CMDL [1—e" PV Fo g, B)Fi(yL, Be)

Real emission is restricted to the small p region

D(@B, kJ_,an')

D( ki,ln—
27T }BB,L,HS)
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Fragmentation function

Z — n)u ~a al
aSDf(a:F,zL)z—W(;.n)/due AP SO| F8(2) + un) X+ p) (X + plF(0)]0)
X /
p
O[Ulp+X) =0
For fragmentation function non-linearity is lost
k=p/zp, ki
/
L (Fo (B F(-5 >>—4aN/d 0(8 — P~ 1)eins e
oo Fy X1 F YL s pL F os
g"” 29" 2p'p’ — 2p7 g¥ dp? p 20'Pp1 7 74 ol pi
+ = = 7 Ll Pl
e e A R e AR T D
0 _ 3 |
OB ZPL) (B, ) F (B ys)
by
COI[inear.C o
d ~ _i a_i o N, dp 1 B B 20 P ia; P
dlno 7 ZF TL)F ZF o)) = ™ /ZF p® Lp(l—p)y 2+ '0)]]:7;( ZF P ZF L)
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Conclusion

 There Is a difference between small and moderate x even at
the level of definitions

* We've use light-cone expansion at moderate x and rapidity
factorization at small x

* We've constructed evolution equation which is valid in both
regions

* The equation reproduces different limits (BK, DGLAP and
Sudakov)

* The equation is linear at moderate and non-linear at small x

* However evolution of the gluon fragmentation function is
linear
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