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Time dependent CPV in charm
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Charm mixing in 2007

4

y(
%

)



Jonas Rademacker (University of Bristol)                                             Amplitude Analyses at LHCb                      PWA/ATHOS 2024, Williamsburg VA

Charm mixing in 2013
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Charm mixing in 2015
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Charm mixing in 2018
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Charm mixing in 2021
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non-zero x at > 5σ



Jonas Rademacker (University of Bristol)                                             Amplitude Analyses at LHCb                      PWA/ATHOS 2024, Williamsburg VA

What was that??? 
LHCb model-independent mixing with D0 → KSπ+π−
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LHCb: PRL 127 (2021) 11, 111801
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Figure 3: Distribution of �m for the selected D⇤+
! D0(! K0

S⇡
+⇡�)⇡+ candidates. The

projection of the fit result is superimposed.

usually by pairing the same D0 candidate with di↵erent soft pions. When this occurs, one
candidate is chosen randomly, and the rest are removed from the sample.

Signal yields are determined by fitting the distribution of the mass di↵erence be-
tween the D⇤+ and D0 candidates, denoted as �m. The signal probability density
function is empirically described by a combination of a Johnson SU distribution [27]
and two Gaussian functions, one of which shares a mean with the Johnson SU . The
background is dominated by real D0 decays incorrectly combined with a charged particle
not associated with a D⇤+ decay, and is modeled with a smooth phase-space-like model,
✓(�m�m⇡)e�c(�m�m⇡) (�m�m⇡)

↵, where ✓(x) is the Heaviside step function, m⇡ is
the charged-pion mass [5], and ↵ and c are free parameters. Figure 3 shows the �m
distribution of the entire sample, from which the fit identifies (30.585± 0.011)⇥ 106 signal
decays. This represents a factor of 15 larger yield compared to the previous measurement.

To determine the yields used to form the ratios R±
bj , separate fits are performed for each

set of Dalitz-plot and decay-time bins bj. The signal model assumes the same parameters
for each pair of positive and negative Dalitz-plot bins, and fixes some parameters from a fit
integrated over decay time. Fits are performed independently for D0 and D0 candidates,
as well as for each of the four data subsamples. The measured signal yields are then
corrected for two e↵ects that do not cancel in the ratio: experimentally induced correlations
between the phase space and decay time, and charge-dependent e�ciencies (detection
asymmetries).

Online requirements on the displacement and momenta of the D0 decay products
introduce e�ciency variations that are correlated between the phase-space coordinates
and the D0 decay time. The e↵ect depends predominantly on the invariant mass of
two pions from the D0 decay, with the e�ciency to reconstruct the candidates at low
values decreasing significantly at low D0 decay times. This can bias the measured yield
ratios and produce mixing-like trends. To remove this bias, an approach that estimates
the relative e�ciencies using data is developed. The Dalitz plot is divided into small,
rectangular-like regions formed symmetrically across the bisector. Note that these include
the portions above and below the bisector, unlike the bins shown in Fig. 2. In the limit of
CP symmetry, the contribution of mixing to such symmetric regions depends only on yCP
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Method: Phys.Rev. D99 (2019) no.1, 012007

3.1 × 107

See also CLEO-c, Phys.Rev. D82 (2010) 112006
BESIII: PRL 124 (2020) 24, 241802

correct for this effect. The values of Ki and K0
i that are used

to evaluate Nexp
i are determined from the flavor-tagged DT

yields, where corrections from doubly Cabibbo-suppressed
decays, efficiency and migration effects have been applied,
which are explained in detail in Ref. [16].
The values of cð0Þi and sð0Þi are obtained by minimizing the

negative log-likelihood function constructed as

−2 logL ¼ −2
X

i

X

j

lnPðNobs
ij ; hNexp

ij iÞK0
Sπ

þπ−;K0
SðLÞπ

þπ−

− 2
X

i

lnPðNobs
i ; hNexp

i iÞCP;K0
SðLÞπ

þπ− þ χ2;

where PðNobs; hNexpiÞ is the Poisson probability to observe
Nobs events given the expected number hNexpi. Here the
sums are over the bins of theD0 → K0

SðLÞπ
þπ− Dalitz plots.

The χ2 term is used to constrain the difference c0i − ci
(s0i − si) to the predicted quantity Δci (Δsi). The values of
Δci andΔsi are estimated based on the decay amplitudes of
D0 → K0

Sπ
þπ− [30] and D0 → K0

Lπ
þπ−, where the latter is

constructed by adjusting the D0 → K0
Sπ

þπ− model taking
the K0

S and K
0
L mesons to have opposite CP, as is discussed

in Refs. [13,14]. The details of assigning Δci (Δsi) and
their uncertainties δΔci (δΔsi) are presented in Table VI
of Ref. [16].
The measured strong-phase parameters cð0Þi and sð0Þi are

presented in Fig. 3 and Table II. The estimation of
systematic uncertainties is described in detail in Ref. [16].
In addition to our results, Fig. 3 includes the predictions of
Ref. [30] and the results from Ref. [14], which show
reasonable agreement.
In summary, measurements of the strong-phase para-

meters between D0 and D̄0 → K0
S;Lπ

þπ− in bins of phase
space have been performed using 2.93 fb−1 of data
collected at

ffiffiffi
s

p
¼ 3.773 GeV with the BESIII detector.

Compared to the previous CLEO measurement [14], two
main improvements have been incorporated. First, addi-
tional tag decay modes are used. In particular the inclusion
of the πþπ−π0 tag improves the sensitivity to ci and the
addition of theK0

Sðπ0π0missÞπþπ− improves the sensitivity to
si. Second, corrections for bin migration have been
included, as their neglect would lead to uncertainties
comparable to the statistical uncertainty. The results
presented in this Letter are on average a factor of
2.5 (1.9) more precise for ci (si) and a factor of
2.8 (2.2) more precise for c0i (s

0
i) than has been achieved

previously. The strong-phase parameters provide an impor-
tant input for a wide range ofCP violation measurements in
the beauty and charm sectors, and also for measurements
of strong-phase parameters in other D decays where
D → K0

Sπ
þπ− is used as a tag [31,31–34].

To assess the impact of our ci and si results on a
measurement of γ, we use a large simulated data set of
B− → DK−, D → K0

Sπ
þπ− events. Based on the MC

simulation, the uncertainty in γ associated with our uncer-
tainties for ci and si is found to be 0.7°, 1.2°, and 0.8° for
the equal ΔδD, optimal and modified optimal binning
schemes, respectively. For comparison, the corresponding
results from CLEO are 2.0°, 3.9°, and 2.1° [14]. Therefore,
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FIG. 2. Dalitz plots of K0
Sπ

þπ− events in data. The effect of the
quantum correlation is clearly visible. The approximate locations
of events from K0

Sρð770Þ0 are indicated by arrows for clarity.
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FIG. 3. The ci and si measured in this work (red dots with error bars), the predictions of Ref. [30] (black open circles) and the results of
Ref. [14] (green open squares with error bars). The left, middle and right plots are from the equal ΔδD, optimal and modified optimal
binnings, respectively. The circle indicates the boundary of the physical region c2i þ s2i ¼ 1.

PHYSICAL REVIEW LETTERS 124, 241802 (2020)

241802-6

Critical: 
BES-III 
input

https://inspirehep.net/literature/1867376
http://inspirehep.net/record/1702145?ln=en
http://inspirehep.net/record/873121/
https://inspirehep.net/literature/1782978
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Charm mixing in 2023
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Why has  had such an impact?D0 → KSπ+π−
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Two body modes measure final-state-dependent , which are  rotated 
by the strong phase difference between  and 

x′ , y′ x, y
D0 → fD D0 → fD

The magic of Amplitude Analyses measures this phase at the same time 
as x, y, |q/p | , ϕCP

Amplitude analyses are good at phases!

rDeiδ
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Why has  had such an impact?D0 → KSπ+π−
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Charm mixing in 2018
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Charm mixing in 2021
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non-zero x at > 5σ
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Why has  had such an impact?D0 → KSπ+π−
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LHCb charm data are clean and plentiful

2.3⇥ 106 D0 ! K0
S⇡

+⇡�
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Figure 3: Distribution of �m for the selected D⇤+
! D0(! K0

S⇡
+⇡�)⇡+ candidates. The

projection of the fit result is superimposed.

usually by pairing the same D0 candidate with di↵erent soft pions. When this occurs, one
candidate is chosen randomly, and the rest are removed from the sample.

Signal yields are determined by fitting the distribution of the mass di↵erence be-
tween the D⇤+ and D0 candidates, denoted as �m. The signal probability density
function is empirically described by a combination of a Johnson SU distribution [27]
and two Gaussian functions, one of which shares a mean with the Johnson SU . The
background is dominated by real D0 decays incorrectly combined with a charged particle
not associated with a D⇤+ decay, and is modeled with a smooth phase-space-like model,
✓(�m�m⇡)e�c(�m�m⇡) (�m�m⇡)

↵, where ✓(x) is the Heaviside step function, m⇡ is
the charged-pion mass [5], and ↵ and c are free parameters. Figure 3 shows the �m
distribution of the entire sample, from which the fit identifies (30.585± 0.011)⇥ 106 signal
decays. This represents a factor of 15 larger yield compared to the previous measurement.

To determine the yields used to form the ratios R±
bj , separate fits are performed for each

set of Dalitz-plot and decay-time bins bj. The signal model assumes the same parameters
for each pair of positive and negative Dalitz-plot bins, and fixes some parameters from a fit
integrated over decay time. Fits are performed independently for D0 and D0 candidates,
as well as for each of the four data subsamples. The measured signal yields are then
corrected for two e↵ects that do not cancel in the ratio: experimentally induced correlations
between the phase space and decay time, and charge-dependent e�ciencies (detection
asymmetries).

Online requirements on the displacement and momenta of the D0 decay products
introduce e�ciency variations that are correlated between the phase-space coordinates
and the D0 decay time. The e↵ect depends predominantly on the invariant mass of
two pions from the D0 decay, with the e�ciency to reconstruct the candidates at low
values decreasing significantly at low D0 decay times. This can bias the measured yield
ratios and produce mixing-like trends. To remove this bias, an approach that estimates
the relative e�ciencies using data is developed. The Dalitz plot is divided into small,
rectangular-like regions formed symmetrically across the bisector. Note that these include
the portions above and below the bisector, unlike the bins shown in Fig. 2. In the limit of
CP symmetry, the contribution of mixing to such symmetric regions depends only on yCP

4

3.1 × 107
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Why has  had such an impact?D0 → KSπ+π−

15

The “bin-flip” method ensures that many systematic 
uncertainties largely cancel.

LHCb: PRL 127 (2021) 11, 111801
Method: Phys.Rev. D99 (2019) no.1, 012007

Methods is based on 
(time-dependent) ratios of 

yields in CP-conjugate 
bins with identical 

kinematics.

https://inspirehep.net/literature/1867376
http://inspirehep.net/record/1702145?ln=en
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Why has  had such an impact?D0 → KSπ+π−
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Binned analysis with BES III input removes amplitude 
model dependence

See also CLEO-c, Phys.Rev. D82 (2010) 112006

BESIII: PRL 124 (2020) 24, 241802

correct for this effect. The values of Ki and K0
i that are used

to evaluate Nexp
i are determined from the flavor-tagged DT

yields, where corrections from doubly Cabibbo-suppressed
decays, efficiency and migration effects have been applied,
which are explained in detail in Ref. [16].
The values of cð0Þi and sð0Þi are obtained by minimizing the

negative log-likelihood function constructed as

−2 logL ¼ −2
X

i

X

j

lnPðNobs
ij ; hNexp

ij iÞK0
Sπ

þπ−;K0
SðLÞπ

þπ−

− 2
X

i

lnPðNobs
i ; hNexp

i iÞCP;K0
SðLÞπ

þπ− þ χ2;

where PðNobs; hNexpiÞ is the Poisson probability to observe
Nobs events given the expected number hNexpi. Here the
sums are over the bins of theD0 → K0

SðLÞπ
þπ− Dalitz plots.

The χ2 term is used to constrain the difference c0i − ci
(s0i − si) to the predicted quantity Δci (Δsi). The values of
Δci andΔsi are estimated based on the decay amplitudes of
D0 → K0

Sπ
þπ− [30] and D0 → K0

Lπ
þπ−, where the latter is

constructed by adjusting the D0 → K0
Sπ

þπ− model taking
the K0

S and K
0
L mesons to have opposite CP, as is discussed

in Refs. [13,14]. The details of assigning Δci (Δsi) and
their uncertainties δΔci (δΔsi) are presented in Table VI
of Ref. [16].
The measured strong-phase parameters cð0Þi and sð0Þi are

presented in Fig. 3 and Table II. The estimation of
systematic uncertainties is described in detail in Ref. [16].
In addition to our results, Fig. 3 includes the predictions of
Ref. [30] and the results from Ref. [14], which show
reasonable agreement.
In summary, measurements of the strong-phase para-

meters between D0 and D̄0 → K0
S;Lπ

þπ− in bins of phase
space have been performed using 2.93 fb−1 of data
collected at

ffiffiffi
s

p
¼ 3.773 GeV with the BESIII detector.

Compared to the previous CLEO measurement [14], two
main improvements have been incorporated. First, addi-
tional tag decay modes are used. In particular the inclusion
of the πþπ−π0 tag improves the sensitivity to ci and the
addition of theK0

Sðπ0π0missÞπþπ− improves the sensitivity to
si. Second, corrections for bin migration have been
included, as their neglect would lead to uncertainties
comparable to the statistical uncertainty. The results
presented in this Letter are on average a factor of
2.5 (1.9) more precise for ci (si) and a factor of
2.8 (2.2) more precise for c0i (s

0
i) than has been achieved

previously. The strong-phase parameters provide an impor-
tant input for a wide range ofCP violation measurements in
the beauty and charm sectors, and also for measurements
of strong-phase parameters in other D decays where
D → K0

Sπ
þπ− is used as a tag [31,31–34].

To assess the impact of our ci and si results on a
measurement of γ, we use a large simulated data set of
B− → DK−, D → K0

Sπ
þπ− events. Based on the MC

simulation, the uncertainty in γ associated with our uncer-
tainties for ci and si is found to be 0.7°, 1.2°, and 0.8° for
the equal ΔδD, optimal and modified optimal binning
schemes, respectively. For comparison, the corresponding
results from CLEO are 2.0°, 3.9°, and 2.1° [14]. Therefore,
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FIG. 2. Dalitz plots of K0
Sπ

þπ− events in data. The effect of the
quantum correlation is clearly visible. The approximate locations
of events from K0

Sρð770Þ0 are indicated by arrows for clarity.
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FIG. 3. The ci and si measured in this work (red dots with error bars), the predictions of Ref. [30] (black open circles) and the results of
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Why has  had such an impact?D0 → KSπ+π−

16

Binned analysis with BES III input removes amplitude 
model dependence

See also CLEO-c, Phys.Rev. D82 (2010) 112006

BESIII: PRL 124 (2020) 24, 241802

correct for this effect. The values of Ki and K0
i that are used

to evaluate Nexp
i are determined from the flavor-tagged DT

yields, where corrections from doubly Cabibbo-suppressed
decays, efficiency and migration effects have been applied,
which are explained in detail in Ref. [16].
The values of cð0Þi and sð0Þi are obtained by minimizing the

negative log-likelihood function constructed as

−2 logL ¼ −2
X

i

X

j

lnPðNobs
ij ; hNexp

ij iÞK0
Sπ

þπ−;K0
SðLÞπ

þπ−

− 2
X

i

lnPðNobs
i ; hNexp

i iÞCP;K0
SðLÞπ

þπ− þ χ2;

where PðNobs; hNexpiÞ is the Poisson probability to observe
Nobs events given the expected number hNexpi. Here the
sums are over the bins of theD0 → K0

SðLÞπ
þπ− Dalitz plots.

The χ2 term is used to constrain the difference c0i − ci
(s0i − si) to the predicted quantity Δci (Δsi). The values of
Δci andΔsi are estimated based on the decay amplitudes of
D0 → K0

Sπ
þπ− [30] and D0 → K0

Lπ
þπ−, where the latter is

constructed by adjusting the D0 → K0
Sπ

þπ− model taking
the K0

S and K
0
L mesons to have opposite CP, as is discussed

in Refs. [13,14]. The details of assigning Δci (Δsi) and
their uncertainties δΔci (δΔsi) are presented in Table VI
of Ref. [16].
The measured strong-phase parameters cð0Þi and sð0Þi are

presented in Fig. 3 and Table II. The estimation of
systematic uncertainties is described in detail in Ref. [16].
In addition to our results, Fig. 3 includes the predictions of
Ref. [30] and the results from Ref. [14], which show
reasonable agreement.
In summary, measurements of the strong-phase para-

meters between D0 and D̄0 → K0
S;Lπ

þπ− in bins of phase
space have been performed using 2.93 fb−1 of data
collected at

ffiffiffi
s

p
¼ 3.773 GeV with the BESIII detector.

Compared to the previous CLEO measurement [14], two
main improvements have been incorporated. First, addi-
tional tag decay modes are used. In particular the inclusion
of the πþπ−π0 tag improves the sensitivity to ci and the
addition of theK0

Sðπ0π0missÞπþπ− improves the sensitivity to
si. Second, corrections for bin migration have been
included, as their neglect would lead to uncertainties
comparable to the statistical uncertainty. The results
presented in this Letter are on average a factor of
2.5 (1.9) more precise for ci (si) and a factor of
2.8 (2.2) more precise for c0i (s

0
i) than has been achieved

previously. The strong-phase parameters provide an impor-
tant input for a wide range ofCP violation measurements in
the beauty and charm sectors, and also for measurements
of strong-phase parameters in other D decays where
D → K0

Sπ
þπ− is used as a tag [31,31–34].

To assess the impact of our ci and si results on a
measurement of γ, we use a large simulated data set of
B− → DK−, D → K0

Sπ
þπ− events. Based on the MC

simulation, the uncertainty in γ associated with our uncer-
tainties for ci and si is found to be 0.7°, 1.2°, and 0.8° for
the equal ΔδD, optimal and modified optimal binning
schemes, respectively. For comparison, the corresponding
results from CLEO are 2.0°, 3.9°, and 2.1° [14]. Therefore,

)4c/2 (GeV+πS
0K

2M
1 2 3

)4 c/2
 (G

eV
- π

S0
K2

M 1

2

3

0(770)ρ0
SK

0
(7

70
)

ρ0 S
K

-π+π0
S vs. K-evenCP

)4c/2 (GeV+πS
0K

2M
1 2 3

)4 c/2
 (G

eV
- π

S0
K2

M 1

2

3
-π+π0

S vs. K-oddCP

FIG. 2. Dalitz plots of K0
Sπ

þπ− events in data. The effect of the
quantum correlation is clearly visible. The approximate locations
of events from K0

Sρð770Þ0 are indicated by arrows for clarity.

ic
-1 -0.5 0 0.5 1

is

-1

-0.5

0

0.5

1

1

2

34

5

6

7

8

ic
-1 -0.5 0 0.5 1

is

-1

-0.5

0

0.5

1

1

2

3

4

5 6

7

8

ic
-1 -0.5 0 0.5 1

is

-1

-0.5

0

0.5

1

1

2

3

4

5 6

7

8

FIG. 3. The ci and si measured in this work (red dots with error bars), the predictions of Ref. [30] (black open circles) and the results of
Ref. [14] (green open squares with error bars). The left, middle and right plots are from the equal ΔδD, optimal and modified optimal
binnings, respectively. The circle indicates the boundary of the physical region c2i þ s2i ¼ 1.

PHYSICAL REVIEW LETTERS 124, 241802 (2020)

241802-6

LHCb: PRL 127 (2021) 11, 111801
Method: Phys.Rev. D99 (2019) no.1, 012007

http://inspirehep.net/record/873121/
https://inspirehep.net/literature/1782978
https://inspirehep.net/literature/1867376
http://inspirehep.net/record/1702145?ln=en


Jonas Rademacker (University of Bristol)                                             Amplitude Analyses at LHCb                      PWA/ATHOS 2024, Williamsburg VA

correct for this effect. The values of Ki and K0
i that are used

to evaluate Nexp
i are determined from the flavor-tagged DT

yields, where corrections from doubly Cabibbo-suppressed
decays, efficiency and migration effects have been applied,
which are explained in detail in Ref. [16].
The values of cð0Þi and sð0Þi are obtained by minimizing the

negative log-likelihood function constructed as

−2 logL ¼ −2
X

i

X

j

lnPðNobs
ij ; hNexp

ij iÞK0
Sπ

þπ−;K0
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i ; hNexp

i iÞCP;K0
SðLÞπ

þπ− þ χ2;

where PðNobs; hNexpiÞ is the Poisson probability to observe
Nobs events given the expected number hNexpi. Here the
sums are over the bins of theD0 → K0

SðLÞπ
þπ− Dalitz plots.

The χ2 term is used to constrain the difference c0i − ci
(s0i − si) to the predicted quantity Δci (Δsi). The values of
Δci andΔsi are estimated based on the decay amplitudes of
D0 → K0

Sπ
þπ− [30] and D0 → K0

Lπ
þπ−, where the latter is

constructed by adjusting the D0 → K0
Sπ

þπ− model taking
the K0

S and K
0
L mesons to have opposite CP, as is discussed

in Refs. [13,14]. The details of assigning Δci (Δsi) and
their uncertainties δΔci (δΔsi) are presented in Table VI
of Ref. [16].
The measured strong-phase parameters cð0Þi and sð0Þi are

presented in Fig. 3 and Table II. The estimation of
systematic uncertainties is described in detail in Ref. [16].
In addition to our results, Fig. 3 includes the predictions of
Ref. [30] and the results from Ref. [14], which show
reasonable agreement.
In summary, measurements of the strong-phase para-

meters between D0 and D̄0 → K0
S;Lπ

þπ− in bins of phase
space have been performed using 2.93 fb−1 of data
collected at

ffiffiffi
s

p
¼ 3.773 GeV with the BESIII detector.

Compared to the previous CLEO measurement [14], two
main improvements have been incorporated. First, addi-
tional tag decay modes are used. In particular the inclusion
of the πþπ−π0 tag improves the sensitivity to ci and the
addition of theK0

Sðπ0π0missÞπþπ− improves the sensitivity to
si. Second, corrections for bin migration have been
included, as their neglect would lead to uncertainties
comparable to the statistical uncertainty. The results
presented in this Letter are on average a factor of
2.5 (1.9) more precise for ci (si) and a factor of
2.8 (2.2) more precise for c0i (s

0
i) than has been achieved

previously. The strong-phase parameters provide an impor-
tant input for a wide range ofCP violation measurements in
the beauty and charm sectors, and also for measurements
of strong-phase parameters in other D decays where
D → K0

Sπ
þπ− is used as a tag [31,31–34].

To assess the impact of our ci and si results on a
measurement of γ, we use a large simulated data set of
B− → DK−, D → K0

Sπ
þπ− events. Based on the MC

simulation, the uncertainty in γ associated with our uncer-
tainties for ci and si is found to be 0.7°, 1.2°, and 0.8° for
the equal ΔδD, optimal and modified optimal binning
schemes, respectively. For comparison, the corresponding
results from CLEO are 2.0°, 3.9°, and 2.1° [14]. Therefore,
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Figure 2: Dalitz plot distributions for (a)B± ! ⇡±⇡+⇡�, (b)B± ! K±⇡+⇡�,
(c)B± ! ⇡±K+K� and (d)B± ! K±K+K� decays. The colour scale indicates the
number of events.

B± ! K±K+K� are shown in Fig. 2. In the symmetric channels, the phase space
distribution and its projections are presented with the two axes being the squares of the
low-mass mlow and high-mass mhigh combinations of the opposite-sign particle pairs, for
visualization purposes.

Most of the candidates are concentrated in the low-mass regions, as expected for
charmless decays dominated by resonant contributions. The gap from the vetoed potential
J/ contributions is visible in the B± ! K±⇡+⇡� channel, as well as the gaps from D0

regions excluded in all modes.
In order to visualise localized asymmetries, the ACP in bins of the phase space [30] is

constructed. Adaptive binning is employed, such that the e�ciency-corrected signal yield,
also obtained with the sPlot technique, is approximately equal in all bins. There is no
specific rule for choosing the best binning except for requiring a minimum bin occupancy.
Figure 3 reveals a rich pattern of large and localized asymmetries which result from
interference between the contributions, as well as possible ⇡⇡ ! KK rescattering, as was
observed in the amplitude analyses of Refs. [2–4] and elastic scattering experiments [31,32].

Di↵erent regions of the Dalitz plots in Fig. 3 are defined to study the localized CP
asymmetries. The rescattering region [31] is defined in the Dalitz plot in the two-kaon or
two-pion invariant mass range 1.1–2.25GeV2/c4 for B± ! K±K+K� due to the presence
of the �(1020) resonance and 1.0–2.25GeV2/c4 for the other three channels, as listed in Ta-

8

101k B± → π±π−π+

499k B± → K±π−π+

32k B± → π±K+K−

365k B± → K±K+K−

See also: LHCb: PRL 112 (2014) 1, 011801, PRD 90 (2014) 11, 112004, PRL 123 (2019) 23, 231802, PRL 124 (2020) no.3, 031801, PRD101 (2020) no.1, 012006,  
                BELLE: PRD 96 (2017) 3, 031101

https://inspirehep.net/literature/2676543
https://inspirehep.net/literature/1261027
https://inspirehep.net/literature/1311994
https://inspirehep.net/literature/1753653
https://inspirehep.net/literature/1753653
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(c)B± ! ⇡±K+K� and (d)B± ! K±K+K� decays. The colour scale indicates the
number of events.

B± ! K±K+K� are shown in Fig. 2. In the symmetric channels, the phase space
distribution and its projections are presented with the two axes being the squares of the
low-mass mlow and high-mass mhigh combinations of the opposite-sign particle pairs, for
visualization purposes.

Most of the candidates are concentrated in the low-mass regions, as expected for
charmless decays dominated by resonant contributions. The gap from the vetoed potential
J/ contributions is visible in the B± ! K±⇡+⇡� channel, as well as the gaps from D0

regions excluded in all modes.
In order to visualise localized asymmetries, the ACP in bins of the phase space [30] is

constructed. Adaptive binning is employed, such that the e�ciency-corrected signal yield,
also obtained with the sPlot technique, is approximately equal in all bins. There is no
specific rule for choosing the best binning except for requiring a minimum bin occupancy.
Figure 3 reveals a rich pattern of large and localized asymmetries which result from
interference between the contributions, as well as possible ⇡⇡ ! KK rescattering, as was
observed in the amplitude analyses of Refs. [2–4] and elastic scattering experiments [31,32].

Di↵erent regions of the Dalitz plots in Fig. 3 are defined to study the localized CP
asymmetries. The rescattering region [31] is defined in the Dalitz plot in the two-kaon or
two-pion invariant mass range 1.1–2.25GeV2/c4 for B± ! K±K+K� due to the presence
of the �(1020) resonance and 1.0–2.25GeV2/c4 for the other three channels, as listed in Ta-
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Figure 3: Asymmetry distribution in bins of the Dalitz plot for (a) B± ! ⇡±⇡+⇡�, using 400 bins
with approximately 229 events/bin; (b) B± ! K±⇡+⇡�, using 1728 bins with approximately
276 events/bin; (c) B± ! ⇡±K+K�, using 256 bins with approximately 127 events/bin; and
(d) B± ! K±K+K�, using 729 bins with approximately 461 events/bin.

ble III. The data are studied in intervals of the other two-body invariant mass. The vertical
axis projection depends on the decay channel, with two regions defined for B± ! ⇡±⇡+⇡�,
B± ! K±⇡+⇡� and B± ! K±K+K�, and one for B± ! ⇡±K+K�. There are also two
other regions covering higher masses for B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� decays. All
regions for the di↵erent decay channels are defined in Table III. The invariant-mass fits
used to compute ACP in each region follow the same fit procedure as described in Sec. IV,
where the e�ciency ratios are computed separately per region.

Most of the rescattering regions give CP asymmetry values in excess of at least five
Gaussian standard deviations. For B± ! ⇡±⇡+⇡� decays, the rescattering region when
analysed in the m2(⇡+⇡�)high projection presents a CP asymmetry that is positive in
region 1 and negative in region 2, as shown in Fig. 4.

For B± ! K±⇡+⇡� decays, the two regions in the m2(K+⇡�) axis reveal a flip of the
asymmetry sign as shown in Fig. 5. Figure 6 illustrates the m2(K+⇡�) axis projection
for the rescattering region for B± ! ⇡±K+K� decays, where a nearly constant CP
asymmetry is observed. The B± ! K±K+K� decays also reveal CP asymmetries in
the m2(K+K�)high projections in the rescattering region, as shown in Fig. 7. Here,
another change in the asymmetry sign is observed, in an opposite direction with respect to
B± ! K±⇡+⇡� decays. Region 2 of the B± ! K±K+K� decay is the only rescattering
projection that shows small asymmetry.

The high-mass regions of B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� as defined in Table III
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Figure 3: Asymmetry distribution in bins of the Dalitz plot for (a) B± ! ⇡±⇡+⇡�, using 400 bins
with approximately 229 events/bin; (b) B± ! K±⇡+⇡�, using 1728 bins with approximately
276 events/bin; (c) B± ! ⇡±K+K�, using 256 bins with approximately 127 events/bin; and
(d) B± ! K±K+K�, using 729 bins with approximately 461 events/bin.

ble III. The data are studied in intervals of the other two-body invariant mass. The vertical
axis projection depends on the decay channel, with two regions defined for B± ! ⇡±⇡+⇡�,
B± ! K±⇡+⇡� and B± ! K±K+K�, and one for B± ! ⇡±K+K�. There are also two
other regions covering higher masses for B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� decays. All
regions for the di↵erent decay channels are defined in Table III. The invariant-mass fits
used to compute ACP in each region follow the same fit procedure as described in Sec. IV,
where the e�ciency ratios are computed separately per region.

Most of the rescattering regions give CP asymmetry values in excess of at least five
Gaussian standard deviations. For B± ! ⇡±⇡+⇡� decays, the rescattering region when
analysed in the m2(⇡+⇡�)high projection presents a CP asymmetry that is positive in
region 1 and negative in region 2, as shown in Fig. 4.

For B± ! K±⇡+⇡� decays, the two regions in the m2(K+⇡�) axis reveal a flip of the
asymmetry sign as shown in Fig. 5. Figure 6 illustrates the m2(K+⇡�) axis projection
for the rescattering region for B± ! ⇡±K+K� decays, where a nearly constant CP
asymmetry is observed. The B± ! K±K+K� decays also reveal CP asymmetries in
the m2(K+K�)high projections in the rescattering region, as shown in Fig. 7. Here,
another change in the asymmetry sign is observed, in an opposite direction with respect to
B± ! K±⇡+⇡� decays. Region 2 of the B± ! K±K+K� decay is the only rescattering
projection that shows small asymmetry.

The high-mass regions of B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� as defined in Table III
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Figure 3: Asymmetry distribution in bins of the Dalitz plot for (a) B± ! ⇡±⇡+⇡�, using 400 bins
with approximately 229 events/bin; (b) B± ! K±⇡+⇡�, using 1728 bins with approximately
276 events/bin; (c) B± ! ⇡±K+K�, using 256 bins with approximately 127 events/bin; and
(d) B± ! K±K+K�, using 729 bins with approximately 461 events/bin.

ble III. The data are studied in intervals of the other two-body invariant mass. The vertical
axis projection depends on the decay channel, with two regions defined for B± ! ⇡±⇡+⇡�,
B± ! K±⇡+⇡� and B± ! K±K+K�, and one for B± ! ⇡±K+K�. There are also two
other regions covering higher masses for B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� decays. All
regions for the di↵erent decay channels are defined in Table III. The invariant-mass fits
used to compute ACP in each region follow the same fit procedure as described in Sec. IV,
where the e�ciency ratios are computed separately per region.

Most of the rescattering regions give CP asymmetry values in excess of at least five
Gaussian standard deviations. For B± ! ⇡±⇡+⇡� decays, the rescattering region when
analysed in the m2(⇡+⇡�)high projection presents a CP asymmetry that is positive in
region 1 and negative in region 2, as shown in Fig. 4.

For B± ! K±⇡+⇡� decays, the two regions in the m2(K+⇡�) axis reveal a flip of the
asymmetry sign as shown in Fig. 5. Figure 6 illustrates the m2(K+⇡�) axis projection
for the rescattering region for B± ! ⇡±K+K� decays, where a nearly constant CP
asymmetry is observed. The B± ! K±K+K� decays also reveal CP asymmetries in
the m2(K+K�)high projections in the rescattering region, as shown in Fig. 7. Here,
another change in the asymmetry sign is observed, in an opposite direction with respect to
B± ! K±⇡+⇡� decays. Region 2 of the B± ! K±K+K� decay is the only rescattering
projection that shows small asymmetry.

The high-mass regions of B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� as defined in Table III
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Figure 3: Asymmetry distribution in bins of the Dalitz plot for (a) B± ! ⇡±⇡+⇡�, using 400 bins
with approximately 229 events/bin; (b) B± ! K±⇡+⇡�, using 1728 bins with approximately
276 events/bin; (c) B± ! ⇡±K+K�, using 256 bins with approximately 127 events/bin; and
(d) B± ! K±K+K�, using 729 bins with approximately 461 events/bin.

ble III. The data are studied in intervals of the other two-body invariant mass. The vertical
axis projection depends on the decay channel, with two regions defined for B± ! ⇡±⇡+⇡�,
B± ! K±⇡+⇡� and B± ! K±K+K�, and one for B± ! ⇡±K+K�. There are also two
other regions covering higher masses for B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� decays. All
regions for the di↵erent decay channels are defined in Table III. The invariant-mass fits
used to compute ACP in each region follow the same fit procedure as described in Sec. IV,
where the e�ciency ratios are computed separately per region.

Most of the rescattering regions give CP asymmetry values in excess of at least five
Gaussian standard deviations. For B± ! ⇡±⇡+⇡� decays, the rescattering region when
analysed in the m2(⇡+⇡�)high projection presents a CP asymmetry that is positive in
region 1 and negative in region 2, as shown in Fig. 4.

For B± ! K±⇡+⇡� decays, the two regions in the m2(K+⇡�) axis reveal a flip of the
asymmetry sign as shown in Fig. 5. Figure 6 illustrates the m2(K+⇡�) axis projection
for the rescattering region for B± ! ⇡±K+K� decays, where a nearly constant CP
asymmetry is observed. The B± ! K±K+K� decays also reveal CP asymmetries in
the m2(K+K�)high projections in the rescattering region, as shown in Fig. 7. Here,
another change in the asymmetry sign is observed, in an opposite direction with respect to
B± ! K±⇡+⇡� decays. Region 2 of the B± ! K±K+K� decay is the only rescattering
projection that shows small asymmetry.

The high-mass regions of B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� as defined in Table III
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See also: LHCb: PRL 112 (2014) 1, 011801, PRD 90 (2014) 11, 112004, PRL 123 (2019) 23, 231802, PRL 124 (2020) no.3, 031801, PRD101 (2020) no.1, 012006,  
                BELLE: PRD 96 (2017) 3, 031101

Color scale:
Γ(B+ → …) − Γ(B− → …)
Γ(B+ → …) + Γ(B− → …)

B± → π±π−π+

B± → K±π−π+

B± → π±K+K−

B± → K±K+K−
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Figure 2: Dalitz plot distributions for (a)B± ! ⇡±⇡+⇡�, (b)B± ! K±⇡+⇡�,
(c)B± ! ⇡±K+K� and (d)B± ! K±K+K� decays. The colour scale indicates the
number of events.

B± ! K±K+K� are shown in Fig. 2. In the symmetric channels, the phase space
distribution and its projections are presented with the two axes being the squares of the
low-mass mlow and high-mass mhigh combinations of the opposite-sign particle pairs, for
visualization purposes.

Most of the candidates are concentrated in the low-mass regions, as expected for
charmless decays dominated by resonant contributions. The gap from the vetoed potential
J/ contributions is visible in the B± ! K±⇡+⇡� channel, as well as the gaps from D0

regions excluded in all modes.
In order to visualise localized asymmetries, the ACP in bins of the phase space [30] is

constructed. Adaptive binning is employed, such that the e�ciency-corrected signal yield,
also obtained with the sPlot technique, is approximately equal in all bins. There is no
specific rule for choosing the best binning except for requiring a minimum bin occupancy.
Figure 3 reveals a rich pattern of large and localized asymmetries which result from
interference between the contributions, as well as possible ⇡⇡ ! KK rescattering, as was
observed in the amplitude analyses of Refs. [2–4] and elastic scattering experiments [31,32].

Di↵erent regions of the Dalitz plots in Fig. 3 are defined to study the localized CP
asymmetries. The rescattering region [31] is defined in the Dalitz plot in the two-kaon or
two-pion invariant mass range 1.1–2.25GeV2/c4 for B± ! K±K+K� due to the presence
of the �(1020) resonance and 1.0–2.25GeV2/c4 for the other three channels, as listed in Ta-

8

101k B± → π±π−π+

499k B± → K±π−π+

32k B± → π±K+K−

365k B± → K±K+K−
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                BELLE: PRD 96 (2017) 3, 031101
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Figure 3: Asymmetry distribution in bins of the Dalitz plot for (a) B± ! ⇡±⇡+⇡�, using 400 bins
with approximately 229 events/bin; (b) B± ! K±⇡+⇡�, using 1728 bins with approximately
276 events/bin; (c) B± ! ⇡±K+K�, using 256 bins with approximately 127 events/bin; and
(d) B± ! K±K+K�, using 729 bins with approximately 461 events/bin.

ble III. The data are studied in intervals of the other two-body invariant mass. The vertical
axis projection depends on the decay channel, with two regions defined for B± ! ⇡±⇡+⇡�,
B± ! K±⇡+⇡� and B± ! K±K+K�, and one for B± ! ⇡±K+K�. There are also two
other regions covering higher masses for B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� decays. All
regions for the di↵erent decay channels are defined in Table III. The invariant-mass fits
used to compute ACP in each region follow the same fit procedure as described in Sec. IV,
where the e�ciency ratios are computed separately per region.

Most of the rescattering regions give CP asymmetry values in excess of at least five
Gaussian standard deviations. For B± ! ⇡±⇡+⇡� decays, the rescattering region when
analysed in the m2(⇡+⇡�)high projection presents a CP asymmetry that is positive in
region 1 and negative in region 2, as shown in Fig. 4.

For B± ! K±⇡+⇡� decays, the two regions in the m2(K+⇡�) axis reveal a flip of the
asymmetry sign as shown in Fig. 5. Figure 6 illustrates the m2(K+⇡�) axis projection
for the rescattering region for B± ! ⇡±K+K� decays, where a nearly constant CP
asymmetry is observed. The B± ! K±K+K� decays also reveal CP asymmetries in
the m2(K+K�)high projections in the rescattering region, as shown in Fig. 7. Here,
another change in the asymmetry sign is observed, in an opposite direction with respect to
B± ! K±⇡+⇡� decays. Region 2 of the B± ! K±K+K� decay is the only rescattering
projection that shows small asymmetry.

The high-mass regions of B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� as defined in Table III
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Figure 3: Asymmetry distribution in bins of the Dalitz plot for (a) B± ! ⇡±⇡+⇡�, using 400 bins
with approximately 229 events/bin; (b) B± ! K±⇡+⇡�, using 1728 bins with approximately
276 events/bin; (c) B± ! ⇡±K+K�, using 256 bins with approximately 127 events/bin; and
(d) B± ! K±K+K�, using 729 bins with approximately 461 events/bin.

ble III. The data are studied in intervals of the other two-body invariant mass. The vertical
axis projection depends on the decay channel, with two regions defined for B± ! ⇡±⇡+⇡�,
B± ! K±⇡+⇡� and B± ! K±K+K�, and one for B± ! ⇡±K+K�. There are also two
other regions covering higher masses for B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� decays. All
regions for the di↵erent decay channels are defined in Table III. The invariant-mass fits
used to compute ACP in each region follow the same fit procedure as described in Sec. IV,
where the e�ciency ratios are computed separately per region.

Most of the rescattering regions give CP asymmetry values in excess of at least five
Gaussian standard deviations. For B± ! ⇡±⇡+⇡� decays, the rescattering region when
analysed in the m2(⇡+⇡�)high projection presents a CP asymmetry that is positive in
region 1 and negative in region 2, as shown in Fig. 4.

For B± ! K±⇡+⇡� decays, the two regions in the m2(K+⇡�) axis reveal a flip of the
asymmetry sign as shown in Fig. 5. Figure 6 illustrates the m2(K+⇡�) axis projection
for the rescattering region for B± ! ⇡±K+K� decays, where a nearly constant CP
asymmetry is observed. The B± ! K±K+K� decays also reveal CP asymmetries in
the m2(K+K�)high projections in the rescattering region, as shown in Fig. 7. Here,
another change in the asymmetry sign is observed, in an opposite direction with respect to
B± ! K±⇡+⇡� decays. Region 2 of the B± ! K±K+K� decay is the only rescattering
projection that shows small asymmetry.

The high-mass regions of B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� as defined in Table III
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What provides the strong phase in
?ACP ∝ sin(Δϕweak) sin(Δδstrong)

where the  indicates the phase differences between two 
interfering amplitudes contributing to the process;  

changes sign under CP,  does not.

Δ
Δϕweak

Δδstrong

https://inspirehep.net/literature/2676543
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Figure 3: Asymmetry distribution in bins of the Dalitz plot for (a) B± ! ⇡±⇡+⇡�, using 400 bins
with approximately 229 events/bin; (b) B± ! K±⇡+⇡�, using 1728 bins with approximately
276 events/bin; (c) B± ! ⇡±K+K�, using 256 bins with approximately 127 events/bin; and
(d) B± ! K±K+K�, using 729 bins with approximately 461 events/bin.

ble III. The data are studied in intervals of the other two-body invariant mass. The vertical
axis projection depends on the decay channel, with two regions defined for B± ! ⇡±⇡+⇡�,
B± ! K±⇡+⇡� and B± ! K±K+K�, and one for B± ! ⇡±K+K�. There are also two
other regions covering higher masses for B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� decays. All
regions for the di↵erent decay channels are defined in Table III. The invariant-mass fits
used to compute ACP in each region follow the same fit procedure as described in Sec. IV,
where the e�ciency ratios are computed separately per region.

Most of the rescattering regions give CP asymmetry values in excess of at least five
Gaussian standard deviations. For B± ! ⇡±⇡+⇡� decays, the rescattering region when
analysed in the m2(⇡+⇡�)high projection presents a CP asymmetry that is positive in
region 1 and negative in region 2, as shown in Fig. 4.

For B± ! K±⇡+⇡� decays, the two regions in the m2(K+⇡�) axis reveal a flip of the
asymmetry sign as shown in Fig. 5. Figure 6 illustrates the m2(K+⇡�) axis projection
for the rescattering region for B± ! ⇡±K+K� decays, where a nearly constant CP
asymmetry is observed. The B± ! K±K+K� decays also reveal CP asymmetries in
the m2(K+K�)high projections in the rescattering region, as shown in Fig. 7. Here,
another change in the asymmetry sign is observed, in an opposite direction with respect to
B± ! K±⇡+⇡� decays. Region 2 of the B± ! K±K+K� decay is the only rescattering
projection that shows small asymmetry.

The high-mass regions of B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� as defined in Table III
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Figure 3: Asymmetry distribution in bins of the Dalitz plot for (a) B± ! ⇡±⇡+⇡�, using 400 bins
with approximately 229 events/bin; (b) B± ! K±⇡+⇡�, using 1728 bins with approximately
276 events/bin; (c) B± ! ⇡±K+K�, using 256 bins with approximately 127 events/bin; and
(d) B± ! K±K+K�, using 729 bins with approximately 461 events/bin.

ble III. The data are studied in intervals of the other two-body invariant mass. The vertical
axis projection depends on the decay channel, with two regions defined for B± ! ⇡±⇡+⇡�,
B± ! K±⇡+⇡� and B± ! K±K+K�, and one for B± ! ⇡±K+K�. There are also two
other regions covering higher masses for B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� decays. All
regions for the di↵erent decay channels are defined in Table III. The invariant-mass fits
used to compute ACP in each region follow the same fit procedure as described in Sec. IV,
where the e�ciency ratios are computed separately per region.

Most of the rescattering regions give CP asymmetry values in excess of at least five
Gaussian standard deviations. For B± ! ⇡±⇡+⇡� decays, the rescattering region when
analysed in the m2(⇡+⇡�)high projection presents a CP asymmetry that is positive in
region 1 and negative in region 2, as shown in Fig. 4.

For B± ! K±⇡+⇡� decays, the two regions in the m2(K+⇡�) axis reveal a flip of the
asymmetry sign as shown in Fig. 5. Figure 6 illustrates the m2(K+⇡�) axis projection
for the rescattering region for B± ! ⇡±K+K� decays, where a nearly constant CP
asymmetry is observed. The B± ! K±K+K� decays also reveal CP asymmetries in
the m2(K+K�)high projections in the rescattering region, as shown in Fig. 7. Here,
another change in the asymmetry sign is observed, in an opposite direction with respect to
B± ! K±⇡+⇡� decays. Region 2 of the B± ! K±K+K� decay is the only rescattering
projection that shows small asymmetry.
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What provides the strong phase in
?ACP ∝ sin(Δϕweak) sin(Δδstrong)

where the  indicates the phase differences between two 
interfering amplitudes contributing to the process;  

changes sign under CP,  does not.

Δ
Δϕweak

Δδstrong

For low mass region, where large 
CPV is observed,  re-
scattering could play a key role 

  
See Phys.Rev.D 89 (2014) 9, 094013 for theoretical motivation. The 

amplitude analysis of  in PRL 123 (2019) 23, 231802 
includes a re-scattering component. The  in PRL 124 

(2020) 3, 031801, Phys.Rev.D 101 (2020) 1, 012006 describes the 
observed CPV as interference of S and P wave, without a re-scattering 

component.

KK ↔ ππ

B± → π±K+K−

B± → π±π+π−

https://inspirehep.net/literature/2676543
https://inspirehep.net/literature/1245482
https://inspirehep.net/literature/1736300
https://inspirehep.net/literature/1753653
https://inspirehep.net/literature/1753653
https://inspirehep.net/literature/1753654
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Figure 3: Asymmetry distribution in bins of the Dalitz plot for (a) B± ! ⇡±⇡+⇡�, using 400 bins
with approximately 229 events/bin; (b) B± ! K±⇡+⇡�, using 1728 bins with approximately
276 events/bin; (c) B± ! ⇡±K+K�, using 256 bins with approximately 127 events/bin; and
(d) B± ! K±K+K�, using 729 bins with approximately 461 events/bin.

ble III. The data are studied in intervals of the other two-body invariant mass. The vertical
axis projection depends on the decay channel, with two regions defined for B± ! ⇡±⇡+⇡�,
B± ! K±⇡+⇡� and B± ! K±K+K�, and one for B± ! ⇡±K+K�. There are also two
other regions covering higher masses for B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� decays. All
regions for the di↵erent decay channels are defined in Table III. The invariant-mass fits
used to compute ACP in each region follow the same fit procedure as described in Sec. IV,
where the e�ciency ratios are computed separately per region.

Most of the rescattering regions give CP asymmetry values in excess of at least five
Gaussian standard deviations. For B± ! ⇡±⇡+⇡� decays, the rescattering region when
analysed in the m2(⇡+⇡�)high projection presents a CP asymmetry that is positive in
region 1 and negative in region 2, as shown in Fig. 4.

For B± ! K±⇡+⇡� decays, the two regions in the m2(K+⇡�) axis reveal a flip of the
asymmetry sign as shown in Fig. 5. Figure 6 illustrates the m2(K+⇡�) axis projection
for the rescattering region for B± ! ⇡±K+K� decays, where a nearly constant CP
asymmetry is observed. The B± ! K±K+K� decays also reveal CP asymmetries in
the m2(K+K�)high projections in the rescattering region, as shown in Fig. 7. Here,
another change in the asymmetry sign is observed, in an opposite direction with respect to
B± ! K±⇡+⇡� decays. Region 2 of the B± ! K±K+K� decay is the only rescattering
projection that shows small asymmetry.

The high-mass regions of B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� as defined in Table III
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Figure 9: (a) m2(⇡+⇡�)high projection in the high-mass region (region 3) for B± ! ⇡±⇡+⇡�

decays. The mass fit for this region (B� on the left) is shown in (b).

Table IV: Signal yield (Nsig), raw asymmetry (Araw) and ACP corrected for production and
detection asymmetries. The ACP uncertainties are statistical, systematic and associated to the
control channel, respectively.

B± ! ⇡±⇡+⇡� Nsig Araw ACP

Region 1 14 330± 150 +0.309 ± 0.009 +0.303 ± 0.009 ± 0.004 ± 0.003
Region 2 4 850± 130 �0.287 ± 0.017 �0.284 ± 0.017 ± 0.007 ± 0.003
Region 3 2 270± 60 +0.747 ± 0.027 +0.745 ± 0.027 ± 0.018 ± 0.003

B± ! K±⇡+⇡�

Region 1 41 980± 280 +0.201 ± 0.005 +0.217 ± 0.005 ± 0.005 ± 0.003
Region 2 27 040± 250 �0.149 ± 0.007 �0.145 ± 0.007 ± 0.006 ± 0.003

B± ! ⇡±K+K�

Region 1 11 430± 170 �0.363 ± 0.010 �0.358 ± 0.010 ± 0.014 ± 0.003
Region 2 2 600± 120 +0.075 ± 0.031 +0.097 ± 0.031 ± 0.005 ± 0.003

B± ! K±K+K�

Region 1 76 020± 350 �0.189 ± 0.004 �0.178 ± 0.004 ± 0.004 ± 0.003
Region 2 37 440± 320 +0.030 ± 0.005 +0.043 ± 0.005 ± 0.004 ± 0.003
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D+ → π+π−π+D+
s → π+π−π+

where the Dalitz plot is divided in Nb bins and, for each bin, the number of observed
candidates, Nobs

i , the number of candidates estimated from the fit model, N est
i , and the

uncertainty on their di↵erence, �i, are obtained. For unbinned maximum-likelihood fits,
the number of degrees of freedom (ndof) range as [Nb � q � 1, Nb � 1] [51], where q is the
number of free parameters, and it is used to calculate the corresponding range of �2/ndof.
This is done using the folded Dalitz plot – due to the symmetry of the D+! ⇡�⇡+⇡+

Dalitz plot with respect to the axis s13 = s12, the variables shigh and slow are defined,
respectively, as the higher and the lower values of each pair (s12, s13). The folded Dalitz
plot is divided in Nb = 625 bins using an adaptive binning algorithm, such that all bins
have the same population. Besides the �2/ndof, the value of �2 logL is also used to
compare models. In addition, the distribution of residuals (Nobs

i � N est
i )/�i across the

folded Dalitz plot is used for visual inspection of any local discrepancy between fit model
and data, which are also compared through the projections of shigh, slow, the sum of these
projections, denoted s⇡�⇡+ , and s23 ⌘ (p2 + p3)2.

7 Dalitz plot fit results

The D+! ⇡�⇡+⇡+ amplitude fit model is constructed with the scalar sector represented
through the QMIPWA approach using 50 knots, and starting with the spin-1 and spin-2
states observed from previous analyses of this decay (E791 [15], FOCUS [16] and CLEO [17]
collaborations, with much smaller datasets): ⇢(770)0⇡+, ⇢(1450)0⇡+ and f2(1270)⇡+, plus
the !(782)⇡+ channel, not observed in previous analyses but clearly seen in Fig. 3. From
that, other possible states, such as f 0

2(1525), ⇢(1700)
0, ⇢3(1690),3 are added one at a time

until a good representation of the data is found.
The best model is achieved when the ⇢(1700)0 resonance is added; attempts to include

further states do not bring significant improvements. This model has 108 free parameters.
Table 2 summarises the results from the fit, including systematic uncertainties discussed
later in Sec.8. Interference fit fractions are shown in Table 3. The projections and the
distribution of residuals are shown in Fig. 5, showing overall a good agreement between
the data and fit model.

Table 2: Dalitz fit results for magnitudes, phases and fit fractions (%) of the spin-1 and spin-2
components, and the S-wave fit fraction. The uncertainties quoted are, in order, statistical,
experimental systematics, and model systematics.

Component Magnitude Phase [�] Fit fraction [%]
⇢(770)0⇡+ 1 [fixed] 0 [fixed] 26.0 ± 0.3 ± 1.6 ± 0.3
!(782)⇡+ (1.68± 0.06± 0.15± 0.02)⇥ 10�2 �103.3± 2.1± 2.6± 0.4 0.103± 0.008± 0.014± 0.002
⇢(1450)0⇡+ 2.66± 0.07± 0.24± 0.22 47.0± 1.5± 5.5± 4.1 5.4 ± 0.4 ± 1.3 ± 0.8
⇢(1700)0⇡+ 7.41± 0.18± 0.47± 0.71 � 65.7± 1.5± 3.8± 4.6 5.7 ± 0.5 ± 1.0 ± 1.0
f2(1270)⇡+ 2.16± 0.02± 0.10± 0.02 �100.9± 0.7± 2.0± 0.4 13.8 ± 0.2 ± 0.4 ± 0.2
S-wave 61.8 ± 0.5 ± 0.6 ± 0.5P

i FFi 112.8
�2/ndof (range) [1.47 - 1.78] �2 logL = 805622

3Since the ⇢3(1690) state was not found to be significant, the formalism for spin-3 resonances is not
described in Sec. 5.
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Table 7: Final results of the D+
s ! ⇡�⇡+⇡+ Dalitz plot fit. The uncertainties are statistical,

experimental systematic and associated to the decay amplitude model, respectively.

Resonance Magnitude Phase [�]

⇢(770)0 0.1201± 0.0030± 0.0050± 0.0062 79.4± 1.8± 7.8± 4.4
!(782) 0.04001± 0.00090± 0.0018± 0.00086 �109.9± 1.7± 0.94± 1.4
⇢(1450)0 1.277± 0.026± 0.023± 0.48 �115.2± 2.6± 2.8± 10
⇢(1700)0 0.873± 0.061± 0.054± 0.62 �60.9± 6.1± 6.7± 12
f2(1270) 1 (fixed) 0 (fixed)
f 0
2(1525) 0.1098± 0.0069± 0.019± 0.015 178.1± 4.2± 12± 7

Fit Fraction (FF) [%]

S-wave 84.97± 0.14± 0.30± 0.63
⇢(770)0 1.038± 0.054± 0.097± 0.11
!(782) 0.360± 0.016± 0.034± 0.016

⇢(1450)0 3.86± 0.15± 0.14± 2.0
⇢(1700)0 0.365± 0.050± 0.045± 0.34
combined 6.14± 0.27± 0.34± 1.9

f2(1270) 13.69± 0.14± 0.22± 0.49
f 0
2(1525) 0.0528± 0.0070± 0.015± 0.0087

Table 8: Resonant structure of the D+
s ! ⇡�⇡+⇡+ decay from this analysis compared to previous

determinations from BaBar [6] and BESIII [7]. The fit fractions are given in per cent. The
statistical and systematic uncertainties are added in quadrature.

mode this result BaBar BESIII

S-wave 84.97± 0.64 83.0± 2.1 84.2± 1.4
⇢(770)0⇡+ 1.04± 0.12 1.8± 1.1 0.9± 0.8
!(782)⇡+ 0.360± 0.022 – –
⇢(1450)0⇡+ 3.86± 2.0 2.3± 1.9 1.3± 0.8
⇢(1700)0⇡+ 0.37± 0.34 – –
f2(1270)⇡+ 13.60± 0.50 10.1± 1.9 10.5± 1.4
f 0
2(1525)⇡

+ 0.045± 0.011 – –

⇢(1450)0⇡+ and ⇢(1700)0⇡+ channels are very similar, (6.14 ± 0.27)% in D+
s ! ⇡�⇡+⇡+

decay and (7.1±0.8)% in D+! ⇡�⇡+⇡+ decay. These results challenge the interpretation
of the ⇢(1450)0 and ⇢(1700)0 as excitations of the ground state ⇢(770)0. The same fit
fraction of the f2(1270)⇡+ mode is measured in both decays. This is a surprising result,
since one would expect the f2(1270) to be produced at a higher rate from a dd̄ than from
an ss̄ source.

The determination of the ⇡+⇡� S-wave from D+
s ! ⇡�⇡+⇡+ decay provides an

important input to phenomenological analyses, from which the scattering amplitudes
could be obtained. The comparison between the resonant structure of the D+

s ! ⇡�⇡+⇡+

and D+ ! ⇡�⇡+⇡+ decays provides valuable information for the understanding of the
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where the Dalitz plot is divided in Nb bins and, for each bin, the number of observed
candidates, Nobs

i , the number of candidates estimated from the fit model, N est
i , and the

uncertainty on their di↵erence, �i, are obtained. For unbinned maximum-likelihood fits,
the number of degrees of freedom (ndof) range as [Nb � q � 1, Nb � 1] [51], where q is the
number of free parameters, and it is used to calculate the corresponding range of �2/ndof.
This is done using the folded Dalitz plot – due to the symmetry of the D+! ⇡�⇡+⇡+

Dalitz plot with respect to the axis s13 = s12, the variables shigh and slow are defined,
respectively, as the higher and the lower values of each pair (s12, s13). The folded Dalitz
plot is divided in Nb = 625 bins using an adaptive binning algorithm, such that all bins
have the same population. Besides the �2/ndof, the value of �2 logL is also used to
compare models. In addition, the distribution of residuals (Nobs

i � N est
i )/�i across the

folded Dalitz plot is used for visual inspection of any local discrepancy between fit model
and data, which are also compared through the projections of shigh, slow, the sum of these
projections, denoted s⇡�⇡+ , and s23 ⌘ (p2 + p3)2.

7 Dalitz plot fit results

The D+! ⇡�⇡+⇡+ amplitude fit model is constructed with the scalar sector represented
through the QMIPWA approach using 50 knots, and starting with the spin-1 and spin-2
states observed from previous analyses of this decay (E791 [15], FOCUS [16] and CLEO [17]
collaborations, with much smaller datasets): ⇢(770)0⇡+, ⇢(1450)0⇡+ and f2(1270)⇡+, plus
the !(782)⇡+ channel, not observed in previous analyses but clearly seen in Fig. 3. From
that, other possible states, such as f 0

2(1525), ⇢(1700)
0, ⇢3(1690),3 are added one at a time

until a good representation of the data is found.
The best model is achieved when the ⇢(1700)0 resonance is added; attempts to include

further states do not bring significant improvements. This model has 108 free parameters.
Table 2 summarises the results from the fit, including systematic uncertainties discussed
later in Sec.8. Interference fit fractions are shown in Table 3. The projections and the
distribution of residuals are shown in Fig. 5, showing overall a good agreement between
the data and fit model.

Table 2: Dalitz fit results for magnitudes, phases and fit fractions (%) of the spin-1 and spin-2
components, and the S-wave fit fraction. The uncertainties quoted are, in order, statistical,
experimental systematics, and model systematics.

Component Magnitude Phase [�] Fit fraction [%]
⇢(770)0⇡+ 1 [fixed] 0 [fixed] 26.0 ± 0.3 ± 1.6 ± 0.3
!(782)⇡+ (1.68± 0.06± 0.15± 0.02)⇥ 10�2 �103.3± 2.1± 2.6± 0.4 0.103± 0.008± 0.014± 0.002
⇢(1450)0⇡+ 2.66± 0.07± 0.24± 0.22 47.0± 1.5± 5.5± 4.1 5.4 ± 0.4 ± 1.3 ± 0.8
⇢(1700)0⇡+ 7.41± 0.18± 0.47± 0.71 � 65.7± 1.5± 3.8± 4.6 5.7 ± 0.5 ± 1.0 ± 1.0
f2(1270)⇡+ 2.16± 0.02± 0.10± 0.02 �100.9± 0.7± 2.0± 0.4 13.8 ± 0.2 ± 0.4 ± 0.2
S-wave 61.8 ± 0.5 ± 0.6 ± 0.5P

i FFi 112.8
�2/ndof (range) [1.47 - 1.78] �2 logL = 805622

3Since the ⇢3(1690) state was not found to be significant, the formalism for spin-3 resonances is not
described in Sec. 5.
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Table 7: Final results of the D+
s ! ⇡�⇡+⇡+ Dalitz plot fit. The uncertainties are statistical,

experimental systematic and associated to the decay amplitude model, respectively.

Resonance Magnitude Phase [�]

⇢(770)0 0.1201± 0.0030± 0.0050± 0.0062 79.4± 1.8± 7.8± 4.4
!(782) 0.04001± 0.00090± 0.0018± 0.00086 �109.9± 1.7± 0.94± 1.4
⇢(1450)0 1.277± 0.026± 0.023± 0.48 �115.2± 2.6± 2.8± 10
⇢(1700)0 0.873± 0.061± 0.054± 0.62 �60.9± 6.1± 6.7± 12
f2(1270) 1 (fixed) 0 (fixed)
f 0
2(1525) 0.1098± 0.0069± 0.019± 0.015 178.1± 4.2± 12± 7

Fit Fraction (FF) [%]

S-wave 84.97± 0.14± 0.30± 0.63
⇢(770)0 1.038± 0.054± 0.097± 0.11
!(782) 0.360± 0.016± 0.034± 0.016

⇢(1450)0 3.86± 0.15± 0.14± 2.0
⇢(1700)0 0.365± 0.050± 0.045± 0.34
combined 6.14± 0.27± 0.34± 1.9

f2(1270) 13.69± 0.14± 0.22± 0.49
f 0
2(1525) 0.0528± 0.0070± 0.015± 0.0087

Table 8: Resonant structure of the D+
s ! ⇡�⇡+⇡+ decay from this analysis compared to previous

determinations from BaBar [6] and BESIII [7]. The fit fractions are given in per cent. The
statistical and systematic uncertainties are added in quadrature.

mode this result BaBar BESIII

S-wave 84.97± 0.64 83.0± 2.1 84.2± 1.4
⇢(770)0⇡+ 1.04± 0.12 1.8± 1.1 0.9± 0.8
!(782)⇡+ 0.360± 0.022 – –
⇢(1450)0⇡+ 3.86± 2.0 2.3± 1.9 1.3± 0.8
⇢(1700)0⇡+ 0.37± 0.34 – –
f2(1270)⇡+ 13.60± 0.50 10.1± 1.9 10.5± 1.4
f 0
2(1525)⇡

+ 0.045± 0.011 – –

⇢(1450)0⇡+ and ⇢(1700)0⇡+ channels are very similar, (6.14 ± 0.27)% in D+
s ! ⇡�⇡+⇡+

decay and (7.1±0.8)% in D+! ⇡�⇡+⇡+ decay. These results challenge the interpretation
of the ⇢(1450)0 and ⇢(1700)0 as excitations of the ground state ⇢(770)0. The same fit
fraction of the f2(1270)⇡+ mode is measured in both decays. This is a surprising result,
since one would expect the f2(1270) to be produced at a higher rate from a dd̄ than from
an ss̄ source.

The determination of the ⇡+⇡� S-wave from D+
s ! ⇡�⇡+⇡+ decay provides an

important input to phenomenological analyses, from which the scattering amplitudes
could be obtained. The comparison between the resonant structure of the D+

s ! ⇡�⇡+⇡+

and D+ ! ⇡�⇡+⇡+ decays provides valuable information for the understanding of the
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where the Dalitz plot is divided in Nb bins and, for each bin, the number of observed
candidates, Nobs

i , the number of candidates estimated from the fit model, N est
i , and the

uncertainty on their di↵erence, �i, are obtained. For unbinned maximum-likelihood fits,
the number of degrees of freedom (ndof) range as [Nb � q � 1, Nb � 1] [51], where q is the
number of free parameters, and it is used to calculate the corresponding range of �2/ndof.
This is done using the folded Dalitz plot – due to the symmetry of the D+! ⇡�⇡+⇡+

Dalitz plot with respect to the axis s13 = s12, the variables shigh and slow are defined,
respectively, as the higher and the lower values of each pair (s12, s13). The folded Dalitz
plot is divided in Nb = 625 bins using an adaptive binning algorithm, such that all bins
have the same population. Besides the �2/ndof, the value of �2 logL is also used to
compare models. In addition, the distribution of residuals (Nobs

i � N est
i )/�i across the

folded Dalitz plot is used for visual inspection of any local discrepancy between fit model
and data, which are also compared through the projections of shigh, slow, the sum of these
projections, denoted s⇡�⇡+ , and s23 ⌘ (p2 + p3)2.

7 Dalitz plot fit results

The D+! ⇡�⇡+⇡+ amplitude fit model is constructed with the scalar sector represented
through the QMIPWA approach using 50 knots, and starting with the spin-1 and spin-2
states observed from previous analyses of this decay (E791 [15], FOCUS [16] and CLEO [17]
collaborations, with much smaller datasets): ⇢(770)0⇡+, ⇢(1450)0⇡+ and f2(1270)⇡+, plus
the !(782)⇡+ channel, not observed in previous analyses but clearly seen in Fig. 3. From
that, other possible states, such as f 0

2(1525), ⇢(1700)
0, ⇢3(1690),3 are added one at a time

until a good representation of the data is found.
The best model is achieved when the ⇢(1700)0 resonance is added; attempts to include

further states do not bring significant improvements. This model has 108 free parameters.
Table 2 summarises the results from the fit, including systematic uncertainties discussed
later in Sec.8. Interference fit fractions are shown in Table 3. The projections and the
distribution of residuals are shown in Fig. 5, showing overall a good agreement between
the data and fit model.

Table 2: Dalitz fit results for magnitudes, phases and fit fractions (%) of the spin-1 and spin-2
components, and the S-wave fit fraction. The uncertainties quoted are, in order, statistical,
experimental systematics, and model systematics.

Component Magnitude Phase [�] Fit fraction [%]
⇢(770)0⇡+ 1 [fixed] 0 [fixed] 26.0 ± 0.3 ± 1.6 ± 0.3
!(782)⇡+ (1.68± 0.06± 0.15± 0.02)⇥ 10�2 �103.3± 2.1± 2.6± 0.4 0.103± 0.008± 0.014± 0.002
⇢(1450)0⇡+ 2.66± 0.07± 0.24± 0.22 47.0± 1.5± 5.5± 4.1 5.4 ± 0.4 ± 1.3 ± 0.8
⇢(1700)0⇡+ 7.41± 0.18± 0.47± 0.71 � 65.7± 1.5± 3.8± 4.6 5.7 ± 0.5 ± 1.0 ± 1.0
f2(1270)⇡+ 2.16± 0.02± 0.10± 0.02 �100.9± 0.7± 2.0± 0.4 13.8 ± 0.2 ± 0.4 ± 0.2
S-wave 61.8 ± 0.5 ± 0.6 ± 0.5P

i FFi 112.8
�2/ndof (range) [1.47 - 1.78] �2 logL = 805622

3Since the ⇢3(1690) state was not found to be significant, the formalism for spin-3 resonances is not
described in Sec. 5.
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Table 7: Final results of the D+
s ! ⇡�⇡+⇡+ Dalitz plot fit. The uncertainties are statistical,

experimental systematic and associated to the decay amplitude model, respectively.

Resonance Magnitude Phase [�]

⇢(770)0 0.1201± 0.0030± 0.0050± 0.0062 79.4± 1.8± 7.8± 4.4
!(782) 0.04001± 0.00090± 0.0018± 0.00086 �109.9± 1.7± 0.94± 1.4
⇢(1450)0 1.277± 0.026± 0.023± 0.48 �115.2± 2.6± 2.8± 10
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f2(1270) 1 (fixed) 0 (fixed)
f 0
2(1525) 0.1098± 0.0069± 0.019± 0.015 178.1± 4.2± 12± 7
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⇢(1450)0 3.86± 0.15± 0.14± 2.0
⇢(1700)0 0.365± 0.050± 0.045± 0.34
combined 6.14± 0.27± 0.34± 1.9

f2(1270) 13.69± 0.14± 0.22± 0.49
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Table 8: Resonant structure of the D+
s ! ⇡�⇡+⇡+ decay from this analysis compared to previous

determinations from BaBar [6] and BESIII [7]. The fit fractions are given in per cent. The
statistical and systematic uncertainties are added in quadrature.

mode this result BaBar BESIII

S-wave 84.97± 0.64 83.0± 2.1 84.2± 1.4
⇢(770)0⇡+ 1.04± 0.12 1.8± 1.1 0.9± 0.8
!(782)⇡+ 0.360± 0.022 – –
⇢(1450)0⇡+ 3.86± 2.0 2.3± 1.9 1.3± 0.8
⇢(1700)0⇡+ 0.37± 0.34 – –
f2(1270)⇡+ 13.60± 0.50 10.1± 1.9 10.5± 1.4
f 0
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+ 0.045± 0.011 – –

⇢(1450)0⇡+ and ⇢(1700)0⇡+ channels are very similar, (6.14 ± 0.27)% in D+
s ! ⇡�⇡+⇡+

decay and (7.1±0.8)% in D+! ⇡�⇡+⇡+ decay. These results challenge the interpretation
of the ⇢(1450)0 and ⇢(1700)0 as excitations of the ground state ⇢(770)0. The same fit
fraction of the f2(1270)⇡+ mode is measured in both decays. This is a surprising result,
since one would expect the f2(1270) to be produced at a higher rate from a dd̄ than from
an ss̄ source.

The determination of the ⇡+⇡� S-wave from D+
s ! ⇡�⇡+⇡+ decay provides an

important input to phenomenological analyses, from which the scattering amplitudes
could be obtained. The comparison between the resonant structure of the D+
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and D+ ! ⇡�⇡+⇡+ decays provides valuable information for the understanding of the
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Figure 6: Fitted (left) magnitude and (right) phase of the ⇡�⇡+ S-wave amplitude with statistical
uncertainties as the blue bars and the total uncertainties (combined statistical, experimental
and model systematics) as the green bands.

systematics, those corresponding to the uncertainties in resonance lineshape parameters
such as masses, widths and form factors.

In the first category, e↵ects due to the e�ciency modelling, background contributions
and intrinsic fit biases are considered. For the e�ciency map, uncertainties arise from
the finite size of the simulation samples, the e↵ect of the binning scheme of the e�ciency
histogram prior to the 2D spline smoothing, and the procedure for obtaining PID e�ciencies
from the calibration samples. The first e↵ect is estimated by generating a set of alternative
e�ciency histograms where the bin contents are varied according to a Poisson distribution,
and performing the Dalitz fit with each alternative map. The root mean square (rms) of
the distribution of each of the fit parameters is assigned as the corresponding systematic
uncertainty. The systematic uncertainty due to the binning scheme of the e�ciency map
is assessed by performing the fits with smoothed e�ciency maps obtained from varying
the binning grid of the e�ciency histogram from 15⇥ 15 (default) to 12⇥ 12 and 20⇥ 20.
The largest variation in each fit parameter is assigned as the systematic uncertainty. The
dominant uncertainties on the PID e�ciency are due to the finite size of the calibration
samples; the e↵ect is assessed by varying the e�ciencies from the calibration tables
according to a Gaussian distribution centered at the nominal values and with widths equal
to the statistical uncertainties, and obtaining new smoothed e�ciency maps to refit the
Dalitz plot and assess the impact on the fit parameters.

The e↵ect of the signal-to-background ratio is estimated by varying the signal purity
obtained from the invariant-mass fit within one standard deviation, repeating the Dalitz
fit and assigning the di↵erence in each parameter as the systematic uncertainty. The
impact of the background model is addressed by determining it from either just the lower
or just the higher mass sideband, and assigning the largest deviation in each fit parameter
as the corresponding systematic uncertainty. The S-wave interval definition (knots in
m⇡�⇡+) is varied both in the number of knots (from 45 to 55) and position of the knots,
by using an adaptive binning where the division is made to equalise the event population.

13

Blue point with error bars: fit result at given mass point, with stat error
Green band: 2-D cubic spline with sys and stat errors
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Figure 13: Comparison of ⇡+⇡�

S-wave amplitude from the D+
s ! ⇡�⇡+⇡+

decay with previous

results from BaBar [6] and BESIII [7].

Table 10: Resonant structures of the D+
s ! ⇡�⇡+⇡+

and D+! ⇡�⇡+⇡+
[4] decays, expressed

fit fractions (%). Uncertainties are only statistical.

mode D+
s ! ⇡�⇡+⇡+ D+! ⇡�⇡+⇡+

S-wave 84.97± 0.14 61.82± 0.5
P-wave 8.55± 0.44 32.31± 0.64
D-wave 13.12± 0.02 13.8± 0.2

hadron formation mechanisms in charm meson decays.
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Figure 12: (Left) Comparison of the ⇡+⇡�
S-wave phase from D+

s ! ⇡�⇡+⇡+
decays and the

phase from ⇡+⇡� ! ⇡+⇡�
scattering. Data on ⇡+⇡� ! ⇡+⇡�

scattering above 0.6GeV are

from a re-analysis [5] of original data from [33], and below 0.4GeV are from Ke4 decays [34].

(Right) The S-wave phase from the D+
s ! ⇡�⇡+⇡+

decay is shifted by 210
�
.

outgoing ⇡+⇡� pair recoils against the nucleon. In the D+
s ! ⇡�⇡+⇡+ decay, the ⇡+⇡�

pair is produced in a quite di↵erent environment. The ⇡+⇡� pair is part of a three-body
system, and may be produced from processes such as D+

s ! K+K�⇡+ ! ⇡�⇡+⇡+. In the
scenario where the scalar resonances arise from interactions of two pseudoscalar particles,
the phase of the S-wave amplitude obtained from D+

s ! ⇡�⇡+⇡+ decays results from a set
of coupled channels, ab ! ⇡+⇡� (a, b = ⇡, K or ⌘), in contrast with the �00 phase, which
is obtained from a single reaction.

10 The P- and D-waves

A distinct feature of the ⇡+⇡� P-wave amplitude in the D+
s ! ⇡�⇡+⇡+ decay is the small

contribution of the ⇢(770)0⇡+ channel, with a fit fraction of (1.038 ± 0.050)%, compared
to (26.0 ± 0.3)% measured in the D+! ⇡�⇡+⇡+ decay. The small ⇢(770)0 component in
the D+

s ! ⇡�⇡+⇡+ decay occurs because resonances with no strange quarks in the wave
function can only be formed through the suppressed W -annihilation amplitude.

In the P-wave amplitude, there is also a small contribution of (0.360 ± 0.016)% from
the D+

s ! !(782)⇡+ channel. The !(782) ! ⇡+⇡� decay is isospin violating, with a
branching fraction of (1.53+0.11

�0.13)% [2]. Due to the small di↵erence between the masses
of the u and d quarks, isospin symmetry is only approximate. The physical ⇢(770)0 and
!(782) resonances are linear combinations of the pure isovector and isoscalar SU(3) states
|⇢Ii and |!Ii [36],

|⇢(770)0i = |⇢Ii � ✏⇢!|!Ii, |!(782)i = ✏⇢!|⇢Ii + |!Ii , (22)

where ✏⇢! is a complex parameter associated with the mixing between the physical states.
The !(782) ! ⇡+⇡� decay has been observed in di↵erent reactions [4, 28, 37–40],

always in conjunction with a prominent ⇢(770)0 signal. In the D+ ! ⇡�⇡+⇡+ and
D+

s ! ⇡�⇡+⇡+ decays, the !(782) signal may arise either through the ⇢-! mixing or
from the direct transition. In this work, the latter mechanism is assumed in the default
model, and is represented by a coherent sum of individual ⇢(770)0⇡+ and !(782)⇡+
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LHCb: JHEP 06 (2023) 044LHCb: JHEP 07 (2023) 204 

https://iopscience.iop.org/article/10.1088/0954-3899/40/4/043001
https://inspirehep.net/literature/880434
https://inspirehep.net/literature/2132748
https://lhcbproject.web.cern.ch/Publications/LHCbProjectPublic/LHCb-PAPER-2022-030.html


Jonas Rademacker (University of Bristol)                                             Amplitude Analyses at LHCb                      PWA/ATHOS 2024, Williamsburg VA

B+ → KSK∓π± K+

26

LHCb: PRD 108 (2023) 3, 032010

 vetoD0 → K−π+
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Key analysis features: 
•  S-wave described with model independent method  

(bins with one complex number per bin) 
•  described by coupled channel formula  

following PRD 57, 3860 (1998) (Christal Barrel).  
• Other resonances: Breit-Wigner 

Kπ

a0(980)
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between 0.5 and 2.5 GeV−1. The uncertainty due to the
background model (Back) is evaluated by performing 100
fits to the same dataset, where in each fit all the parameters
describing the background model are randomly varied
within their statistical uncertainties according to a
Gaussian distribution. The absolute values of the averages
of the differences with respect to the reference values are
taken as systematic uncertainties on amplitudes and phases.
Possible fit biases are evaluated by generating, from the
solution found by the fit, 100 pseudoexperiments having the
same size as the data. The average of the differences between
the reference solution and that from the pseudoexperiments
gives an evaluation of the fit bias. It is found that this
contribution is not significant and it is not included in the
list of the systematic uncertainties. The effect of varying
the position of the sidebands, from which the background
model is derived, is investigated and found to have negli-
gible impact on the total systematic uncertainty, and is
therefore ignored. All the contributions are added in quad-
rature (Total).
Figure 16 shows the fitted Kπ S-wave amplitude and

phase obtained from the QMI analysis for both the Bþ →
K0

SK
þK−πþ and Bþ → K0

SK
þKþπ− data, which agree

well. The data show a dominance of the K"
0ð1430Þ resonant

contribution followed by a sharp drop and a subsequent
signal of the K"

0ð1950Þ resonance. A contribution in the
phase motion not continuous with the rest of the distribu-
tion is present in the threshold region of Fig. 16(b). This
behavior may be attributed to the inability of the algorithm
to obtain a correct phase motion in this region of the phase
space due to the absence, in this mass region, of additional
significant resonant contributions in addition to that of the
K"

0ð1430Þ resonance.
The inverse-variance-weighted average of the Kπ S-

wave from the Bþ → K0
SK

þK−πþ and Bþ → K0
SK

þKþπ−

data is shown in terms of the real and imaginary parts of its

amplitude in the Argand diagram of Fig. 17. The plot shows
the expected anticlockwise phase motion due to the
K"

0ð1430Þ resonance and a second loop due to the presence
of the K"

0ð1950Þ resonance, observed here for the first time.
Note that it was not possible to observe this behavior in
Ref. [6] due to the presence of two solutions above the mass
of 1.6 GeV.
Systematic uncertainties on the QMI Kπ S-wave ampli-

tudes are evaluated as follows. The Bþ → K0
SK

þK−πþ and
Bþ → K0

SK
þKþπ− datasets are each fitted independently

using QMI for lower and higher purity selections, averag-
ing the results; this is also done separately for TOS and no
TOS selections. The four solutions are compared with the
reference solution and the absolute values of the deviations
are added in quadrature. The effect on the QMI Kπ S-wave
due to the variation of the resonance parameters fixed to

 [GeV])! m(K
1 1.5 2 2.5

|A
|/(

50
 M

eV
)

0

0.5

1
LHCb

 1"9 fb

(a)

 [GeV])!m(K
1 1.5 2 2.5

ph
as

e 
[r

ad
]/

(5
0 

M
eV

)

0

0.5

1

1.5

2

2.5

3
LHCb

 1"9 fb
(b)

+!+K"KS
0K

"!+K+KS
0K

FIG. 16. Comparisons between the fitted Kπ S-wave (a) amplitude and (b) phase obtained from the (black) Bþ → K0
SK

þK−πþ and
(red) Bþ → K0

SK
þKþπ− data. Note that the point at 1.425 GeV is fixed at values 1.0 and 1.57 for amplitude and phase, respectively, and

therefore there is no associated uncertainty. The plotted uncertainties are obtained averaging the uncertainties on the two adjacent mass
measurements.

Re(A)
0.5" 0 0.5

Im
(A

)

0

0.5

1

0.925

1.175

1.275

1.375

1.425

1.575

1.725

1.825

1.925

1.975

2.375
2.475

LHCb
 1"9 fb

FIG. 17. Argand diagram for the Kπ S-wave averaged over the
QMI results from Bþ →K0

SK
þK−πþ andBþ →K0

SK
þKþπ− data.

R. AAIJ et al. PHYS. REV. D 108, 032010 (2023)

032010-18

ηc → KSK+π−

ηc → KSK−π+

Magnitude Phase

between 0.5 and 2.5 GeV−1. The uncertainty due to the
background model (Back) is evaluated by performing 100
fits to the same dataset, where in each fit all the parameters
describing the background model are randomly varied
within their statistical uncertainties according to a
Gaussian distribution. The absolute values of the averages
of the differences with respect to the reference values are
taken as systematic uncertainties on amplitudes and phases.
Possible fit biases are evaluated by generating, from the
solution found by the fit, 100 pseudoexperiments having the
same size as the data. The average of the differences between
the reference solution and that from the pseudoexperiments
gives an evaluation of the fit bias. It is found that this
contribution is not significant and it is not included in the
list of the systematic uncertainties. The effect of varying
the position of the sidebands, from which the background
model is derived, is investigated and found to have negli-
gible impact on the total systematic uncertainty, and is
therefore ignored. All the contributions are added in quad-
rature (Total).
Figure 16 shows the fitted Kπ S-wave amplitude and

phase obtained from the QMI analysis for both the Bþ →
K0

SK
þK−πþ and Bþ → K0

SK
þKþπ− data, which agree

well. The data show a dominance of the K"
0ð1430Þ resonant

contribution followed by a sharp drop and a subsequent
signal of the K"

0ð1950Þ resonance. A contribution in the
phase motion not continuous with the rest of the distribu-
tion is present in the threshold region of Fig. 16(b). This
behavior may be attributed to the inability of the algorithm
to obtain a correct phase motion in this region of the phase
space due to the absence, in this mass region, of additional
significant resonant contributions in addition to that of the
K"

0ð1430Þ resonance.
The inverse-variance-weighted average of the Kπ S-

wave from the Bþ → K0
SK

þK−πþ and Bþ → K0
SK

þKþπ−

data is shown in terms of the real and imaginary parts of its

amplitude in the Argand diagram of Fig. 17. The plot shows
the expected anticlockwise phase motion due to the
K"

0ð1430Þ resonance and a second loop due to the presence
of the K"

0ð1950Þ resonance, observed here for the first time.
Note that it was not possible to observe this behavior in
Ref. [6] due to the presence of two solutions above the mass
of 1.6 GeV.
Systematic uncertainties on the QMI Kπ S-wave ampli-

tudes are evaluated as follows. The Bþ → K0
SK

þK−πþ and
Bþ → K0

SK
þKþπ− datasets are each fitted independently

using QMI for lower and higher purity selections, averag-
ing the results; this is also done separately for TOS and no
TOS selections. The four solutions are compared with the
reference solution and the absolute values of the deviations
are added in quadrature. The effect on the QMI Kπ S-wave
due to the variation of the resonance parameters fixed to
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between 0.5 and 2.5 GeV−1. The uncertainty due to the
background model (Back) is evaluated by performing 100
fits to the same dataset, where in each fit all the parameters
describing the background model are randomly varied
within their statistical uncertainties according to a
Gaussian distribution. The absolute values of the averages
of the differences with respect to the reference values are
taken as systematic uncertainties on amplitudes and phases.
Possible fit biases are evaluated by generating, from the
solution found by the fit, 100 pseudoexperiments having the
same size as the data. The average of the differences between
the reference solution and that from the pseudoexperiments
gives an evaluation of the fit bias. It is found that this
contribution is not significant and it is not included in the
list of the systematic uncertainties. The effect of varying
the position of the sidebands, from which the background
model is derived, is investigated and found to have negli-
gible impact on the total systematic uncertainty, and is
therefore ignored. All the contributions are added in quad-
rature (Total).
Figure 16 shows the fitted Kπ S-wave amplitude and

phase obtained from the QMI analysis for both the Bþ →
K0

SK
þK−πþ and Bþ → K0

SK
þKþπ− data, which agree

well. The data show a dominance of the K"
0ð1430Þ resonant

contribution followed by a sharp drop and a subsequent
signal of the K"

0ð1950Þ resonance. A contribution in the
phase motion not continuous with the rest of the distribu-
tion is present in the threshold region of Fig. 16(b). This
behavior may be attributed to the inability of the algorithm
to obtain a correct phase motion in this region of the phase
space due to the absence, in this mass region, of additional
significant resonant contributions in addition to that of the
K"

0ð1430Þ resonance.
The inverse-variance-weighted average of the Kπ S-

wave from the Bþ → K0
SK

þK−πþ and Bþ → K0
SK

þKþπ−

data is shown in terms of the real and imaginary parts of its

amplitude in the Argand diagram of Fig. 17. The plot shows
the expected anticlockwise phase motion due to the
K"

0ð1430Þ resonance and a second loop due to the presence
of the K"

0ð1950Þ resonance, observed here for the first time.
Note that it was not possible to observe this behavior in
Ref. [6] due to the presence of two solutions above the mass
of 1.6 GeV.
Systematic uncertainties on the QMI Kπ S-wave ampli-

tudes are evaluated as follows. The Bþ → K0
SK

þK−πþ and
Bþ → K0

SK
þKþπ− datasets are each fitted independently

using QMI for lower and higher purity selections, averag-
ing the results; this is also done separately for TOS and no
TOS selections. The four solutions are compared with the
reference solution and the absolute values of the deviations
are added in quadrature. The effect on the QMI Kπ S-wave
due to the variation of the resonance parameters fixed to
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between 0.5 and 2.5 GeV−1. The uncertainty due to the
background model (Back) is evaluated by performing 100
fits to the same dataset, where in each fit all the parameters
describing the background model are randomly varied
within their statistical uncertainties according to a
Gaussian distribution. The absolute values of the averages
of the differences with respect to the reference values are
taken as systematic uncertainties on amplitudes and phases.
Possible fit biases are evaluated by generating, from the
solution found by the fit, 100 pseudoexperiments having the
same size as the data. The average of the differences between
the reference solution and that from the pseudoexperiments
gives an evaluation of the fit bias. It is found that this
contribution is not significant and it is not included in the
list of the systematic uncertainties. The effect of varying
the position of the sidebands, from which the background
model is derived, is investigated and found to have negli-
gible impact on the total systematic uncertainty, and is
therefore ignored. All the contributions are added in quad-
rature (Total).
Figure 16 shows the fitted Kπ S-wave amplitude and

phase obtained from the QMI analysis for both the Bþ →
K0

SK
þK−πþ and Bþ → K0

SK
þKþπ− data, which agree

well. The data show a dominance of the K"
0ð1430Þ resonant

contribution followed by a sharp drop and a subsequent
signal of the K"

0ð1950Þ resonance. A contribution in the
phase motion not continuous with the rest of the distribu-
tion is present in the threshold region of Fig. 16(b). This
behavior may be attributed to the inability of the algorithm
to obtain a correct phase motion in this region of the phase
space due to the absence, in this mass region, of additional
significant resonant contributions in addition to that of the
K"

0ð1430Þ resonance.
The inverse-variance-weighted average of the Kπ S-

wave from the Bþ → K0
SK

þK−πþ and Bþ → K0
SK

þKþπ−

data is shown in terms of the real and imaginary parts of its

amplitude in the Argand diagram of Fig. 17. The plot shows
the expected anticlockwise phase motion due to the
K"

0ð1430Þ resonance and a second loop due to the presence
of the K"

0ð1950Þ resonance, observed here for the first time.
Note that it was not possible to observe this behavior in
Ref. [6] due to the presence of two solutions above the mass
of 1.6 GeV.
Systematic uncertainties on the QMI Kπ S-wave ampli-

tudes are evaluated as follows. The Bþ → K0
SK

þK−πþ and
Bþ → K0

SK
þKþπ− datasets are each fitted independently

using QMI for lower and higher purity selections, averag-
ing the results; this is also done separately for TOS and no
TOS selections. The four solutions are compared with the
reference solution and the absolute values of the deviations
are added in quadrature. The effect on the QMI Kπ S-wave
due to the variation of the resonance parameters fixed to
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between 0.5 and 2.5 GeV−1. The uncertainty due to the
background model (Back) is evaluated by performing 100
fits to the same dataset, where in each fit all the parameters
describing the background model are randomly varied
within their statistical uncertainties according to a
Gaussian distribution. The absolute values of the averages
of the differences with respect to the reference values are
taken as systematic uncertainties on amplitudes and phases.
Possible fit biases are evaluated by generating, from the
solution found by the fit, 100 pseudoexperiments having the
same size as the data. The average of the differences between
the reference solution and that from the pseudoexperiments
gives an evaluation of the fit bias. It is found that this
contribution is not significant and it is not included in the
list of the systematic uncertainties. The effect of varying
the position of the sidebands, from which the background
model is derived, is investigated and found to have negli-
gible impact on the total systematic uncertainty, and is
therefore ignored. All the contributions are added in quad-
rature (Total).
Figure 16 shows the fitted Kπ S-wave amplitude and

phase obtained from the QMI analysis for both the Bþ →
K0

SK
þK−πþ and Bþ → K0

SK
þKþπ− data, which agree

well. The data show a dominance of the K"
0ð1430Þ resonant

contribution followed by a sharp drop and a subsequent
signal of the K"

0ð1950Þ resonance. A contribution in the
phase motion not continuous with the rest of the distribu-
tion is present in the threshold region of Fig. 16(b). This
behavior may be attributed to the inability of the algorithm
to obtain a correct phase motion in this region of the phase
space due to the absence, in this mass region, of additional
significant resonant contributions in addition to that of the
K"

0ð1430Þ resonance.
The inverse-variance-weighted average of the Kπ S-

wave from the Bþ → K0
SK

þK−πþ and Bþ → K0
SK

þKþπ−

data is shown in terms of the real and imaginary parts of its

amplitude in the Argand diagram of Fig. 17. The plot shows
the expected anticlockwise phase motion due to the
K"

0ð1430Þ resonance and a second loop due to the presence
of the K"

0ð1950Þ resonance, observed here for the first time.
Note that it was not possible to observe this behavior in
Ref. [6] due to the presence of two solutions above the mass
of 1.6 GeV.
Systematic uncertainties on the QMI Kπ S-wave ampli-

tudes are evaluated as follows. The Bþ → K0
SK

þK−πþ and
Bþ → K0

SK
þKþπ− datasets are each fitted independently

using QMI for lower and higher purity selections, averag-
ing the results; this is also done separately for TOS and no
TOS selections. The four solutions are compared with the
reference solution and the absolute values of the deviations
are added in quadrature. The effect on the QMI Kπ S-wave
due to the variation of the resonance parameters fixed to
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between 0.5 and 2.5 GeV−1. The uncertainty due to the
background model (Back) is evaluated by performing 100
fits to the same dataset, where in each fit all the parameters
describing the background model are randomly varied
within their statistical uncertainties according to a
Gaussian distribution. The absolute values of the averages
of the differences with respect to the reference values are
taken as systematic uncertainties on amplitudes and phases.
Possible fit biases are evaluated by generating, from the
solution found by the fit, 100 pseudoexperiments having the
same size as the data. The average of the differences between
the reference solution and that from the pseudoexperiments
gives an evaluation of the fit bias. It is found that this
contribution is not significant and it is not included in the
list of the systematic uncertainties. The effect of varying
the position of the sidebands, from which the background
model is derived, is investigated and found to have negli-
gible impact on the total systematic uncertainty, and is
therefore ignored. All the contributions are added in quad-
rature (Total).
Figure 16 shows the fitted Kπ S-wave amplitude and

phase obtained from the QMI analysis for both the Bþ →
K0

SK
þK−πþ and Bþ → K0

SK
þKþπ− data, which agree

well. The data show a dominance of the K"
0ð1430Þ resonant

contribution followed by a sharp drop and a subsequent
signal of the K"

0ð1950Þ resonance. A contribution in the
phase motion not continuous with the rest of the distribu-
tion is present in the threshold region of Fig. 16(b). This
behavior may be attributed to the inability of the algorithm
to obtain a correct phase motion in this region of the phase
space due to the absence, in this mass region, of additional
significant resonant contributions in addition to that of the
K"

0ð1430Þ resonance.
The inverse-variance-weighted average of the Kπ S-

wave from the Bþ → K0
SK

þK−πþ and Bþ → K0
SK

þKþπ−

data is shown in terms of the real and imaginary parts of its

amplitude in the Argand diagram of Fig. 17. The plot shows
the expected anticlockwise phase motion due to the
K"

0ð1430Þ resonance and a second loop due to the presence
of the K"

0ð1950Þ resonance, observed here for the first time.
Note that it was not possible to observe this behavior in
Ref. [6] due to the presence of two solutions above the mass
of 1.6 GeV.
Systematic uncertainties on the QMI Kπ S-wave ampli-

tudes are evaluated as follows. The Bþ → K0
SK

þK−πþ and
Bþ → K0

SK
þKþπ− datasets are each fitted independently

using QMI for lower and higher purity selections, averag-
ing the results; this is also done separately for TOS and no
TOS selections. The four solutions are compared with the
reference solution and the absolute values of the deviations
are added in quadrature. The effect on the QMI Kπ S-wave
due to the variation of the resonance parameters fixed to
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Amplitude Analysis of ,  
long and short-distance effects.

B0 → K*μ+μ−

32

- Long-distance hadronic contribution “charm-loop”

11

‣ Difficult to calculate reliably 
from first principles 

‣ Can mimic NPDirect fit method 10 / 18
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additional theory input, beautiful data
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- Flavour Changing Neutral Currents such as  
are excellent candidates for indirect NP searches 

‣ Strongly suppressed in the SM:   

‣ arise only at loop level 

‣ quark mixing is so hierarchical  
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Analysis combines sophisticated 
amplitude analysis techniques, clever 
additional theory input, beautiful data

Dispersion Amplitude Form
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TODO

Non-local effects described as corrections to C9.

C9 → Ceff
9

,λ = C9 + Y(0),λcc +∆Y1P,λlight(q2) +∆Y1P,λcc (q2) +∆Y2P,λcc (q2) + Yττ(q2)
Ceff
7

,λ = C7 + ϵλeiω0

[Cornella,Isidori,König, Liechti,Owen, Serra]

Non-Local Contributions

Tau-scattering contribution

Wilson Cτ9 is fit paramter
gives indirect access to BF(B0→ K∗τ+τ− )

b s

µ+
µ−

γ
ττ

Bonus: sensitive to B0 → K*τ+τ−

LHCb:  
arXiv:2405.17347 (27 May 2024) 
PRL 132 (2024) 13, 131801 
PRD 109 (2024) 5, 052009

https://arxiv.org/abs/2405.17347
https://inspirehep.net/literature/2737292
https://inspirehep.net/literature/2737371
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Non-Local Contributions

Tau-scattering contribution

Wilson Cτ9 is fit paramter
gives indirect access to BF(B0→ K∗τ+τ− )
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Bonus: sensitive to B0 → K*τ+τ−

So, what have they found and how did they do it?  
Eluned will tell you in the next talk.

LHCb:  
arXiv:2405.17347 (27 May 2024) 
PRL 132 (2024) 13, 131801 
PRD 109 (2024) 5, 052009

https://arxiv.org/abs/2405.17347
https://inspirehep.net/literature/2737292
https://inspirehep.net/literature/2737371
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First step: first observation of this rare decay 
PRD102,051102(2020)

4-body Amplitude Analysis ongoing.

Analysis of  
will provide further input on 

charm loops

B0 → D0D0K+π−
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First step: first observation of this rare decay 
PRD102,051102(2020)

4-body Amplitude Analysis ongoing.

Analysis of  
will provide further input on 

charm loops

B0 → D0D0K+π−

Only one of many reasons to 
study the amplitude structure 
of  decays, which 
turn out to be remarkably rich.

B → DDX
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72 new hadrons at the LHC, 64 of which at LHCb

34

Plot by Patrick Koppenburg: https://www.nikhef.nl/~pkoppenb/particles.html

See also yesterday’s talk by Da Yu Tou on spectroscopy 
with Pentaquarks

https://www.nikhef.nl/~pkoppenb/particles.html
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Really strange: First tetra flavour
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Figure 6: Run 2 data entering the amplitude fit, shown in the Dalitz plot and its projection
onto the invariant-mass squared for each of the three pairs of the final-state particles.

configurations.

8 Results

8.1 Model excluding D�K+ resonances

The data in Figs. 5 and 6 exhibit a striking excess at m2(D�
K

+) ⇡ 8.25GeV2
/c

4, in both
Run 1 and Run 2, which cannot be accounted for by introducing resonances only in the
D

+
D

� decay channel. To illustrate this, the first model presented excludes any resonant
content from the D

�
K

+ channel. The model includes the  (3770), �c0(3930), �c2(3930),
 (4040),  (4160), and  (4415) resonances, which are necessary to describe structure in
the m(D+

D
�) spectrum. A nonresonant component is included and described by an

exponential S-wave lineshape in the D
�
K

+ spectrum.
The Dalitz-plot projections from this fit are compared to the data in Fig. 7. Contribu-

tions from individual components are superimposed. The goodness of fit is quantified in
Fig. 8, where the largest deviations are seen in the m

2(D�
K

+) ⇡ 8.25GeV2
/c

4 region of
the Dalitz plot. To illustrate this more clearly, a comparison between data and the result
of the fit is made in Fig. 9 after excluding low-mass charmonium resonances through the
requirement m(D+

D
�) > 4GeV/c2.

It is concluded that a satisfactory description of the data cannot be obtained without
including one or more components that model structure in m(D�

K
+) explicitly. The

14

 Dalitz PlotB+ → D+D−K+

Two new tretraquark states
T*̄cs̄0(2900)
T*̄cs̄1(2900)

https://inspirehep.net/literature/1814318
https://inspirehep.net/literature/1814324
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Two χc(3930)
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Figure 6: Run 2 data entering the amplitude fit, shown in the Dalitz plot and its projection
onto the invariant-mass squared for each of the three pairs of the final-state particles.

configurations.

8 Results

8.1 Model excluding D�K+ resonances

The data in Figs. 5 and 6 exhibit a striking excess at m2(D�
K

+) ⇡ 8.25GeV2
/c

4, in both
Run 1 and Run 2, which cannot be accounted for by introducing resonances only in the
D

+
D

� decay channel. To illustrate this, the first model presented excludes any resonant
content from the D

�
K

+ channel. The model includes the  (3770), �c0(3930), �c2(3930),
 (4040),  (4160), and  (4415) resonances, which are necessary to describe structure in
the m(D+

D
�) spectrum. A nonresonant component is included and described by an

exponential S-wave lineshape in the D
�
K

+ spectrum.
The Dalitz-plot projections from this fit are compared to the data in Fig. 7. Contribu-

tions from individual components are superimposed. The goodness of fit is quantified in
Fig. 8, where the largest deviations are seen in the m

2(D�
K

+) ⇡ 8.25GeV2
/c

4 region of
the Dalitz plot. To illustrate this more clearly, a comparison between data and the result
of the fit is made in Fig. 9 after excluding low-mass charmonium resonances through the
requirement m(D+

D
�) > 4GeV/c2.

It is concluded that a satisfactory description of the data cannot be obtained without
including one or more components that model structure in m(D�

K
+) explicitly. The

14

 Dalitz PlotB+ → D+D−K+

Previously observed   
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Figure 1: Dalitz-plot distribution for the B+! D+
s D

�
s K

+ decay after background subtraction.

invariant-mass fit can be found in the accompanying paper [45].
To improve the resolution on the masses of the two-body combinations that are used in

the amplitude analysis, the four momentum of each final-state particle is determined from
a kinematic fit [48] where the B+ mass is constrained to its known value [32]. Figure 1
shows the resulting Dalitz-plot distribution for the B+! D+

s D
�
s K

+ signal decays, where
the non-B+ background is subtracted by the sPlot technique [49] with the reconstructed
B+ mass as the discriminating variable. The most evident feature is the band near the
D+

s D
�
s threshold. To validate that this peaking structure is not due to the combinatorial

background, the D+
s D

�
s invariant-mass distribution of candidates in the B+ mass region

from 5360 to 5600MeV is investigated and no peak is observed.
Employing an unbinned maximum-likelihood method, an amplitude fit with the sFit

technique [50] is performed to investigate the intermediate states and determine the
quantum numbers JPC of any new particle. Two known 1�� charmonium states,  (4260)
and  (4660) [32, 46, 47], and two new 0++ X states are needed to fit the structures in
the D+

s D
�
s spectrum. One of these scalars, X(3960), describes the D+

s D
�
s threshold

enhancement and the other, designated X0(4140), is necessary to model the dip around
4140MeV, as shown in Fig. 2. The subscript 0 is used to distinguish the latter from the
1++ X(4140) state seen in the J/ � final state [32]. Additionally, an S-wave three-body
phase-space function [32] is employed to model the nonresonant (NR) B+! D+

s D
�
s K

+

component. Since no significant contribution of any state is observed in either the D�
s K

+

or D+
s K

+ systems, these five contributions constitute the baseline model.
The helicity formalism [51] is used to construct the amplitude model of the

B+! D+
s D

�
s K

+ decay, with a similar approach applied to previous LHCb analyses
of B+ and B0

s decays to three pseudoscalar particles [14,52–54]. The resonant structure
near the D+

s D
�
s mass threshold is parameterised by a Flatté-like function [19, 32, 55]

depending on the invariant mass m

R (m | M0, gj) =
1

M2
0 �m2 � iM0

P
j gj⇢j(m)

, (1)

where M0 is the mass of the resonance, gj denotes the coupling of this resonance to the
j-th channel, ⇢j(m) is the phase-space factor [32] for the j-th two-body decay. When the

2
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invariant-mass fit can be found in the accompanying paper [45].
To improve the resolution on the masses of the two-body combinations that are used in

the amplitude analysis, the four momentum of each final-state particle is determined from
a kinematic fit [48] where the B+ mass is constrained to its known value [32]. Figure 1
shows the resulting Dalitz-plot distribution for the B+! D+

s D
�
s K

+ signal decays, where
the non-B+ background is subtracted by the sPlot technique [49] with the reconstructed
B+ mass as the discriminating variable. The most evident feature is the band near the
D+

s D
�
s threshold. To validate that this peaking structure is not due to the combinatorial

background, the D+
s D

�
s invariant-mass distribution of candidates in the B+ mass region

from 5360 to 5600MeV is investigated and no peak is observed.
Employing an unbinned maximum-likelihood method, an amplitude fit with the sFit

technique [50] is performed to investigate the intermediate states and determine the
quantum numbers JPC of any new particle. Two known 1�� charmonium states,  (4260)
and  (4660) [32, 46, 47], and two new 0++ X states are needed to fit the structures in
the D+

s D
�
s spectrum. One of these scalars, X(3960), describes the D+

s D
�
s threshold

enhancement and the other, designated X0(4140), is necessary to model the dip around
4140MeV, as shown in Fig. 2. The subscript 0 is used to distinguish the latter from the
1++ X(4140) state seen in the J/ � final state [32]. Additionally, an S-wave three-body
phase-space function [32] is employed to model the nonresonant (NR) B+! D+

s D
�
s K

+

component. Since no significant contribution of any state is observed in either the D�
s K

+

or D+
s K

+ systems, these five contributions constitute the baseline model.
The helicity formalism [51] is used to construct the amplitude model of the

B+! D+
s D

�
s K

+ decay, with a similar approach applied to previous LHCb analyses
of B+ and B0

s decays to three pseudoscalar particles [14,52–54]. The resonant structure
near the D+

s D
�
s mass threshold is parameterised by a Flatté-like function [19, 32, 55]

depending on the invariant mass m

R (m | M0, gj) =
1

M2
0 �m2 � iM0

P
j gj⇢j(m)

, (1)

where M0 is the mass of the resonance, gj denotes the coupling of this resonance to the
j-th channel, ⇢j(m) is the phase-space factor [32] for the j-th two-body decay. When the

2

Figure 2: Background-subtracted invariant-mass distributions (top left) m(D+
s D

�
s ), (top right)

m(D+
s K

+) and (bottom) m(D�
s K

+) for the B+! D+
s D

�
s K

+ signal. The projections of the fit
with the baseline amplitude model are also shown.

value of m is below the threshold of the channel j, i.e. q2j < 0, an analytic continuation

is applied for qj = i
q
�q2j [55, 56]. The total width of the resonance is calculated as

�0 =
P

j gj⇢j(M0). In the baseline model, only the D+
s D

�
s channel (j = 1) is included in

the Flatté-like parameterisation.
Other resonances are modelled by a relativistic Breit–Wigner function BW(m | M0,�0)

with a mass-dependent width [32]. The radius of each resonance entering the Blatt–
Weisskopf barrier factor [57–59] is set to 3GeV�1, corresponding to about 0.6 fm.

The total probability density function is the squared modulus of the total decay
amplitude multiplied by the e�ciency, normalised to ensure that the integral over the
Dalitz plot is unity. The fit fraction Fi expresses the fraction of the total rate due to
the component i, and the interference fraction Iij describes the interference between
components i and j. They are defined in Eqs. (18) and (19) of Ref. [53], such thatP

i Fi +
P

i<j Iij = 1.
As shown in Fig. 2, the two-body mass distributions are well modelled by the baseline

amplitude fit. The corresponding numerical results are summarised in Table 1, including
the mass, width, fit fraction, and significance (S) of each component. The significance
of a given component is evaluated by assuming that the change of twice the negative
log-likelihood (�2 lnL) between the baseline fit and the fit without that component
obeys a �2 distribution, where the number of degrees of freedom (n.d.f.) is given by the
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s channel (j = 1) is included in
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with a mass-dependent width [32]. The radius of each resonance entering the Blatt–
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Figure 1: Dalitz-plot distribution for the B+! D+
s D

�
s K

+ decay after background subtraction.

invariant-mass fit can be found in the accompanying paper [45].
To improve the resolution on the masses of the two-body combinations that are used in

the amplitude analysis, the four momentum of each final-state particle is determined from
a kinematic fit [48] where the B+ mass is constrained to its known value [32]. Figure 1
shows the resulting Dalitz-plot distribution for the B+! D+

s D
�
s K

+ signal decays, where
the non-B+ background is subtracted by the sPlot technique [49] with the reconstructed
B+ mass as the discriminating variable. The most evident feature is the band near the
D+

s D
�
s threshold. To validate that this peaking structure is not due to the combinatorial

background, the D+
s D

�
s invariant-mass distribution of candidates in the B+ mass region

from 5360 to 5600MeV is investigated and no peak is observed.
Employing an unbinned maximum-likelihood method, an amplitude fit with the sFit

technique [50] is performed to investigate the intermediate states and determine the
quantum numbers JPC of any new particle. Two known 1�� charmonium states,  (4260)
and  (4660) [32, 46, 47], and two new 0++ X states are needed to fit the structures in
the D+

s D
�
s spectrum. One of these scalars, X(3960), describes the D+

s D
�
s threshold

enhancement and the other, designated X0(4140), is necessary to model the dip around
4140MeV, as shown in Fig. 2. The subscript 0 is used to distinguish the latter from the
1++ X(4140) state seen in the J/ � final state [32]. Additionally, an S-wave three-body
phase-space function [32] is employed to model the nonresonant (NR) B+! D+

s D
�
s K

+

component. Since no significant contribution of any state is observed in either the D�
s K

+

or D+
s K

+ systems, these five contributions constitute the baseline model.
The helicity formalism [51] is used to construct the amplitude model of the

B+! D+
s D

�
s K

+ decay, with a similar approach applied to previous LHCb analyses
of B+ and B0

s decays to three pseudoscalar particles [14,52–54]. The resonant structure
near the D+

s D
�
s mass threshold is parameterised by a Flatté-like function [19, 32, 55]

depending on the invariant mass m

R (m | M0, gj) =
1

M2
0 �m2 � iM0

P
j gj⇢j(m)

, (1)

where M0 is the mass of the resonance, gj denotes the coupling of this resonance to the
j-th channel, ⇢j(m) is the phase-space factor [32] for the j-th two-body decay. When the

2

Table 1: Summary of the main results obtained with the baseline model, where the first
uncertainty is statistical and the second systematic. The last column shows the signal significance
with (without) the systematic uncertainty included.

Component JPC M0 (MeV) �0 (MeV) F (%) S (�)

X(3960) 0++ 3956± 5± 10 43± 13± 8 25.4± 7.7± 5.0 12.6 (14.6)

X0(4140) 0++ 4133± 6± 6 67± 17± 7 16.7± 4.7± 3.9 3.8 (4.1)

 (4260) 1�� 4230 [60] 55 [60] 3.6± 0.4± 3.2 3.2 (3.6)

 (4660) 1�� 4633 [32] 64 [32] 2.2± 0.2± 0.8 3.0 (3.2)

NR 0++ - - 46.1± 13.2± 11.3 3.1 (3.4)

change in the number of free parameters. All the components included in the baseline
model have a statistical significance greater than three standard deviations (�), where
the X(3960) and X0(4140) states are found to be 14.6� and 4.1� significant, respectively.
The obtained significances for the X(3960) and X0(4140) resonances are also validated
using pseudoexperiments.

The JPC assignment for the system of a pair of oppositely-charged pseudoscalar
mesons must be in the series 0++, 1��, 2++, etc. States with higher intrinsic spin
are not expected to contribute significantly in the current dataset. To determine the
X(3960) quantum numbers, fits with the baseline model are performed under alternative
JPC hypotheses, 1��, 2++, instead of 0++. The significance to reject a JPC hypothesis
is computed as

p
�(�2 lnL), where �(�2 lnL) = �(2 lnL(0++) � 2 lnL(JPC)), and

indicates the likelihood di↵erence between the fits for the preferred 0++ assignment and
for each alternative JPC hypothesis. To ensure that for di↵erent JPC hypotheses this
resonance corresponds to the same particle, the mass and the width are limited to be
within a ±3 � range of the baseline fit results. The 0++ assignment is preferred over 1��

and 2++ hypotheses by 9.3 � and 12.3 �, respectively. Similarly, replacing the baseline
0++ assignment by 1�� or 2++ for the X0(4140) state deteriorates the fit quality. The
0++ assignment is favoured over 1�� (2++) hypothesis at a 3.5 � (4.2 �) level. Within
the baseline model this 0++ state produces the dip around 4140 MeV via destructive
interference with the 0++ NR and X(3960) components, with the interference fractions of,
respectively, (�22.4± 6.4)% and (�5.2± 3.9)%, where the uncertainties are statistical
only.

Systematic uncertainties on the measured resonance properties are evaluated, and
are summarised in Table S1 in the supplemental material [61]. Corrections, derived
from calibration samples, are applied to account for possible discrepancies between
data and simulation in the hardware trigger and particle-identification responses. The
uncertainty due to the limited size of the simulation samples is evaluated using the
bootstrap method [62]. Additional resonances, not included in the baseline model (states
in the D+

s D
�
s system: 0++ �c0(4500) and �c0(4700) [12], 1��  (4040),  (4160) and

 (4415) [32], and 2++ �c2(3930) [14]; and in the D�
s K

+ system: 0+ D
⇤
0(2300)

0 [32], 1�

D
⇤
1(2600)

0 [32, 63] and D
⇤
1(2760)

0 [64], and 2+ D
⇤
2(2460)

0 [32]) are utilised to estimate
the uncertainty due to insu�cient consideration of possible amplitude components. None
of these states significantly improve the baseline model. The ccss candidates �c0(4500)
and �c0(4700) have statistical significances of 0.8 � and 1.3 �, respectively, and their fit
fractions are (0.6 ± 1.0)% (< 3.5% at 90% confidence level) and (2.4 ± 1.8)% (< 6.7%

4

BW

If this X(3960) is , then:χc0(3930)

at 90% confidence level), where the uncertainties are statistical. The Blatt–Weisskopf
hadron size is varied between 1.5 and 4.5 GeV�1. The fixed masses and widths of
two baseline  states are varied by their corresponding uncertainties. The Flatté-like
parameterisation for the X(3960) state is replaced by a constant-width relativistic Breit–
Wigner function. The uncertainty due to the possible bias of the sFit method is evaluated
using pseudoexperiments. The total systematic uncertainties on mass, width, and fit
fraction are obtained by adding all contributions in quadrature, assuming that each source
is independent. Regarding the total significance for each component in the baseline model,
the smallest significance among these systematic tests is selected.

The measured mass and width of the X(3960) state are consistent with those of the
�c0(3930) meson [14] within 3 �. Assuming that the X(3960) in the D+

s D
�
s system and

the �c0(3930) in the D+D� system are the same state, the baseline model is extended by
adding a second channel (D+D�) in the Flatté-like parameterisation. The corresponding
fit projections and numerical results can be found in the supplemental material [61]. The
likelihood is essentially unchanged while the n.d.f. is increased by one compared to the
baseline fit. The coupling strength of the X(3960) state to D+

s D
�
s (D+D�) is found to

be 0.33 ± 1.18 (0.15 ± 0.33)GeV. The masses and fit fractions of all components are
consistent with those in the baseline one-channel Flatté-like model.

In the case that the X(3960) and �c0(3930) states are the same particle, the partial
width ratio of such an X resonance decaying to D+

s D
�
s and D+D� final states is calculated

as

�(X ! D+D�)

�(X ! D+
s D

�
s )

=
B(1) F (1)

X

B(2) F (2)
X

= 0.29± 0.09± 0.10± 0.08, (2)

where the superscripts (1) and (2) indicate the B+! D+D�K+ and B+! D+
s D

�
s K

+

channels, respectively, F (1)
X = (3.70 ± 0.92)% is the fit fraction of the �c0(3930) state

in the B+! D+D�K+ decay [14], F (2)
X is the fit fraction of the X(3960) resonance

presented in this Letter, and the branching fraction ratio B(1)/B(2) is taken from the
accompanying paper [45]. The first uncertainty is statistical, the second systematic, and
the third is due to uncertainties in the measured branching fractions, B(D+ !K�⇡+⇡+)

and B(D+
s !K�K+⇡+) [32], and the uncertainty on F (1)

X [14]. This ratio is compatible
with that of the couplings mentioned above.

It is well known that the creation of an ss quark pair from the vacuum is suppressed
relative to uu or dd pairs. Moreover, the X ! D+

s D
�
s decay, occurring near the threshold,

has a rather smaller phase-space factor than that of X ! D+D�. These two features
indicate that �(X ! D+D�) should be considerably larger than �(X ! D+

s D
�
s ) if X

does not have any intrinsic ss content. However, the value measured in Eq. (2) contradicts
this expectation. This implies that the X(3960) and �c0(3930) are either not the same
resonance, or they are the same non-conventional charmonium-like state, for instance,
a candidate containing the dominant ccss constituents predicted in recent theoretical
models [38–43, 65]. Further studies are needed to gain insights into the nature of the
D+

s D
�
s threshold enhancement, in particular the measurement of the relative branching

fraction for the D(s)D(s) and !J/ channels, produced in a di↵erent environment, such as
from two-photon fusion processes by the Belle II experiment.

There is no obvious candidate within conventional charmonium multiplets for X(3960)
or �c0(3930) assignment. First of all, the mass of the �c0(3930) state is far from pre-
dictions for the �c0(3P ), which lies within the range 4131–4292MeV [33, 35]. For the

5
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Figure S1: Background-subtracted distributions of the D+
s D

�
s invariant mass of B+ ! D+

s D
�
s K

+

decays with fit results obtained from (left) two-channel Flatté-like and (right) K-matrix param-
eterisations. The fit projections for the D�

s K
+ and D+

s K
+ invariant-mass spectra look very

similar to the baseline model.

9
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Figure 1: Dalitz plots of (a) B0 ! D0D+
s ⇡

� and (b) B+ ! D�D+
s ⇡

+ decays after the full
selection is applied.

After the above selections, 4009 B0 ! D0D+
s ⇡

� candidates and 3750 B+ ! D�D+
s ⇡

+

candidates are retained. Extended maximum likelihood fits are performed to the D0D+
s ⇡

�

and D�D+
s ⇡

+ invariant-mass distributions separately in order to extract signal yields, all
in the range [5230, 5630]MeV. The purities of the B0 ! D0D+

s ⇡
� and B+ ! D�D+

s ⇡
+

samples are 90.7% and 95.2%, respectively. Dalitz plots for the two decays, shown in
Fig. 1, show similar features as a result of the isospin symmetry of the decays, indicating
the feasibility of a combined treatment. The vertical band at M2(D⇡) ⇡ 6GeV2 corre-
sponds to the JP = 2+ state D⇤

2(2460) (D
⇤
2(2460)

� in B0 ! D0D+
s ⇡

� and D⇤
2(2460)

0 in
B+ ! D�D+

s ⇡
+ decays). Furthermore, a faint horizontal band at M2(D+

s ⇡) ⇡ 8.5GeV2

is visible in both plots.
The conventional contributions anticipated in the two decays include tails from

the D⇤(2010)� and D⇤(2007)0 resonances in B+ ! D�D+
s ⇡

+ and B0 ! D0D+
s ⇡

� de-
cays, respectively, in addition to the higher excited D⇤

2(2460), D⇤
1(2600), D⇤

3(2750),
D⇤

1(2760) and D(3000) states [6]. In previous measurements, only the neutral
D⇤

1(2600)
0, D⇤

1(2760)
0 and D(3000)0 mesons were observed, while their charged part-

ners were not. For the D⇡ S-wave components, a quasi-model-independent (QMI)
method [29] is applied where 11 spline points are chosen in the M(D⇡) spectrum, at
(1.9, 2.0, 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 2.7, 2.9, 3.4)GeV. As isospin symmetry is imposed, these
excited D⇤ states are added in both channels before testing the exotic states decaying
either to the D+

s ⇡ or DD+
s final state.

The complex amplitude Ai(x;⇥i) for the decay through each intermediate state i is
constructed using the helicity formalism, where x denotes variables calculated from the
four-momenta of the final-state particles in each event, and ⇥ is a set of model parameters.
A relativistic Breit–Wigner function is used to describe the lineshape of the resonant states,
where the resonant parameters are fixed to their known values [6]. The total amplitude
A(x;⇥) is the sum of the complex amplitudes for each contribution. The spin-parity of
the D(3000)0 state is currently unknown. The 4+ spin-parity assignment is found to be
the most likely [36] and is used in the default model here. In the QMI component, the
amplitudes of the first and last spline points are fixed to 0.

A negative-log-likelihood, �
PN

j lnP (xj;⇥), is minimized to determine the fit pa-
rameters, where N denotes the number of B meson candidates. The probability density
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Figure 2: Distributions of (a) M(D0⇡�); (b) M(D+
s ⇡

�); (c) M(D0D+
s ) for the D⇡ components

of the B0 ! D0D+
s ⇡

� candidates; and (d) M(D�⇡+); (e) M(D+
s ⇡

+); (f) M(D�D+
s ) of the

B+ ! D�D+
s ⇡

+ candidates. The data are overlaid with the results of the fits.

function, PDF, is defined as

P (x;⇥) = fsig · P norm
sig (x;⇥) + fbkg · P norm

bkg (x), (1)

where the fractions are determined from the fit to the invariant mass distribution of B
candidates. The normalized PDF for the signal is expressed as

P norm
sig (x;⇥) =

✏(x)|A (x;⇥) |2

Isig (⇥)
. (2)

The factor Isig(⇥) is the signal PDF normalisation, obtained using a simulated sample
generated uniformly over the phase space. The e�ciency map, ✏(x), is the signal e�ciency
derived from the simulated samples after applying all the selection criteria, and smoothed
using a kernel density estimation method [40]. The background PDF is obtained from
the Dalitz plot distribution of data in the ranges [5400, 5700]MeV for B+ decays, and
[5500, 5700]MeV for B0 decays to avoid tails from B0

s ! D0D+
s ⇡

� decays. The extrapola-
tion into the signal region of |M(B)�m(B)| < 20MeV is based on a Gaussian process [41].
Here M(B) and m(B) are the candidate mass and known mass [6] of B0 or B+ mesons.

A simultaneous fit is performed to the two decay samples, where all parameters are
shared except the masses, widths and complex parameters of di↵erent excited D⇤(2007)0

and D⇤(2010)� states. The projections of the fit results are shown in Fig. 2, only taking
D⇡ components into account. The models describe the data well in the di↵erent invariant
mass projections, except for the M(D+

s ⇡) distributions, where peaking structures near
2.9GeV in the data cannot be attributed to any D⇡ component. Additional fits are
attempted where new D⇤ states with di↵erent spin-parities are added, allowing their
masses and widths to vary freely, but no satisfactory description of this region is found.
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The factor Isig(⇥) is the signal PDF normalisation, obtained using a simulated sample
generated uniformly over the phase space. The e�ciency map, ✏(x), is the signal e�ciency
derived from the simulated samples after applying all the selection criteria, and smoothed
using a kernel density estimation method [40]. The background PDF is obtained from
the Dalitz plot distribution of data in the ranges [5400, 5700]MeV for B+ decays, and
[5500, 5700]MeV for B0 decays to avoid tails from B0

s ! D0D+
s ⇡

� decays. The extrapola-
tion into the signal region of |M(B)�m(B)| < 20MeV is based on a Gaussian process [41].
Here M(B) and m(B) are the candidate mass and known mass [6] of B0 or B+ mesons.

A simultaneous fit is performed to the two decay samples, where all parameters are
shared except the masses, widths and complex parameters of di↵erent excited D⇤(2007)0

and D⇤(2010)� states. The projections of the fit results are shown in Fig. 2, only taking
D⇡ components into account. The models describe the data well in the di↵erent invariant
mass projections, except for the M(D+

s ⇡) distributions, where peaking structures near
2.9GeV in the data cannot be attributed to any D⇡ component. Additional fits are
attempted where new D⇤ states with di↵erent spin-parities are added, allowing their
masses and widths to vary freely, but no satisfactory description of this region is found.
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sig (x;⇥) + fbkg · P norm
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where the fractions are determined from the fit to the invariant mass distribution of B
candidates. The normalized PDF for the signal is expressed as

P norm
sig (x;⇥) =

✏(x)|A (x;⇥) |2

Isig (⇥)
. (2)

The factor Isig(⇥) is the signal PDF normalisation, obtained using a simulated sample
generated uniformly over the phase space. The e�ciency map, ✏(x), is the signal e�ciency
derived from the simulated samples after applying all the selection criteria, and smoothed
using a kernel density estimation method [40]. The background PDF is obtained from
the Dalitz plot distribution of data in the ranges [5400, 5700]MeV for B+ decays, and
[5500, 5700]MeV for B0 decays to avoid tails from B0

s ! D0D+
s ⇡

� decays. The extrapola-
tion into the signal region of |M(B)�m(B)| < 20MeV is based on a Gaussian process [41].
Here M(B) and m(B) are the candidate mass and known mass [6] of B0 or B+ mesons.

A simultaneous fit is performed to the two decay samples, where all parameters are
shared except the masses, widths and complex parameters of di↵erent excited D⇤(2007)0

and D⇤(2010)� states. The projections of the fit results are shown in Fig. 2, only taking
D⇡ components into account. The models describe the data well in the di↵erent invariant
mass projections, except for the M(D+

s ⇡) distributions, where peaking structures near
2.9GeV in the data cannot be attributed to any D⇡ component. Additional fits are
attempted where new D⇤ states with di↵erent spin-parities are added, allowing their
masses and widths to vary freely, but no satisfactory description of this region is found.
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mass projections, except for the M(D+

s ⇡) distributions, where peaking structures near
2.9GeV in the data cannot be attributed to any D⇡ component. Additional fits are
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[5500, 5700]MeV for B0 decays to avoid tails from B0
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� decays. The extrapola-
tion into the signal region of |M(B)�m(B)| < 20MeV is based on a Gaussian process [41].
Here M(B) and m(B) are the candidate mass and known mass [6] of B0 or B+ mesons.

A simultaneous fit is performed to the two decay samples, where all parameters are
shared except the masses, widths and complex parameters of di↵erent excited D⇤(2007)0

and D⇤(2010)� states. The projections of the fit results are shown in Fig. 2, only taking
D⇡ components into account. The models describe the data well in the di↵erent invariant
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s ⇡) distributions, where peaking structures near
2.9GeV in the data cannot be attributed to any D⇡ component. Additional fits are
attempted where new D⇤ states with di↵erent spin-parities are added, allowing their
masses and widths to vary freely, but no satisfactory description of this region is found.
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the earlier result, as expected given the isospin symmetry of the decays.
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function, PDF, is defined as

P (x;⇥) = fsig · P norm
sig (x;⇥) + fbkg · P norm

bkg (x), (1)

where the fractions are determined from the fit to the invariant mass distribution of B
candidates. The normalized PDF for the signal is expressed as

P norm
sig (x;⇥) =

✏(x)|A (x;⇥) |2

Isig (⇥)
. (2)

The factor Isig(⇥) is the signal PDF normalisation, obtained using a simulated sample
generated uniformly over the phase space. The e�ciency map, ✏(x), is the signal e�ciency
derived from the simulated samples after applying all the selection criteria, and smoothed
using a kernel density estimation method [40]. The background PDF is obtained from
the Dalitz plot distribution of data in the ranges [5400, 5700]MeV for B+ decays, and
[5500, 5700]MeV for B0 decays to avoid tails from B0

s ! D0D+
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� decays. The extrapola-
tion into the signal region of |M(B)�m(B)| < 20MeV is based on a Gaussian process [41].
Here M(B) and m(B) are the candidate mass and known mass [6] of B0 or B+ mesons.
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masses and widths to vary freely, but no satisfactory description of this region is found.

3

(  or ) D*(2010)− D*(2007)0 D+
s

B
0

→
D

0 D
+ s
π−

B
+

→
D

−
D

+ s
π+

(a) (b)

Figure 3: Distributions of (a) M(D+
s ⇡

�) of B0 ! D0D+
s ⇡

� decays; and (b) M(D+
s ⇡

+) for the
B+ ! D�D+

s ⇡
+ sample. The data are overlaid with the fit results with the inclusion of the new

0+ D+
s ⇡ resonant states.

Two D+
s ⇡ states are introduced and, under isospin symmetry, they share the following

resonance parameters: the complex amplitude factor, the mass and the width of the
states. The M(D+

s ⇡) distributions of the fit results are shown in Fig. 3, while the other
projections are shown in Fig. S1 of the Supplemental Material [42]. Figure S2 of the
Supplemental Material [42] shows the fit projection onto M(D+

s ⇡) with and without
the additional D+

s ⇡ states in the region of M(D⇡) > 2.7GeV, where most of the D⇤⇤

contributions are suppressed. The peaks in the M(D+
s ⇡) distribution near 2.9GeV, as

well as the dip near 3.0GeV, are better described.
Di↵erent spin-parity scenarios are tested. The result with JP = 0+ D+

s ⇡ states
produces the best likelihood, and is taken as the default fit result. The mass and width
are determined to be 2.909± 0.010GeV and 0.134± 0.019GeV, respectively. The other
parameters of the result are given in Table S1 of the Supplemental Material [42]. Following
the convention in Ref. [43], the new states are named T a

cs̄0(2900)
0 and T a

cs̄0(2900)
++. The

M(Ds⇡) mass resolution is estimated to be approximately 4MeV near the T a
cs̄0(2900)

measured mass, which is much smaller than the width of the T a
cs̄0(2900) state, and

is therefore neglected. When using separate parameters for the T a
cs̄0(2900)

0 state in
B0 ! D0D+

s ⇡
� decays and the T a

cs̄0(2900)
++ state in B+ ! D�D+

s ⇡
+ decays, without

changing the treatment of the other states, the masses and widths are found to be
2.894± 0.011GeV and 0.121± 0.020GeV for the T a

cs̄0(2900)
0 state, and 2.922± 0.012GeV

and 0.138± 0.029GeV for the T a
cs̄0(2900)

++ state. The fit parameters are consistent with
the earlier result, as expected given the isospin symmetry of the decays.

To estimate the significance of the new T a
cs̄0(2900) state, pseudoexperiments are

generated without the state, and fitted both with and without the T a
cs̄0(2900) state. The

sample size of each pseudoexperiment is Poisson-fluctuated around the number of the
observed candidates. Events are generated in the six channels separately, modeled by their
individual background and e�ciency maps. The doubled di↵erence of the log-likelihood
2�LL of the two fit results should follow a �2 distribution, where the number of degrees
of freedom Ndf is a fit parameter. Using 500 pseudoexperiments, Ndf is determined to
be 6.99 ± 0.17. In the obtained �2 distribution, the value of 2�LL from collision data
corresponds to a significance greater than 9 standard deviations (�).

Among other tested JP hypotheses beyond the default 0+, only the 1� D+
s ⇡ state

4

(a) (b)

Figure 3: Distributions of (a) M(D+
s ⇡

�) of B0 ! D0D+
s ⇡

� decays; and (b) M(D+
s ⇡

+) for the
B+ ! D�D+

s ⇡
+ sample. The data are overlaid with the fit results with the inclusion of the new

0+ D+
s ⇡ resonant states.

Two D+
s ⇡ states are introduced and, under isospin symmetry, they share the following

resonance parameters: the complex amplitude factor, the mass and the width of the
states. The M(D+

s ⇡) distributions of the fit results are shown in Fig. 3, while the other
projections are shown in Fig. S1 of the Supplemental Material [42]. Figure S2 of the
Supplemental Material [42] shows the fit projection onto M(D+

s ⇡) with and without
the additional D+

s ⇡ states in the region of M(D⇡) > 2.7GeV, where most of the D⇤⇤

contributions are suppressed. The peaks in the M(D+
s ⇡) distribution near 2.9GeV, as

well as the dip near 3.0GeV, are better described.
Di↵erent spin-parity scenarios are tested. The result with JP = 0+ D+

s ⇡ states
produces the best likelihood, and is taken as the default fit result. The mass and width
are determined to be 2.909± 0.010GeV and 0.134± 0.019GeV, respectively. The other
parameters of the result are given in Table S1 of the Supplemental Material [42]. Following
the convention in Ref. [43], the new states are named T a

cs̄0(2900)
0 and T a

cs̄0(2900)
++. The

M(Ds⇡) mass resolution is estimated to be approximately 4MeV near the T a
cs̄0(2900)

measured mass, which is much smaller than the width of the T a
cs̄0(2900) state, and

is therefore neglected. When using separate parameters for the T a
cs̄0(2900)

0 state in
B0 ! D0D+

s ⇡
� decays and the T a

cs̄0(2900)
++ state in B+ ! D�D+

s ⇡
+ decays, without

changing the treatment of the other states, the masses and widths are found to be
2.894± 0.011GeV and 0.121± 0.020GeV for the T a

cs̄0(2900)
0 state, and 2.922± 0.012GeV

and 0.138± 0.029GeV for the T a
cs̄0(2900)

++ state. The fit parameters are consistent with
the earlier result, as expected given the isospin symmetry of the decays.

To estimate the significance of the new T a
cs̄0(2900) state, pseudoexperiments are

generated without the state, and fitted both with and without the T a
cs̄0(2900) state. The

sample size of each pseudoexperiment is Poisson-fluctuated around the number of the
observed candidates. Events are generated in the six channels separately, modeled by their
individual background and e�ciency maps. The doubled di↵erence of the log-likelihood
2�LL of the two fit results should follow a �2 distribution, where the number of degrees
of freedom Ndf is a fit parameter. Using 500 pseudoexperiments, Ndf is determined to
be 6.99 ± 0.17. In the obtained �2 distribution, the value of 2�LL from collision data
corresponds to a significance greater than 9 standard deviations (�).

Among other tested JP hypotheses beyond the default 0+, only the 1� D+
s ⇡ state

4

(a) (b)

Figure 3: Distributions of (a) M(D+
s ⇡

�) of B0 ! D0D+
s ⇡

� decays; and (b) M(D+
s ⇡

+) for the
B+ ! D�D+

s ⇡
+ sample. The data are overlaid with the fit results with the inclusion of the new

0+ D+
s ⇡ resonant states.

Two D+
s ⇡ states are introduced and, under isospin symmetry, they share the following

resonance parameters: the complex amplitude factor, the mass and the width of the
states. The M(D+

s ⇡) distributions of the fit results are shown in Fig. 3, while the other
projections are shown in Fig. S1 of the Supplemental Material [42]. Figure S2 of the
Supplemental Material [42] shows the fit projection onto M(D+

s ⇡) with and without
the additional D+

s ⇡ states in the region of M(D⇡) > 2.7GeV, where most of the D⇤⇤

contributions are suppressed. The peaks in the M(D+
s ⇡) distribution near 2.9GeV, as

well as the dip near 3.0GeV, are better described.
Di↵erent spin-parity scenarios are tested. The result with JP = 0+ D+

s ⇡ states
produces the best likelihood, and is taken as the default fit result. The mass and width
are determined to be 2.909± 0.010GeV and 0.134± 0.019GeV, respectively. The other
parameters of the result are given in Table S1 of the Supplemental Material [42]. Following
the convention in Ref. [43], the new states are named T a

cs̄0(2900)
0 and T a

cs̄0(2900)
++. The

M(Ds⇡) mass resolution is estimated to be approximately 4MeV near the T a
cs̄0(2900)

measured mass, which is much smaller than the width of the T a
cs̄0(2900) state, and

is therefore neglected. When using separate parameters for the T a
cs̄0(2900)

0 state in
B0 ! D0D+

s ⇡
� decays and the T a

cs̄0(2900)
++ state in B+ ! D�D+

s ⇡
+ decays, without

changing the treatment of the other states, the masses and widths are found to be
2.894± 0.011GeV and 0.121± 0.020GeV for the T a

cs̄0(2900)
0 state, and 2.922± 0.012GeV

and 0.138± 0.029GeV for the T a
cs̄0(2900)

++ state. The fit parameters are consistent with
the earlier result, as expected given the isospin symmetry of the decays.

To estimate the significance of the new T a
cs̄0(2900) state, pseudoexperiments are

generated without the state, and fitted both with and without the T a
cs̄0(2900) state. The

sample size of each pseudoexperiment is Poisson-fluctuated around the number of the
observed candidates. Events are generated in the six channels separately, modeled by their
individual background and e�ciency maps. The doubled di↵erence of the log-likelihood
2�LL of the two fit results should follow a �2 distribution, where the number of degrees
of freedom Ndf is a fit parameter. Using 500 pseudoexperiments, Ndf is determined to
be 6.99 ± 0.17. In the obtained �2 distribution, the value of 2�LL from collision data
corresponds to a significance greater than 9 standard deviations (�).

Among other tested JP hypotheses beyond the default 0+, only the 1� D+
s ⇡ state

4

First doubly-charged Tetraquark
T*̄cs̄0(2900)

https://inspirehep.net/literature/2682593
https://inspirehep.net/literature/2682639


Jonas Rademacker (University of Bristol)                                             Amplitude Analyses at LHCb                      PWA/ATHOS 2024, Williamsburg VA

 & B0 → D0D+
s π− B+ → D−D+

s π+

46

PRL 131 (2023) 4, 041902
PRD 108 (2023) 1, 012017

B
0

→
D

0 D
+ s
π−

B
+

→
D

−
D

+ s
π+

(a) (b)

Figure 3: Distributions of (a) M(D+
s ⇡

�) of B0 ! D0D+
s ⇡

� decays; and (b) M(D+
s ⇡

+) for the
B+ ! D�D+

s ⇡
+ sample. The data are overlaid with the fit results with the inclusion of the new

0+ D+
s ⇡ resonant states.

Two D+
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s ⇡) distribution near 2.9GeV, as
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produces the best likelihood, and is taken as the default fit result. The mass and width
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and 0.138± 0.029GeV for the T a
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++ state. The fit parameters are consistent with
the earlier result, as expected given the isospin symmetry of the decays.

To estimate the significance of the new T a
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generated without the state, and fitted both with and without the T a
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Figure 5: Argand diagram for the T a
cs̄0(2900) exotic state. The green star and black dots show

the start point and phase variation for a T a
cs̄0(2900) Breit–Wigner function. The red solid line

shows the fitted spline function used to model the JP = 0+ D+
s ⇡ component in the T a

cs̄0(2900)
mass region, and the blue error bars show the uncertainties on the values of the spline at the
knots.

constrained to their measured values according to their uncertainties. The spline points
are shifted by ±10MeV, and the number of spline points is varied by ±1 to explore their
impact. The JP hypothesis of the D(3000) state is changed to 2+, the next most probable
JP hypothesis, in the systematic uncertainty study. The total systematic uncertainty is
determined by combining all contributions in quadrature. The minimal significance during
the variation of the sources of systematic uncertainties is taken as the final significance of
the resonance. Possible biases of fit parameters are studied with pseudoexperiments. A set
of 500 pseudoexperiments is generated with the default fit results, and fitted with the same
model. The distribution of each fit parameter is fitted with a Gaussian function. Both the
residual (µpseudo � µdefault) and pull distributions (µpseudo � µdefault)/�pseudo are obtained
from the pseudoexperiments, and used to correct the mean values and uncertainties of
the fit results.

In summary, a combined amplitude analysis of the B0 ! D0D+
s ⇡

� and B+ ! D�D+
s ⇡

+

decays is performed, under the assumption of isospin symmetry, to determine the con-
tributions of intermediate states in the decays. Considering only resonant contributions
of D⇤ mesons, the M(D⇡) distributions in the two B decay channels are well modelled,
but in the M(Ds⇡) projection of each channel, peaking structures near 2.9GeV are not
well described. Two new Ds⇡ exotic resonances are included in the fit model. Assuming
the neutral D+

s ⇡
� resonance and the doubly charged D+

s ⇡
+ resonance belong to the same

isospin triplet, the common mass and width are determined to be

M = 2.908± 0.011± 0.020GeV,

� = 0.136± 0.023± 0.013GeV,

where the first and second uncertainties are statistical and systematic, respectively. The

6

spin-parity is determined to be 0+ with a significance of about 7.5 � with respect to the
1� hypothesis. After considering the systematic uncertainties, the significance of the
T a
cs̄0(2900) state is estimated to be greater than 9�, taking into account the look-elsewhere

e↵ect. Meanwhile, amplitude fits with separate T a
cs̄0(2900)

0 and T a
cs̄0(2900)

++ resonance
parameters are also performed. The masses and widths of the two resonances are

T a
cs̄0(2900)

0 : M = 2.892± 0.014± 0.015GeV,

� = 0.119± 0.026± 0.013GeV,

T a
cs̄0(2900)

++ : M = 2.921± 0.017± 0.020GeV,

� = 0.137± 0.032± 0.017GeV,

which are in good agreement. The significance of the two resonances is found to be
8.0 � (Ndf = 7.29) for the T a

cs̄0(2900)
0 state and 6.5 � (Ndf = 8.53) for the T a

cs̄0(2900)
++

state, including systematic e↵ects. The additional details are described in Ref. [36]. This
is the first observation of a doubly charged tetraquark candidate, T a

cs̄0(2900)
++([cs̄ud̄]),

and of its neutral isospin partner, T a
cs̄0(2900)

0([cs̄ūd]). They belong to a new type of
open-charm tetraquark states with c and s̄ quarks. The obtained mass of the T a

cs̄0(2900)
state is consistent with that of another 0+ open-charm tetraquark, the X0(2900)0([csūd̄])
state discovered in the D+K� final state [19, 20], but their widths and flavor contents
are di↵erent. The observation of the T a

cs̄0(2900) states is a significant step in the study of
exotic hadron spectroscopy.
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the start point and phase variation for a T a
cs̄0(2900) Breit–Wigner function. The red solid line
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knots.

constrained to their measured values according to their uncertainties. The spline points
are shifted by ±10MeV, and the number of spline points is varied by ±1 to explore their
impact. The JP hypothesis of the D(3000) state is changed to 2+, the next most probable
JP hypothesis, in the systematic uncertainty study. The total systematic uncertainty is
determined by combining all contributions in quadrature. The minimal significance during
the variation of the sources of systematic uncertainties is taken as the final significance of
the resonance. Possible biases of fit parameters are studied with pseudoexperiments. A set
of 500 pseudoexperiments is generated with the default fit results, and fitted with the same
model. The distribution of each fit parameter is fitted with a Gaussian function. Both the
residual (µpseudo � µdefault) and pull distributions (µpseudo � µdefault)/�pseudo are obtained
from the pseudoexperiments, and used to correct the mean values and uncertainties of
the fit results.
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of D⇤ mesons, the M(D⇡) distributions in the two B decay channels are well modelled,
but in the M(Ds⇡) projection of each channel, peaking structures near 2.9GeV are not
well described. Two new Ds⇡ exotic resonances are included in the fit model. Assuming
the neutral D+

s ⇡
� resonance and the doubly charged D+

s ⇡
+ resonance belong to the same

isospin triplet, the common mass and width are determined to be

M = 2.908± 0.011± 0.020GeV,

� = 0.136± 0.023± 0.013GeV,

where the first and second uncertainties are statistical and systematic, respectively. The
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the rectangular function of a width equal to the D+
s invariant mass range of ±20 MeV. In

the fit to the data, the peak positions (shared between the Gaussian and DCB functions),
width, and relative magnitude of the Gaussian peak are allowed to float. The parameters
describing the tails of the DCB function are fixed to the values obtained from fits to the
simulation samples. The D⇤�D+

s invariant-mass spectrum includes a small contribution
from the B0

s decays [16], with the distribution fixed to be the same as for the B0 decays,
but shifted by the known B0

s–B
0 mass di↵erence [39].

The invariant-mass range below the B meson mass is populated with candidates
from B meson decays with D⇤+

s subsequently decaying as D⇤+
s ! D+

s �/⇡0, where the
photon or the ⇡0 from the decay is not reconstructed. This structure is referred to
as the partially reconstructed B meson decay component. The distribution for the
B0

! D⇤�D⇤+
s decays is obtained from the corresponding simulated sample and is

described by a non-parametric kernel density estimator [45]. The shape of the partially
reconstructed B+

! D⇤�D⇤+
s ⇡+ decays depends on the unmeasured structure of the

decay amplitude and is thus parametrised by an empirical shape, the sum of two Gaussian
peaks.

The combinatorial background is parametrised by an exponential distribution. Its
slope is floated in the fit to data.

The invariant-mass distributions of the D⇤�D+
s and D⇤�D+

s ⇡+ combinations in data
and the results of the fits are shown in Fig. 2 for all categories combined. The yields
of various fit components are given in Table 3 for the D⇤�D+

s and in Table 4 for the
D⇤�D+

s ⇡+ combinations. The reported yields are extracted by performing independent
fits to the four di↵erent categories. For the B+

! D⇤�D+
s ⇡+ mode, the signal and

background yields in the range |m(D⇤�D+
s ⇡+) � mB+ | < 30 MeV (“signal box”) are also

reported. This range is used to select the candidates for the amplitude fit.
Two-dimensional projections of the Dalitz-plot and angular variables for the
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Figure 2: Invariant-mass distributions of (a) D⇤�D+
s and (b) D⇤�D+

s ⇡+ combinations and
the results of the fits used to obtain the yields of the B0

! D⇤�D+
s , B+

! D⇤�D+
s ⇡+ and

B+
! D⇤�D⇤+

s ⇡+ decays. The inset in the plot (a) shows a zoomed region with the contribution
of the B0

s ! D⇤�D+
s decay component.

9

Table 3: Yields of signal and background components for the D⇤�D+
s invariant-mass fit in range

5.15–5.60 GeV.

Run 1 Run 2

TOS NotTOS TOS NotTOS

Fully rec. B0 2 512 ± 53 1 017 ± 33 9 720 ± 102 4 151 ± 67
Part. rec. B0 1 101 ± 48 500 ± 24 4 071 ± 83 1 762 ± 63
B0

s 27 ± 7 14 ± 4 117 ± 14 48 ± 9
Comb. backgr. 211 ± 54 37 ± 16 994 ± 82 374 ± 66

Table 4: Yields of signal and background components for the D⇤�D+
s ⇡+ invariant-mass fit in

range 4.80–5.60 GeV and in the signal box |m(D⇤�D+
s ⇡+) � mB+ | < 30 MeV.

Run 1 Run 2

TOS NotTOS TOS NotTOS

Fully rec. B+ 139 ± 14 52 ± 8 598 ± 26 252 ± 17
Part. rec. B+ 146 ± 16 60 ± 10 707 ± 37 247 ± 21
Comb. backgr. 227 ± 20 103 ± 12 1 129 ± 44 521 ± 28

Fully rec. B+ in signal box 132 ± 13 50 ± 8 588 ± 26 249 ± 17
Backgrounds in signal box 13.5 ± 1.2 6.4 ± 0.8 63.4 ± 2.5 31.1 ± 1.7

B+
! D⇤�D+

s ⇡+ candidates in the signal box are shown in Fig. 3. The distributions are
not background-subtracted or e�ciency-corrected.
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Figure 3: Distribution of B+
! D⇤�D+

s ⇡+ candidates in data: (a) projection onto the Dalitz
plot variables m2(D⇤�⇡+) and m2(D+

s ⇡+), (b) projection onto angular variables cos ✓D and �D.
The solid red line indicates the phase-space boundaries.
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Table 3: Yields of signal and background components for the D⇤�D+
s invariant-mass fit in range
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Run 1 Run 2

TOS NotTOS TOS NotTOS

Fully rec. B0 2 512 ± 53 1 017 ± 33 9 720 ± 102 4 151 ± 67
Part. rec. B0 1 101 ± 48 500 ± 24 4 071 ± 83 1 762 ± 63
B0

s 27 ± 7 14 ± 4 117 ± 14 48 ± 9
Comb. backgr. 211 ± 54 37 ± 16 994 ± 82 374 ± 66

Table 4: Yields of signal and background components for the D⇤�D+
s ⇡+ invariant-mass fit in

range 4.80–5.60 GeV and in the signal box |m(D⇤�D+
s ⇡+) � mB+ | < 30 MeV.

Run 1 Run 2

TOS NotTOS TOS NotTOS

Fully rec. B+ 139 ± 14 52 ± 8 598 ± 26 252 ± 17
Part. rec. B+ 146 ± 16 60 ± 10 707 ± 37 247 ± 21
Comb. backgr. 227 ± 20 103 ± 12 1 129 ± 44 521 ± 28

Fully rec. B+ in signal box 132 ± 13 50 ± 8 588 ± 26 249 ± 17
Backgrounds in signal box 13.5 ± 1.2 6.4 ± 0.8 63.4 ± 2.5 31.1 ± 1.7

B+
! D⇤�D+

s ⇡+ candidates in the signal box are shown in Fig. 3. The distributions are
not background-subtracted or e�ciency-corrected.

6 8 10

m2(D⇤�⇡+) [GeV2]

5

6

7

8

9

10

m
2
(D

+ s
⇡

+
)

[G
eV

2
]

LHCb

9 fb�1

(a)

�1.0 �0.5 0.0 0.5 1.0
cos ✓D

�4

�2

0

2

4

�
D

LHCb 9 fb�1 (b)

Figure 3: Distribution of B+
! D⇤�D+

s ⇡+ candidates in data: (a) projection onto the Dalitz
plot variables m2(D⇤�⇡+) and m2(D+

s ⇡+), (b) projection onto angular variables cos ✓D and �D.
The solid red line indicates the phase-space boundaries.
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from primary vertices (PVs) of pp collisions and with large transverse momenta. Charmed45

meson candidates are required to lie close to their known masses [6] and to have high-46

quality reconstructed vertices. Requirements are also applied on the quality of the47

B-candidate decay vertex and its displacement from the PVs. A multivariate classifier,48

based on a boosted decision tree (BDT) [20,21] algorithm in the TMVA toolkit [22], is49

employed to further reduce combinatorial backgrounds using topological and particle50

identification (PID) information. In addition, backgrounds with one or none charmed51

mesons in the final states are reduced by requiring the reconstructed D0/+ candidates to52

have a significant flight distance from the B+ decay vertex. The selected sample is divided53

into subsamples corresponding to two LHC run periods and di↵erent D0 and B+ decay54

modes. For each subsample, a fit is performed to the M(D⇤±D⌥K+) distribution in the55

mass range [5210, 5390]MeV to estimate the background fraction, fbg, in the signal region56

defined as M(D⇤±D⌥K+) 2 [5260, 5300]MeV, as done in the previous branching fraction57

measurement [19].3 In total, 1636± 43 and 1772± 44 signal candidates are found in the58

signal region for the B+ ! D⇤+D�K+ and B+ ! D⇤�D+K+ decay modes, respectively,59

both with the background fraction of around 5%.60

A subsequent amplitude fit, using an unbinned maximum likelihood method, is per-61

formed simultaneously on all subsamples. The log-likelihood (LL) for each subsample is62

defined as63

lnL =
X

i2data

ln


(1� fbg)

|A(xi)|2R
|A(x)|2✏(x)d�(x)

+ fbg
B(xi)

✏(xi)

�
, (1)

where xi is a point in the phase space (�) for candidate i of the considered decay and64

the normalization factor is calculated using simulated samples [23], which are selected65

using the same criteria as those applied on the data, and corrected for data-simulation66

di↵erences in the PID [24], tracking [25] and trigger response [26]. The background67

fraction fbg is fixed to the value from the preceding mass fit. The function B(x) is the68

background probability density function (PDF). The background PDF is modeled using69

candidates in the B-candidate mass sideband regions, M(D⇤±D⌥K+) 2 [5220, 5240] or70

[5320, 5340]MeV.71

The amplitude A(x) is the coherent sum of all resonant and nonresonant contribution,72

denoted with subscripts j, k, l for resonances decaying into di↵erent final states,73

A(x) =
1 + d

2

8
<

:
X

j2R(D⇤±D⌥)

cjAj(x) +
X

k2R(D⇤�K+, D+K+)

ckAk(x)

9
=

; (2)

+
1� d

2

8
<

:
X

j2R(D⇤±D⌥)

Cj ⇥ cjAj(x) +
X

l2R(D⇤+K+, D�K+)

clAl(x)

9
=

; ,

where d = +1 for B+ ! D⇤�D+K+ decays and d = �1 for B+ ! D⇤+D�K+ decays.74

The C-parity of the resonance R is denoted as Cj . The branching fractions of B+ ! RK+
75

decays followed by R ! D⇤+D� and R ! D⇤�D+ states are equal, guaranteed by C-76

parity conservation in strong decays of the resonance R. No such constraints are applied77

on the amplitudes for resonances decaying into D⇤⌥K+ or D±K+ states. The complex78

coe�cients cj/k/l are determined from the fit to data. The amplitude of each resonance,79

Aj/k/l(x), is constructed using the helicity formalism.80

3Natural units with ~ = c = 1 are used throughout the Letter.
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Figure 1: Distributions of two-body invariant masses: (a) M(Dú≠D+), (b) M(D+K+) and
(c) M(Dú≠K+) in the B+ æ Dú≠D+K+ sample; (d) M(Dú+D≠), (e) M(D≠K+) and
(f) M(Dú+K+) in the B+ æ Dú+D≠K+ sample. The fit results (red solid lines) are over-
laid on the data distributions. Contributions from di�erent components are also shown in
di�erent line styles as indicated in the legend. The result of fitting to a model without the
hc(4000), ‰c1(4010) and hc(4300) components is shown as green dashed lines for reference.

The outcome of the fit with the baseline model is compared to data in Fig. 1, where98

clear di�erences are seen in the M(Dú+D≠) and M(Dú≠D+) spectra around 4.0 GeV due99

to di�erent interference behaviours. Numerical results and a list of the resonances included100

in the model are given in Table 1. The parameters of the ‰c2(3930), Â(4040), T ú
c̄s̄0(2900)0101

and T ú
c̄s̄1(2900)0 resonances are fixed to their known values [6], while those of other states102

are allowed to vary freely in the fit.103

At the Dú±Dû threshold, a 1++ contribution is needed to describe the spectrum.104

Di�erent e�ective models (EFF1++) are tried including exponential NR line shapes and105

tails of a ‰c1(3872) component modelled by Eq. (3) with mass and width parameters106

fixed to the known values [6]. These two line shapes give similar fit qualities. A model-107

independent partial wave approach is also attempted, which results in a similar line shape108

but with large uncertainties due to the increased number of parameters. The shape109
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clear di↵erence are seen in the M(D⇤+D�) and M(D⇤�D+) spectra around 4.0GeV99

due to di↵erent interference behaviours. Numerical results and a list of the resonances100

included in the model are given in Table 1. The parameters of the �c1(3872), �c2(3930),101
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0 and T ⇤
cs1(2900)

0 resonances are fixed to their known values [6], while102

those of other states are allowed to vary freely in the fit. The enhancement at the103

D⇤±D⌥ threshold is described by an o↵-shell contribution from the �c1(3872) state, where104

an ad-hoc formula [31] is used to calculate q0. The measured branching fraction of105

B+ ! �c1(3872)K+, �c1(3872) ! D⇤±D⌥, which is twice the value given in Table 1, is106

determined to be (1.48+0.41
�0.35)⇥ 10�4, where all uncertainties are summed in quadrature.107

This value, however, is larger than the measured branching fraction of B+ ! �c1(3872)K+,108

�c1(3872) ! D⇤0D0, D⇤0D0 [32], (0.80 ± 0.23) ⇥ 10�4. Considering the much smaller109

phase space of the �c1(3872) ! D⇤±D⌥ decays, this indicates large isospin violation in110
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hc(4000), ‰c1(4010) and hc(4300) components is shown as green dashed lines for reference.

The outcome of the fit with the baseline model is compared to data in Fig. 1, where98

clear di�erences are seen in the M(Dú+D≠) and M(Dú≠D+) spectra around 4.0 GeV due99

to di�erent interference behaviours. Numerical results and a list of the resonances included100

in the model are given in Table 1. The parameters of the ‰c2(3930), Â(4040), T ú
c̄s̄0(2900)0101

and T ú
c̄s̄1(2900)0 resonances are fixed to their known values [6], while those of other states102

are allowed to vary freely in the fit.103

At the Dú±Dû threshold, a 1++ contribution is needed to describe the spectrum.104
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Table 1: Resonant and nonresonant components included in the baseline fit and their spin parities,
fit fractions and product branching fractions (B

!
B+ æ RC

"
◊ B (R æ AB)), where A, B, C are

the three final-state particles. To obtain the results for both R æ Dú+D≠ and R æ Dú≠D+, the
values in the table should be multiplied by a factor of two. The first uncertainties are statistical,
estimated with a bootstrap method [32], the second are systematic and the third are from the
B+ æ Dú+D≠K+ decays. The masses and widths of the resonances marked with † are fixed to
their PDG values [6].

Component JP (C) Fit fraction(%)
B+ æ Dú+D≠K+

Fit fraction(%)
B+ æ Dú≠D+K+

Branching fraction
(◊10≠4)

EFF1++ 1++ 10.9 +2.3
≠1.2

+1.6
≠2.1 9.9 +2.1

≠1.0
+1.4
≠1.9 0.74 +0.16

≠0.08
+0.11
≠0.14 ± 0.07

÷c(3945) 0≠+ 3.4 +0.5
≠1.0

+1.9
≠0.7 3.1 +0.5

≠0.9
+1.7
≠0.6 0.23 +0.04

≠0.07
+0.13
≠0.05 ± 0.02

‰c2(3930) † 2++ 1.8 +0.5
≠0.4

+0.6
≠1.2 1.7 +0.5

≠0.4
+0.6
≠1.1 0.12 +0.03

≠0.03
+0.04
≠0.08 ± 0.01

hc(4000) 1+≠ 5.1 +1.0
≠0.8

+1.5
≠0.8 4.6 +0.9

≠0.7
+1.4
≠0.7 0.35 +0.07

≠0.05
+0.10
≠0.05 ± 0.03

‰c1(4010) 1++ 10.1 +1.6
≠0.9

+1.3
≠1.6 9.1 +1.4

≠0.8
+1.2
≠1.4 0.69 +0.11

≠0.06
+0.09
≠0.11 ± 0.06

Â(4040) † 1≠≠ 2.8 +0.5
≠0.4

+0.5
≠0.5 2.6 +0.5

≠0.4
+0.4
≠0.5 0.19 +0.04

≠0.03
+0.03
≠0.03 ± 0.02

hc(4300) 1+≠ 1.2 +0.2
≠0.5

+0.2
≠0.2 1.1 +0.2

≠0.5
+0.2
≠0.2 0.08 +0.01

≠0.03
+0.02
≠0.01 ± 0.01

T ú
c̄s̄0(2900)0 † 0+ 6.5 +0.9

≠1.2
+1.3
≠1.6 – 0.45 +0.06

≠0.08
+0.09
≠0.10 ± 0.04

T ú
c̄s̄1(2900)0 † 1≠ 5.5 +1.1

≠1.5
+2.4
≠1.6 – 0.38 +0.07

≠0.10
+0.16
≠0.11 ± 0.03

NR1≠≠(DúûD±) 1≠≠ 20.4 +2.3
≠0.6

+2.1
≠2.6 18.5 +2.1

≠0.5
+1.9
≠2.3 1.39 +0.16

≠0.04
+0.14
≠0.17 ± 0.12

NR0≠≠(DúûD±) 0≠≠ 1.2 +0.6
≠0.1

+0.7
≠0.6 1.1 +0.6

≠0.1
+0.6
≠0.5 0.08 +0.04

≠0.01
+0.05
≠0.04 ± 0.01

NR1++(DúûD±) 1++ 17.8 +1.9
≠1.4

+3.6
≠2.6 16.1 +1.7

≠1.3
+3.3
≠2.3 1.21 +0.13

≠0.10
+0.24
≠0.17 ± 0.11

NR0≠+(DúûD±) 0≠+ 15.9 +3.3
≠1.2

+3.3
≠3.3 14.5 +3.0

≠1.1
+3.0
≠3.0 1.09 +0.23

≠0.08
+0.22
≠0.23 ± 0.09

Both S-wave and D-wave amplitudes contribute significantly to the decays R æ81

Dú±Dû when R has spin-parity JP = 1+, and the line shapes for the partial waves are82

described with83

fR,S/D(m) = “S/D

m2
0 ≠ m2 ≠ im0[“2

S�S(m) + “2
D�D(m)] , (3)

where “S and “D denote S- and D-wave coupling constants determined from the fit,84

with normalization condition “2
S + “2

D = 1. The mass-dependent width is �(m) =85

�0(m0/m) (q/q0)2l+1 BÕ2
l (q, q0, d), where l corresponds to the angular momentum between86

the two decay products of the resonance R, BÕ
l(q, q0, d) is the Blatt–Weisskopf barrier87

factor [28] with d = 3.0 GeV≠1, q (q0) denotes the momentum of the decay products88

in the rest frame of the resonance at the reconstructed mass m (pole mass m0) and89

�0 is the width of the resonance. For all other resonances, the Breit–Wigner function90

fR(m) = 1/[m2
0 ≠ m2 ≠ im0�(m)] is used. An ad-hoc formula [29] is used to calculate q091

if m0 is smaller than the M(Dú±Dû) threshold.92

A large range of possible models are fitted to data, with the LL value used as the primary93

measure of relative goodness-of-fit, assisted by binned ‰2 tests. The final baseline model94

includes only components which are found to have significances above 5‡, determined95

either based on LL di�erence or using ensembles of pseudoexperiments to take into account96

“look-elsewhere e�ects” if not observed before [30,31].97
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≠1.3
+3.3
≠2.3 1.21 +0.13

≠0.10
+0.24
≠0.17 ± 0.11

NR0≠+(DúûD±) 0≠+ 15.9 +3.3
≠1.2

+3.3
≠3.3 14.5 +3.0

≠1.1
+3.0
≠3.0 1.09 +0.23

≠0.08
+0.22
≠0.23 ± 0.09

Both S-wave and D-wave amplitudes contribute significantly to the decays R æ81

Dú±Dû when R has spin-parity JP = 1+, and the line shapes for the partial waves are82

described with83

fR,S/D(m) = “S/D

m2
0 ≠ m2 ≠ im0[“2

S�S(m) + “2
D�D(m)] , (3)

where “S and “D denote S- and D-wave coupling constants determined from the fit,84

with normalization condition “2
S + “2

D = 1. The mass-dependent width is �(m) =85

�0(m0/m) (q/q0)2l+1 BÕ2
l (q, q0, d), where l corresponds to the angular momentum between86

the two decay products of the resonance R, BÕ
l(q, q0, d) is the Blatt–Weisskopf barrier87

factor [28] with d = 3.0 GeV≠1, q (q0) denotes the momentum of the decay products88

in the rest frame of the resonance at the reconstructed mass m (pole mass m0) and89

�0 is the width of the resonance. For all other resonances, the Breit–Wigner function90

fR(m) = 1/[m2
0 ≠ m2 ≠ im0�(m)] is used. An ad-hoc formula [29] is used to calculate q091

if m0 is smaller than the M(Dú±Dû) threshold.92

A large range of possible models are fitted to data, with the LL value used as the primary93

measure of relative goodness-of-fit, assisted by binned ‰2 tests. The final baseline model94

includes only components which are found to have significances above 5‡, determined95

either based on LL di�erence or using ensembles of pseudoexperiments to take into account96

“look-elsewhere e�ects” if not observed before [30,31].97
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Table 1: Resonant and nonresonant components included in the baseline fit and their spin parities,
fit fractions and product branching fractions (B

!
B+ æ RC

"
◊ B (R æ AB)), where A, B, C are

the three final-state particles. To obtain the results for both R æ Dú+D≠ and R æ Dú≠D+, the
values in the table should be multiplied by a factor of two. The first uncertainties are statistical,
estimated with a bootstrap method [32], the second are systematic and the third are from the
B+ æ Dú+D≠K+ decays. The masses and widths of the resonances marked with † are fixed to
their PDG values [6].

Component JP (C) Fit fraction(%)
B+ æ Dú+D≠K+

Fit fraction(%)
B+ æ Dú≠D+K+

Branching fraction
(◊10≠4)

EFF1++ 1++ 10.9 +2.3
≠1.2

+1.6
≠2.1 9.9 +2.1

≠1.0
+1.4
≠1.9 0.74 +0.16

≠0.08
+0.11
≠0.14 ± 0.07

÷c(3945) 0≠+ 3.4 +0.5
≠1.0

+1.9
≠0.7 3.1 +0.5

≠0.9
+1.7
≠0.6 0.23 +0.04

≠0.07
+0.13
≠0.05 ± 0.02

‰c2(3930) † 2++ 1.8 +0.5
≠0.4

+0.6
≠1.2 1.7 +0.5

≠0.4
+0.6
≠1.1 0.12 +0.03

≠0.03
+0.04
≠0.08 ± 0.01

hc(4000) 1+≠ 5.1 +1.0
≠0.8

+1.5
≠0.8 4.6 +0.9

≠0.7
+1.4
≠0.7 0.35 +0.07

≠0.05
+0.10
≠0.05 ± 0.03

‰c1(4010) 1++ 10.1 +1.6
≠0.9

+1.3
≠1.6 9.1 +1.4

≠0.8
+1.2
≠1.4 0.69 +0.11

≠0.06
+0.09
≠0.11 ± 0.06

Â(4040) † 1≠≠ 2.8 +0.5
≠0.4

+0.5
≠0.5 2.6 +0.5

≠0.4
+0.4
≠0.5 0.19 +0.04

≠0.03
+0.03
≠0.03 ± 0.02

hc(4300) 1+≠ 1.2 +0.2
≠0.5

+0.2
≠0.2 1.1 +0.2

≠0.5
+0.2
≠0.2 0.08 +0.01

≠0.03
+0.02
≠0.01 ± 0.01

T ú
c̄s̄0(2900)0 † 0+ 6.5 +0.9

≠1.2
+1.3
≠1.6 – 0.45 +0.06

≠0.08
+0.09
≠0.10 ± 0.04

T ú
c̄s̄1(2900)0 † 1≠ 5.5 +1.1

≠1.5
+2.4
≠1.6 – 0.38 +0.07

≠0.10
+0.16
≠0.11 ± 0.03

NR1≠≠(DúûD±) 1≠≠ 20.4 +2.3
≠0.6

+2.1
≠2.6 18.5 +2.1

≠0.5
+1.9
≠2.3 1.39 +0.16

≠0.04
+0.14
≠0.17 ± 0.12

NR0≠≠(DúûD±) 0≠≠ 1.2 +0.6
≠0.1

+0.7
≠0.6 1.1 +0.6

≠0.1
+0.6
≠0.5 0.08 +0.04

≠0.01
+0.05
≠0.04 ± 0.01

NR1++(DúûD±) 1++ 17.8 +1.9
≠1.4

+3.6
≠2.6 16.1 +1.7

≠1.3
+3.3
≠2.3 1.21 +0.13

≠0.10
+0.24
≠0.17 ± 0.11

NR0≠+(DúûD±) 0≠+ 15.9 +3.3
≠1.2

+3.3
≠3.3 14.5 +3.0

≠1.1
+3.0
≠3.0 1.09 +0.23

≠0.08
+0.22
≠0.23 ± 0.09

Both S-wave and D-wave amplitudes contribute significantly to the decays R æ81

Dú±Dû when R has spin-parity JP = 1+, and the line shapes for the partial waves are82

described with83

fR,S/D(m) = “S/D

m2
0 ≠ m2 ≠ im0[“2

S�S(m) + “2
D�D(m)] , (3)

where “S and “D denote S- and D-wave coupling constants determined from the fit,84

with normalization condition “2
S + “2

D = 1. The mass-dependent width is �(m) =85

�0(m0/m) (q/q0)2l+1 BÕ2
l (q, q0, d), where l corresponds to the angular momentum between86

the two decay products of the resonance R, BÕ
l(q, q0, d) is the Blatt–Weisskopf barrier87

factor [28] with d = 3.0 GeV≠1, q (q0) denotes the momentum of the decay products88

in the rest frame of the resonance at the reconstructed mass m (pole mass m0) and89

�0 is the width of the resonance. For all other resonances, the Breit–Wigner function90

fR(m) = 1/[m2
0 ≠ m2 ≠ im0�(m)] is used. An ad-hoc formula [29] is used to calculate q091

if m0 is smaller than the M(Dú±Dû) threshold.92

A large range of possible models are fitted to data, with the LL value used as the primary93

measure of relative goodness-of-fit, assisted by binned ‰2 tests. The final baseline model94

includes only components which are found to have significances above 5‡, determined95

either based on LL di�erence or using ensembles of pseudoexperiments to take into account96

“look-elsewhere e�ects” if not observed before [30,31].97
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Figure 1: Distributions of two-body invariant masses: (a) M(D⇤�D+), (b) M(D+K+) and
(c) M(D⇤�K+) in the B+ ! D⇤�D+K+ sample; (d) M(D⇤+D�), (e) M(D�K+) and
(f) M(D⇤+K+) in the B+ ! D⇤+D�K+ sample. The fit results (red solid lines) are over-
laid on the data distributions. Contributions from di↵erent components are also shown in
di↵erent line styles as indicated in the legend. The result of fitting to a model without the
hc(4000), �c1(4010) and hc(4300) components is shown as green dashed lines for reference.

The outcome of the fit with the baseline model is compared to data in Fig. 1, where98

clear di↵erence are seen in the M(D⇤+D�) and M(D⇤�D+) spectra around 4.0GeV99

due to di↵erent interference behaviours. Numerical results and a list of the resonances100

included in the model are given in Table 1. The parameters of the �c1(3872), �c2(3930),101

 (4040), T ⇤
cs0(2900)

0 and T ⇤
cs1(2900)

0 resonances are fixed to their known values [6], while102

those of other states are allowed to vary freely in the fit. The enhancement at the103

D⇤±D⌥ threshold is described by an o↵-shell contribution from the �c1(3872) state, where104

an ad-hoc formula [31] is used to calculate q0. The measured branching fraction of105

B+ ! �c1(3872)K+, �c1(3872) ! D⇤±D⌥, which is twice the value given in Table 1, is106

determined to be (1.48+0.41
�0.35)⇥ 10�4, where all uncertainties are summed in quadrature.107

This value, however, is larger than the measured branching fraction of B+ ! �c1(3872)K+,108

�c1(3872) ! D⇤0D0, D⇤0D0 [32], (0.80 ± 0.23) ⇥ 10�4. Considering the much smaller109

phase space of the �c1(3872) ! D⇤±D⌥ decays, this indicates large isospin violation in110

4

hc(4000)ηc(3945) hc(4300)

EFF 1++

hc(4010)

preliminary preliminary

LHCb-PAPER-2023-047

EFF is an effective model to describe the threshold 
enhancement. Several were tried. Baseline model 
uses tail of  (not the be mistaken as a 

physical interpretation of this structure).
χc1(3872)
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Appendix: Supplemental material357

The distribution of the di↵erence between the two decay channels are shown together358

with the fitted curves as in Fig. 3. In the di↵erence distribution, only the interference of359

states with the same JP but with di↵erent C-parties and T ⇤
cs0,1(2900)

0 have significant360

contributions. Clear contributions from the three new states are visible.361

Figure 3: Di↵erence between the M(D⇤D) distributions of the two channels (B+ ! D⇤+D�K+

and B+ ! D⇤�D+K+). Only interference between states with the same JP but di↵erent
C-parities, and reflections from T ⇤

cs0,1(2900)
0 resonances, have significant contributions. The

reference fit where hc(4000), �c1(4010) and hc(4300) are not included is shown as green dashed
line.

13

Only interference between 
states with the same  but 
different C, and reflections 
from , have 
significant contributions 

JP

T*cs0,1(2900)0preliminary

Difference between  and 
 distributions
M(D*−, D+)

M(D*+, D−)

LHCb-PAPER-2023-047

Table 1: Resonant and nonresonant components included in the baseline fit and their spin parities,
fit fractions and product branching fractions (B

!
B+ æ RC

"
◊ B (R æ AB)), where A, B, C are

the three final-state particles. To obtain the results for both R æ Dú+D≠ and R æ Dú≠D+, the
values in the table should be multiplied by a factor of two. The first uncertainties are statistical,
estimated with a bootstrap method [32], the second are systematic and the third are from the
B+ æ Dú+D≠K+ decays. The masses and widths of the resonances marked with † are fixed to
their PDG values [6].

Component JP (C) Fit fraction(%)
B+ æ Dú+D≠K+

Fit fraction(%)
B+ æ Dú≠D+K+

Branching fraction
(◊10≠4)

EFF1++ 1++ 10.9 +2.3
≠1.2

+1.6
≠2.1 9.9 +2.1

≠1.0
+1.4
≠1.9 0.74 +0.16

≠0.08
+0.11
≠0.14 ± 0.07

÷c(3945) 0≠+ 3.4 +0.5
≠1.0

+1.9
≠0.7 3.1 +0.5

≠0.9
+1.7
≠0.6 0.23 +0.04

≠0.07
+0.13
≠0.05 ± 0.02

‰c2(3930) † 2++ 1.8 +0.5
≠0.4

+0.6
≠1.2 1.7 +0.5

≠0.4
+0.6
≠1.1 0.12 +0.03

≠0.03
+0.04
≠0.08 ± 0.01

hc(4000) 1+≠ 5.1 +1.0
≠0.8

+1.5
≠0.8 4.6 +0.9

≠0.7
+1.4
≠0.7 0.35 +0.07

≠0.05
+0.10
≠0.05 ± 0.03

‰c1(4010) 1++ 10.1 +1.6
≠0.9

+1.3
≠1.6 9.1 +1.4

≠0.8
+1.2
≠1.4 0.69 +0.11

≠0.06
+0.09
≠0.11 ± 0.06

Â(4040) † 1≠≠ 2.8 +0.5
≠0.4

+0.5
≠0.5 2.6 +0.5

≠0.4
+0.4
≠0.5 0.19 +0.04

≠0.03
+0.03
≠0.03 ± 0.02

hc(4300) 1+≠ 1.2 +0.2
≠0.5

+0.2
≠0.2 1.1 +0.2

≠0.5
+0.2
≠0.2 0.08 +0.01

≠0.03
+0.02
≠0.01 ± 0.01

T ú
c̄s̄0(2900)0 † 0+ 6.5 +0.9

≠1.2
+1.3
≠1.6 – 0.45 +0.06

≠0.08
+0.09
≠0.10 ± 0.04

T ú
c̄s̄1(2900)0 † 1≠ 5.5 +1.1

≠1.5
+2.4
≠1.6 – 0.38 +0.07

≠0.10
+0.16
≠0.11 ± 0.03

NR1≠≠(DúûD±) 1≠≠ 20.4 +2.3
≠0.6

+2.1
≠2.6 18.5 +2.1

≠0.5
+1.9
≠2.3 1.39 +0.16

≠0.04
+0.14
≠0.17 ± 0.12

NR0≠≠(DúûD±) 0≠≠ 1.2 +0.6
≠0.1

+0.7
≠0.6 1.1 +0.6

≠0.1
+0.6
≠0.5 0.08 +0.04

≠0.01
+0.05
≠0.04 ± 0.01

NR1++(DúûD±) 1++ 17.8 +1.9
≠1.4

+3.6
≠2.6 16.1 +1.7

≠1.3
+3.3
≠2.3 1.21 +0.13

≠0.10
+0.24
≠0.17 ± 0.11

NR0≠+(DúûD±) 0≠+ 15.9 +3.3
≠1.2

+3.3
≠3.3 14.5 +3.0

≠1.1
+3.0
≠3.0 1.09 +0.23

≠0.08
+0.22
≠0.23 ± 0.09

Both S-wave and D-wave amplitudes contribute significantly to the decays R æ81

Dú±Dû when R has spin-parity JP = 1+, and the line shapes for the partial waves are82

described with83

fR,S/D(m) = “S/D

m2
0 ≠ m2 ≠ im0[“2

S�S(m) + “2
D�D(m)] , (3)

where “S and “D denote S- and D-wave coupling constants determined from the fit,84

with normalization condition “2
S + “2

D = 1. The mass-dependent width is �(m) =85

�0(m0/m) (q/q0)2l+1 BÕ2
l (q, q0, d), where l corresponds to the angular momentum between86

the two decay products of the resonance R, BÕ
l(q, q0, d) is the Blatt–Weisskopf barrier87

factor [28] with d = 3.0 GeV≠1, q (q0) denotes the momentum of the decay products88

in the rest frame of the resonance at the reconstructed mass m (pole mass m0) and89

�0 is the width of the resonance. For all other resonances, the Breit–Wigner function90

fR(m) = 1/[m2
0 ≠ m2 ≠ im0�(m)] is used. An ad-hoc formula [29] is used to calculate q091

if m0 is smaller than the M(Dú±Dû) threshold.92

A large range of possible models are fitted to data, with the LL value used as the primary93

measure of relative goodness-of-fit, assisted by binned ‰2 tests. The final baseline model94

includes only components which are found to have significances above 5‡, determined95

either based on LL di�erence or using ensembles of pseudoexperiments to take into account96

“look-elsewhere e�ects” if not observed before [30,31].97
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One Prominent Example: The Lightest Hybrid Candidate

Two π1 hybrid candidates below 2 GeV are listed in PDG  
• one at around 1.4 GeV only seen in πη 
• the other at around 1.6 GeV seen in πη’ but not in πη  

➡ Parameters obtained by Breit-Wigner fits!

➡ Theory: Only one π1 state predicted slightly below 2 GeV 

Phys.Rev. D84 (2011) 074023 
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200 MeV apart!

Did we fall into 
the same trap 

with our , 
, ? 

If so, what did 
we really 
observe?

hc(4000)
χc1(4010) hc(4300)

Eur.Phys.J.C 81 (2021) 12, 1056

https://inspirehep.net/literature/1813377
https://inspirehep.net/literature/1813377
https://inspirehep.net/literature/1813377
https://inspirehep.net/literature/1813377
https://inspirehep.net/literature/1813377
https://inspirehep.net/literature/1813377
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Figure 1: Distributions of two-body invariant masses: (a) M(D⇤�D+), (b) M(D+K+) and
(c) M(D⇤�K+) in the B+ ! D⇤�D+K+ sample; (d) M(D⇤+D�), (e) M(D�K+) and
(f) M(D⇤+K+) in the B+ ! D⇤+D�K+ sample. The fit results (red solid lines) are over-
laid on the data distributions. Contributions from di↵erent components are also shown in
di↵erent line styles as indicated in the legend. The result of fitting to a model without the
hc(4000), �c1(4010) and hc(4300) components is shown as green dashed lines for reference.

The outcome of the fit with the baseline model is compared to data in Fig. 1, where98

clear di↵erence are seen in the M(D⇤+D�) and M(D⇤�D+) spectra around 4.0GeV99

due to di↵erent interference behaviours. Numerical results and a list of the resonances100

included in the model are given in Table 1. The parameters of the �c1(3872), �c2(3930),101

 (4040), T ⇤
cs0(2900)

0 and T ⇤
cs1(2900)

0 resonances are fixed to their known values [6], while102

those of other states are allowed to vary freely in the fit. The enhancement at the103

D⇤±D⌥ threshold is described by an o↵-shell contribution from the �c1(3872) state, where104

an ad-hoc formula [31] is used to calculate q0. The measured branching fraction of105

B+ ! �c1(3872)K+, �c1(3872) ! D⇤±D⌥, which is twice the value given in Table 1, is106

determined to be (1.48+0.41
�0.35)⇥ 10�4, where all uncertainties are summed in quadrature.107

This value, however, is larger than the measured branching fraction of B+ ! �c1(3872)K+,108

�c1(3872) ! D⇤0D0, D⇤0D0 [32], (0.80 ± 0.23) ⇥ 10�4. Considering the much smaller109

phase space of the �c1(3872) ! D⇤±D⌥ decays, this indicates large isospin violation in110
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Table 3: Comparison of the charmonium(-like) states found in this analysis with previously
known states and the expected cc̄ charmonium states with relevant JPC quantum numbers as
predicted in Ref. [34]. Units of MeV for masses and widths are implied.

This work Known states [6] cc̄ prediction [34]

⌘c(3945) JPC = 0�+ X(3940) [9] JPC = ??? ⌘c(3S) JPC = 0�+

m0 = 3945 +28
�17

+37
�28 �0 = 130 +92

�49
+101
�70 m0 = 3942± 9 �0 = 37 +27

�17 m0 = 4064 �0 = 80

hc(4000) JPC = 1+� X(4020) [35] JPC =??� hc(2P ) JPC = 1+�

m0 = 4000 +17
�14

+29
�22 �0 = 184 +71

�45
+97
�61 m0 = 4025.5 +2.0

�4.7 ± 3.1 �0 = 23.0± 6.0± 1.0 m0 = 3956 �0 = 87

�c1(4010) JPC = 1++ �c1(2P ) JPC = 1++

m0 = 4012.5 +3.6
�3.9

+4.1
�3.7 �0 = 62.7 +7.0

�6.4
+6.4
�6.6 m0 = 3953 �0 = 165

hc(4300) JPC = 1+� hc(3P ) JPC = 1+�

m0 = 4307.3 +6.4
�6.6

+3.3
�4.1 �0 = 58 +28

�16
+28
�25 m0 = 4318 �0 = 75

�c(4274) [36] JPC = 1++ �c1(3P ) JPC = 1++

m0 = 4294± 4 +6
�3 �0 = 53± 5± 5 m0 = 4317 �0 = 39

discrepancy around 4.0GeV while the hc(4300) component is needed for the discrepancy143

around 4.3GeV. The hc(4000) has C = �1, which generates a distinctive interference144

pattern with the 1++ contributions, while �c1(4010) is required to describe the remaining145

discrepancy in this region (see Figs. 3 and 4 in supplemental material). The hc(4000) and146

hc(4300) resonances are potential candidates for the hc(2P ) and hc(3P ) states, respectively,147

and are the first reported candidates for these two charmonium states. The hc(4000)148

width is much larger than that of the charged X(4020) state [35] found by the BESIII149

collaboration. The �c(4274) state reported in Ref. [36], has mass and width close to150

those of the hc(4300) resonance but with di↵erent C-parity. These are therefore likely to151

correspond to di↵erent charmonium states.152

The �c1(4010) resonance has the expected JPC quantum numbers of a �c1 state. Its153

mass is, however, larger than those of the �c1(3872) and �c2(3930) states, and smaller154

than those of the �c1(4140) and �c1(4274) states. This may indicate that the �c1(4010)155

contribution has exotic nature.156

An additional structure is seen around 4.4GeV in the D⇤�D+ mass spectra in B+ !157

D⇤�D+K+ decays in Fig. 1(a), but not in B+ ! D⇤+D�K+ decays in Fig. 1(d). A158

new state is added to the model to test the significance of this structure. The best159

fit is obtained with mass 4462 ± 13MeV, width 67 ± 18MeV and JPC = 1++, where160

uncertainties are statistical only. The significance of this contribution is 3.7�, and thus it161

is not included in the baseline model. The mass and width of this contribution are close162

to those of the Zc(4430)+ state, however, the charge and C-parity are di↵erent. If the163

properties (except charge, C-parity and isospin) are fixed to those of the Zc(4430)+ state,164

the statistical significance of the component is 3.9�, a higher significance compared to165

when those parameters are free in the fit, since the look-elsewhere e↵ect is not considered166

in this case.167

The baseline model exceeds the data points in a broad range around 2.7GeV in168

Fig. 1(c). If an additional D⇤�K+ resonance is added to the model to address this,169

the fit is unstable with the width taking very large values due to interference with the170

NR0�+(D⇤⌥D±) component. In a fit with the mass and width fixed to 2750MeV and171

100MeV, respectively, the LL value is improved by around 30 units. This indicates a172

deficiency with the baseline model, which is treated as a source of systematic uncertainty173
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Table 3: Comparison of the charmonium(-like) states found in this analysis with previously
known states and the expected cc̄ charmonium states with relevant JPC quantum numbers as
predicted in Ref. [34]. Units of MeV for masses and widths are implied.

This work Known states [6] cc̄ prediction [34]

⌘c(3945) JPC = 0�+ X(3940) [9] JPC = ??? ⌘c(3S) JPC = 0�+

m0 = 3945 +28
�17

+37
�28 �0 = 130 +92

�49
+101
�70 m0 = 3942± 9 �0 = 37 +27

�17 m0 = 4064 �0 = 80

hc(4000) JPC = 1+� X(4020) [35] JPC =??� hc(2P ) JPC = 1+�

m0 = 4000 +17
�14

+29
�22 �0 = 184 +71

�45
+97
�61 m0 = 4025.5 +2.0

�4.7 ± 3.1 �0 = 23.0± 6.0± 1.0 m0 = 3956 �0 = 87

�c1(4010) JPC = 1++ �c1(2P ) JPC = 1++

m0 = 4012.5 +3.6
�3.9

+4.1
�3.7 �0 = 62.7 +7.0

�6.4
+6.4
�6.6 m0 = 3953 �0 = 165

hc(4300) JPC = 1+� hc(3P ) JPC = 1+�

m0 = 4307.3 +6.4
�6.6

+3.3
�4.1 �0 = 58 +28

�16
+28
�25 m0 = 4318 �0 = 75

�c(4274) [36] JPC = 1++ �c1(3P ) JPC = 1++

m0 = 4294± 4 +6
�3 �0 = 53± 5± 5 m0 = 4317 �0 = 39

discrepancy around 4.0GeV while the hc(4300) component is needed for the discrepancy143

around 4.3GeV. The hc(4000) has C = �1, which generates a distinctive interference144

pattern with the 1++ contributions, while �c1(4010) is required to describe the remaining145

discrepancy in this region (see Figs. 3 and 4 in supplemental material). The hc(4000) and146

hc(4300) resonances are potential candidates for the hc(2P ) and hc(3P ) states, respectively,147

and are the first reported candidates for these two charmonium states. The hc(4000)148

width is much larger than that of the charged X(4020) state [35] found by the BESIII149

collaboration. The �c(4274) state reported in Ref. [36], has mass and width close to150

those of the hc(4300) resonance but with di↵erent C-parity. These are therefore likely to151

correspond to di↵erent charmonium states.152

The �c1(4010) resonance has the expected JPC quantum numbers of a �c1 state. Its153

mass is, however, larger than those of the �c1(3872) and �c2(3930) states, and smaller154

than those of the �c1(4140) and �c1(4274) states. This may indicate that the �c1(4010)155

contribution has exotic nature.156

An additional structure is seen around 4.4GeV in the D⇤�D+ mass spectra in B+ !157

D⇤�D+K+ decays in Fig. 1(a), but not in B+ ! D⇤+D�K+ decays in Fig. 1(d). A158

new state is added to the model to test the significance of this structure. The best159

fit is obtained with mass 4462 ± 13MeV, width 67 ± 18MeV and JPC = 1++, where160

uncertainties are statistical only. The significance of this contribution is 3.7�, and thus it161

is not included in the baseline model. The mass and width of this contribution are close162

to those of the Zc(4430)+ state, however, the charge and C-parity are di↵erent. If the163

properties (except charge, C-parity and isospin) are fixed to those of the Zc(4430)+ state,164

the statistical significance of the component is 3.9�, a higher significance compared to165

when those parameters are free in the fit, since the look-elsewhere e↵ect is not considered166

in this case.167

The baseline model exceeds the data points in a broad range around 2.7GeV in168

Fig. 1(c). If an additional D⇤�K+ resonance is added to the model to address this,169

the fit is unstable with the width taking very large values due to interference with the170

NR0�+(D⇤⌥D±) component. In a fit with the mass and width fixed to 2750MeV and171

100MeV, respectively, the LL value is improved by around 30 units. This indicates a172

deficiency with the baseline model, which is treated as a source of systematic uncertainty173
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to tail of  with  flips the  of the  to 

, making it compatible with . However, fit quality 
deteriorates substantially, making this an unlikely scenario.

χc1(3872) JPC = 1++

Zc(3900) JPC = 1+− JPC hc(4300)
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Figure 1: Distribution of the three-body invariant mass of the candidates in the (left) Run 1
and (right) Run 2 data sets. The results of the fits are overlaid.

a systematic uncertainty. Partially reconstructed decays, such as ⇤0
b !pK

⇤�(!K
�
⇡
0)�,

where the pion is not reconstructed, are also a source of background, which is included in
the fit to the three-body invariant-mass distribution described in the following.

3 Invariant mass fit

The three-body invariant mass distribution of the candidates fulfilling all selection criteria
is shown in Fig. 1. An unbinned maximum-likelihood fit to these candidates is performed.
Following the sPlot technique [26], a signal weight (sWeight) is assigned to each candidate
to statistically disentangle the signal and background components in the subsequent
amplitude analysis. The invariant mass fit is performed separately for Run 1 and Run 2,
due to di↵erences in the trigger configurations that a↵ect the Dalitz plane distributions
and hence require a separate treatment in the amplitude fit.

The signal is modelled by a double-sided Crystal-Ball [27] function comprising a
Gaussian core with asymmetric tails. The tail parameters are determined using ⇤0

b ! pK
�
�

simulation samples. The remaining background due to random combinations of particles
is modelled using a decreasing exponential function where the slope and yield are allowed
to vary freely in the fit to data. The shape of the background from partially reconstructed
decays is taken from simulation samples of ⇤0

b !pK
⇤�(!K

�
⇡
0)� decays generated

uniformly in phase space, reconstructed as signal candidates, and modelled using a kernel
density estimator [28] with Gaussian kernels.

Figure 1 also shows the result of the invariant-mass fits to the Run 1 and Run 2 data
sets. The signal yields are determined to be 6855 ± 93 and 45558 ± 247, in Run 1 and
Run 2, respectively.

The observed width of the ⇤0
b mass peak is large compared to the width reconstructed

using, for example, ⇤0
b ! J/ pK

� decays [13]. This is a consequence of the large
uncertainty in the photon momentum reconstruction, which is based on the ECAL cluster
providing only limited directional information. Repeating the vertex fit while fixing the
invariant mass of the ⇤0

b candidate to the known ⇤0
b mass value [29] reduces the uncertainty

in the photon momentum for correctly identified ⇤0
b ! pK

�
� candidates given the excellent

precision of the reconstructed proton and kaon momenta [30]. The background-subtracted
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Figure 2: Distribution of the ⇤0
b ! pK�� candidates in the Dalitz plane, defined by m2

⇤0
b
(pK�)

and m2
⇤0
b
(p�), after background-subtraction using the sPlot method for (left) Run 1 and (right)

Run 2.

data in the Dalitz plane are shown in Fig. 2. The two-body invariant masses displayed
here, and used in the amplitude fit later, are calculated using the ⇤

0
b mass constraint as

indicated by the ⇤
0
b subscript.

As a cross-check for the combination of data within a single run period, the fit to the
three-body invariant mass is performed on the full data set and the data set of each year
individually. No significant discrepancies between the fit results are observed. In order to
validate the sPlot technique, fits to the three-body invariant mass are also performed in
bins of the proton-kaon and the proton-photon invariant masses; these fits yield compatible
results.

4 Amplitude model

The structures in the data shown in Fig. 2 are described using an amplitude model following
the prescription of Ref. [31]. The intermediate ⇤ resonances decaying to pK

� are modelled
assuming Breit–Wigner lineshapes, while their spin-dependent angular distributions are
described by the helicity formalism.

The three-body decay of a particle with non-zero spin results in five independent
phase-space dimensions. Given that the ⇤

0
b baryons observed by LHCb are produced

unpolarised [32], the dimensionality of the phase space relevant to this analysis is reduced
from five to two [31]. In the following, the phase-space position is denoted D. This
position can be expressed in terms of the Dalitz variables [33] as shown in Fig. 2 for the
background-subtracted data. Equivalently, the phase-space position can be given by the
proton-kaon invariant mass, m(pK�) and the cosine of the proton helicity angle, cos ✓p, as
is used in Ref. [34]. The helicity angle of the proton, ✓p, is the polar angle of the proton
momentum in the proton-kaon rest frame where the z axis coincides with the ⇤ resonance
polarisation axis. This angle can be calculated using two steps. First, the proton and
resonance momentum are boosted into the ⇤

0
b rest frame where the coordinate system is

defined such that the resonance momentum direction coincides with the z axis. Second,
the proton momentum is boosted into the proton-kaon rest frame. The magnitude of
the z component of the obtained proton momentum, ~p, defines the cosine of the proton

5

52k  events (6.9k run I and 45.6k run II - plots run 2 only) Λ0
b → pK−γ

https://inspirehep.net/literature/2765817
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Plots show run II only, result is for run I + run II
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Figure 3: Background-subtracted distribution of the proton-kaon invariant-mass (black dots) for
the (left) Run 1 and (right) Run 2 data samples. Also shown is a sample generated according to
the result of a simultaneous fit of the reduced model to the data (red dots) and its components
(lines) as well as the contributions due to interference between states with the same quantum
numbers JP (shaded areas).

determined by bootstrapping the data 250 times. This means that the data set is
resampled and a new set of sWeights is calculated from a fit to the three-body invariant
mass of each bootstrap sample. Running the amplitude fit on each sample with its
respective sWeights results in a distribution for each observable. The value for the
statistical confidence interval given later is obtained by finding the shortest 68% interval
around the maximum of this distribution.

6 Systematic uncertainties

Systematic uncertainties arise from four major categories: the choice of amplitude model,
the acceptance model, the invariant-mass fit model, and potential remaining backgrounds.
The individual uncertainties are listed in Table 2 and outlined in the following.

6.1 Amplitude model

In the default fit, the masses and widths of the resonances are set to their world averages
and fixed in the fit. To assess the impact of this choice, alternative masses and widths are
sampled from Gaussian distributions. The widths of the Gaussians are given in Table 1
as �m0 and ��0 and are chosen based on the ranges �m0 and ��0. Pseudoexperiments,
generated using these alternative mass and width values, are fitted with the default model.
The shortest 68% interval around the maximum of the distribution of the di↵erence
between the generated and fitted values is taken as a systematic uncertainty.

Similar to the treatment of the masses and widths, also the ⇤
0
b and ⇤ radii used in the

Blatt–Weisskopf functions are fixed to d⇤0
b

= 5 ( GeV/(c~))�1 and d⇤ = 1.5 ( GeV/(c~))�1

in the default fit. The impact of this choice is assessed by generating samples with
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Figure 4: Background-subtracted distribution of the (top) proton-kaon and (bottom) proton-
photon invariant-mass (black dots) for the (left) Run 1 and (right) Run 2 data samples. Also
shown is a sample generated according to the result of a simultaneous fit of the default model to
the data (red dots) and its components (lines) as well as the contributions due to interference
between states with the same quantum numbers JP (shaded areas).

d⇤0
b

= 3, 5, 7 (GeV/(c~))�1 and d⇤ = 0.5, 1.5, 2.5, 3.5 and 4.5 (GeV/(c~))�1. These samples
are fitted with the default model. The bias and standard deviation of the di↵erences
between the generated and fitted values for each combination of d⇤0

b
and d⇤ is taken as

systematic uncertainty.
Besides the default model, several other models result in a good description of the

data. The systematic e↵ects due to choosing certain components and shapes over others
are quantified by generating samples using an alternative model and fitting the default
model to the generated pseudosample. The five alternative models are:

- removing the nonresonant component and instead floating mass and width of the
⇤(2100) and ⇤(2110) states using Gaussian constraints (this is the second best
model);

- using an exponential function instead of a constant for the lineshape of the nonreso-
nant component;

- employing a sub-threshold Breit–Wigner for the lineshape of the ⇤(1405) state
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Model with known , plus NRΛ (3
2

−

)

Lots of helicity couplings, multiple minima. 
However: Fit fractions stable across minima, so, here, fit 

fractions, not couplings, are the measured result. 
Uncertainties from bootstrapping.

Table 1: List of well-established ⇤ resonances and their properties as given in Ref. [29]. J and P
are spin and parity of the resonance. The mass m0 and width �0 correspond to the Breit–Wigner
parameters and are given in MeV/c2 and MeV respectively. The possible mass and width ranges,
�m0 and ��0, are also given. If a measurement of mass and width is available, the uncertainties
are given instead of a range. The columns �m0 and ��0 contain the � values used to estimate
the systematic uncertainty related to the resonance parameters. The rightmost columns contain
the allowed values of l and L.

Resonance J
P

m0 �0 �m0 ��0 �m0 ��0 l L

⇤(1405) 1/2
� 1405 50.5 ±1.3 ±2 1.3 2 0 0, 1

⇤(1520) 3/2
� 1519 16 1518 – 1520 15 – 17 1 1 2 0, 1, 2

⇤(1600) 1/2
+ 1600 200 1570 – 1630 150 – 250 30 50 1 0, 1

⇤(1670) 1/2
� 1674 30 1670 – 1678 25 – 35 4 5 0 0, 1

⇤(1690) 3/2
� 1690 70 1685 – 1695 50 – 70 5 10 2 0, 1, 2

⇤(1800) 1/2
� 1800 200 1750 – 1850 150 – 250 50 50 0 0, 1

⇤(1810) 1/2
+ 1790 110 1740 – 1840 50 – 170 50 60 1 0, 1

⇤(1820) 5/2
+ 1820 80 1815 – 1825 70 – 90 5 10 3 1, 2, 3

⇤(1830) 5/2
� 1825 90 1820 – 1830 60 – 120 5 30 2 1, 2, 3

⇤(1890) 3/2
+ 1890 120 1870 – 1910 80 – 160 20 40 1 0, 1, 2

⇤(2100) 7/2
� 2100 200 2090 – 2110 100 – 250 10 100 4 2, 3, 4

⇤(2110) 5/2
+ 2090 250 2050 – 2130 200 – 300 40 50 3 1, 2, 3

⇤(2350) 9/2
+ 2350 150 2340 – 2370 100 – 250 20 100 5 3, 4, 5

The weights ws are the sPlot weights presented in Sec. 3 normalised to the e↵ective sample
size [44]. The probability distribution functions fi correspond to the normalised rate in
Eq. (10), multiplied by the e�ciency map "i(D) of Run 1 or Run 2:

fi(D) =
"i(D)

Ii

d�

dD , (16)

where the normalisation factor is calculated as

Ii =

Z

D
"i(D)

d�

dDdD . (17)

The e�ciency maps, obtained from simulation samples, are implemented as interpolated
histograms. The fit is performed using the TensorFlowAnalysis package [45].

Table 1 lists all ⇤ resonances whose existence ranges from very likely to certain
according to Ref. [29]. Such states are rated three or four stars and are derived from
analyses of data sets that include precision di↵erential cross sections and polarisation
observables, and are confirmed by independent analyses. The allowed values of the orbital
angular momenta between the proton and the kaon, l, and the resonance and the photon,
L, are given explicitly in the rightmost columns.

The fit parameters are the couplings A
⇤
LS, resulting in 45 independent complex variables

when including all listed ⇤ resonances. A baseline fit comprising these contributions
determines ⇤(1800) as the largest component. To fix the overall phase and magnitude
of the full amplitude, its coupling with lowest L is therefore set to |A1800

0,1/2| = 1 and

arg(A1800
0,1/2) = 0.
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Figure 6: Final results for the fit fractions and interference fit fractions. The vertical line
separates the fit from the interference fit fractions. The error bars represent the di↵erent sources
of uncertainty.

neighbouring ⇤(1820) state behaves in the opposite way. This observation reveals a
potential ambiguity between the two resonances also echoed in the systematic uncertainties
on their fit fractions presented in this paper. Third, the heavy resonances ⇤(1890), ⇤(2100),
⇤(2110), and ⇤(2350) are much larger in the radiative case which is in part due to the
phase space enhancement.

In conclusion, an amplitude analysis of the decay ⇤
0
b ! pK

�
� is presented for the first

time, based on the helicity formalism. A sample of around 50 000 signal candidates is
selected from proton-proton collisions recorded by the LHCb experiment at centre-of-mass
energies of 7, 8 and 13 TeV. The default fit model comprises all known ⇤ resonances as well
as a nonresonant contribution with quantum numbers J

P = 3
2

�
. The presented amplitude

model provides a detailed description of the ⇤
0
b ! pK

�
� decay with possible applications

ranging from searches for beyond the Standard Model physics in ⇤
0
b ! pK

�
`
+
`
� decays

to QCD studies and a possible measurement of the photon polarisation in ⇤
0
b ! pK

�
�

decays using polarised ⇤
0
b baryons from Z decays at future e

+
e
� colliders.
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Figure 4: Background-subtracted distribution of the (top) proton-kaon and (bottom) proton-
photon invariant-mass (black dots) for the (left) Run 1 and (right) Run 2 data samples. Also
shown is a sample generated according to the result of a simultaneous fit of the default model to
the data (red dots) and its components (lines) as well as the contributions due to interference
between states with the same quantum numbers JP (shaded areas).

d⇤0
b

= 3, 5, 7 (GeV/(c~))�1 and d⇤ = 0.5, 1.5, 2.5, 3.5 and 4.5 (GeV/(c~))�1. These samples
are fitted with the default model. The bias and standard deviation of the di↵erences
between the generated and fitted values for each combination of d⇤0

b
and d⇤ is taken as

systematic uncertainty.
Besides the default model, several other models result in a good description of the

data. The systematic e↵ects due to choosing certain components and shapes over others
are quantified by generating samples using an alternative model and fitting the default
model to the generated pseudosample. The five alternative models are:

- removing the nonresonant component and instead floating mass and width of the
⇤(2100) and ⇤(2110) states using Gaussian constraints (this is the second best
model);

- using an exponential function instead of a constant for the lineshape of the nonreso-
nant component;

- employing a sub-threshold Breit–Wigner for the lineshape of the ⇤(1405) state
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Figure 4: Background-subtracted distribution of the (top) proton-kaon and (bottom) proton-
photon invariant-mass (black dots) for the (left) Run 1 and (right) Run 2 data samples. Also
shown is a sample generated according to the result of a simultaneous fit of the default model to
the data (red dots) and its components (lines) as well as the contributions due to interference
between states with the same quantum numbers JP (shaded areas).

d⇤0
b

= 3, 5, 7 (GeV/(c~))�1 and d⇤ = 0.5, 1.5, 2.5, 3.5 and 4.5 (GeV/(c~))�1. These samples
are fitted with the default model. The bias and standard deviation of the di↵erences
between the generated and fitted values for each combination of d⇤0

b
and d⇤ is taken as

systematic uncertainty.
Besides the default model, several other models result in a good description of the

data. The systematic e↵ects due to choosing certain components and shapes over others
are quantified by generating samples using an alternative model and fitting the default
model to the generated pseudosample. The five alternative models are:

- removing the nonresonant component and instead floating mass and width of the
⇤(2100) and ⇤(2110) states using Gaussian constraints (this is the second best
model);

- using an exponential function instead of a constant for the lineshape of the nonreso-
nant component;

- employing a sub-threshold Breit–Wigner for the lineshape of the ⇤(1405) state
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Figure 6: Final results for the fit fractions and interference fit fractions. The vertical line
separates the fit from the interference fit fractions. The error bars represent the di↵erent sources
of uncertainty.

neighbouring ⇤(1820) state behaves in the opposite way. This observation reveals a
potential ambiguity between the two resonances also echoed in the systematic uncertainties
on their fit fractions presented in this paper. Third, the heavy resonances ⇤(1890), ⇤(2100),
⇤(2110), and ⇤(2350) are much larger in the radiative case which is in part due to the
phase space enhancement.

In conclusion, an amplitude analysis of the decay ⇤
0
b ! pK

�
� is presented for the first

time, based on the helicity formalism. A sample of around 50 000 signal candidates is
selected from proton-proton collisions recorded by the LHCb experiment at centre-of-mass
energies of 7, 8 and 13 TeV. The default fit model comprises all known ⇤ resonances as well
as a nonresonant contribution with quantum numbers J

P = 3
2

�
. The presented amplitude

model provides a detailed description of the ⇤
0
b ! pK

�
� decay with possible applications

ranging from searches for beyond the Standard Model physics in ⇤
0
b ! pK

�
`
+
`
� decays

to QCD studies and a possible measurement of the photon polarisation in ⇤
0
b ! pK

�
�

decays using polarised ⇤
0
b baryons from Z decays at future e

+
e
� colliders.
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Figure 4: Background-subtracted distribution of the (top) proton-kaon and (bottom) proton-
photon invariant-mass (black dots) for the (left) Run 1 and (right) Run 2 data samples. Also
shown is a sample generated according to the result of a simultaneous fit of the default model to
the data (red dots) and its components (lines) as well as the contributions due to interference
between states with the same quantum numbers JP (shaded areas).

d⇤0
b

= 3, 5, 7 (GeV/(c~))�1 and d⇤ = 0.5, 1.5, 2.5, 3.5 and 4.5 (GeV/(c~))�1. These samples
are fitted with the default model. The bias and standard deviation of the di↵erences
between the generated and fitted values for each combination of d⇤0
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and d⇤ is taken as

systematic uncertainty.
Besides the default model, several other models result in a good description of the

data. The systematic e↵ects due to choosing certain components and shapes over others
are quantified by generating samples using an alternative model and fitting the default
model to the generated pseudosample. The five alternative models are:

- removing the nonresonant component and instead floating mass and width of the
⇤(2100) and ⇤(2110) states using Gaussian constraints (this is the second best
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- using an exponential function instead of a constant for the lineshape of the nonreso-
nant component;
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- removing the nonresonant component and instead floating mass and width of the
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Lots of Lambdas

You can find this model on Misha + Ilya’s amplitude 
serialisation site: https://rub-ep1.github.io/amplitude-

serialization/julia/lb2pkg.html

https://inspirehep.net/literature/2765817
https://rub-ep1.github.io/amplitude-serialization/julia/lb2pkg.html
https://rub-ep1.github.io/amplitude-serialization/julia/lb2pkg.html
https://rub-ep1.github.io/amplitude-serialization/julia/lb2pkg.html
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Challenges (in lieu of conclusions)

• Too much high quality data: Huge, clean datasets allow high precision 
measurements

• Needs high-quality models


• Or model-independent methods. (However, “model-independent" methods usually still need 
models as input, e.g. for optimisation - better models mean better (statistical) precision, here, too. 
In some cases, models are needed to give meaning to model-independent results)


• Numerically challenging


• Perennial challenge: how to build (sufficiently) good models - and when to stop 

• Parametrisation of threshold enhancements, rescattering, triangle diagrams, … 


• If we see new resonances in a ∑ BW analysis - how confident can we be they are real 
and new? How can we do better? How much better is good enough?


• How to complete an amplitude analysis within duration of PhD?


• Analysis reproducibility


• Interpretation of what we’ve seen - what are all those new structures?
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Backup
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Illustration of what we are worried about regarding the 
:hc(4000), χc1(4010), hc(4300)

63

These two structures in  and  are 
can be described by the same complex 

pole in a K-matrix analysis, but would yield 
different masses/width in a BW analysis. 

Did we fall into the same trap? 
How can we find out? 

Also: what about the role of the 
description of the threshold enhancement 

in this context?

ηπ η′ π
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3 new (or disguised?) charmonium-like resonances
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Figure 1: Distributions of two-body invariant masses: (a) M(D⇤�D+), (b) M(D+K+) and
(c) M(D⇤�K+) in the B+ ! D⇤�D+K+ sample; (d) M(D⇤+D�), (e) M(D�K+) and
(f) M(D⇤+K+) in the B+ ! D⇤+D�K+ sample. The fit results (red solid lines) are over-
laid on the data distributions. Contributions from di↵erent components are also shown in
di↵erent line styles as indicated in the legend. The result of fitting to a model without the
hc(4000), �c1(4010) and hc(4300) components is shown as green dashed lines for reference.

The outcome of the fit with the baseline model is compared to data in Fig. 1, where98

clear di↵erence are seen in the M(D⇤+D�) and M(D⇤�D+) spectra around 4.0GeV99

due to di↵erent interference behaviours. Numerical results and a list of the resonances100

included in the model are given in Table 1. The parameters of the �c1(3872), �c2(3930),101

 (4040), T ⇤
cs0(2900)

0 and T ⇤
cs1(2900)

0 resonances are fixed to their known values [6], while102

those of other states are allowed to vary freely in the fit. The enhancement at the103

D⇤±D⌥ threshold is described by an o↵-shell contribution from the �c1(3872) state, where104

an ad-hoc formula [31] is used to calculate q0. The measured branching fraction of105

B+ ! �c1(3872)K+, �c1(3872) ! D⇤±D⌥, which is twice the value given in Table 1, is106

determined to be (1.48+0.41
�0.35)⇥ 10�4, where all uncertainties are summed in quadrature.107

This value, however, is larger than the measured branching fraction of B+ ! �c1(3872)K+,108

�c1(3872) ! D⇤0D0, D⇤0D0 [32], (0.80 ± 0.23) ⇥ 10�4. Considering the much smaller109

phase space of the �c1(3872) ! D⇤±D⌥ decays, this indicates large isospin violation in110
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those of other states are allowed to vary freely in the fit. The enhancement at the103

D⇤±D⌥ threshold is described by an o↵-shell contribution from the �c1(3872) state, where104

an ad-hoc formula [31] is used to calculate q0. The measured branching fraction of105

B+ ! �c1(3872)K+, �c1(3872) ! D⇤±D⌥, which is twice the value given in Table 1, is106

determined to be (1.48+0.41
�0.35)⇥ 10�4, where all uncertainties are summed in quadrature.107

This value, however, is larger than the measured branching fraction of B+ ! �c1(3872)K+,108

�c1(3872) ! D⇤0D0, D⇤0D0 [32], (0.80 ± 0.23) ⇥ 10�4. Considering the much smaller109

phase space of the �c1(3872) ! D⇤±D⌥ decays, this indicates large isospin violation in110

4

Table 3: Comparison of the charmonium(-like) states found in this analysis with previously
known states and the expected cc̄ charmonium states with relevant JPC quantum numbers as
predicted in Ref. [34]. Units of MeV for masses and widths are implied.

This work Known states [6] cc̄ prediction [34]

⌘c(3945) JPC = 0�+ X(3940) [9] JPC = ??? ⌘c(3S) JPC = 0�+

m0 = 3945 +28
�17

+37
�28 �0 = 130 +92

�49
+101
�70 m0 = 3942± 9 �0 = 37 +27

�17 m0 = 4064 �0 = 80

hc(4000) JPC = 1+� X(4020) [35] JPC =??� hc(2P ) JPC = 1+�

m0 = 4000 +17
�14

+29
�22 �0 = 184 +71

�45
+97
�61 m0 = 4025.5 +2.0

�4.7 ± 3.1 �0 = 23.0± 6.0± 1.0 m0 = 3956 �0 = 87

�c1(4010) JPC = 1++ �c1(2P ) JPC = 1++

m0 = 4012.5 +3.6
�3.9

+4.1
�3.7 �0 = 62.7 +7.0

�6.4
+6.4
�6.6 m0 = 3953 �0 = 165

hc(4300) JPC = 1+� hc(3P ) JPC = 1+�

m0 = 4307.3 +6.4
�6.6

+3.3
�4.1 �0 = 58 +28

�16
+28
�25 m0 = 4318 �0 = 75

�c(4274) [36] JPC = 1++ �c1(3P ) JPC = 1++

m0 = 4294± 4 +6
�3 �0 = 53± 5± 5 m0 = 4317 �0 = 39

discrepancy around 4.0GeV while the hc(4300) component is needed for the discrepancy143

around 4.3GeV. The hc(4000) has C = �1, which generates a distinctive interference144

pattern with the 1++ contributions, while �c1(4010) is required to describe the remaining145

discrepancy in this region (see Figs. 3 and 4 in supplemental material). The hc(4000) and146

hc(4300) resonances are potential candidates for the hc(2P ) and hc(3P ) states, respectively,147

and are the first reported candidates for these two charmonium states. The hc(4000)148

width is much larger than that of the charged X(4020) state [35] found by the BESIII149

collaboration. The �c(4274) state reported in Ref. [36], has mass and width close to150

those of the hc(4300) resonance but with di↵erent C-parity. These are therefore likely to151

correspond to di↵erent charmonium states.152

The �c1(4010) resonance has the expected JPC quantum numbers of a �c1 state. Its153

mass is, however, larger than those of the �c1(3872) and �c2(3930) states, and smaller154

than those of the �c1(4140) and �c1(4274) states. This may indicate that the �c1(4010)155

contribution has exotic nature.156

An additional structure is seen around 4.4GeV in the D⇤�D+ mass spectra in B+ !157

D⇤�D+K+ decays in Fig. 1(a), but not in B+ ! D⇤+D�K+ decays in Fig. 1(d). A158

new state is added to the model to test the significance of this structure. The best159

fit is obtained with mass 4462 ± 13MeV, width 67 ± 18MeV and JPC = 1++, where160

uncertainties are statistical only. The significance of this contribution is 3.7�, and thus it161

is not included in the baseline model. The mass and width of this contribution are close162

to those of the Zc(4430)+ state, however, the charge and C-parity are di↵erent. If the163

properties (except charge, C-parity and isospin) are fixed to those of the Zc(4430)+ state,164

the statistical significance of the component is 3.9�, a higher significance compared to165

when those parameters are free in the fit, since the look-elsewhere e↵ect is not considered166

in this case.167

The baseline model exceeds the data points in a broad range around 2.7GeV in168

Fig. 1(c). If an additional D⇤�K+ resonance is added to the model to address this,169

the fit is unstable with the width taking very large values due to interference with the170

NR0�+(D⇤⌥D±) component. In a fit with the mass and width fixed to 2750MeV and171

100MeV, respectively, the LL value is improved by around 30 units. This indicates a172

deficiency with the baseline model, which is treated as a source of systematic uncertainty173

6
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• The combined fit fraction of the ⇢(1450)0 and ⇢(1700)0 amplitudes is six times larger
than that of the ⇢(770)0 contribution.
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Figure 5: Dalitz plot projections of (top left) s⇡�⇡+ , (top right) s23, (middle left) slow, and
(middle right) shigh projections, where the (red) points are data and the (blue) line is the fit
model result, with the fit normalised residuals displayed in the bottom plot.

another structure in the amplitude with a corresponding phase movement is observed,
indicating the presence of at least one more scalar resonance, possibly f0(1370) or f0(1500),
or a combination of the two.

8 Systematic uncertainties

The systematic uncertainties on the fit parameters are divided into two categories: first
those coming from the impact of experimental aspects; and second, referred to as model
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Figure 5: Dalitz plot projections of (top left) s⇡�⇡+ , (top right) s23, (middle left) slow, and
(middle right) shigh projections, where the (red) points are data and the (blue) line is the fit
model result, with the fit normalised residuals displayed in the bottom plot.

another structure in the amplitude with a corresponding phase movement is observed,
indicating the presence of at least one more scalar resonance, possibly f0(1370) or f0(1500),
or a combination of the two.

8 Systematic uncertainties

The systematic uncertainties on the fit parameters are divided into two categories: first
those coming from the impact of experimental aspects; and second, referred to as model
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Figure 1: Distributions of two-body invariant masses: (a) M(D⇤�D+), (b) M(D+K+) and
(c) M(D⇤�K+) in the B+ ! D⇤�D+K+ sample; (d) M(D⇤+D�), (e) M(D�K+) and
(f) M(D⇤+K+) in the B+ ! D⇤+D�K+ sample. The fit results (red solid lines) are over-
laid on the data distributions. Contributions from di↵erent components are also shown in
di↵erent line styles as indicated in the legend. The result of fitting to a model without the
hc(4000), �c1(4010) and hc(4300) components is shown as green dashed lines for reference.

The outcome of the fit with the baseline model is compared to data in Fig. 1, where98

clear di↵erence are seen in the M(D⇤+D�) and M(D⇤�D+) spectra around 4.0GeV99

due to di↵erent interference behaviours. Numerical results and a list of the resonances100

included in the model are given in Table 1. The parameters of the �c1(3872), �c2(3930),101

 (4040), T ⇤
cs0(2900)

0 and T ⇤
cs1(2900)

0 resonances are fixed to their known values [6], while102

those of other states are allowed to vary freely in the fit. The enhancement at the103

D⇤±D⌥ threshold is described by an o↵-shell contribution from the �c1(3872) state, where104

an ad-hoc formula [31] is used to calculate q0. The measured branching fraction of105

B+ ! �c1(3872)K+, �c1(3872) ! D⇤±D⌥, which is twice the value given in Table 1, is106

determined to be (1.48+0.41
�0.35)⇥ 10�4, where all uncertainties are summed in quadrature.107

This value, however, is larger than the measured branching fraction of B+ ! �c1(3872)K+,108

�c1(3872) ! D⇤0D0, D⇤0D0 [32], (0.80 ± 0.23) ⇥ 10�4. Considering the much smaller109

phase space of the �c1(3872) ! D⇤±D⌥ decays, this indicates large isospin violation in110
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LHCb: PRD 108 (2023) 1, 012008

What provides the strong phase in
?ACP ∝ sin(Δϕweak) sin(Δδstrong)

where the  indicates the phase differences between two 
interfering amplitudes contributing to the process;  

changes sign under CP,  does not.

Δ
Δϕweak

Δδstrong

For low mass region, where large 
CPV is observed,  re-
scattering could play a key role  

(see Phys.Rev.D 89 (2014) 9, 094013)

KK ↔ ππ

Table III: Definitions of phase-space regions in units of GeV2/c4. In the B± ! K±K+K�

channel, the �(1020) vector meson is excluded by requiring m2(K+K�)low > 1.1GeV2/c4.

B± ! ⇡±⇡+⇡�

Region 1 1 < m2(⇡+⇡�)low < 2.25 and 3.5 < m2(⇡+⇡�)high < 16
Region 2 1 < m2(⇡+⇡�)low < 2.25 and 16 < m2(⇡+⇡�)high < 23
Region 3 4 < m2(⇡+⇡�)low < 15 and 4 < m2(⇡+⇡�)high < 16

B± ! K±⇡+⇡�

Region 1 1 < m2(⇡+⇡�) < 2.25 and 3.5 < m2(K+⇡�) < 19.5
Region 2 1 < m2(⇡+⇡�) < 2.25 and 19.5 < m2(K+⇡�) < 25.5

B± ! ⇡±K+K�

Region 1 1 < m2(K+K�) < 2.25 and 4 < m2(K+⇡�) < 19
Region 2 4 < m2(K+K�) < 25 and 3 < m2(K+⇡�) < 16

B± ! K±K+K�

Region 1 1.1 < m2(K+K�)low < 2.25 and 4 < m2(K+K�)high < 17
Region 2 1.1 < m2(K+K�)low < 2.25 and 17 < m2(K+K�)high < 23
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Figure 4: (a) Projection of m2(⇡+⇡�)high for the rescattering region (black region inside the
Dalitz plot) with the B± ! ⇡±⇡+⇡� mass fits for (b) region 1 and (c) region 2 (B� candidates
on the left). Regions are separated by a black vertical line in (a), see Table III.

are also analysed. For the latter mode, presented in Fig. 8, no significant asymmetry
is observed in the integrated asymmetry. However a clear �c0(1P ) contribution around
11.6GeV2/c4 is visible. For B± ! ⇡±⇡+⇡� decays, a large asymmetry is observed, shown
in Fig. 9, as well as a �c0(1P ) contribution around 11.6GeV2/c4. The �c0(1P ) contribution
comes from the B decay, as no such structure was observed in the invariant mass sidebands.
The asymmetry results from the invariant mass fits for all regions are summarized in
Table IV.

10

(a)

5.2 5.4 5.6
310×

]2c) [GeV/−π+π−K(m

0

1

2

3

4

5

310×)2 c
Ca

nd
id

at
es

 / 
(0

.0
1 

G
eV

/

LHCb
-15.9 fb

5.2 5.4 5.6
310×

]2c) [GeV/−π+π+K(m

data
model

−π+π±K → ±B
combinatorial

 4-body→ B
−K+K±π → ±B

−π+π±π → ±B
−K+K±K → ±B

(b)

5.2 5.4 5.6
310×

]2c) [GeV/−π+π−K(m

0

0.5

1

1.5

2

2.5

3

310×)2 c
Ca

nd
id

at
es

 / 
(0

.0
1 

G
eV

/

LHCb
-15.9 fb

5.2 5.4 5.6
310×

]2c) [GeV/−π+π+K(m

data
model

−π+π±K → ±B
combinatorial

 4-body→ B
−π+π±π → ±B

(c)

Figure 5: (a) m2(K+⇡�) projection for the rescattering region with the B± ! K±⇡+⇡� mass
fits for (b) region 1 and (c) region 2 (B� on the left). Regions are separated by a black vertical
line in (a).
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Figure 6: (a) m2(K+⇡�) projection for the rescattering region with the B± ! ⇡±K+K� mass
fits for (b) region 1 (B� on the left).
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LHCb: JHEP 09 (2023) 129 (2023)

@MarcoGersabeck

Multi-body intereference
• Three-body pseudo-

scalar final-state phase 
space can be described 
with two variables

➡ Dalitz plot

• Dalitz plots give access 
to interfering 
amplitudes with rapidly 
varying strong phases

➡ Fertile ground for 
local CP 
asymmetries
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Figure 2: Invariant-mass distribution of D+! ⇡�⇡+⇡+ candidates after final selection, with the
fit result superimposed (blue solid line). The dashed red line and the solid gray line correspond
to the signal and background components of the fit, respectively.
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Figure 3: Dalitz plot distribution of the final D+! ⇡�⇡+⇡+ sample. The lines in the interval
[0.235,0.250]GeV2 correspond to the veto applied to remove D+ ! K0

S⇡
+ decays.

PID requirements. All these e↵ects apart from those associated with PID are quantified
using simulation. The PID e�ciencies for the pions are evaluated from calibration
samples of D⇤+ ! D0(! K�⇡+)⇡+ decays [40] and depend on the particle momentum,
pseudorapidity and charged-particle multiplicity. The final e�ciency model is constructed
from a two-dimensional histogram with 15⇥ 15 uniform bins which is then smoothed by a
2D cubic spline, as shown in Fig. 4 (right).
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Figure 3: (Top) Dalitz plot from selected D+
s ! ⇡�⇡+⇡+ candidates in the signal region. The

colour scale indicates the density of candidates. (Bottom) Perspective view of the Dalitz plot.

4 Signal e�ciency and background model

The e�ciency for reconstructing and selecting a D+
s ! ⇡�⇡+⇡+ candidate varies across

the Dalitz plot.A combination of simulation and data-driven methods is used to determine
this e�ciency as a function of the Dalitz plot variables s12 and s13, defined in Section 5.
E↵ects of the geometrical acceptance of the detector, reconstruction, trigger and selection
are included in the simulation, except for the particle identification. The PID e�ciency
is determined from data calibration samples. Decays that can be reconstructed without
particle identification, such as the D⇤+ ! D0(! K�⇡+)⇡+ chain, are used to determine
the e�ciency as a function of momentum and pseudorapidity for each decay product. The
PID e�ciency of the candidate is the product of the e�ciency for each final-state particle
and is used to weight the simulated events that pass the remainder of the selection.

The signal e�ciency as a function of the Dalitz plot coordinates is a two-dimensional
histogram with 15⇥ 15 uniform bins. This histogram is smoothed by a 2D cubic spline to
avoid abrupt changes of the e�ciency between neighboring bins. The smoothed e�ciency

4
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Figure 5: Dalitz plot projections of (top left) s⇡�⇡+ , (top right) s23, (middle left) slow, and
(middle right) shigh projections, where the (red) points are data and the (blue) line is the fit
model result, with the fit normalised residuals displayed in the bottom plot.

another structure in the amplitude with a corresponding phase movement is observed,
indicating the presence of at least one more scalar resonance, possibly f0(1370) or f0(1500),
or a combination of the two.

8 Systematic uncertainties

The systematic uncertainties on the fit parameters are divided into two categories: first
those coming from the impact of experimental aspects; and second, referred to as model

12

sπ+π+

where the Dalitz plot is divided in Nb bins and, for each bin, the number of observed
candidates, Nobs

i , the number of candidates estimated from the fit model, N est
i , and the

uncertainty on their di↵erence, �i, are obtained. For unbinned maximum-likelihood fits,
the number of degrees of freedom (ndof) range as [Nb � q � 1, Nb � 1] [51], where q is the
number of free parameters, and it is used to calculate the corresponding range of �2/ndof.
This is done using the folded Dalitz plot – due to the symmetry of the D+! ⇡�⇡+⇡+

Dalitz plot with respect to the axis s13 = s12, the variables shigh and slow are defined,
respectively, as the higher and the lower values of each pair (s12, s13). The folded Dalitz
plot is divided in Nb = 625 bins using an adaptive binning algorithm, such that all bins
have the same population. Besides the �2/ndof, the value of �2 logL is also used to
compare models. In addition, the distribution of residuals (Nobs

i � N est
i )/�i across the

folded Dalitz plot is used for visual inspection of any local discrepancy between fit model
and data, which are also compared through the projections of shigh, slow, the sum of these
projections, denoted s⇡�⇡+ , and s23 ⌘ (p2 + p3)2.

7 Dalitz plot fit results

The D+! ⇡�⇡+⇡+ amplitude fit model is constructed with the scalar sector represented
through the QMIPWA approach using 50 knots, and starting with the spin-1 and spin-2
states observed from previous analyses of this decay (E791 [15], FOCUS [16] and CLEO [17]
collaborations, with much smaller datasets): ⇢(770)0⇡+, ⇢(1450)0⇡+ and f2(1270)⇡+, plus
the !(782)⇡+ channel, not observed in previous analyses but clearly seen in Fig. 3. From
that, other possible states, such as f 0

2(1525), ⇢(1700)
0, ⇢3(1690),3 are added one at a time

until a good representation of the data is found.
The best model is achieved when the ⇢(1700)0 resonance is added; attempts to include

further states do not bring significant improvements. This model has 108 free parameters.
Table 2 summarises the results from the fit, including systematic uncertainties discussed
later in Sec.8. Interference fit fractions are shown in Table 3. The projections and the
distribution of residuals are shown in Fig. 5, showing overall a good agreement between
the data and fit model.

Table 2: Dalitz fit results for magnitudes, phases and fit fractions (%) of the spin-1 and spin-2
components, and the S-wave fit fraction. The uncertainties quoted are, in order, statistical,
experimental systematics, and model systematics.

Component Magnitude Phase [�] Fit fraction [%]
⇢(770)0⇡+ 1 [fixed] 0 [fixed] 26.0 ± 0.3 ± 1.6 ± 0.3
!(782)⇡+ (1.68± 0.06± 0.15± 0.02)⇥ 10�2 �103.3± 2.1± 2.6± 0.4 0.103± 0.008± 0.014± 0.002
⇢(1450)0⇡+ 2.66± 0.07± 0.24± 0.22 47.0± 1.5± 5.5± 4.1 5.4 ± 0.4 ± 1.3 ± 0.8
⇢(1700)0⇡+ 7.41± 0.18± 0.47± 0.71 � 65.7± 1.5± 3.8± 4.6 5.7 ± 0.5 ± 1.0 ± 1.0
f2(1270)⇡+ 2.16± 0.02± 0.10± 0.02 �100.9± 0.7± 2.0± 0.4 13.8 ± 0.2 ± 0.4 ± 0.2
S-wave 61.8 ± 0.5 ± 0.6 ± 0.5P

i FFi 112.8
�2/ndof (range) [1.47 - 1.78] �2 logL = 805622

3Since the ⇢3(1690) state was not found to be significant, the formalism for spin-3 resonances is not
described in Sec. 5.
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Figure 6: Run 2 data entering the amplitude fit, shown in the Dalitz plot and its projection
onto the invariant-mass squared for each of the three pairs of the final-state particles.

configurations.

8 Results

8.1 Model excluding D�K+ resonances

The data in Figs. 5 and 6 exhibit a striking excess at m2(D�
K

+) ⇡ 8.25GeV2
/c

4, in both
Run 1 and Run 2, which cannot be accounted for by introducing resonances only in the
D

+
D

� decay channel. To illustrate this, the first model presented excludes any resonant
content from the D

�
K

+ channel. The model includes the  (3770), �c0(3930), �c2(3930),
 (4040),  (4160), and  (4415) resonances, which are necessary to describe structure in
the m(D+

D
�) spectrum. A nonresonant component is included and described by an

exponential S-wave lineshape in the D
�
K

+ spectrum.
The Dalitz-plot projections from this fit are compared to the data in Fig. 7. Contribu-

tions from individual components are superimposed. The goodness of fit is quantified in
Fig. 8, where the largest deviations are seen in the m

2(D�
K

+) ⇡ 8.25GeV2
/c

4 region of
the Dalitz plot. To illustrate this more clearly, a comparison between data and the result
of the fit is made in Fig. 9 after excluding low-mass charmonium resonances through the
requirement m(D+

D
�) > 4GeV/c2.

It is concluded that a satisfactory description of the data cannot be obtained without
including one or more components that model structure in m(D�

K
+) explicitly. The
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Figure 10: Comparisons of the invariant-mass distributions of B+ ! D
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+ candidates in
data to the fit projection of the baseline model. The total fit function and contributions from
individual components are shown as detailed in the legend.

Table 4: Magnitude and phase of the complex coe�cients in the amplitude model, together
with fit fractions for each component. The quantities are reported after correction for fit biases
(see Sec. 9). The first uncertainty is statistical and the second is the sum in quadrature of all
systematic uncertainties.

Resonance Magnitude Phase (rad) Fit fraction (%)

D
+
D

� resonances

 (3770) 1 (fixed) 0 (fixed) 14.5 ± 1.2 ± 0.8

�c0(3930) 0.51 ± 0.06 ± 0.02 2.16 ± 0.18 ± 0.03 3.7 ± 0.9 ± 0.2

�c2(3930) 0.70 ± 0.06 ± 0.01 0.83 ± 0.17 ± 0.13 7.2 ± 1.2 ± 0.3

 (4040) 0.59 ± 0.08 ± 0.04 1.42 ± 0.18 ± 0.08 5.0 ± 1.3 ± 0.4

 (4160) 0.67 ± 0.08 ± 0.05 0.90 ± 0.23 ± 0.09 6.6 ± 1.5 ± 1.2

 (4415) 0.80 ± 0.08 ± 0.06 �1.46 ± 0.20 ± 0.09 9.2 ± 1.4 ± 1.5

D
�
K

+ resonances

X0(2900) 0.62 ± 0.08 ± 0.03 1.09 ± 0.19 ± 0.10 5.6 ± 1.4 ± 0.5

X1(2900) 1.45 ± 0.09 ± 0.03 0.37 ± 0.10 ± 0.05 30.6 ± 2.4 ± 2.1

Nonresonant 1.29 ± 0.09 ± 0.04 �2.41 ± 0.12 ± 0.51 24.2 ± 2.2 ± 0.5

As described in Sec. 7.1, DD resonant structure has previously been observed in
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Figure 12: Comparison of data and the fit projection of the baseline model, for (a) the D
�
K

+

invariant-mass distribution requiring m(D+
D

�) > 4GeV/c2 to suppress reflections from charmo-
nium resonances and (b) helicity angle in the region 2.75GeV/c2 < m(D�

K
+) < 3.05GeV/c2.

The di↵erent components are shown as indicated in the legend of Fig. 10.

A good description of the intermediate m(D+
D

�) region is obtained by including
the  (4040),  (4160), and  (4415) contributions, together with reflections from the
D

�
K

+ structures. Inclusion of the  (4260) resonance was also considered during the
model-building process, but its inclusion together with the  (4160) state leads to fit
instabilities, due to the similarity of their masses and widths. Between the two, a slight
preference was visible in negative log-likelihood value for the  (4160) component.

The impact of the X1(2900) and X0(2900) states on the agreement between the data
and the model is highlighted in Fig. 12(a) by restricting the phase space to exclude low
mass charmonium resonances in the same way as in Fig. 9. The need for both spin-1 and
spin-0 components is seen in the helicity-angle distribution shown in Fig. 12(b).

8.3 Other models

Numerous variations in the composition of the decay amplitude are considered in the
process of establishing the baseline model. These include consideration of one or two
states with di↵erent spins in the �cJ(3930) region, and zero, one or two states in the
X(2900) region, as well as the inclusion of a contribution from the X(3842) state (assumed
to be spin 3). The impact of these di↵erent model choices on the negative log-likelihood
resulting from the fit is summarised in Table 7. Models with two components with the
same spin in the same two-body combination, and with freely varying masses and widths,
tend to make the fit unstable and are therefore not included. Similarly, variations in the
description of the nonresonant component that destabilise the fit are not included as the
obtained negative log-likelihood values are not reliable.

Among the models with variations to the description of the �cJ(3930) region, those
including a spin-1 state (denoted  (3930)) are considered unlikely since any vector state
in this region would have been seen by previous experiments, as discussed in Sec. 7.1.
Moreover, including such a state in the model, either by itself or together with a �c2(3930)
state, has a large impact on other components of the model. The X1(2900) component
moves to higher mass and much broader width, with the nonresonant lineshape also
changing significantly. These models are therefore excluded from Table 7. The model with
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Figure 10: Comparisons of the invariant-mass distributions of B+ ! D
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D
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data to the fit projection of the baseline model. The total fit function and contributions from
individual components are shown as detailed in the legend.

Table 4: Magnitude and phase of the complex coe�cients in the amplitude model, together
with fit fractions for each component. The quantities are reported after correction for fit biases
(see Sec. 9). The first uncertainty is statistical and the second is the sum in quadrature of all
systematic uncertainties.

Resonance Magnitude Phase (rad) Fit fraction (%)

D
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D

� resonances

 (3770) 1 (fixed) 0 (fixed) 14.5 ± 1.2 ± 0.8

�c0(3930) 0.51 ± 0.06 ± 0.02 2.16 ± 0.18 ± 0.03 3.7 ± 0.9 ± 0.2

�c2(3930) 0.70 ± 0.06 ± 0.01 0.83 ± 0.17 ± 0.13 7.2 ± 1.2 ± 0.3

 (4040) 0.59 ± 0.08 ± 0.04 1.42 ± 0.18 ± 0.08 5.0 ± 1.3 ± 0.4

 (4160) 0.67 ± 0.08 ± 0.05 0.90 ± 0.23 ± 0.09 6.6 ± 1.5 ± 1.2

 (4415) 0.80 ± 0.08 ± 0.06 �1.46 ± 0.20 ± 0.09 9.2 ± 1.4 ± 1.5
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+ resonances

X0(2900) 0.62 ± 0.08 ± 0.03 1.09 ± 0.19 ± 0.10 5.6 ± 1.4 ± 0.5

X1(2900) 1.45 ± 0.09 ± 0.03 0.37 ± 0.10 ± 0.05 30.6 ± 2.4 ± 2.1

Nonresonant 1.29 ± 0.09 ± 0.04 �2.41 ± 0.12 ± 0.51 24.2 ± 2.2 ± 0.5

As described in Sec. 7.1, DD resonant structure has previously been observed in
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Figure 6: Run 2 data entering the amplitude fit, shown in the Dalitz plot and its projection
onto the invariant-mass squared for each of the three pairs of the final-state particles.

configurations.

8 Results

8.1 Model excluding D�K+ resonances

The data in Figs. 5 and 6 exhibit a striking excess at m2(D�
K

+) ⇡ 8.25GeV2
/c

4, in both
Run 1 and Run 2, which cannot be accounted for by introducing resonances only in the
D

+
D

� decay channel. To illustrate this, the first model presented excludes any resonant
content from the D

�
K

+ channel. The model includes the  (3770), �c0(3930), �c2(3930),
 (4040),  (4160), and  (4415) resonances, which are necessary to describe structure in
the m(D+

D
�) spectrum. A nonresonant component is included and described by an

exponential S-wave lineshape in the D
�
K

+ spectrum.
The Dalitz-plot projections from this fit are compared to the data in Fig. 7. Contribu-

tions from individual components are superimposed. The goodness of fit is quantified in
Fig. 8, where the largest deviations are seen in the m

2(D�
K

+) ⇡ 8.25GeV2
/c

4 region of
the Dalitz plot. To illustrate this more clearly, a comparison between data and the result
of the fit is made in Fig. 9 after excluding low-mass charmonium resonances through the
requirement m(D+

D
�) > 4GeV/c2.

It is concluded that a satisfactory description of the data cannot be obtained without
including one or more components that model structure in m(D�
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+) explicitly. The
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Figure 6: Run 2 data entering the amplitude fit, shown in the Dalitz plot and its projection
onto the invariant-mass squared for each of the three pairs of the final-state particles.

configurations.

8 Results

8.1 Model excluding D�K+ resonances

The data in Figs. 5 and 6 exhibit a striking excess at m2(D�
K

+) ⇡ 8.25GeV2
/c

4, in both
Run 1 and Run 2, which cannot be accounted for by introducing resonances only in the
D

+
D

� decay channel. To illustrate this, the first model presented excludes any resonant
content from the D

�
K

+ channel. The model includes the  (3770), �c0(3930), �c2(3930),
 (4040),  (4160), and  (4415) resonances, which are necessary to describe structure in
the m(D+

D
�) spectrum. A nonresonant component is included and described by an

exponential S-wave lineshape in the D
�
K

+ spectrum.
The Dalitz-plot projections from this fit are compared to the data in Fig. 7. Contribu-

tions from individual components are superimposed. The goodness of fit is quantified in
Fig. 8, where the largest deviations are seen in the m

2(D�
K

+) ⇡ 8.25GeV2
/c

4 region of
the Dalitz plot. To illustrate this more clearly, a comparison between data and the result
of the fit is made in Fig. 9 after excluding low-mass charmonium resonances through the
requirement m(D+

D
�) > 4GeV/c2.

It is concluded that a satisfactory description of the data cannot be obtained without
including one or more components that model structure in m(D�

K
+) explicitly. The
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and background subtraction have been applied.

generated uniformly in the (m(D+
D

�), h(D+
D

�)) plane. Weights are applied according
to Eq. (3), and the resulting distribution of the weighted sample is compared to that for
the candidates selected from the LHCb data. In the first instance, kmax is set to a high
value of 29 in the construction of weights, to allow all but the smallest of fluctuations in
data to be captured. The comparison between the generated decays and the data sample
is shown in Fig. 3. The excellent agreement, limited only by statistical fluctuations which
can generate structure to arbitrarily high moments, in the m(D�

K
+) and m(D+

K
+)

invariant-mass distributions is also to be expected, given the high value of kmax.
The e↵ect of truncating the sum over moments at a lower value is explored. A value

of kmax = 4 is chosen under the assumption that only resonances with spin up to 2 appear
in the D

+
D

� channel, since production of high-spin resonances in B-meson decays is
suppressed and no evidence for a contribution with spin-3 or higher is seen in either
Fig. 2 or the model-dependent analysis [10]. Figure 4 shows the comparison between the
weighted generated sample and the data. A prominent discrepancy is apparent around
m(D�

K
+) = 2.9GeV/c2. No narrow regions of disagreement are evident in the D

+
K

+

spectrum.
The significance of the discrepancy in the m(D�

K
+) distribution between the data

and the weighted generated sample in Fig. 4(a) is evaluated using the test statistic defined
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Figure 1: (a) Invariant-mass distribution for B candidates with the results of the fit superimposed,
where the signal component is indicated in red and background (barely visible) in blue. (b) Dalitz
plot for candidates with m(D+D�K+) values in the signal window.
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is the value of h(D+
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�) for candidate l. To probe whether charmonium resonances with
spins up to and including Jmax account for the structures observed in the Dalitz plot, the
expansion can be truncated at a given order, kmax = 2Jmax.

A simulated sample, generated uniformly in the Dalitz plot and weighted using the
truncated expansion, is used in order to visualise the description of the m(D�
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�)) plane. Weights are applied according
to Eq. (3), and the resulting distribution of the weighted sample is compared to that for
the candidates selected from the LHCb data. In the first instance, kmax is set to a high
value of 29 in the construction of weights, to allow all but the smallest of fluctuations in
data to be captured. The comparison between the generated decays and the data sample
is shown in Fig. 3. The excellent agreement, limited only by statistical fluctuations which
can generate structure to arbitrarily high moments, in the m(D�
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invariant-mass distributions is also to be expected, given the high value of kmax.
The e↵ect of truncating the sum over moments at a lower value is explored. A value

of kmax = 4 is chosen under the assumption that only resonances with spin up to 2 appear
in the D
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� channel, since production of high-spin resonances in B-meson decays is
suppressed and no evidence for a contribution with spin-3 or higher is seen in either
Fig. 2 or the model-dependent analysis [10]. Figure 4 shows the comparison between the
weighted generated sample and the data. A prominent discrepancy is apparent around
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Figure 1: (a) Invariant-mass distribution for B candidates with the results of the fit superimposed,
where the signal component is indicated in red and background (barely visible) in blue. (b) Dalitz
plot for candidates with m(D+D�K+) values in the signal window.
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Figure 3: Comparison between data (points with error bars) and a weighted generated sample
(filled histogram) as a function of (a) m(D�K+) and (b) m(D+K+), where the weights account
for the Legendre polynomial moments of order up to and including 29.

LHCb
(a)

Figure 4: Comparison between data (points with error bars) and a weighted generated sample
(filled histogram) as a function of (a) m(D�K+) and (b) m(D+K+), where the weights account
for the Legendre polynomial moments of order up to and including four. The uncertainty on the
weighted shape (dark band) is also shown.

in Eq. (7). An ensemble of pseudoexperiments, in which each dataset has the same
size as the real dataset, is prepared according to the PDF defined in Eq. (6), where
kmax is taken to be 4. The tiny background contribution is ignored, which introduces
negligible uncertainty due to the high purity of the selected B

+ ! D
+
D

�
K

+ sample. For
each pseudoexperiment, a new e�ciency map is generated to incorporate the systematic
uncertainty arising from the limited size of the simulated sample. This ensemble of
nearly 260 000 pseudoexperiments allows determination of the distribution of the test
statistic under the hypothesis, H0, that only D

+
D

� resonances up to spin-2 are present,
as shown in Fig. 5. The value of the test statistic obtained from data, tData, allows the
H0 hypothesis to be rejected at the 99.994% level, corresponding to a significance of 3.9
Gaussian standard deviations (�). Even when moments up to order 6 are considered, the
significance of the discrepancy remains above 3.7�.

In summary, a model-independent technique has been employed to confirm whether or
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to Eq. (3), and the resulting distribution of the weighted sample is compared to that for
the candidates selected from the LHCb data. In the first instance, kmax is set to a high
value of 29 in the construction of weights, to allow all but the smallest of fluctuations in
data to be captured. The comparison between the generated decays and the data sample
is shown in Fig. 3. The excellent agreement, limited only by statistical fluctuations which
can generate structure to arbitrarily high moments, in the m(D�
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invariant-mass distributions is also to be expected, given the high value of kmax.
The e↵ect of truncating the sum over moments at a lower value is explored. A value

of kmax = 4 is chosen under the assumption that only resonances with spin up to 2 appear
in the D
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suppressed and no evidence for a contribution with spin-3 or higher is seen in either
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weighted generated sample and the data. A prominent discrepancy is apparent around
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where the signal component is indicated in red and background (barely visible) in blue. (b) Dalitz
plot for candidates with m(D+D�K+) values in the signal window.
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in Eq. (7). An ensemble of pseudoexperiments, in which each dataset has the same
size as the real dataset, is prepared according to the PDF defined in Eq. (6), where
kmax is taken to be 4. The tiny background contribution is ignored, which introduces
negligible uncertainty due to the high purity of the selected B

+ ! D
+
D

�
K

+ sample. For
each pseudoexperiment, a new e�ciency map is generated to incorporate the systematic
uncertainty arising from the limited size of the simulated sample. This ensemble of
nearly 260 000 pseudoexperiments allows determination of the distribution of the test
statistic under the hypothesis, H0, that only D

+
D

� resonances up to spin-2 are present,
as shown in Fig. 5. The value of the test statistic obtained from data, tData, allows the
H0 hypothesis to be rejected at the 99.994% level, corresponding to a significance of 3.9
Gaussian standard deviations (�). Even when moments up to order 6 are considered, the
significance of the discrepancy remains above 3.7�.

In summary, a model-independent technique has been employed to confirm whether or
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Figure 10: Comparisons of the invariant-mass distributions of B+ ! D
+
D

�
K

+ candidates in
data to the fit projection of the baseline model. The total fit function and contributions from
individual components are shown as detailed in the legend.

Table 4: Magnitude and phase of the complex coe�cients in the amplitude model, together
with fit fractions for each component. The quantities are reported after correction for fit biases
(see Sec. 9). The first uncertainty is statistical and the second is the sum in quadrature of all
systematic uncertainties.

Resonance Magnitude Phase (rad) Fit fraction (%)

D
+
D

� resonances

 (3770) 1 (fixed) 0 (fixed) 14.5 ± 1.2 ± 0.8

�c0(3930) 0.51 ± 0.06 ± 0.02 2.16 ± 0.18 ± 0.03 3.7 ± 0.9 ± 0.2

�c2(3930) 0.70 ± 0.06 ± 0.01 0.83 ± 0.17 ± 0.13 7.2 ± 1.2 ± 0.3

 (4040) 0.59 ± 0.08 ± 0.04 1.42 ± 0.18 ± 0.08 5.0 ± 1.3 ± 0.4

 (4160) 0.67 ± 0.08 ± 0.05 0.90 ± 0.23 ± 0.09 6.6 ± 1.5 ± 1.2

 (4415) 0.80 ± 0.08 ± 0.06 �1.46 ± 0.20 ± 0.09 9.2 ± 1.4 ± 1.5

D
�
K

+ resonances

X0(2900) 0.62 ± 0.08 ± 0.03 1.09 ± 0.19 ± 0.10 5.6 ± 1.4 ± 0.5

X1(2900) 1.45 ± 0.09 ± 0.03 0.37 ± 0.10 ± 0.05 30.6 ± 2.4 ± 2.1

Nonresonant 1.29 ± 0.09 ± 0.04 �2.41 ± 0.12 ± 0.51 24.2 ± 2.2 ± 0.5

As described in Sec. 7.1, DD resonant structure has previously been observed in
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Figure 6: Run 2 data entering the amplitude fit, shown in the Dalitz plot and its projection
onto the invariant-mass squared for each of the three pairs of the final-state particles.

configurations.

8 Results

8.1 Model excluding D�K+ resonances

The data in Figs. 5 and 6 exhibit a striking excess at m2(D�
K

+) ⇡ 8.25GeV2
/c

4, in both
Run 1 and Run 2, which cannot be accounted for by introducing resonances only in the
D

+
D

� decay channel. To illustrate this, the first model presented excludes any resonant
content from the D

�
K

+ channel. The model includes the  (3770), �c0(3930), �c2(3930),
 (4040),  (4160), and  (4415) resonances, which are necessary to describe structure in
the m(D+

D
�) spectrum. A nonresonant component is included and described by an

exponential S-wave lineshape in the D
�
K

+ spectrum.
The Dalitz-plot projections from this fit are compared to the data in Fig. 7. Contribu-

tions from individual components are superimposed. The goodness of fit is quantified in
Fig. 8, where the largest deviations are seen in the m

2(D�
K

+) ⇡ 8.25GeV2
/c

4 region of
the Dalitz plot. To illustrate this more clearly, a comparison between data and the result
of the fit is made in Fig. 9 after excluding low-mass charmonium resonances through the
requirement m(D+

D
�) > 4GeV/c2.

It is concluded that a satisfactory description of the data cannot be obtained without
including one or more components that model structure in m(D�

K
+) explicitly. The

14

Table 5: Lineshape parameters for the �c0,2(3930) and X0,1(2900) resonances determined from
the fit. The first uncertainty is statistical and the second is the sum in quadrature of all
systematic uncertainties.

Resonance Mass (GeV/c2) Width (MeV)

�c0(3930) 3.9238 ± 0.0015 ± 0.0004 17.4 ± 5.1 ± 0.8

�c2(3930) 3.9268 ± 0.0024 ± 0.0008 34.2 ± 6.6 ± 1.1

X0(2900) 2.866 ± 0.007 ± 0.002 57 ± 12 ± 4

X1(2900) 2.904 ± 0.005 ± 0.001 110 ± 11 ± 4
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Figure 11: Comparison of the data and fit projection in the �cJ(3930) region, shown for the
(a) D+

D
� invariant-mass squared and (b) helicity angle. The di↵erent components are shown

as indicated in the legend of Fig. 10.

the �cJ(3930) region, however it has usually been assumed to arise from the �c2(3930)
resonance. The mass and helicity-angle distributions of candidates in this region, shown
in Fig. 11, clearly demonstrate that both spin-0 and spin-2 contributions are necessary.
The masses and widths of these two components are completely free to vary in the fit;
they are found to have consistent masses while the fit prefers a narrower width for the
spin-0 state. If both spin-0 and spin-2 states are present at the same mass, one would
generically expect the spin-0 state to be broader since its decay to a D

+
D

� pair is in
S wave, as compared to D wave for the spin-2 state, and therefore is not suppressed by any
angular momentum barrier. This expected pattern is seen in some explicit calculations of
the properties of the �cJ(2P ) states [11], however the observed pattern is consistent with
other theoretical predictions [13]. Moreover, the fitted �c0(3930) parameters are consistent
with those of the X(3915) state.

The �c0(3930) state is the only component in the D+
D

� S wave in the baseline model.
The broad �c0(3860) state, reported by the Belle collaboration [53], has been included
in alternative fit models but is disfavoured. Fits in which additional S-wave structure
is introduced e.g. through a nonresonant component, have been attempted but tend
to destabilise the fit, which is understood as a consequence of there being too much
freedom in the S wave. In fact the nonresonant component in the D�

K
+ projection covers

most of the m(D+
D

�) range, as can be seen in Fig. 10 top row, but only allows a small
contribution at low m(D+

D
�) values.
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Figure 14: Comparison of the data and fit projection in the region of the  (3770) states, shown
for the D

+
D

� (left) invariant-mass squared and (right) helicity angle. The di↵erent components
are shown as indicated in the legend of Fig. 10.

a stable fit, among a large range of considered models. Analysis of a larger sample in
future will be of great interest to resolve issues associated with the imperfections of the
baseline model, as will improved knowledge of D+

D
� and D

�
K

+ structures that may be
obtained by analysis of other systems.

9 Systematic uncertainties

Systematic uncertainties arising from a variety of sources are investigated, and their
impact on the model amplitudes, phases, and fit fractions is quantified. The e↵ects on
the masses and widths of resonances that are determined from the fit are also evaluated.
Sources of systematic uncertainty are separated into those related to experimental e↵ects
and those related to model composition. The various systematic uncertainties on the
complex coe�cients and fit fractions are detailed in Table 8, while those on the masses
and widths of resonances are given in Table 9.

The yield of the signal component in the amplitude fit is fixed according to the results
of the invariant-mass fit. Repeats of the amplitude fit to data are performed where the
signal yield is varied, each time being sampled from a Gaussian PDF centred at the value
obtained from the invariant-mass fit, having a width equal to the statistical uncertainty
on that yield. The RMS of the values of the fit parameters is taken as the systematic
uncertainty. The magnitude of this uncertainty is negligible, and it is therefore omitted
from Table 8.

The PDF used to model the signal component in the invariant-mass fit may be
imperfect. A conservative estimate of the impact of mismodelling the signal shape is
obtained by replacing the DSCB shape by a simple Gaussian function. The deviation of
the fit parameters from their nominal values is taken as an estimate of the systematic
uncertainty.

The size of the sideband sample limits knowledge of the residual background model in
the amplitude fit. An ensemble of bootstrapped sideband data is prepared, from which an
ensemble of background models is extracted. Repeated fits to data using the di↵erent
models are performed, and the RMS of the fit parameters in the resulting ensemble of fit
results is taken to represent the systematic uncertainty. This uncertainty is negligible,
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Figure 6: Run 2 data entering the amplitude fit, shown in the Dalitz plot and its projection
onto the invariant-mass squared for each of the three pairs of the final-state particles.

configurations.

8 Results

8.1 Model excluding D�K+ resonances

The data in Figs. 5 and 6 exhibit a striking excess at m2(D�
K

+) ⇡ 8.25GeV2
/c

4, in both
Run 1 and Run 2, which cannot be accounted for by introducing resonances only in the
D

+
D

� decay channel. To illustrate this, the first model presented excludes any resonant
content from the D

�
K

+ channel. The model includes the  (3770), �c0(3930), �c2(3930),
 (4040),  (4160), and  (4415) resonances, which are necessary to describe structure in
the m(D+

D
�) spectrum. A nonresonant component is included and described by an

exponential S-wave lineshape in the D
�
K

+ spectrum.
The Dalitz-plot projections from this fit are compared to the data in Fig. 7. Contribu-

tions from individual components are superimposed. The goodness of fit is quantified in
Fig. 8, where the largest deviations are seen in the m

2(D�
K

+) ⇡ 8.25GeV2
/c

4 region of
the Dalitz plot. To illustrate this more clearly, a comparison between data and the result
of the fit is made in Fig. 9 after excluding low-mass charmonium resonances through the
requirement m(D+

D
�) > 4GeV/c2.

It is concluded that a satisfactory description of the data cannot be obtained without
including one or more components that model structure in m(D�

K
+) explicitly. The
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Figure 10: Comparisons of the invariant-mass distributions of B+ ! D
+
D

�
K

+ candidates in
data to the fit projection of the baseline model. The total fit function and contributions from
individual components are shown as detailed in the legend.

Table 4: Magnitude and phase of the complex coe�cients in the amplitude model, together
with fit fractions for each component. The quantities are reported after correction for fit biases
(see Sec. 9). The first uncertainty is statistical and the second is the sum in quadrature of all
systematic uncertainties.

Resonance Magnitude Phase (rad) Fit fraction (%)

D
+
D

� resonances

 (3770) 1 (fixed) 0 (fixed) 14.5 ± 1.2 ± 0.8

�c0(3930) 0.51 ± 0.06 ± 0.02 2.16 ± 0.18 ± 0.03 3.7 ± 0.9 ± 0.2

�c2(3930) 0.70 ± 0.06 ± 0.01 0.83 ± 0.17 ± 0.13 7.2 ± 1.2 ± 0.3

 (4040) 0.59 ± 0.08 ± 0.04 1.42 ± 0.18 ± 0.08 5.0 ± 1.3 ± 0.4

 (4160) 0.67 ± 0.08 ± 0.05 0.90 ± 0.23 ± 0.09 6.6 ± 1.5 ± 1.2

 (4415) 0.80 ± 0.08 ± 0.06 �1.46 ± 0.20 ± 0.09 9.2 ± 1.4 ± 1.5

D
�
K

+ resonances

X0(2900) 0.62 ± 0.08 ± 0.03 1.09 ± 0.19 ± 0.10 5.6 ± 1.4 ± 0.5

X1(2900) 1.45 ± 0.09 ± 0.03 0.37 ± 0.10 ± 0.05 30.6 ± 2.4 ± 2.1

Nonresonant 1.29 ± 0.09 ± 0.04 �2.41 ± 0.12 ± 0.51 24.2 ± 2.2 ± 0.5

As described in Sec. 7.1, DD resonant structure has previously been observed in
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Table 2: Comparison of the T ⇤
cs0,1(2900)

0 properties obtained in this work to those found
previously in B+ ! D+D�K+ decays [2]. In the branching fractions determined in this work,
the T ⇤

cs0,1(2900)
0 masses and widths are fixed to the previously measured values [2].

Property This work Previous work

T ⇤
cs0(2900)

0 mass (MeV) 2914± 11± 15 2866± 7

T ⇤
cs0(2900)

0 width (MeV) 128± 22± 23 57± 13

T ⇤
cs1(2900)

0 mass (MeV) 2887± 8± 6 2904± 5

T ⇤
cs1(2900)

0 width (MeV) 92± 16± 16 110± 12

B(B+ ! T ⇤
cs0(2900)

0D(⇤)+) (4.5 +0.6
�0.8

+0.9
�1.0 ± 0.4)⇥ 10�5 (1.2± 0.5)⇥ 10�5

B(B+ ! T ⇤
cs1(2900)

0D(⇤)+) (3.8 +0.7
�1.0

+1.6
�1.1 ± 0.3)⇥ 10�5 (6.7± 2.3)⇥ 10�5

B(B+!T ⇤
cs0(2900)

0D(⇤)+)
B(B+!T ⇤

cs1(2900)
0D(⇤)+)

1.17± 0.31± 0.48 0.18± 0.05

�c1(3872) ! DD⇤, DD⇤ decays similar to those seen in other �c1(3872) decays [33]. A fit111

in which the �c1(3872) mass and width parameters are free to vary fails due to very large112

interference with other 1++ states.113

Four nonresonant contributions (NRJPC ) are included to describe the M(D⇤±D⌥)114

spectrum. The NR line shapes are fR(m) = 1 except for NR0�+ , which is described by115

fR(m) = e(↵+�i)(m2�m2
0) with m0 = 4.35GeV. The parameters ↵ and � are determined116

from the fit to be 0.11 ± 0.03GeV�2 and �0.34 ± 0.05GeV�2, respectively, where the117

uncertainty is statistical only. For the 1++ NR contribution, only the S-wave component118

is considered. The NR contributions amount to about 50% of the total fit fraction.119

The two resonant contributions, T ⇤
cs0(2900)

0 and T ⇤
cs1(2900)

0, found in B+ ! D+D�K+
120

decays, are included in the B+ ! D⇤+D�K+ model to describe the enhancement seen in121

Fig. 1(e). Their masses and widths are fixed in the baseline model to those determined122

previously [2]. The statistical significances of the T ⇤
cs0(2900)

0 and T ⇤
cs1(2900)

0 states are123

found to be 11� and 9.2�, respectively, thus confirming their existence in a new decay124

channel. If their parameters are left free in the fit, their values show some tension with125

the previous measurements, at the level of about 2� when accounting for correlations,126

as seen in Table 2. In addition, the ratio of the T ⇤
cs0(2900)

0 and T ⇤
cs1(2900)

0 branching127

fractions in this analysis is considerably larger than in the previous work. These tensions128

in the T ⇤
cs0,1(2900)

0 properties between B+ ! T ⇤
cs0,1(2900)

0D+ and B+ ! T ⇤
cs0,1(2900)

0D⇤+
129

decays may give further hints on the T ⇤
cs0,1(2900)

0 production mechanism.130

In addition to the contributions discussed above, four extra charmonium-like resonances131

are needed to describe the spectrum: ⌘c(3945), hc(4000), �c1(4010) and hc(4300), with132

statistical significances found to be 10�, 9.1�, 16� and 6.4�, respectively. When considering133

systematic uncertainties, the significance for the least significant, hc(4300), is 6.1�. Their134

quantum numbers JPC are determined to be 0�+, 1+�, 1++ and 1+�, respectively, with135

alternative JPC values rejected with statistical significances of more than 5.7�, while other136

measured properties are summarized in Table 3. The mass and width of the ⌘c(3945)137

resonance agree reasonably well with those of the previously reported X(3940) state [37].138

Given the measured quantum numbers, the state could be the ⌘c(3S) state predicted in139

Ref. [34].140

The fit results without the hc(4000), �c1(4010) and hc(4300) components are shown in141

Fig. 1 as green dashed lines. The hc(4000) and �c1(4010) states are required to describe the142

5
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LHCb-PAPER-2023-047

LHCb-preliminary



Jonas Rademacker (University of Bristol)                                             Amplitude Analyses at LHCb                      PWA/ATHOS 2024, Williamsburg VA

B→K*μ+μ– and friends, P’5

78

B0!K*(!K+π-)µµ 

Observables with limited dependence on 
form-factor uncertainty have been 
proposed by several authors: 

18#24/07/2013* Nicola*Serra*#*EPS*2013* 5*

Kruger-Matias (2005), Matias et al. (2012), Egede-
Matias-Hurth-Ramon-Reece (2008), Bobeth-Hiller-Van 
Dyk (2010-11), Beciveric-Schneider (2012) 

N.D.: There are other observables which are combination of 
those presented here 

1 Introduction

Within the Standard Model the decay B0
d ! K⇤0µ+µ� occurs via loop diagrams that mediate the transition

b ! s`+`� and therefore has a small branching fraction of (1.06 ± 0.1) · 10�6 [1]. It is found [2] that
angular distributions of the 4-particle final state, as well as the decay amplitudes, are sensitive to physics
beyond the Standard Model, mainly as a result of the interference of new diagrams with the Standard
Model diagrams.

The decay B0
d ! K⇤0µ+µ� with K⇤0 ! K+⇡� is described by four kinematic variables, one is

the invariant mass q2 of the di-muon system and the other three are angles describing the geometrical
configuration of the final state as shown in Figure 1: ✓L is the angle between the µ+ and the direction
opposite to the B0

d in the di-muon rest frame, ✓K is the angle between the K+ and the direction opposite
to the B0

d in the K⇤0 rest frame, and � is the angle between the plane defined by the two muons and the
plane defined by the kaon-pion system in the B0

d rest frame. In the case of the B0
d the angles ✓L and ✓K

are defined with respect to the µ� and the K�, respectively.
When the amount of data is insu�cient to study the 4-di↵erential decay rate, the di↵erential decay

rate is projected from the four kinematic variables into the 2-dimensional distributions d2�/dq2dcos ✓L
and d2�/dq2dcos ✓K by integrating over the two other variables. These distributions are binned in intervals
of q2, and the values of the K⇤0 longitudinal polarisation fraction FL and of the lepton forward-backward
asymmetry AFB are extracted, averaged in the q2 bins. This measurement was previously performed by
BaBar [3], Belle [4], CDF [5] and LHCb [6, 7]. In this work we present a measurement of AFB and FL
in five out of the six q2 bins listed in Table 3 and in the wider bin 1 < q2 < 6 GeV2.

�

B0
d

µ+

µ�

K+

⇡�

✓L ✓K

Figure 1: Definition of the kinematic angles in the decay B0
d ! K⇤0µ+µ�.

2 Event Reconstruction and Signal Selection

2.1 The ATLAS Detector

The ATLAS experiment [8] at the LHC is a general purpose particle detector covering almost the full
solid angle around the pp collision point with layers of tracking detectors, calorimeters and muon track-
ing chambers. The measurement presented here is mainly based on the Inner Detector (ID) and the Muon
System (MS).

The ID consists of a silicon pixel detector, surrounded by a silicon strip detector (SCT) and a transi-
tion radiation tracker, embedded in a 2 T axial magnetic field. Charged particle trajectories are measured
for |⌘| < 2.51. Enclosing the calorimeter, the MS has a toroidal magnetic field and contains a combination
of monitored drift tubes and cathode strip chambers, capable of measuring muon trajectories in a range

1The pseudorapidity is ⌘ = �ln(tan(✓/2)), where ✓ is the polar angle measured from the beam line.The ATLAS coordinate
system is described in reference [8].
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2 Event Reconstruction and Signal Selection

2.1 The ATLAS Detector

The ATLAS experiment [8] at the LHC is a general purpose particle detector covering almost the full
solid angle around the pp collision point with layers of tracking detectors, calorimeters and muon track-
ing chambers. The measurement presented here is mainly based on the Inner Detector (ID) and the Muon
System (MS).

The ID consists of a silicon pixel detector, surrounded by a silicon strip detector (SCT) and a transi-
tion radiation tracker, embedded in a 2 T axial magnetic field. Charged particle trajectories are measured
for |⌘| < 2.51. Enclosing the calorimeter, the MS has a toroidal magnetic field and contains a combination
of monitored drift tubes and cathode strip chambers, capable of measuring muon trajectories in a range

1The pseudorapidity is ⌘ = �ln(tan(✓/2)), where ✓ is the polar angle measured from the beam line.The ATLAS coordinate
system is described in reference [8].
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Figure 2: Results for the CP -averaged angular observables FL, AFB, S5 and P 0
5 in bins of q2.

The data are compared to SM predictions based on the prescription of Refs. [43,44], with the
exception of the P 0

5 distribution, which is compared to SM predictions based on Refs. [70, 71].

q2 [72, 73] to yield more precise determinations of the form factors over the full q2 range.

For the P (0)
i observables, predictions from Ref. [70] are shown using form factors from

Ref. [71]. These predictions are restricted to the region q2 < 8.0GeV2/c4. The results
from Run 1 and the 2016 data are in excellent agreement. A stand-alone fit to the Run 1
data reproduces exactly the central values of the observables obtained in Ref. [1].

Considering the observables individually, the results are largely in agreement with the
SM predictions. The local discrepancy in the P 0

5 observable in the 4.0 < q2 < 6.0GeV2/c4

and 6.0 < q2 < 8.0GeV2/c4 bins reduces from the 2.8 and 3.0 � observed in Ref. [1] to 2.5
and 2.9 �. However, as discussed below, the overall tension with the SM is observed to
increase mildly.

Using the Flavio software package [42], a fit of the angular observables is performed
varying the parameter Re(C9). The default Flavio SM nuisance parameters are used,
including form-factor parameters and subleading corrections to account for long-distance
QCD interference e↵ects with the charmonium decay modes [43, 44]. The same q2 bins as
in Ref. [1] are included. The 3.0 � discrepancy with respect to the SM value of Re(C9)
obtained with the Ref. [1] data set changes to 3.3 � with the data set used here. The
best fit to the angular distribution is obtained with a shift in the SM value of Re(C9) by
�0.99+0.25

�0.21. The tension observed in any such fit will depend on the e↵ective coupling(s)
varied, the handling of the SM nuisance parameters and the q2 bins that are included in
the fit. For example, the 6.0 < q2 < 8.0GeV2/c4 bin is known to be associated with larger
theoretical uncertainties [47]. Neglecting this bin, a Flavio fit gives a tension of 2.4 �

7

B→K*μ+μ–: P’5

• Describes interference between 
polar and axial vector currents.


• Deviation from SM: 3.3 σ global 
significance.


• New Physics? 


• Or might it be a miscalculation 
of non-perturbative QCD?
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Figure 2: Results for the CP -averaged angular observables FL, AFB, S5 and P 0
5 in bins of q2.

The data are compared to SM predictions based on the prescription of Refs. [43,44], with the
exception of the P 0

5 distribution, which is compared to SM predictions based on Refs. [70, 71].

q2 [72, 73] to yield more precise determinations of the form factors over the full q2 range.

For the P (0)
i observables, predictions from Ref. [70] are shown using form factors from

Ref. [71]. These predictions are restricted to the region q2 < 8.0GeV2/c4. The results
from Run 1 and the 2016 data are in excellent agreement. A stand-alone fit to the Run 1
data reproduces exactly the central values of the observables obtained in Ref. [1].

Considering the observables individually, the results are largely in agreement with the
SM predictions. The local discrepancy in the P 0

5 observable in the 4.0 < q2 < 6.0GeV2/c4

and 6.0 < q2 < 8.0GeV2/c4 bins reduces from the 2.8 and 3.0 � observed in Ref. [1] to 2.5
and 2.9 �. However, as discussed below, the overall tension with the SM is observed to
increase mildly.

Using the Flavio software package [42], a fit of the angular observables is performed
varying the parameter Re(C9). The default Flavio SM nuisance parameters are used,
including form-factor parameters and subleading corrections to account for long-distance
QCD interference e↵ects with the charmonium decay modes [43, 44]. The same q2 bins as
in Ref. [1] are included. The 3.0 � discrepancy with respect to the SM value of Re(C9)
obtained with the Ref. [1] data set changes to 3.3 � with the data set used here. The
best fit to the angular distribution is obtained with a shift in the SM value of Re(C9) by
�0.99+0.25

�0.21. The tension observed in any such fit will depend on the e↵ective coupling(s)
varied, the handling of the SM nuisance parameters and the q2 bins that are included in
the fit. For example, the 6.0 < q2 < 8.0GeV2/c4 bin is known to be associated with larger
theoretical uncertainties [47]. Neglecting this bin, a Flavio fit gives a tension of 2.4 �

7

B→K*μ+μ–: P’5

• Describes interference between 
polar and axial vector currents.


• Deviation from SM: 3.3 σ global 
significance.


• New Physics? 


• Or might it be a miscalculation 
of non-perturbative QCD?
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LHCb: PRD 108 (2023) 1, 012008

What provides the strong phase in
?ACP ∝ sin(Δϕweak) sin(Δδstrong)

where the  indicates the phase differences between two 
interfering amplitudes contributing to the process;  

changes sign under CP,  does not.
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Figure 3: Asymmetry distribution in bins of the Dalitz plot for (a) B± ! ⇡±⇡+⇡�, using 400 bins
with approximately 229 events/bin; (b) B± ! K±⇡+⇡�, using 1728 bins with approximately
276 events/bin; (c) B± ! ⇡±K+K�, using 256 bins with approximately 127 events/bin; and
(d) B± ! K±K+K�, using 729 bins with approximately 461 events/bin.

ble III. The data are studied in intervals of the other two-body invariant mass. The vertical
axis projection depends on the decay channel, with two regions defined for B± ! ⇡±⇡+⇡�,
B± ! K±⇡+⇡� and B± ! K±K+K�, and one for B± ! ⇡±K+K�. There are also two
other regions covering higher masses for B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� decays. All
regions for the di↵erent decay channels are defined in Table III. The invariant-mass fits
used to compute ACP in each region follow the same fit procedure as described in Sec. IV,
where the e�ciency ratios are computed separately per region.

Most of the rescattering regions give CP asymmetry values in excess of at least five
Gaussian standard deviations. For B± ! ⇡±⇡+⇡� decays, the rescattering region when
analysed in the m2(⇡+⇡�)high projection presents a CP asymmetry that is positive in
region 1 and negative in region 2, as shown in Fig. 4.

For B± ! K±⇡+⇡� decays, the two regions in the m2(K+⇡�) axis reveal a flip of the
asymmetry sign as shown in Fig. 5. Figure 6 illustrates the m2(K+⇡�) axis projection
for the rescattering region for B± ! ⇡±K+K� decays, where a nearly constant CP
asymmetry is observed. The B± ! K±K+K� decays also reveal CP asymmetries in
the m2(K+K�)high projections in the rescattering region, as shown in Fig. 7. Here,
another change in the asymmetry sign is observed, in an opposite direction with respect to
B± ! K±⇡+⇡� decays. Region 2 of the B± ! K±K+K� decay is the only rescattering
projection that shows small asymmetry.

The high-mass regions of B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� as defined in Table III
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Figure 3: Asymmetry distribution in bins of the Dalitz plot for (a) B± ! ⇡±⇡+⇡�, using 400 bins
with approximately 229 events/bin; (b) B± ! K±⇡+⇡�, using 1728 bins with approximately
276 events/bin; (c) B± ! ⇡±K+K�, using 256 bins with approximately 127 events/bin; and
(d) B± ! K±K+K�, using 729 bins with approximately 461 events/bin.

ble III. The data are studied in intervals of the other two-body invariant mass. The vertical
axis projection depends on the decay channel, with two regions defined for B± ! ⇡±⇡+⇡�,
B± ! K±⇡+⇡� and B± ! K±K+K�, and one for B± ! ⇡±K+K�. There are also two
other regions covering higher masses for B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� decays. All
regions for the di↵erent decay channels are defined in Table III. The invariant-mass fits
used to compute ACP in each region follow the same fit procedure as described in Sec. IV,
where the e�ciency ratios are computed separately per region.

Most of the rescattering regions give CP asymmetry values in excess of at least five
Gaussian standard deviations. For B± ! ⇡±⇡+⇡� decays, the rescattering region when
analysed in the m2(⇡+⇡�)high projection presents a CP asymmetry that is positive in
region 1 and negative in region 2, as shown in Fig. 4.

For B± ! K±⇡+⇡� decays, the two regions in the m2(K+⇡�) axis reveal a flip of the
asymmetry sign as shown in Fig. 5. Figure 6 illustrates the m2(K+⇡�) axis projection
for the rescattering region for B± ! ⇡±K+K� decays, where a nearly constant CP
asymmetry is observed. The B± ! K±K+K� decays also reveal CP asymmetries in
the m2(K+K�)high projections in the rescattering region, as shown in Fig. 7. Here,
another change in the asymmetry sign is observed, in an opposite direction with respect to
B± ! K±⇡+⇡� decays. Region 2 of the B± ! K±K+K� decay is the only rescattering
projection that shows small asymmetry.

The high-mass regions of B± ! ⇡±⇡+⇡� and B± ! ⇡±K+K� as defined in Table III
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For low mass region, where large 
CPV is observed,  re-
scattering could play a key role  

(see Phys.Rev.D 89 (2014) 9, 094013)

KK ↔ ππ

https://inspirehep.net/literature/2676543
https://inspirehep.net/literature/1245482

