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current induced transitions to hadron-hadron resonances

for example

low energy pion photoproduction, yN — N in which the A resonance appears

meson resonance production in semileptonic heavy-flavor decays, e.g. B - £ K* — ¢ Kn

or things not easily measurable but of theoretical interest, y{w, ¢} — {77, KK}

10(980) flavor content & spatial size ?

can compute with lattice QCD - finite-volume matrix elements from three-point functions

“large” finite-volume corrections complication of presence of
controlled by the hadron-hadron multiple J¥ owing to cubic
scattering amplitude boundary
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current induced transitions to hadron-hadron resonances 3

can compute with lattice QCD — matrix elements from three-point functions

to date, only concrete application to yz — ax

60F Q% =0
Q? = 0.803 GeV?
40} m, ~ 391 MeV. analytic continuation to the p pole
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but 7z is “special”, no J* = 0% with isospin=1, so J¥ = 17 is always lowest partial wave
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current induced transitions to hadron-hadron resonances 4

can compute with lattice QCD — matrix elements from three-point functions

next simplest case YK — 7K

7K with isospin="2: 0% ("k"), 17 (K*), ...

no amplitude yK — (zK),. but still an effect from 0% in finite-volume ...
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resonance transition form-factors (in infinite volume) 5

the process of interest is
current + stable hadron = resonance = hadron—hadron pair

actually don't really need there to be a resonance

e.g.yK — 7K in a P-wave

after the current produces K7 ... ... Kr strongly rescatters
%
Y
It T /-\ I %(Q2 E*) — <K| . | Kr: E* > suppressing kinematic variables,
(ﬂ) > “Kn/ — J >~ Kn helicity and lorentz indices
K K K
K \./ 1 removing an
— ng(QZ, Elgr) c_ ﬂf=1(E[’gz_) ‘excess’ P-wave
k[‘gr threshold factor

unitarity insists that production amplitude,
o, is real in the region of interest

(free of singularities, polynomial in (E,)%)

Omnes function also an option here

* means cm-frame
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resonance transition form-factors (in infinite volume) 6

the process of interest is
current + stable hadron = resonance = hadron—hadron pair

e.g.yK — 7K in a P-wave

after the current produces K7 ... ... Kr strongly rescatters
y*
7\
It T It .
@ ) H(QLE}) = (K|j| K EL)
p K K \_/ K

1
= (0% Efy) - - MTHER)
Kr

2
. . _ Cc
strong scattering amplitude, .#, can have resonance poles  #%=!(s) ~ —= \/So =mp—i=T
So— §
y*
2
C
hence (0% s) ~ w Q) res. n
So — §
K
residue at the K
complex pole
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lattice QCD means a finite-volume 7

infinit I finit | :
infinite volume inite volume E (L) are solutions of
ti f scattering states discrete spectrum of states
continuum of s ing | P u et [F‘l(E*;L)+%(E*)] _ 0
M(E™) E, (L)

kinematic
finite-volume
functions

spectra obtained from two-point correlation functions C;(?) = (0| O(?) @;‘(O) |0)
evaluate with a large basis of operators to form a matrix

and diagonalize C()v, = A (1,1, C(t) v,

eigenvalues given energies
A (1, ty) ~ e ~Ealt=1p)

elgenvectors give
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current matrix-elements in a finite-volume — cartoon of y7 — a7 8

infinite volume finite volume
E*
A
—_— finite-volume matrix element
o . *
L<ﬂ|.] | T, En >L
/¥4
Y S .
Y single hadron state
........... —m_L
TTTT | thr. JUTT | thr. | ), ~ | ), + O(e™"")
/4 T hadron-hadron state
iti it X D N nb SN nb ¢
can transition can only tran5|t.|on | nr; E; >L ~ A /Rn | 7, E” =FE )oo
to any energy to one of the discrete
in the zzx continuum f.v. eigenstates effective fv.

normalization

R(L)=2E,- lim (E—E,) (F-l(E*; L)+ /%(E*)>_1
E-E,

effective f.v. normalization
depends on the scattering
amplitude
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what's different in yK — 7K ? 9

cubic nature of lattice puts spectra in irreducible representations of a reduced group of rotations
in 7 case, this has limited impact because even and odd ¢ are in different isospins
consequence of Bose symmetry
in 7K case, there is no Bose symmetry

P A | [000]4F | [000]7y | [100]4; | [100]E; | [110]4, | [110]B; | [110]B, | [111]4, | [111]E, | [200]4,
(<2{ o | 1 |onL2 | L2 |oL2 | 12 | L2 | 0L2 | L2 | 01,2

spectrum in some irreps sensitive to scattering in both £ = 0,7 =1
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finite-volume spectrum — S,P-wave amplitudes

m,_ ~ 284 MeV 10
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¢ = 2 found to be negligible in this energy region
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what's different in yK — 7K ? 11

relation between finite-volume matrix element, and infinite-volume matrix element, Z
. 1/2
|uK\j|Kn), | « (7 R, )

where the residue of the finite-volume hadron-hadron propagator appears

R(L)=2E, lim (E—E,) (F—l(E*; L)+ ./1(12*)>_1
E-E,

matrix in £ = 0,1 diagonal
matrix in £ = 0,1

E (L) are solutions of

det |F"YE*;L)+ M (E*)| =0
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what's different in yK — 7K ?

12
relation between finite-volume matrix element, and infinite-volume matrix element, Z
N 12
‘L<K|]|K7Z'>L‘ x <%Rn%>
where the residue of the finite-volume hadron-hadron propagator appears
-1
R(L)=2E, lim (E—E,) (F—l(E*; L)+ ./%(E*))
E-E,
matrix in £ = 0,1 diagonal
matrix inZ = 0,1
£=0
. . " » W’
using an eigen-decomposition F+ #~! = 2 W, W] W, = < >
i g : w’ =]
l
. . . 2EF\ » |
the residue factorizes R, =| ——— | M~ Wy w M only the zero-crossing
Ho ero crossing eigenvalue is relevant
slope of eigenvector

zero crossing
eigenvalue
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what's different in yK — 7K ? 13

relation between finite-volume matrix element, and infinite-volume matrix element, #Z
' . 12
‘L<K|]|K7T>L‘ X <%'Rn'%>

where the residue of the finite-volume hadron-hadron propagator appears

~1
R(L)=2E,- lim (E—E,) (F—‘(E*; L)+ /%(E*)>
E—E,

using an eigen-decomposition F+ # ! = 2 W, W]
i i

| | = 2E7\ .
the residue factorizes K, =| —— | M~ wywyM
Ho

remember,

and the net finite-volume correction is F(Q% Ef =Ef) = ——F, (0% E} no 7K — (Km)s_
}"n(L) amplitude
( 1 R
= — - M 2Er 1
> k% where F(L) = {/—=|w§" ‘ -
He ki
o =K F
kinematic form-factor
. factor )
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evaluating YK — 7K ? 14

F(Q* Ef,=E)) = ——F; (0% B

7u(L)

extract finite-volume form-factor, FL(Qz, EY), from lattice QCD computed three-point functions

compute the finite-volume corrections, 7,(L), using lattice QCD obtained scattering amplitudes

) 2EF | 1 1
Fll) =4 = | Wo \k—*
Ho Kt
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three-point functions 15

(0] Qr(Px, A j(q, 1) Q}Lﬁ_(p[@,()) |0) = e Ex(A=D o=Bt L K. FL(QZ, E,;k) + ..., justasingle At =324,

a range of kaon and current three-momenta
for each kaon-pion discrete energy level

COVID-lockdown-era project
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three-point functions — our kinematical coverage

16

(0] Qx(pg. ADj(q, 1) QF (Pg0)|0) = e BV e~hl . K F (O% EN) + ...,

a range of kaon and current three-momenta
for each kaon-pion discrete energy level
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finite-volume form-factor 17
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- : 1
finite-volume correction factors FQ% EG=ED = -5 FulQ% B 18

* : *
atEK ........ : 2E 1 ........
T . =~ n =1 o S
041 =0 -1 I’n(L) — _T g ‘ _* 0.56 Fo(L) = /167 Cp
Wo Wo 2% k[@- in limit of a
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finite-volume form-factor 19
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infinite-volume form-factor 20
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infinite-volume form-factor 21
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modest energy dependence as expected
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global fitting of all the infinite-volume form-factor data 22

0.04 [200] A1 #£0 0.04 [110] B, #0 0.04 : [110] Bo#0
0.02} 002f 002f

0 0.01 0.02 0 0.01 0.02 0 0.01 0.02
0.04 - [100] A1 #0 0.04 [111] Es#0 0.04 [111] A1 #1

0.02 0.02 0.02

0 0.01 O.IO2_ 0 0.01 O.IO2 0 0.01 O.IO2
: [110] A1 #0 004N\ [110]A; #1 : [100] Ay #2

0.02

0.04 0.04

0.02 0.02

| 1 | 1 | 1
0 0.01 0.02 0 0.01 0.02 0 0.01 0.02

[111] A1 #0 [200] A1 #2

0.04 0.04 0.04

0.02 0.02 0.02

| 1 | 1 I 1
0 0.01 0.02 0 0.01 0.02 0 0.01 0.02

200] A1 #1 [100] E5#0 [110] A; 42

0.04 0.04 0.04

0.02 0.02 002f _

0 0.01 0.02 0 0.01 0.02 0 0.01 0.02
004N\_ [100] A1 #1 004\ [200] E#0 v [111] A, 2
0.02f 0.02 002F 5

| | 1
0 0.01 0.02 0 0.01 0.02 0 0.01 0.02

WILLIAM & MARY yK — 7K and the K* resonance from lattice QCD Jggj_f.ejl—‘ﬁsorly tLa,Ab N




global fitting of all the infinite-volume form-factor data 23
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modest energy dependence as expected
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parameterization variation 24
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the transition amplitude 25

yK — 7K

0.20

2 2
a; Q° =

________________

WILLIAM & MARY yK — 7K and the K* resonance from lattice QCD .cl’_neﬁfr"_nieﬁgrs?rmat#%l?celemwFacimy



real photon cross-section 26
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resonance transition form-factor 27

fr(Q7) f«(0) = 0.185(15) — i 0.008(3)
025} |
[ oo
020 % -

0.15F
0.10
0.05F Re fr
' m_= 284 MeV
0.00F i
= | | | | | Im fr
0.0 0.2 0.4 0.6 08 02/ qev?
2
F(O2.5) ~ cg S(Q7)
So— §
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experimental determination

K
— T
handful of Primakoff —K (very forward production of 7K
experiments in the 70s, 80s using K=, K} beams on nuclear targets)
nucleus nucleus ) ' ' ’ 0.6
-0.4
. . 25/~ 1 K (890) °Joo
pdg average of a couple of experiments T'(K'* — K*y) = 50(5) keV o ,% Pb .
{1\ 1<0.004Gev®
NK? - KY%) =116(10) keV ES 4 Jf
TOoHL
% St ‘}7/ \ 8
i\p’ ! L *_xk—‘H.—rF_x_ é
f-‘é T T T -0.4%
e | Jo3 %
3
b -
© 25~mﬁo'2
20 O.1
1<0.0046Gev® g
very simplistic analysis scheme T jr
o= | ,"
S /
Fobldl J“ 114
*% assteev)

(K + K+}/) Tk |f|2 loss of rigor here

3 m2 this is not the pole residue

| foag | = 0.206(10)
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summary 29

stress-tested the 1+J—2 finite-volume formalism in a case with an ‘unwanted’ lower partial wave

similar formalism describes coupled-channels
see Felipe Ortega’s talk (tomorrow) for an application

consistent production amplitude at 128 kinematic points, shows expected mild energy dependence

K* transition form-factor extracted from scattering resonance pole,
reasonable ball-park agreement with experiment (considering computation at ‘wrong’ light quark mass)
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other approaches & motivations 30

dispersive approach (Dax, Stamen, Kubis)

)4 n )4 T
parameterized t-channel amplitudes w,P ml I
inputs: : : « “

s-channel Kz scattering — Omnes from elastic phase-shift

“free” params: dispersion subtraction constants (one or two)

constrain with
(a) chiral anomaly

(b) experimental width K* — Ky 40

30 twice subtracted

20

o(yKT — K*7%) / ub

10

0

| | i | | | | | !
650 700 750 800 850 900 950 1000 1050
E. | MeV
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a crude extrapolation — assume constant couplings 31

pdg
had idth +_0 2 k*3 K*(892)* hadroproduced full width I = 51.4 4 0.8 MeV
adronicwidth - g =3 - T(K"77) = 3 - Em_R |6 I” = 42(3) MeV K*(892)% in 7 decays full width I' = 46.2 + 1.3 MeV
radiative width (K" t—K*y) = —a— | 1x(0)]* = 40(6) keV (K" - K*y) = 50(5) keV

2r mzLp (K T—KTy)
fx2 2
M| (mg— iTR12)” =

cross-section c(yKt = K*n¥) =

30r

201

o(yKT— K% / ub

101

0 ! L = 1 1 1 1 e

650 700 750 800 850 900 950 1000 1050
E%.. /MeV
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describing the O? dependence — finite-volume form-factors 32

simple, singularity-free, parameterizations

//eXp polyll - ~

, N Q2 "
F = . — =
L(Q%) = fo, - exp Z‘; e
“conformal mapping”
N
Fi(QY) = ) by (2(Q%) - 2(0))"
n=0
Q2 +low — Qg + low

2(0°) =

Q2 + tcut + \/ Q(% + tcut

Q? 2 :
JoL exp |:al 47712} a;@? < 0.015

‘T

1
: I anL(z(QQ)—z(O))n a?@Q* < 0.015
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K [110] B1#0

0 0.005 0.010 0.015 0.020 a;Q?

K [110] A, #1

26.3

0 0.005 0.010 0.015 0.020 a;Q?

K [110]Bo#0

"“’ _‘Z 7“’ L
EENES 2

0 0.005 0.010 0.015 0.020 a;Q?

K [110]A;#2

0 0.005 0.010 0015 0.020 a;Q?
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energy dependence after finite volume correction 33

: 0.14 0.15 0.16 0.17
e.g. “exp poly” fit form 0.06 . . . .
0.05} -
2
F (0% = d
(O7) = for - exp | —q A2 0.04F H % } -
7 5 § B 58
£, 0.03F & 53 g :
_ ! 0.02f T % -
fo=——fu -
7o(L)
0.01F -
] ] ]
00018 0020 0022 0024 0026 0028 0030 )
A <atE*)
L | | | | |
0018 0020 0022 0024 0026 0028 0030
0.14 0.15 0.16 0.17
1.00 I I I I
0.80 -
0.60 2 : % % |
aj go
0.40 - 5 ° % % |
020 ¥ .
| | | | | | |
00018 0020 0022 0024 0026 0028 0030
A (atE*)
1 | | 1 ] |
0018 0020 0022 0024 0026 0028 0030

modest energy dependence over a broad energy region
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“charge radius” 34

1
e = 70y <_ d_szR(Qz)>
0°=0

Re (r?) " =0.69(4)fm (r?) . =055(2)fm

needs some thought on how to use this information ...
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currents 35
. [ s
]em,phys =Z ( ]p lat+ ]a) ,lat> +Z ( ]a) lat) - - 1 _
V2 3\/_ ’ 3 gLy = Gyp+-(1 = E)a,0,(Fo,p)
1 7 1 /- 7 -
= —(ulu-dlId),j] =—(al'u+dld),j =5ls
=5l ) J = = ) Jo
0.12F
| 5200058008000 8880888884,
Jws 5 G
g0t g
We compute a set of three-point functions based upon 0.08}. ggggﬂiuﬂﬂ?ﬂ?ﬂﬂ@ﬂ'ﬁﬂﬂﬂﬂﬁ@@@@@ﬁ@ggﬁﬁ
the following choices: J “ig e &
&

e at t = 0, an optimized operator corresponding to Jo 2
each black point in Figure 1, having any allowed 0.04F ﬁﬁggﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁ@@
lattice rotation of the specified momentum. If the o @
irrep is more than one-dimensional, all rows are g Jem
considered;

o 1 1 1 1 1 1 1 1 t a

e at all 0 <t/a; < 32 a spatial current insertion hav- 0 4 8 12 16 20 24 28 32 / !
ing momentum [000], [100], [110], [111] or [200] (and K [000]T7 #0 K [110]
not rotations of these specific directions). Rather
than three cartesian directions for the current, the .
subductions of a vector for the relevant momentum Jw,
are used; 0067 §§§§§§§§§%%%%%%%%% %#jwl

; |

e at At/a; = 32, an optimized operator for a kaon goobf 5g8d® g6 3 Bd 80 § f %%% % % j
with a momentum < [211], with all allowed lattice g0® oo0d g @ LR G g 0 % % g
rotations considered. 004 @ _o® n':' ; poo@d E'

o " g0

0.021

- Jem
oS0 nﬁﬁﬁﬁ§§§§§§§§§§§§§%%%%

op 0O
poB0
g O

1 1
0.00=5 4 g 12 16 20 24 28 35 t/a

Kr [111] A1 #0 K [100]
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computing the three-point correlation functions 36

(0]Qx(pg, A1) j(q, 1) Q;@(plﬁ’o) 10)

"Kn" optimized operators feature both

., :
. single-meson-like

and

meson-meson-like

A
{
[ ¥

L

L.
®

current lands on strange quarks and light quarks

completely disconnected
contributions neglected

zero in the SU(3) flavor limit,
also OZI arguments suggest small

vector current renormalizations determined non-perturbatively using pion and kaon form-factors at Q% =
tree-level improved current for anisotropic action used (typically modest effect)
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timeslice fitting

37

FL(I) B eEK(At—t) . eEnt .

L
K

Fr(t)
0.12F

0.10F
0.08
0.06
0.04

0.02

(0] Qg(AD) j() Q] (0)]0)

0.0539(86)

!

0.0495(78)

000\ T

002

Kr [110] A, 40

24

K [210]

—8E, .t
F; + Ag.€ 5 +ag, e

—O0E (At—1)

varying fit ranges, source & sink exponentials

19.81/(27-5)=0.90
15.59/(25-5)=0.78
17.56/(22-1)=0.84
25.49/(26-1)=1.02

——-=a0—— 0.007

T L

—-a0— 0.008
—a0— 0.009
. ‘

| 0.008

c_src_snk_1-27
c_src_snk_4-28
c_6-27
c_3-28

17.41/(26-5 )=0.83; I i ] | 0.009 c_src_snk_6-31
14.99/(21-1)=0.75 ——-A o.011 : c_5-25
14.76/(21-1)=0.74 —0——-A o012 c_4-24
20.57/(28-5)=0.89. I —] | 0.014 c_src_snk_2-29
16.45/(22-1)=0.78 ——0— o.014 : c_5-26
16.46/(26-5)=0.78 I —] { 0.014 c_src_snk_4-29
20.32/(28-5)=0.88 I —] { 0.015 c_src_snk_3-30
18.30/(23-1)=0.83 —-—- 0.016 i c_6-28
16.15/(26-5)=0.77 [ —1 { 0.017 c_src_snk_5-30
24.00/26-1)=0.96 F———— 0018 : c_4-29
19.85/(28-5)=0.86. I —} { 0.019 c_src_snk_1-28
17.56/(23-1)=0.80 —-0——- 0.022 : c_5-27
21.48/(29-5)=0.89 — 1 | 0.024 c_src_snk_3-31
17.42/(27-5)=0.79 } —11  0.024 c_src_snk_5-31
15.05/(22-1)=0.72 - 0.029 : c_4-25
20.62/(29-5)=0.86 I —1 1 0.036 c_src_snk_2-30
20.59/(29-5)=0.86 I —1 { 0.037 c_src_snk_1-29
16.51/(23-1)=0.75 ———0— 0.038 : c_4-26
16.49/(27-5)=0.75 I —1 { 0.038 c_src_snk_4-30
18.31/(24-1)=0.80 - 0.042 : c_5-28
21.89/(30-5)=0.88 I — 1 { 0.052 - c_src_snk_2-31
17.79/(28-5)=0.77 } — 0055 c_src_snk_4-31
17.61/(24-1)=0.77 —-0— 0.060 : c_4-27
20.64/(30-5)=0.83. I —] 1 0.097 c_src_snk_1-30
18.36/(25-1)=0.76 ——0.112 : c_4-28
21.90/(31-5)=0.84 I —11 ] 0.141 - c_src_snk_1-31
: 0.0539(86) :
: - :
; 0.0495(78): :
] ] ] F
(af) U'Q) - L
< Q <
-} - -
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example timeslice fitting

well over a thousand correlation functions fit this way

0.08

—0—H

0.06

0.04

0.021

0.0721(38)

h

0.0701(37)

0 4 8 12 16 20 24
[100] A, #2

second excited state accessed
through an optimized operator

WILLIAM & MARY

Fr(t)

0.14
0.12F
0.1048(45)
0.10[ U{onﬁmm
0.08
0.06
0.04
1 1 1 1 1 1 L L L t/at
0 4 8 12 16 20 24 28 32
K [000]T] #0 K [110]
Fr(t)
0.10
008 0.0721(38)
| ]
T 0.0701(37)
0.06
0.041
0021
L L L L I I L L L t/at
0 4 8 12 16 20 24 28 32

K [100] Ay #2

Fr(t)
0.12F

0.10[

0.04

0.02

-0.02

K [110]

0.0539(86)

0.0495(78)

K [110] 41 %0

YK — K and the K* resonance from lattice QCD

L t/a
32/t

K [210]

Je,f_f.e son Lab

2447/(29-5)=1.02

26.35/(26-

il ]

17.6024-1)=0.77
0.1038(44)

0.1048(45)

0.014

_sre_328

0.09
0.10

0.11 |

37.85/2
17.64/(18-1)=1.04

20.12024-1)=1.27
31.00(25-1)=1.29
28.80/(24-1)=1.25
34.641(29-3)=1.33
1848(19-1)=1.03
3249/(28-3)=1.30
32.40/(28-3)=1.30
28.241(24-1)=1.23
26.141(23-1)=1.19
19.76((22-3)=1.04
29.59/(25-1)=1.23
31.56/26-1)=1.26
31.381026-1)=1.26
35.27(30-3)=1.31
28.96/(25-1)=1.21
34.741(30-3)=1.29
32.620(29-3)=1.25
31.92027-1)=1.23
35.420031-3,
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0.0721(p8)
0.0701(37)
1 1 1
Fr,
O o~ 9}
< < =
o (=} o
T T T
[H S
o008
175602-0084  ——C—— 0.
25.49/(26-1)=1.02 00— 0609
17410265 0009
14.99/(21-1)=0.75. ——0— oan
14.76/(21-1)=0.74. 00— 0012

20.57(28-5)=089
16.45/(22-1)=0.78

78
20.32/(28-5)=0.88
18.30/(23-1)=0.83

24.00(26-1)=0.96;
19.85/(28-5)=0.56.

15.05/22-1)=072,
20.62/(29-5)=0.86
20.59/(2
1651/23-1)=075

00— o018

0017

=075
1831/(24-1)=0.80.
21.89/(30-5)=0.88
17.79(28-5)=077
17.61024-1)=077,
20.641(30-5)=0.83
18.36/(25-1)=0.76
21.90/(31-5)=0.84

—
0.0539(86)

0.0495(78)
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c_sre_snk_1-30
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data correlation issues 39

128 data points, 348 configurations — how well determined is the data correlation ?

N
Y (@) - 3,) (@ - 3)

a=1

C; =
/ N(N— 1)

348 outer products

bo,0
0.035F I% % %
0.030 . :
0.025F
0020F | |
O‘OOW ‘o(b\ O.OOOOIQ 0.01 )\Cllt/ >\max
Nof o O 0 o g g0 o0°
2 =
/L L L L L L | L L L L L L L L |
" 0.001 0.01
120 o o,
90 - o lp, 105709712
N, reset ¢() | o 06 073 07 °<s> 8y 97 590> 6“9
30 N o, %% >
;_0 II// Q L Q L J L L L L L L L |
0 J 0.001 0.01
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data correlation 40

1 §I | | | 'data_corrl.dat' using (1|28-$1):5 - bo.o
L 1 0.035
! EETIIINTS
. f 0030 o o %
S ' I : :
uuuuuuuuuuuuuuu 0025
oorf e, . 0020 | | o |
e T——n P 7 & 0.00 q,é 0.01 Acut/ Amax
=========== 5 6 ° o o
nnnnnnnnnnnnn X4t ° S S R i
uuuuuuuuuuuu Nyof ) o o o o oo ofyoq,b%b'bb’\' oro’ o
0.001 ¢ e E 0.001 0.01
E e, ] 120 o, 0,00
u“: Nreset 28: o. S 7S °>&°<?<1°é’<?°9/0 99005 10570972
30t o o, s > .
0.0001 “ ! . . . . . R 0.001 001
' 0 20 40 60 80 100 120
0.14 0.15 0.16 0.17
0.06 | | | |
005 n
0.04 % % } -
] b 8 53 %
£y 003 % b 598 g -
002F § .
001 4 _
| | | | | | |
0 0.018 0.020 0.022 0.024 0.026 0.028 0.030
%\ 2
J\\ (aE)
L | | 1 |
0.018 0.020 0.022 0.024 0.026 0.028 0.030

WILLIAM & MARY YK — 7K and the K* resonance from lattice QCD .J'gj_f/.e”?sora tLa,Ab A



finite-volume correction and data correlation

41

[200] A1 {0} 0.1344(8)
[100] 4, {0} 0.1383(5)
[110]4,{0} 0.1441(5)
[111]A4,{0} 0.1467(6)

[200] 41 {1} 0.1480(7)

[100] 4, {1} 0.1482(6)

[110]4,{1} 0.1485(6)

(000175 {0} 0.1534(5)
[100] E»{0} 0.1535(6)
[110]B1 {0} 0.1520(6)

[110] Bo{0} 0.1545(8)

[111]E2{0} 0.1520(9)

[200] E,{0} 0.1543(9)

[111] A1 {1} 0.1562(7)
[200] A1 {2} 0.1616(9)
[100] A1 {2} 0.1610(5)
[110] A1 {2} 0.1685(6)

[111] A1 {2} 0.1743(7)

[110]B, {1} 0.1767(5)
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fit, then average 42

averaging ‘equivalent’ correlation functions

Fr(t)
0.25F | l?L
020k 0.18F

5
0.15F %%%%%%ﬁﬁﬁﬁﬁ T

O.m-fﬁ”mﬁﬁﬁ%f ff fH i
! o 101
005 3 i 'ﬁ : R~ 28

0.10F

0.1260(36)

000 oo
%% 0.08

-0.05 -% ﬁ
0.06F

-0.10

0 4 8 12 16 20 24 28
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vector current renormalisation

43

(a)

0.95

0.90

0.85

0.80

0.75

v x° 740

Naot 6-—1

= 1.48

T 0.847(10)

|
O

-
]

p

| | | | | |
> N > > D> >
S & F § o 9
N N N N N N

b

() Zy X2 5.64
095 dof

090 -

0.85

0.80

0.75

l + T 0.833(14)

p

! ! ! ! ! !
D N > N N >
S & 3 & & 9
N N N N N N
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scattering amplitude parameterization variation a4

ﬂ/" (pK’ pIGz" QZ’ E;Q(T) — miKG,UV,OG(pK)D (p]@;)p eg(p[@;? /1[6[) : F(Qz’ Elzt)

A
Kz 62 |

60

58

| :
:MMMHH |

V 167 |éR‘

1
(k*Fy/T6né,) - 2 - (VT6r & k)
(WlR — lFR/Z) — Eléz'z 0.0028

0.0020

00018 F

0.1530F

0.1525

omnonfh 48 4

0.1515

£e(QY) = F(Q% mp—itTy) -y/Tom rR TERE q]i% AN

FREEE

—abcdef:ghijkl
a,my = 0.1518(4)
a,Tp = 0.0024(1)

V1672, = 5.80(17) — i 0.19(3)

|
|
|
0.1510 '

WILLIAM & MARY YK — 7K and the K* resonance from lattice QCD .J'gj_f/,qﬁ?soratLqA A



finite-volume correction parameterization variation

45
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scattering amplitude parameterization variation

46

For the choices BW, ¢ the P-wave amplitude is a
Breit-Wigner,

167 VsT(s) §) — k*3
o(5) My — s —iyT() " () IBwW

MB 1()

where mgw, ggw are free parameters. The S-wave am-
plitudes are

B 167
M7(s) = -1 ’
(o +m(522)) "+ e
) 16
M (5) = e )
(’70 + ’yl ( sththr) + ’y (s s'j‘lthr) ) + Ithr(S)
B 16w (s — s
M0(s) = o4l ’
(10 m(555)) = in(o) (5= 5
B 167
MG(s) = -1 ’
(’7’0 +m (ss;thr)) —1p(s)
_ 167 (s — s54)
Mf 0 —
< =15 71 (50) + Tine(s) (5 — 54) 7
Mf=0(3) 167 k

" p(s)at+ srk*? — ik*’

Me=0(s) _ 167]'
(70 +mn (Tﬂf’“)) + Ttne ()
Me=1(s) . 167
g = N -
4]‘:1*2 (# + 70) + Ipole(s)
_ 167
MiTH(s) = ) 5 -1
g (74 0+ 1 (55))  + oe(s)
_ 167
M= (s) = ( . )2 =1
go+9g1 _mlsth
e ( = ) + Ipole(s)
_ 167
£=1 _
M;=(s) = ( g5 )2 —1
g0 91
4151*2 ( m2 jtsh + 70) + Ipole(s)
_ 167
Mﬁ—l(s) = . N 1
pres (m‘%_s + 'vo) — 1p(s)
ME=1(5) = -
4k1*2 (mz_s + ')’0) + Ipole(s)
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aside: variation with light quark mass 47

K — K ¢ =1 elastic scattering PRL 123 042002 (2019)
m m, = 327 MeV
| m, =284 MeV K* resonance pole position
| m, =239 MeV
expt. 330 900 920 o 240 960
| 934(2) MeV
O ,
10+ (914(2) — £6(1)) MeV
sl (909(4) — £13(2)) MeV
& (902(2) — £23(2)) MeV

30¢

40(

s0F

—0 —b o ey v
800 900 1000 893(1) = 586(2)
180 === —mm e o
51/°
150+
120
90 |-
60 -
30+
00 2 2 w0 o 1100 Dave Wilson
\\%39 &, RN \\U‘)% Eem/MeV |
L2 Iy Iy Iy,
o “r “p o
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only previous example: yr — ar

51

just a single partial-wave, £ = 1, needs to be considered here

PRL 115 242001 (2015)

PRD 93 114508 (2016)

60 m (Q’=0
Q% = 0.803 GeV?
« T 4O m, ~ 391 MeV .

20+

0 L L

2.0 2.1 2.2 23 24 2.5
100+

2.0 2.1 2I.2 2.3 24 2I.5 * . . .

B/ analytic continuation to the p pole

WILLIAM & MARY

0.241

2 0.16 ]
Ref(0%) \
0.08F : my ~ 700 MeV |

™

Ef. =E,

my =~ 400 MeV

0 (|) OI.2 OI.4 016 0.I8
x1073—— - . : :
25+ i
2 |
Im fr(Q) i
-2.5 |
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a 3+1 field theory derivation 52

consider a two-point correlation function — operators with the quantum numbers of a two-hadron system

CLt.P) = [dx [y (0] A0k, Bl(5.0)0)
L L

now consider the ‘all-orders’ skeleton perturbative expansion for this

T T
in finite volume Qc@ . @cwcg . @°@°@° -

where the colored lines are fully-dressed propagators,
and where we are below three-hadron thresholds, so diagrams with three lines can’t go on-shell

in infinite volume

WILLIAM & MARY YK — 7K and the K* resonance from lattice QCD .;'gj_f/,qﬁ?sora tLa,Ab A



a 3+1 field theory derivation 53

basic loop : B
_ d3k dk
g°@ Q‘@ — [L3 = ] /_4 L(P—k, k) A(R)A(P — k) RN (P—F, k)
dressed
P-k flmte infinite propagators
volume volume
1 Pk | 11 1
. * . —_ —_— — T
performing the k4 integration [LB Zk: /(271’)3] 2o 3o CE o e 1 —R i
for smooth functions of k, but there is a pole at
the difference between ¥ and [ E = wy, +wp_s

is exponentially suppressed

this ensures on-shell dominance
in £, RT

expanding in partial-waves

QPG B = L) o PR P
47_‘_}/””(12*) Y* (IA{*) (E)E‘FEI

Forn o (P, L)
with m 0’ [L?’Z / ]2wk 2wp_, (F — wp —wpy +i€) \ ¢*
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a 3+1 field theory derivation 54

consider a two-point correlation function — operators with the quantum numbers of a two-hadron system

CLt.P) = [dx [y (0] A0k, Bl(5.0)0)
L L

now consider the ‘all-orders’ skeleton perturbative expansion for this
U A D
in infinite volume @°@ - @‘ c@ - ‘@‘@

~

Cp—Co=A(-F)B+ A(~F)M(—F)B+ A(—F)M(—F)M(—F)B +...

in finite volume (4)

g
g

S

+ LA X}

é
S

a geometric series can be summed: A [F‘l + M} 'B

giving Cp(t,P)=L? /d—E e [COO(E, P)— A[FY(E,P,L)+ M(E,P)] " B}

27

discrete spectral decomposition for finite-volume requires poles in E

= divergence of [F~'(E,P,L)+ M(E,P)] "
= det [F~'(E,P,L) + M(E,P)] =0
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coupled-channel toy model 58
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