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Introduction

: Why baryon spectroscopy?
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Extract resonances from scattering-data via partial-wave analysis (PWA)

) Energy-dependent PWA: Reaction theoretic models; extract resonance poles

in complex energy-plane; [BnGa], [JiBo], ...

) Single-energy PWA: Extract partial waves themselves at discrete energies on
the real energy-axis < This work (!):  photoproduction YN — nN
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Photoproduction amplitudes

Photoproduction amplitude in the CMS (e.g. YN — nN):

(k x e) Fo+id- kg - eFs

[Chew, Goldberger, Low
& Nambu (1957)]

— Process fully described by 4 complex amplitudes F; (W, 0).
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Photoproduction amplitudes

Photoproduction amplitude in the CMS (e.g. YN — nN):

(k x e) Fo+id- kg - eFs

[Chew, Goldberger, Low
& Nambu (1957)]

— Process fully described by 4 complex amplitudes F; (W, 0).

Important concept: expansion of full amplitudes into partial waves:

FL(W,0) = > { Moy + Eoi] Ppyy (cos (0)) + [(€ 4+ 1) Mo + Eo ] Py (cos (9)) }
£=0

F(W,0) =

%) J= P =(—)"h

) s-chn. resonance J7; (1)

multipole £, M)
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Photoproduction amplitudes

Photoproduction amplitude in the CMS (e.g. YN — nN):

(k x e) Fo+id- kg - eFs

[Chew, Goldberger, Low
& Nambu (1957)]

— Process fully described by 4 complex amplitudes F; (W, 0).

Important concept: expansion of full amplitudes into partial waves:

#olmax

AW.0) = > {[EMe + Ei] Py (cos(0)) + [(£ 4+ 1) Me— + Er_] Py_, (cos (9)) }
£=0

F2(W,0) =
In practice:
Truncate at some finite £y,
— Try to extract the 4/,
complex multipoles in a fit
to the data.
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Photoproduction amplitudes - Il

The multipole-series fully written out (x = cos6):

o lmax
FL(W,0) = > [EMgy (W) + Ery (W)] Py (x) + [(€+ 1) Moo (W) + Ee (W)] Py (),
£=0
Qb[n];)x /
B (W,0)= > [(£+1)Mey (W) +EMp_ (W)] Py (x),
=1

Folmax

Fs(W,0)= > {[Eex (W) = Moy (W)] Py (x) + [Eee (W) + Mo (WP () },
=1
Folmax

Fo(W,0) = > [Mes (W) — Epy (W) — Mp_ (W) — E_ (W)] P, (x),
=2
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Photoproduction amplitudes - Il

The multipole-series fully written out (x = cos6):

#olmax
FL(W,0)= D [(Me (W) + Epy (W)] Ppyy (x) + [(+ 1) Mo (W) + B (W)] Py (%),
£=0
Qb‘emax ,
F(W.0) = > [(£+1) M (W) +EM_ (W)] P, (%),
=1

(W, 0) = Z (B (W) = Moy (WP (0 + [Eee (W) + Mo (WP (0},
Folma

Fe(W,0)= S Moy (W) — Ere (W) — Mo (W) — Er_ (W)] P} (),
£=2

%) 4lpmax complex multipoles present in every truncation-order fp,,y > 1:
{E0+, E1+, M1+, My_, E2+, Es_, ..., Mgmax_}.
«) Multipoles determined up to 1 overall phase (!):
= 2 X Mpax — 1 = 8lmax — 1 parameters in the TPWA.
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Polarization observables

Observable

Transversity representation
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Ambiguities of the TPWA problem

%) Consider {ao, ¥, T, P}, i.e. Q%5 oc £ |by[* £ |bo|* £ |bs|* + |ba]’.
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Ambiguities of the TPWA problem

«) Consider {Uo,)V:, T, l5} i.e. Q5 o + |by|* + |bo|® & |bs|* + |bal’.
%) Instead: Use t := tan (g) and write linear factorizations (for finite £pax):

exp (-i2) et e (i9) e

by (6) o (Lt )i E (t+5j), ba(f) ox A+ ) E (t—5),
exp (-i5) T ep (i5) T,
bs (9) & (1+ tz)émax g (t+ak)7 by (9) X (1+ t2)lmax g (t ak)7

with 40,,,x complex roots {ay, 5;} equivalent to multipoles, i.e.

{Etx, M} < {ou, Bi},

if and only if the constraint: sz‘““ = Jz-irfa" B; is satisfied.

[A. S. Omelaenko, Sov. J. Nucl. Phys. 34, 406 (1981)]
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Ambiguities of the TPWA problem

+) Consider {00, %, T, P}, iie. Q05 oc + [by|[* £ |by|* = |bs|? + |ba|*.

) Instead: Use t := tan (Q) and write linear factorizations (for finite £ax):

2
. 2lmax -0 20 max
exp (~i2) oo (i2)
by (6) x <P 2) TT (148, ba(6) x —PV2) 1T (:— ),
(1 + tQ)lmax JI]I J) ( ) (1+ tQ)Emax Jl} ( J)
eXp 2€max exp (,Q) 2€max
bz (0 t+ ak), ba( — 2/ t— k),
3 (0) (1+t2 gmax H ( k), ba(0) o (1+ £2)mr g ( «)

with 44, complex roots {a, 5;} equivalent to multipoles, i.e.
{Elﬂ:a ME:E} <~ {akaﬁj}
if and only if the constraint: Hk Ry = HJ % B is satisfied.
[A.S. Omelaenko, Sov. J Nucl. Phys. 34, 406 (1981)]

— The complex conjugation of roots leaves the group S invariant:

*

(t—a")(t—a) — s (t—[2*]) (t— a*) = (t — a*) (t — a) .

= Mechanism can result in multiple 'solutions’ (or 'modes’) of single-energy fit!
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Bayes' Theorem and Bayesian inference

P(B|A)P(A
) Bayes’ Theorem for conditional probabilities: | P(A|B) = %

Y. Wunderlich TPWA using Bayesian statistics 6/12



Bayes' Theorem and Bayesian inference

) Bayes' Theorem for conditional probabilities: | P(A|B) = P(B);(A;I)D(A)

A = 0(parameters),

) Obtain parametric version by making the 'choice’:
B = y(data),

"likelihood"  "prior’

—N =
= p(8ly) = p(y|6) p(6) )
—= / d0p(y|0) p(6)

'posterior’

‘Bayesian evidence’
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Bayes' Theorem and Bayesian inference

P(BIA)P(A)

) Bayes' Theorem for conditional probabilities: | P(A|B) = P(B)

A = O(parameters),

) Obtain parametric version by making the 'choice’:
B = y(data),

'likelihood’  "prior’

—~ N
= p(Oly) = p(y|0) p(6) ]
e [ d0p(v16) p(e)

"posterior’

'Bayesian evidence’
) In our case, i.e. for the TPWA:
- 0 = {Eyx, My} (option: nuisance parameters to model syst. errors),

-y =[y",y%, ..., yF]7: values of measured observables,
- Likelihood has 'exp[—21y?]-form’, with a correlated chisquare:

— 1 1 T A—1 . .
p(y|0) = Torma P [—5 (y—p) A (y— u)} {A: cov.-matrix}
- Prior p(@) is chosen flat, within the 'physically allowed’ region for
multipoles [e.g.: YW, arXiv:2008.00514] — other choices possible (!)
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Bayes' Theorem and Bayesian inference

'likelihood’  'prior’

%) p(8ly) = p(y|0) p(0) )
oo d®0p(y|6)p(6)

"Bayesian evidence'

) In our case, i.e. for the TPWA:

- 0 ={E;L, M1} (option: nuisance parameters to model syst. errors),
-y= [y”o,yé, .. ,yﬁ]T: values of measured observables,
- Likelihood has ’exp[—%xQ]—form’, with a correlated chisquare:
p(r16) = et exp |3 (v — ) A7 (y — )], {A: cov-matrx)
- Prior p(@) is chosen flat, within the 'physically allowed’ region for
multipoles [e.g.: YW, arXiv:2008.00514] — other choices possible (!)

= We want to obtain individual distribution for each parameter 6; from the
unnormalized posterior

— Marginalize: p(6;ly) = [ ... [dby...d0;i_1d0it1...dOpp(61...0ply),
— Complicated integrals! Use (Markov chain) Monte Carlo methods ...

Y. Wunderlich
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Solution strategy for multimodal posteriors

I. Monte Carlo maximum a posteriori estimation:

minimize the function x?(8) 4+ P(8) ('P': contains
possible penalty-terms for nuisance parameters).
Employ Monte Carlo sampling, with Ny initial
conditions and equally many fits (Nuc =~ 10000).

= Filter non-redundant sol.’s via clustering-algorithm

[YW, arXiv:2008.00514]
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Solution strategy for multimodal posteriors

I. Monte Carlo maximum a posteriori estimation:
minimize the function x?(8) 4+ P(8) ('P': contains
possible penalty-terms for nuisance parameters).
Employ Monte Carlo sampling, with Ny initial
conditions and equally many fits (Nuc =~ 10000).
= Filter non-redundant sol.’s via clustering-algorithm

[I. Sampling the posterior:
Each solution found in step 'l." is used as initial
condition for the Hamilton Monte Carlo (HMC)
algorithm as implemented in Stan.
For each solution, use N. ~ 10 Markov chains and
S ~ 100000 sampling points (50000 'warmup’-pts).

[Fig. courtesy of P. Kroenert] [YW, arXiv:2008.00514]
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Stan

Solution strategy for multimodal posteriors

I. Monte Carlo maximum a posteriori estimation:

minimize the function x?(8) 4+ P(8) ('P': contains
possible penalty-terms for nuisance parameters).
Employ Monte Carlo sampling, with Ny initial
conditions and equally many fits (Nyc ~ 10000).

= Filter non-redundant sol.’s via clustering-algorithm

[I. Sampling the posterior:
Each solution found in step 'l." is used as initial
condition for the Hamilton Monte Carlo (HMC)
algorithm as implemented in Stan.
For each solution, use N. ~ 10 Markov chains and

S ~ 100000 sampling points (50000 'warmup’-pts).

I1l. Monte Carlo convergence diagnostics:

- Cluster the chains into groups according to their sampled parameter

space (calculate vector of quantiles for each chain — evaluate

distance-matrix among quantile-vectors — input to DBSCAN-algorithm),

— Apply MC convergence diagnostics (R-statistic, MC standard error) to

each group individually.

[Fig. courtesy of P. Kroenert] [YW, arXiv:2008.00514]
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Stan
DBSCAN

Solution strategy for multimodal posteriors

I. Monte Carlo maximum a posteriori estimation,
[1. Sampling the posterior,

I1l. Monte Carlo convergence diagnostics,

— Apply the above-described procedure to a selected set of 6 polarization
observables for the process yp — np:

Observable No. of datapoints  Exp. facility References
ago 5736 MAMI [Kashevarov et al., PRL 118, 212001 (2017)]
T,F 144 MAMI [Akondi et al., PRL 113, 102001 (2014)]
> 140 GRAAL [Bartalini et al., EPJ A 33, 169 (2007)]
E 84 MAMI [F. Afzal, PhD thesis, ULB Bonn (2019)]
G 47 CBELSA/TAPS  [Miiller et al., Phys. Lett. B 803, 135323 (2020)]

[cf.: P. Kroenert, YW, F. Afzal and A. Thiel, Phys. Rev. C 109, no.4, 045206 (2024)]
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Example: full results for one 'fit-parameter’

X/ ndf

log posterior

arbitrary
units

density

B =750 MeV, £ =2

1.20
1.151
1.107
1.051
1.00

R(E>+)/mfm

Y. Wunderlich
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Example: full results for one 'fit-parameter’

E" =1050 MeV, £ =2

—e—1 | e
T 251
E —e—i
e 2.0 —— eob—— o
15 dy —o—
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units

g5 -501 .
Sz o ¢
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Qs -80—E

w90,

05 00 05
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lmax = 2: results for multipoles
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PWA-curves:
EtaMAID2018 (dashed); BnGa-2019 (dotted); Jiilich-Bonn-2022 (dash-dotted);

9/12
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lmax = 2: results for multipoles
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lmax = 2: reproduced data

E, = 750 MeV E, = 850 MeV E, = 950 MeV
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PWA-curves:

EtaMAID2018 (dashed); BnGa-2019 (dotted); Jiilich-Bonn-2022 (dash-dotted).
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lmax = 2: reproduced data

E, = 750 MeV E, = 850 MeV E, = 950 MeV
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PWA-curves:
EtaMAID2018 (dashed); BnGa-2019 (dotted); Jiilich-Bonn-2022 (dash-dotted).
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lmax = 2: predicted data-distributions

E, = 750 MeV E, = 950 MeV E, = 1250 MeV
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PWA-curves:
EtaMAID2018 (dashed); BnGa-2019 (dotted); Jiilich-Bonn-2022 (dash-dotted).
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lmax = 2: predicted data-distributions

E, = 750MeV E, = 950 MeV E, = 1250 MeV
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lmax = 2: predicted data-distributions

Ey =750MeV E, =0950MeV  Ey = 1250MeV
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— Predict promising candidate observables for resolving discrete ambiguities:
E'> / MeV  Observables
750 Coy Cory Ly Ly
850 Cury Cory Ly, Lz/ T, Ty

950 Coy, Coy Ly, Ly, Ty cf:[P. Kroenert, YW, F. Afzal and A. Thiel,

1050 CX'7 CZ', x's OZ’ TZ’ Phys. Rev. C 109, no.4, 045206 (2024)]
1150 Cor,Ou, Tor, Tor
1250 Cy
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lmax = 3: systematics studies and ambiguities

Analyze data with {max = 3: (Trial for E, = 1250 MeV)

Y. Wunderlich TPWA using Bayesian statistics 12/12



lmax = 3: systematics studies and ambiguities

Analyze data with {max = 3: (Trial for E, = 1250 MeV)

— Larger numerical effort ="

due to larger set of A
possible initial-conditions +l—=fE e

("ambiguities’),

— Chain-clustering difficult, , /\ ~

— Hard to reach (i
good/acceptable MCMC ﬂ
convergence-diagnostics: i Al e .
- More chains needed for .. .. .

.o

ol s88e09g L;.;‘

each initial config., : A
- More iterations for each : a/\ VAN /:\_

individual chain. L : E : R
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lmax = 3: systematics studies and ambiguities

Analyze data with {max = 3: (Trial for E, = 1250 MeV)

— Larger numerical effort

due to larger set of /A . E,fl,zi‘] T
possible initial-conditions il —=fNa | Ean
("ambiguities’), A A T e
5. E: . .
3 3E @ ce o
- i | 11 el I EE
— Hard to reach , 20/ ) : 31:2 i= P
good/acceptable MCMC : j\ (\ Ml w00 L.
convergence-diagnostics: || 4l e [ AL Al 33
- More chains needed for » " ‘ f*‘i, Sese °C
each initial config., s A A R E “ =
- More iterations for each /\ A //\\‘ o I 2 o
individual chain. e e R

Things to think (/worry) about:

- In addition to the usual (discrete) PWA-ambiguities, we have to face the
so-called curse of dimensionality,

- In particular: in higher dimensions, largest part of posteriors probability-mass
concentrates in thin strip away from the mode ('typical set’), since:

'probability-mass’ = P x 'parameter-volume'.
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Thank You!



