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FIG. 8: CP-even tagged K0
Lπ+π− Dalitz plot (a), and its m2(π+π−) projection (b). CP-odd tagged

K0
Lπ+π− Dalitz plot (c), and its m2(π+π−) projection (d).

the latter, we estimate the biases and adjust the K(′)
i values using the correction factor:

|AD0→K0
S
π+π−|2/|AD0→K0

S
π+π− + re−iδAD̄0→K0

S
π+π−|2.

Here r = |A(D0 → K+π−)/A(D0 → K−π+)| and δKπ are the ratio of amplitudes of the
DCSD to CF decay and the relative strong phase, respectively. The amplitude ratio squared,
r2 = (3.44 ± 0.01 ± 0.09) × 10−3 and δKπ = (22 ± 16.3)◦ are taken from Ref. [16]. This
correction factor is estimated in each of our eight Dalitz-plot bins using the BaBar D0 →
K0

Sπ+π− Dalitz-plot fit amplitude [4]. The model dependence of this correction is negligible.
Uncertainties on these corrections due to the uncertainty on δKπ are small and are included
in our systematic uncertainties.

The fitting procedure was tested using a simulated C-odd D0D̄0 Monte Carlo sample
where we performed 100 toy K0

Sπ+π− vs. K0
Sπ+π− experiments with ci and si taken from

the BaBar model. The means and widths of the pull distributions of the ci and si parameters
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CLEO-c: Phys. Rev. D80, 032002 (2009), 
updated in Phys.Rev. D82 (2010) 112006

also listed in the sixth and eighth columns of Table II. TheDT
selection efficiencies are determined in simulation where the
signal and tag D meson are both forced to decay to the final
states in which they are reconstructed. The efficiency is
determined as the number of DT candidates selected divided
by the number of events generated.
The DT yields of D → K0

SðLÞπ
þπ− involving a CP

eigenstate are a factor of 5.3(9.2) larger than those reported
in Ref. [22]. The yields of K0

Sπ
þπ− tagged with D →

K0
SðLÞπ

þπ− decays are a factor of 3.9(3.0) larger than those
in Ref. [22]. These increases come not only from the
larger data set available at BESIII but also from the
additional tag decay modes and partial reconstruction
selection techniques.
The resolutions of M2

K0
Sπ

$ and M2
K0

Lπ
$ on the Dalitz plot

are improved by requiring that the two neutral D mesons
conserve energy and momentum in the center-of-mass
frame, and the decay products from each D meson are
constrained to the nominal D0 mass [32]. In addition, the
K0

S decay products are constrained to the K0
S nominal mass

[32]. Finally, the missing mass of K0
L candidates is con-

strained to the nominal value [32]. The study of simulated
data indicates that the resulting resolutions of M2

K0
Sπ

$ and

M2
K0

Lπ
$ are 0.0068 and 0.0105 GeV2=c4 for D → K0

Sπ
þπ−

and D → K0
Lπ

þπ−, respectively. It should be noted that the
finite detector resolution can cause the selected events to
migrate between Dalitz plot bins after reconstruction,
which should be incorporated in evaluating the expected
DT candidates observed in Dalitz plot bins. More details
are presented in Secs. V B and V C.
The Dalitz plots for D0 → K0

Sπ
þπ− and D0 → K0

Lπ
þπ−

vs the flavor tags selected from the data are shown in Fig. 7.
In order to merge the D0 and D̄0 decays, the exchange of
coordinates M2

K0
S;Lπ

$ ↔ M2
K0

S;Lπ
∓ is performed for the D̄0

decays. Figure 7 also shows the CP-even and CP-odd
tagged signal channels selected in the data. The effect of the
quantum correlation in the data is immediately obvious by
studying the differences in these plots. Most noticeably, the
CP-odd component D → K0

Sρ
0 is visible in the D →

K0
Sπ

þπ− decay when tagged by CP-even decays, but is
absent when tagged by CP-odd decays.

V. DETERMINATION OF cð0Þi AND sð0Þi
A. Double-tag yields in Dalitz plot bins

The fit used to determine the strong-phase parameters is
based on the Poisson probability to observe N events in a
phase space region given the expectation value hNi. To
measure the observed yields, the data are divided into the
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data indicates that the resulting resolutions of M2

K0
Sπ

$ and

M2
K0

Lπ
$ are 0.0068 and 0.0105 GeV2=c4 for D → K0

Sπ
þπ−

and D → K0
Lπ

þπ−, respectively. It should be noted that the
finite detector resolution can cause the selected events to
migrate between Dalitz plot bins after reconstruction,
which should be incorporated in evaluating the expected
DT candidates observed in Dalitz plot bins. More details
are presented in Secs. V B and V C.
The Dalitz plots for D0 → K0

Sπ
þπ− and D0 → K0

Lπ
þπ−

vs the flavor tags selected from the data are shown in Fig. 7.
In order to merge the D0 and D̄0 decays, the exchange of
coordinates M2

K0
S;Lπ

$ ↔ M2
K0

S;Lπ
∓ is performed for the D̄0

decays. Figure 7 also shows the CP-even and CP-odd
tagged signal channels selected in the data. The effect of the
quantum correlation in the data is immediately obvious by
studying the differences in these plots. Most noticeably, the
CP-odd component D → K0

Sρ
0 is visible in the D →

K0
Sπ

þπ− decay when tagged by CP-even decays, but is
absent when tagged by CP-odd decays.

V. DETERMINATION OF cð0Þi AND sð0Þi
A. Double-tag yields in Dalitz plot bins

The fit used to determine the strong-phase parameters is
based on the Poisson probability to observe N events in a
phase space region given the expectation value hNi. To
measure the observed yields, the data are divided into the
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FIG. 7. Dalitz plots of K0
Sπ

þπ− and K0
Lπ

þπ− events in data.
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Model-independent, binned approach
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Model-independent method: Giri, Grossmann, Soffer, Zupan, Phys Rev D 68, 054018 (2003).
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One complex number per bin-pair, , contains the key 
information uniquely accessible at CLEO-c/BES III, which is 

related to the phases the  and  decay amplitudes.

ci + isi

D0 D0

m2(K0
S⇡

+) m2(K0
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Measurements of  at BES IIIci, si

11

Model-informed, optimised 
binning

in D0 → KSπ+π−

BESIII: PRL 124 (2020) 24, 241802

correct for this effect. The values of Ki and K0
i that are used

to evaluate Nexp
i are determined from the flavor-tagged DT

yields, where corrections from doubly Cabibbo-suppressed
decays, efficiency and migration effects have been applied,
which are explained in detail in Ref. [16].
The values of cð0Þi and sð0Þi are obtained by minimizing the

negative log-likelihood function constructed as

−2 logL ¼ −2
X

i

X

j

lnPðNobs
ij ; hNexp

ij iÞK0
Sπ

þπ−;K0
SðLÞπ

þπ−

− 2
X

i

lnPðNobs
i ; hNexp

i iÞCP;K0
SðLÞπ

þπ− þ χ2;

where PðNobs; hNexpiÞ is the Poisson probability to observe
Nobs events given the expected number hNexpi. Here the
sums are over the bins of theD0 → K0

SðLÞπ
þπ− Dalitz plots.

The χ2 term is used to constrain the difference c0i − ci
(s0i − si) to the predicted quantity Δci (Δsi). The values of
Δci andΔsi are estimated based on the decay amplitudes of
D0 → K0

Sπ
þπ− [30] and D0 → K0

Lπ
þπ−, where the latter is

constructed by adjusting the D0 → K0
Sπ

þπ− model taking
the K0

S and K
0
L mesons to have opposite CP, as is discussed

in Refs. [13,14]. The details of assigning Δci (Δsi) and
their uncertainties δΔci (δΔsi) are presented in Table VI
of Ref. [16].
The measured strong-phase parameters cð0Þi and sð0Þi are

presented in Fig. 3 and Table II. The estimation of
systematic uncertainties is described in detail in Ref. [16].
In addition to our results, Fig. 3 includes the predictions of
Ref. [30] and the results from Ref. [14], which show
reasonable agreement.
In summary, measurements of the strong-phase para-

meters between D0 and D̄0 → K0
S;Lπ

þπ− in bins of phase
space have been performed using 2.93 fb−1 of data
collected at

ffiffiffi
s

p
¼ 3.773 GeV with the BESIII detector.

Compared to the previous CLEO measurement [14], two
main improvements have been incorporated. First, addi-
tional tag decay modes are used. In particular the inclusion
of the πþπ−π0 tag improves the sensitivity to ci and the
addition of theK0

Sðπ0π0missÞπþπ− improves the sensitivity to
si. Second, corrections for bin migration have been
included, as their neglect would lead to uncertainties
comparable to the statistical uncertainty. The results
presented in this Letter are on average a factor of
2.5 (1.9) more precise for ci (si) and a factor of
2.8 (2.2) more precise for c0i (s

0
i) than has been achieved

previously. The strong-phase parameters provide an impor-
tant input for a wide range ofCP violation measurements in
the beauty and charm sectors, and also for measurements
of strong-phase parameters in other D decays where
D → K0

Sπ
þπ− is used as a tag [31,31–34].

To assess the impact of our ci and si results on a
measurement of γ, we use a large simulated data set of
B− → DK−, D → K0

Sπ
þπ− events. Based on the MC

simulation, the uncertainty in γ associated with our uncer-
tainties for ci and si is found to be 0.7°, 1.2°, and 0.8° for
the equal ΔδD, optimal and modified optimal binning
schemes, respectively. For comparison, the corresponding
results from CLEO are 2.0°, 3.9°, and 2.1° [14]. Therefore,
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FIG. 2. Dalitz plots of K0
Sπ

þπ− events in data. The effect of the
quantum correlation is clearly visible. The approximate locations
of events from K0

Sρð770Þ0 are indicated by arrows for clarity.
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Strong Phase ��D(�) in K 0
S
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Carefully optimised binning
New, unbinned model-
independent method

JHEP 09 (2023) 007

Other unbinned methods exist: Poluektov, Eur.Phys.J.C 78 (2018) 2, 121; Backus et al, 
arXiv:2211.05133. In contrast to these and the binned method, we do not do any integration, 

averaging or projection from 2D to 1D, and therefore do not suffer the associated information loss.

https://inspirehep.net/literature/2660852
https://inspirehep.net/literature/1644786
https://inspirehep.net/literature/2180395
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BaBar & BELLE  amplitude analysisD0 → KSπ+π−
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1.2M signal events (BELLE) 
94% signal purity

PRD 98 (2018) 11, 112012
Best statistical precision 
on  is achieved with an 

unbinned model-
dependent method. So 

let’s have a look at those 
models.

γ
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Model-independent phase correction

• The magnitudes of amplitude models 
are OK and can be verified on data.


• Violation of unitarity and analyticity in 
models destroys link between 
magnitude and phase - the models’ 
phases are uncertain.


• Idea: Keep models’ magnitudes, but 
correct phases in model-
independent way.

17
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CP violation is an interference effect
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Gronau, Wyler Phys.Lett.B265:172-176,1991, (GLW), Gronau, London Phys.Lett.B253:483-488,1991 (GLW) Atwood, Dunietz and Soni Phys.Rev.Lett. 78 (1997) 3257-3260 
(ADS) Giri, Grossman, Soffer and Zupan Phys.Rev. D68 (2003) 054018  Belle Collaboration Phys.Rev. D70 (2004) 072003

CP violation is an interference effect

(KSπ+π−)D
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rD(s+, s−)eiδ(s+,s−)
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Correct phase differences
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Γ−(s+, s−) ∝ r2
D(s+, s−) + r2

B + 2rD(s+, s−)rB cos (δB − γ − δD(s+, s−))

In all relevant decay rates, at the charm threshold and in B 
decays, phases enter through interference terms between 

 and  decay amplitudes, e.g. for  from D0 D0 D0 B−

We correct this term, the phase difference of the  and  
decay amplitudes to the same phase space point: 

D0 D0

δD = δmodel
D + δcorr

D

JHEP 09 (2023) 007

Or CP-tagged BESIII charm decays:
ΓCP(s+, s−) ∝ r2

D(s+, s−) + 1 ± 2rD(s+, s−)cos (δD(s+, s−))

https://inspirehep.net/literature/2660852
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Idea: Generic parametrisation of deviation of phase 
from model-prediction
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δ(s+, s−) = − δ(s−, s+)

Strong Phase ��D(�) in K 0
S
⇡+⇡�
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δcorr(s+, s−) = − δcorr(s−, s+)

Symmetry:

δ(s+, s−) = δmodel(s+, s−)+δcorr(s+, s−)
 = polynomial in , determined in 

simultaneous fit to  and  data 
δcorr(s+, s−) s+, s−

B± → DK± ψ(3770) → DD

JHEP 09 (2023) 007
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Testing the method
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Generate Babar & BELLE amplitude model with modified 
phase difference δ(s+, s−)
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Single fit, different-order correction polynomials
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Order �x+ · 100 �y+ · 100 �x� · 100 �y� · 100
MD +1.3± 0.8 +1.2± 1.1 �1.0± 1.3 �3.3± 1.3

1 +1.1± 0.8 +0.5± 1.0 �1.3± 0.8 �0.6± 1.0

2 +0.5± 0.9 +0.1± 1.0 �1.0± 0.8 +0.4± 1.0

3 +0.6± 0.8 0.0± 1.0 �1.2± 0.8 +0.4± 1.0

4 +0.3± 0.8 +0.4± 1.0 �0.8± 0.8 +0.3± 1.0

5 +0.4± 0.8 +0.5± 1.0 �0.7± 0.8 +0.3± 1.0

6 +0.3± 0.8 +0.7± 1.0 �0.8± 0.8 +0.4± 1.0

7 +0.3± 0.8 +0.5± 1.0 �0.9± 0.8 +0.7± 1.0

8 +0.3± 0.8 +0.5± 1.0 �0.9± 0.8 +0.7± 1.0

9 +0.3± 0.8 +0.5± 1.0 �0.7± 0.8 +0.7± 1.0

Table 5: Order to order fit for �D + fdouble(s+, s�) sample.

phase Method (�x+ ± �x+) (�y+ ± �y+) (�x� ± �x�) (�y� ± �y�)

mod. ⇥100 ⇥100 ⇥100 ⇥100

f0 = 0
QMI �0.1± 0.6 +0.1± 1.1 �0.1± 1.0 0.0± 1.0

MD �0.1± 0.6 +0.1± 1.1 �0.1± 0.9 �0.1± 1.0

fsingle
QMI +0.1± 0.7 +0.1± 1.1 +0.4± 0.9 �0.1± 1.1

MD +0.9± 0.7 +3.6± 1.1 +0.3± 0.9 �3.7± 1.2

fdouble
QMI +0.1± 0.7 �0.0± 1.0 +0.1± 0.9 +0.2± 1.0

MD +0.5± 0.7 +1.8± 1.1 +0.1± 1.0 �1.6± 1.0

Table 6: Residuals from 100 fits to samples without any phase modification, with the quasi-
model-independent (QMI) and the model-dependent (MD) method. The QMI fit uses a 6th
order phase-correction polynomial. Results are shown in the format (mean result) - (input
value) ± (standard deviation), in units of 10�2. The standard deviation � is that of the
distribution of fit results; the uncertainty on the mean is �/

p
100. The uncertainty on the

standard deviation, �/
p
200, varies between 0.04⇥ 10�2 and 0.08⇥ 10�2.

within uncertainties. For Ncorr > 3, the fit results differ slightly between the methods, but
far less than the statistical uncertainty. The validation studies below show that this does
not lead to a systematic bias. Tables 4 and 5 show that the phase modifications induce
a significant bias in x±, y± in the model-dependent method, and how the unbinned QMI
method recovers from it. An interesting feature is that the uncertainties on x± and y± do
not appear to be affected significantly by the additional fit parameters. This conclusion is
confirmed in the validation studies shown below.

4.2.2 Fits to 100 pseudoexperiments

We generate 100 pseudoexperiments and fit them with the model-dependent method, the
binned method, and the QMI method. The QMI method uses a 6th order correction poly-
nomial. Table 6 shows the mean and standard deviation of the distribution of residuals (i.e.
fit result minus truth value) for these fits. Table 7 shows the corresponding value for the

– 12 –

x± = rB cos(δB ± γ)
y± = rB sin(δB ± γ)

Deviation of 
from model in 

event generation

δ rad+1

rad−1

0

“true” 
δbias

LHCb yields as in JHEP 02 (2021) 169 
BESIII yields as in: PRL 124 (2020) 24, 241802, PRD 101 (2020) 11200
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2 +0.5± 0.9 +0.1± 1.0 �1.0± 0.8 +0.4± 1.0

3 +0.6± 0.8 0.0± 1.0 �1.2± 0.8 +0.4± 1.0

4 +0.3± 0.8 +0.4± 1.0 �0.8± 0.8 +0.3± 1.0

5 +0.4± 0.8 +0.5± 1.0 �0.7± 0.8 +0.3± 1.0

6 +0.3± 0.8 +0.7± 1.0 �0.8± 0.8 +0.4± 1.0

7 +0.3± 0.8 +0.5± 1.0 �0.9± 0.8 +0.7± 1.0

8 +0.3± 0.8 +0.5± 1.0 �0.9± 0.8 +0.7± 1.0

9 +0.3± 0.8 +0.5± 1.0 �0.7± 0.8 +0.7± 1.0

Table 5: Order to order fit for �D + fdouble(s+, s�) sample.

phase Method (�x+ ± �x+) (�y+ ± �y+) (�x� ± �x�) (�y� ± �y�)

mod. ⇥100 ⇥100 ⇥100 ⇥100

f0 = 0
QMI �0.1± 0.6 +0.1± 1.1 �0.1± 1.0 0.0± 1.0

MD �0.1± 0.6 +0.1± 1.1 �0.1± 0.9 �0.1± 1.0

fsingle
QMI +0.1± 0.7 +0.1± 1.1 +0.4± 0.9 �0.1± 1.1

MD +0.9± 0.7 +3.6± 1.1 +0.3± 0.9 �3.7± 1.2

fdouble
QMI +0.1± 0.7 �0.0± 1.0 +0.1± 0.9 +0.2± 1.0

MD +0.5± 0.7 +1.8± 1.1 +0.1± 1.0 �1.6± 1.0

Table 6: Residuals from 100 fits to samples without any phase modification, with the quasi-
model-independent (QMI) and the model-dependent (MD) method. The QMI fit uses a 6th
order phase-correction polynomial. Results are shown in the format (mean result) - (input
value) ± (standard deviation), in units of 10�2. The standard deviation � is that of the
distribution of fit results; the uncertainty on the mean is �/

p
100. The uncertainty on the

standard deviation, �/
p
200, varies between 0.04⇥ 10�2 and 0.08⇥ 10�2.

within uncertainties. For Ncorr > 3, the fit results differ slightly between the methods, but
far less than the statistical uncertainty. The validation studies below show that this does
not lead to a systematic bias. Tables 4 and 5 show that the phase modifications induce
a significant bias in x±, y± in the model-dependent method, and how the unbinned QMI
method recovers from it. An interesting feature is that the uncertainties on x± and y± do
not appear to be affected significantly by the additional fit parameters. This conclusion is
confirmed in the validation studies shown below.

4.2.2 Fits to 100 pseudoexperiments

We generate 100 pseudoexperiments and fit them with the model-dependent method, the
binned method, and the QMI method. The QMI method uses a 6th order correction poly-
nomial. Table 6 shows the mean and standard deviation of the distribution of residuals (i.e.
fit result minus truth value) for these fits. Table 7 shows the corresponding value for the
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to ��D in figure (6.21); similarly to the single peak results,

the ability to resolve the true bias increases with the order of the correcting polynomial.
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Order �x+ · 100 �y+ · 100 �x� · 100 �y� · 100
MD +1.3± 0.8 +1.2± 1.1 �1.0± 1.3 �3.3± 1.3

1 +1.1± 0.8 +0.5± 1.0 �1.3± 0.8 �0.6± 1.0

2 +0.5± 0.9 +0.1± 1.0 �1.0± 0.8 +0.4± 1.0

3 +0.6± 0.8 0.0± 1.0 �1.2± 0.8 +0.4± 1.0

4 +0.3± 0.8 +0.4± 1.0 �0.8± 0.8 +0.3± 1.0

5 +0.4± 0.8 +0.5± 1.0 �0.7± 0.8 +0.3± 1.0

6 +0.3± 0.8 +0.7± 1.0 �0.8± 0.8 +0.4± 1.0

7 +0.3± 0.8 +0.5± 1.0 �0.9± 0.8 +0.7± 1.0

8 +0.3± 0.8 +0.5± 1.0 �0.9± 0.8 +0.7± 1.0

9 +0.3± 0.8 +0.5± 1.0 �0.7± 0.8 +0.7± 1.0

Table 5: Order to order fit for �D + fdouble(s+, s�) sample.

phase Method (�x+ ± �x+) (�y+ ± �y+) (�x� ± �x�) (�y� ± �y�)

mod. ⇥100 ⇥100 ⇥100 ⇥100

f0 = 0
QMI �0.1± 0.6 +0.1± 1.1 �0.1± 1.0 0.0± 1.0

MD �0.1± 0.6 +0.1± 1.1 �0.1± 0.9 �0.1± 1.0

fsingle
QMI +0.1± 0.7 +0.1± 1.1 +0.4± 0.9 �0.1± 1.1

MD +0.9± 0.7 +3.6± 1.1 +0.3± 0.9 �3.7± 1.2

fdouble
QMI +0.1± 0.7 �0.0± 1.0 +0.1± 0.9 +0.2± 1.0

MD +0.5± 0.7 +1.8± 1.1 +0.1± 1.0 �1.6± 1.0

Table 6: Residuals from 100 fits to samples without any phase modification, with the quasi-
model-independent (QMI) and the model-dependent (MD) method. The QMI fit uses a 6th
order phase-correction polynomial. Results are shown in the format (mean result) - (input
value) ± (standard deviation), in units of 10�2. The standard deviation � is that of the
distribution of fit results; the uncertainty on the mean is �/

p
100. The uncertainty on the

standard deviation, �/
p
200, varies between 0.04⇥ 10�2 and 0.08⇥ 10�2.

within uncertainties. For Ncorr > 3, the fit results differ slightly between the methods, but
far less than the statistical uncertainty. The validation studies below show that this does
not lead to a systematic bias. Tables 4 and 5 show that the phase modifications induce
a significant bias in x±, y± in the model-dependent method, and how the unbinned QMI
method recovers from it. An interesting feature is that the uncertainties on x± and y± do
not appear to be affected significantly by the additional fit parameters. This conclusion is
confirmed in the validation studies shown below.

4.2.2 Fits to 100 pseudoexperiments

We generate 100 pseudoexperiments and fit them with the model-dependent method, the
binned method, and the QMI method. The QMI method uses a 6th order correction poly-
nomial. Table 6 shows the mean and standard deviation of the distribution of residuals (i.e.
fit result minus truth value) for these fits. Table 7 shows the corresponding value for the
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to ��D in figure (6.21); similarly to the single peak results,

the ability to resolve the true bias increases with the order of the correcting polynomial.
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(c) Biases used for the pull study

14

Order �x+ · 100 �y+ · 100 �x� · 100 �y� · 100
MD +1.3± 0.8 +1.2± 1.1 �1.0± 1.3 �3.3± 1.3

1 +1.1± 0.8 +0.5± 1.0 �1.3± 0.8 �0.6± 1.0

2 +0.5± 0.9 +0.1± 1.0 �1.0± 0.8 +0.4± 1.0

3 +0.6± 0.8 0.0± 1.0 �1.2± 0.8 +0.4± 1.0

4 +0.3± 0.8 +0.4± 1.0 �0.8± 0.8 +0.3± 1.0

5 +0.4± 0.8 +0.5± 1.0 �0.7± 0.8 +0.3± 1.0

6 +0.3± 0.8 +0.7± 1.0 �0.8± 0.8 +0.4± 1.0

7 +0.3± 0.8 +0.5± 1.0 �0.9± 0.8 +0.7± 1.0

8 +0.3± 0.8 +0.5± 1.0 �0.9± 0.8 +0.7± 1.0

9 +0.3± 0.8 +0.5± 1.0 �0.7± 0.8 +0.7± 1.0

Table 5: Order to order fit for �D + fdouble(s+, s�) sample.

phase Method (�x+ ± �x+) (�y+ ± �y+) (�x� ± �x�) (�y� ± �y�)

mod. ⇥100 ⇥100 ⇥100 ⇥100

f0 = 0
QMI �0.1± 0.6 +0.1± 1.1 �0.1± 1.0 0.0± 1.0

MD �0.1± 0.6 +0.1± 1.1 �0.1± 0.9 �0.1± 1.0

fsingle
QMI +0.1± 0.7 +0.1± 1.1 +0.4± 0.9 �0.1± 1.1

MD +0.9± 0.7 +3.6± 1.1 +0.3± 0.9 �3.7± 1.2

fdouble
QMI +0.1± 0.7 �0.0± 1.0 +0.1± 0.9 +0.2± 1.0

MD +0.5± 0.7 +1.8± 1.1 +0.1± 1.0 �1.6± 1.0

Table 6: Residuals from 100 fits to samples without any phase modification, with the quasi-
model-independent (QMI) and the model-dependent (MD) method. The QMI fit uses a 6th
order phase-correction polynomial. Results are shown in the format (mean result) - (input
value) ± (standard deviation), in units of 10�2. The standard deviation � is that of the
distribution of fit results; the uncertainty on the mean is �/

p
100. The uncertainty on the

standard deviation, �/
p
200, varies between 0.04⇥ 10�2 and 0.08⇥ 10�2.

within uncertainties. For Ncorr > 3, the fit results differ slightly between the methods, but
far less than the statistical uncertainty. The validation studies below show that this does
not lead to a systematic bias. Tables 4 and 5 show that the phase modifications induce
a significant bias in x±, y± in the model-dependent method, and how the unbinned QMI
method recovers from it. An interesting feature is that the uncertainties on x± and y± do
not appear to be affected significantly by the additional fit parameters. This conclusion is
confirmed in the validation studies shown below.

4.2.2 Fits to 100 pseudoexperiments

We generate 100 pseudoexperiments and fit them with the model-dependent method, the
binned method, and the QMI method. The QMI method uses a 6th order correction poly-
nomial. Table 6 shows the mean and standard deviation of the distribution of residuals (i.e.
fit result minus truth value) for these fits. Table 7 shows the corresponding value for the
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A " µ+ �+ µ� ��
fsingle 1 0.1 2.0 0.75 0.90 0.25

fdouble subscript 1 1 0.1 1.0 0.25 1.25 0.25
fdouble subscript 2 �1 0.1 2.5 0.25 1.25 0.25

Table 2: Parameters used for scenarios two (fsingle) and three (fdouble), where for fdouble
the top row refers to the parameters with subscript 1 in Eq 4.4, and the bottom row refers
those with subscript 2. The parameters ", µ and � are given in units of

�
GeV /c2

�2.

(a) Single peak bias (b) Double peak bias

Figure 2: The figures show the difference between the phase difference �D(s+, s�) of the
nominal amplitude model and the model with which the data are actually generated, for
the two biased scenarios considered.

with

G (s+, s�) =

8
<

:

(s+�µ+)2

�2
+

+ (s��µ�)2

�2
�

s+ > s�,

(s��µ+)2

�2
+

+ (s+�µ�)2

�2
�

s+ < s�.
(4.3)

3. double Gaussian modification

fdouble(s+, s�) = fsingle(s+, s�|A1, "1, µ+1, µ�1,�+1,��1)

+ fsingle(s+, s�|A2, "2, µ+2, µ�2,�+2,��2).
(4.4)

The purpose of the error function, erf(x) ⌘ 2p
⇡

R x
0 e�t2 dt, in the definition of fsingle is to

implement the condition f(s+, s�) = �f(s�, s+) while providing a smooth transition across
the line s+ = s�. The parameter values used for scenarios two and three are given in Tab 2.
The phase modifications they induce are shown in Fig 2, which shows fsingle and fdouble,
in radians. It can be seen that scenario two targets the region of the K⇤ resonance, while
scenario three has large phase modifications especially in the region of the ⇢KS � K⇤⇡

interference. It is worth noting that the phase change relative to the nominal model we
consider here is up to ±1 radian, which is not a small shift.
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(c) Biases used for the pull study

14

(a) Dalitz Phasepace in terms of s+, s� (b) Rotated Dalitz Phasepace

(c) Stretched Rotated Dalitz Phasepace

Figure 1: The Dalitz Phasespace, (s+, s�), shaped to the rotated coordinates, (z0+, z
0
�)

and the stretched rotated coordinates, (z0+, z00�).

We parameterise �corrD in a generic way, as a power series in the Dalitz plot parameters. We
assume CP conservation in charm decays, such that

�D(s+, s�) = ��D(s�, s+), (3.2)

which also implies

�corrD (s+, s�) = ��corrD (s�, s+). (3.3)

This symmetry reduces the number of parameters needed to parameterise �corrD . We will
see below that even if we depart from the assumption that the model’s phase differences
are approximately correct, such that �corrD becomes quite sizeable, our method still works.

The information that allows us to constrain �corrD comes, as for the binned methods,
predominantly from the charm threshold, although B± ! DK± decays also contribute.

– 7 –

model correct

model wrong

model wrong

phase-mod Method �x+

�x+

�y+
�y+

�x�
�x�

�y�
�y�

f0 = 0
QMI �0.12± 0.82 +0.07± 1.01 �0.12± 1.11 �0.02± 1.06

MD �0.08± 0.82 +0.13± 1.01 �0.07± 1.06 �0.12± 1.01

fsingle
QMI +0.22± 0.89 �0.07± 0.93 +0.16± 1.08 +0.07± 1.28

MD +1.10± 0.85 +3.42± 1.03 +0.36± 1.03 �3.85± 1.21

fdouble
QMI +0.17± 0.90 +0.07± 0.94 +0.02± 0.99 +0.13± 1.01

MD +2.04± 0.87 +1.07± 0.95 �0.93± 1.16 �1.81± 1.24

Table 7: Pull results from 100 fits with the quasi-model-independent (QMI) and the model-
dependent (MD) method, for each of the three phase-modification scenarios. The QMI fit
uses a 6th order correction polynomial. Results are shown in the format (mean pull) ±
(standard deviation). The standard deviation is that of the pull distribution (rather than
the uncertainty on the mean). The uncertainty on the mean is 0.1, that on the standard
deviation is 0.07. The substantial (and expected) biases observed for the model-dependent
method for the fits with phase-modification disappear with the QMI method.

�x+ �y+ �x� �y� �rB ��B ��
⇥102 ⇥102 ⇥102 ⇥102 ⇥102

binned fit (fixed ci, si) 0.886 1.482 1.189 1.328 0.879 5.33� 5.09�

unbinned QMI 0.780 1.091 0.877 0.945 0.664 4.24� 4.21�

unbinned MD 0.784 1.081 0.878 0.939 0.660 4.19� 4.23�

Table 8: Comparing the QMI method with our implementation of the binned method,
for the case with no phase modification. The uncertainties given are the average of those
reported by the fitter for 100 fits. We use the “optimal” binning defined in [29]). We fix the
ci, si in the binned fit, so, in contrast to the QMI results, the uncertainties from the binned
fit do not include the effect from the finite sample size at the charm threshold, which leads
to an additional uncertainty on � of 1.2� [31].

pull, which is the the residual divided by the uncertainty reported by the fit. The results
show that, in the absence of any phase modification, the model-dependent and the QMI
method both yield unbiased results with essentially the same uncertainty. The pulls for
the QMI method, and for the unbiased data also those for the model-dependent method,
show generally good agreement with the expected mean of zero and standard deviation
of one. For both methods, the uncertainty the fitter reports on x+ seems to be slightly
over-estimated. There appears to be a slight under-estimation of the y� uncertainty in the
fsingle configuration. The results with the two phase modification scenarios confirm that
the phase modifications induce significant biases in the fit results of the model-dependent
method, while the QMI results remain unbiased.

Table 8 compares the uncertainties achieved with our new method to those from
the model-dependent method and the model-independent binned method. The unbinned
model-independent method proposed in [21], which is based on projecting the two-dimensional
Dalitz plot onto one dimension, results in uncertainties on � between those of the model-
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Lumi new QMI Model-
dependent

8 bins, 
fixed*  
ci, si

1xLHCb 1xBESIII 4.2
4.2 5.1

1xLHCb 10xBESIII 4.2

100xLHCb 1xBESIII 0.45
0.42 0.52

100xLHCb 10xBESIII 0.43

σγ(∘)

(average error reported in 100 pseudo experiments)

*) additional 
uncertainty on 
binned  fit due 
to finite BESIII 
data for 
1xBESIII: 1.2º 
PRD 101 (2020) 11200

γ

(BTW, ultimate precision on  achieved through combining multiple decay modes)γ

JHEP 09 (2023) 007Using our implementation of the model, no background, no detector effects.
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does to :γ
We’ll use this to construct 

nasty discrepancies 
between “true” and 
“assumed” model
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To which order do we have to expand the polynomial?

26

We tune our phase 
modifications such that the 

 between  and  
calculated from “assumed” 

and “phase-modified” 
model corresponds to  

deviation (assuming current 
BESIII uncertainties)

χ2 ci si

5σ

in D0 → KSπ+π−

BESIII: PRL 124 (2020) 24, 241802

correct for this effect. The values of Ki and K0
i that are used

to evaluate Nexp
i are determined from the flavor-tagged DT

yields, where corrections from doubly Cabibbo-suppressed
decays, efficiency and migration effects have been applied,
which are explained in detail in Ref. [16].
The values of cð0Þi and sð0Þi are obtained by minimizing the

negative log-likelihood function constructed as

−2 logL ¼ −2
X

i

X

j

lnPðNobs
ij ; hNexp

ij iÞK0
Sπ

þπ−;K0
SðLÞπ

þπ−

− 2
X

i

lnPðNobs
i ; hNexp

i iÞCP;K0
SðLÞπ

þπ− þ χ2;

where PðNobs; hNexpiÞ is the Poisson probability to observe
Nobs events given the expected number hNexpi. Here the
sums are over the bins of theD0 → K0

SðLÞπ
þπ− Dalitz plots.

The χ2 term is used to constrain the difference c0i − ci
(s0i − si) to the predicted quantity Δci (Δsi). The values of
Δci andΔsi are estimated based on the decay amplitudes of
D0 → K0

Sπ
þπ− [30] and D0 → K0

Lπ
þπ−, where the latter is

constructed by adjusting the D0 → K0
Sπ

þπ− model taking
the K0

S and K
0
L mesons to have opposite CP, as is discussed

in Refs. [13,14]. The details of assigning Δci (Δsi) and
their uncertainties δΔci (δΔsi) are presented in Table VI
of Ref. [16].
The measured strong-phase parameters cð0Þi and sð0Þi are

presented in Fig. 3 and Table II. The estimation of
systematic uncertainties is described in detail in Ref. [16].
In addition to our results, Fig. 3 includes the predictions of
Ref. [30] and the results from Ref. [14], which show
reasonable agreement.
In summary, measurements of the strong-phase para-

meters between D0 and D̄0 → K0
S;Lπ

þπ− in bins of phase
space have been performed using 2.93 fb−1 of data
collected at

ffiffiffi
s

p
¼ 3.773 GeV with the BESIII detector.

Compared to the previous CLEO measurement [14], two
main improvements have been incorporated. First, addi-
tional tag decay modes are used. In particular the inclusion
of the πþπ−π0 tag improves the sensitivity to ci and the
addition of theK0

Sðπ0π0missÞπþπ− improves the sensitivity to
si. Second, corrections for bin migration have been
included, as their neglect would lead to uncertainties
comparable to the statistical uncertainty. The results
presented in this Letter are on average a factor of
2.5 (1.9) more precise for ci (si) and a factor of
2.8 (2.2) more precise for c0i (s

0
i) than has been achieved

previously. The strong-phase parameters provide an impor-
tant input for a wide range ofCP violation measurements in
the beauty and charm sectors, and also for measurements
of strong-phase parameters in other D decays where
D → K0

Sπ
þπ− is used as a tag [31,31–34].

To assess the impact of our ci and si results on a
measurement of γ, we use a large simulated data set of
B− → DK−, D → K0

Sπ
þπ− events. Based on the MC

simulation, the uncertainty in γ associated with our uncer-
tainties for ci and si is found to be 0.7°, 1.2°, and 0.8° for
the equal ΔδD, optimal and modified optimal binning
schemes, respectively. For comparison, the corresponding
results from CLEO are 2.0°, 3.9°, and 2.1° [14]. Therefore,
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Test a bunch of damaging phase corrections

27
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Pulls from 100 toy experiments, 4 phase-modifications, 
correction polynomial of 0th, 1st, …, 8th order

28

Plot shows mean of , averaged over 100 simulated experiments⟨ γ fit − γinput

σ(γ) ⟩
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Pull results for  for all models.γ

29

While  is looking good, some other parameters do show some bias for 2 or 3 
of the phase-modification scenarios - still needs to be understood.
γ

Pull results for  for the different models, correction polynomials of order 6, 7, 8.γ
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Next steps: adding more realism

30
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B± → DK±
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Unitarity triangle

31

�
≡1

before LHCb

Shown are constraints on apex 
of triangle from various 
measurements (      )
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Past
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�
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before LHCb

Shown are constraints on apex 
of triangle from various 

measurements (      ) and γ (      )

2 4 6 8𝑡 [ps]05001000150020002500

D
ec

ay
s/

(0
.0

4
ps

)

LHCb6 fb−1

𝐵0𝑠 → 𝐷−𝑠 𝜋+ 𝐵0𝑠 → 𝐵0𝑠 → 𝐷−𝑠 𝜋+ Untagged



J Cottee-Meldrum, E Gersabeck, J Lane, C Normand, J Rademacker, S Zheng:     Model-independent phase correction       PWA/ATHOS, 28/5/2024, Williamsburg

Present
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Now

Shown are constraints on apex 
of triangle from various 

measurements (      ) and γ (      )
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Outlook

34

What we’re aiming for

BESIII + LHCb  

+ BELLE 

There is a crack, a crack in everything 
That’s how the light gets in. 

(Leonard Cohen)
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≡1
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Outlook & Summary I
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What we’re aiming for

BESIII + LHCb  

+ BELLE 

There is a crack, a crack in everything 
That’s how the light gets in. 

(Leonard Cohen)
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Outlook & Summary I

35

What we’re aiming for

BESIII + LHCb  

+ BELLE 

There is a crack, a crack in everything 
That’s how the light gets in. 

(Leonard Cohen)

�
2 4 6 8𝑡 [ps]05001000150020002500

D
ec

ay
s/

(0
.0

4
ps

)

LHCb6 fb−1

𝐵0𝑠 → 𝐷−𝑠 𝜋+ 𝐵0𝑠 → 𝐵0𝑠 → 𝐷−𝑠 𝜋+ Untagged

≡1
New unbinned method (JHEP 09 (2023) 007) makes optimal use of the information 

contained in  and  data for a better precision on .ψ(3770) → DD B± → DK± γ

https://inspirehep.net/literature/2660852
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 Summary II

36

Input phase 
modification Fitted phase modification order by order

This should also be useful for studying the amplitude 
model itself! 
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PS:

37

Our method assumes that the magnitude of BaBar/Belle 
amplitude model is (sufficiently) accurate. This implies we 

need to be able to implement that model exactly. 
Implementing others’ models is notoriously difficult. 

Misha will explain how to make this better in the future.



38

The End



J Cottee-Meldrum, E Gersabeck, J Lane, C Normand, J Rademacker, S Zheng:     Model-independent phase correction       PWA/ATHOS, 28/5/2024, Williamsburg

Figure 1.1: Integrated luminosity profile for the original LHCb, Upgrade I (Run 3 and 4) and
Upgrade II (Run 5 and 6) experiments, in the context of the o�cial LHC schedule of 2021
(extensions of Run 3 and LS3 by one year and six months, respectively, have been deliberated in
January 2022). The blue points and the left scale indicate the anticipated maximum instantaneous
luminosity whilst the red line and right scale indicate the accumulated integrated luminosity.

physics programme to be expanded in ways unforeseen prior to data-taking, for example in
studies of heavy ion and fixed target collisions and searches in the dark sector.

The method of testing the SM through precision measurements in flavour physics is fully
complementary to that of searching for on-shell production of new particles in high energy
collisions. The mixing and decay of beauty and charm hadrons occur through weak interactions,
mediated by gauge bosons with masses many times larger than those of the hadrons themselves.
Other, as-yet unknown, particles could also contribute, leading to measured parameters such
as decay rates and CP violation asymmetries deviating from the SM predictions. The reach of
measurements of these observables is limited only by experimental and theoretical precision.
Rare processes, where the SM contribution is small or vanishing and as such has low uncertainty,
are of special interest. In particular, processes for which the SM contribution occurs through loop
diagrams, i.e. flavour changing neutral currents (FCNC), are often considered golden channels for
potential discoveries of physics beyond the SM. These include B ! ``, B ! X`` and B ! X�
(here ` is a lepton and X is a hadronic system). Several anomalies recently reported by LHCb in
these types of processes have led to speculation that a discovery of physics beyond the SM may
be not far o↵. In particular, a recent measurement [12] of RK , the ratio of B+

! K+µ+µ� and
B+

! K+e+e� decay rates, shows evidence of violation of lepton universality with a significance
of 3.1 standard deviations. If confirmed by further measurements, Upgrade II will allow new
physics models to be distinguished. Independent of their confirmation, these rare decays serve
as a good example of the potential of flavour physics at Upgrade II to probe beyond the reach
of the energy frontier.

A major detector upgrade is presently under installation, referred to in this document as
Upgrade I. This will employ a full software trigger, which will provide significantly increased
selection e�ciency in hadronic final states, and allow the experiment to function at a luminosity of
2⇥1033 cm�2s�1. The design of the Upgrade I detector is presented in several documents [16–22]
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physics models to be distinguished. Independent of their confirmation, these rare decays serve
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Pulls from 100 toy experiments, 4 phase-modifications, 
correction polynomial of 0th, 1st, …, 8th order

40

x+ = rB cos(δB + γ)

x− = rB cos(δB − γ) y− = rB sin(δB − γ)

y+ = rB sin(δB + γ)
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B− → DK−, D → K+π−π+π−

43

Step 1: Two amplitude models 
 and D0 → K+π−π+π− D0 → K+π−π+π−

LHCb: Eur.Phys.J. C78 (2018) no.6, 443
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Figure 2: Distributions for six invariant-mass observables in the RS decay D0
! K�⇡+⇡+⇡�.

Bands indicate the expectation from the model, with the width of the band indicating the total
systematic uncertainty. The total background contribution, which is very low, is shown as a
filled area. In figures that involve a single positively-charged pion, one of the two identical pions
is selected randomly.
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6.3 Results for the WS decay
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Figure 5: Distributions for six invariant-mass observables in the WS decay D0
! K+⇡�⇡�⇡+.

Bands indicate the expectation from the model, with the width of the band indicating the total
systematic uncertainty. The total background contribution is shown as a filled area, with the
lower region indicating the expected contribution from mistagged D0

! K+⇡�⇡�⇡+ decays. In
figures that involve a single negatively-charged pion, one of the two identical pions is selected
randomly.

Invariant mass-squared distributions for D0
! K+⇡�⇡�⇡+ are shown in Fig. 5. Large
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Step 2 Model-informed binning, analysis of 
correlated  pairs in bins at BES IIID, D

Binning based on latest model: Evans, Malde, 
Libby, Wilkinson: PLB 802 (2020) 135188

5-D binning: S Harnew, JR JHEP 03 (2015) 169

BESIII: JHEP 05 (2021) 164
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Figure 10. Scans of ��
2 in the four bins of the (RK3⇡, �

K3⇡
D ) parameter space, showing the

��
2=2.30, 6.18, 11.83 intervals, which correspond to 68.3%, 95.4% and 99.7% confidence levels in

the two-dimensional parameter space. Also indicated is the prediction from the model, where the
global offset in the average strong-phase difference comes from the global result.
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Re�i�D = ci + isi

1st (unbinned) measurement at 
CLEO-c: PRD 80 (2009) 031105

Coherence factor: Atwood & Soni  
PRD 68 (2003) 033003
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Measurement of the CKM angle �
with B± ! D[K⌥⇡±⇡±⇡⌥

]h±

decays using a binned phase-space

approach

LHCb collaboration

Abstract

The CKM angle � is determined from CP -violating observables measured in
B±

! D[K⌥⇡±⇡±⇡⌥]h±, (h = K,⇡) decays, where the measurements are per-
formed in bins of the decay phase-space of the D meson. Using proton-proton
collision data collected by the LHCb experiment at centre-of-mass energies of 7, 8
and 13TeV, corresponding to a total integrated luminosity of 9 fb�1, � is determined
to be

� =
�
54.8 + 6.0

� 5.8
+ 0.6
� 0.6

+ 6.7
� 4.3

��
,

where the first uncertainty is statistical, the second systematic and the third from
the external inputs on the coherence factors and strong phases of the D-meson
decays.
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LHCb �x+ · 102 �y+ · 102 �x� · 102 �y� · 102 �� (�)
Lumi MD bin MD bin MD bin MD bin MD bin

⇥1 0.780 0.886 1.081 1.482 0.878 1.189 0.939 1.328 4.23 5.09

⇥100 0.078 0.089 0.108 0.149 0.088 0.118 0.093 0.134 0.42 0.52

Table 9: Uncertainty on fit parameters for the model-dependent method and the binned
method with fixed ci, si for 1⇥ and 100⇥ the dataset analysed by LHCb in [28]. The un-
certainties are the average of those reported by the fitter for fits to 100 pseudoexperiments,
generated without backgrounds or detector effects. The statistical uncertainty on the mean
of �� ranges from 1% to 3% of its value.

Lumi scenario:
LHCb BES III �x+ · 102 �y+ · 102 �x� · 102 �y� · 102 �� (�)

⇥1 ⇥1 0.780 1.091 0.877 0.945 4.21

⇥1 ⇥10 0.773 1.062 0.866 0.924 4.18

⇥100 ⇥1 0.079 0.122 0.090 0.104 0.45

⇥100 ⇥10 0.078 0.115 0.089 0.099 0.43

Table 10: Uncertainties on fit parameters for the QMI method, for scenarios is 1⇥ and
100⇥ the dataset analysed by LHCb in [28], and 1⇥ and 10⇥ the dataset analysed by
BES III in [31, 32]. The uncertainties are the average uncertainty reported by the fitter
for ⇠ 100 simulated datasets, generated without backgrounds or detector effects. The
statistical uncertainty on the mean of �� is ⇠ 1% of its value.

dependent and the binned method. In our implementation of the binned method, we base
the binning on the same amplitude model that we use to generate the simulated data,
which should result in a slightly optimistic performance of the method. We test all bin-
ning schemes defined in [29] and find that the “optimal” binning scheme leads to the best
results. In our binned fit, we fix si and ci to their true value (according to our model), so
that the uncertainty on � for the binned method does not include the contribution from
the uncertainty on si and ci. The sensitivity studies reported in [32] show that, for the
“optimal” binning scheme, taking into account the measurement uncertainties on ci and si
leads to an additional uncertainty on � of 1.2�. This results in a total uncertainty on � of
5.1� � 1.2� = 5.2�, which is, on the same simulated signal data, improved to 4.2� by the
new method introduced, here.

4.2.3 Alternative sample sizes

For the studies above, we used sample sizes corresponding to those reported in recent
publications by BES III [31, 32] and LHCb [28]. Here we consider possible future datasets
that are considerably larger, 10⇥ as large for BES III and 100⇥ as large for LHCb. The
results for the QMI methods are presented in Tab 10. The results for the model-dependent
method and the binned method with fixed ci, si are given in Tab 9. The results for the
binned method, with fixed ci, si, represent the best possible uncertainty on � that can be

– 14 –

LHCb �x+ · 102 �y+ · 102 �x� · 102 �y� · 102 �� (�)
Lumi MD bin MD bin MD bin MD bin MD bin

⇥1 0.780 0.886 1.081 1.482 0.878 1.189 0.939 1.328 4.23 5.09

⇥100 0.078 0.089 0.108 0.149 0.088 0.118 0.093 0.134 0.42 0.52

Table 9: Uncertainty on fit parameters for the model-dependent method and the binned
method with fixed ci, si for 1⇥ and 100⇥ the dataset analysed by LHCb in [28]. The un-
certainties are the average of those reported by the fitter for fits to 100 pseudoexperiments,
generated without backgrounds or detector effects. The statistical uncertainty on the mean
of �� ranges from 1% to 3% of its value.

Lumi scenario:
LHCb BES III �x+ · 102 �y+ · 102 �x� · 102 �y� · 102 �� (�)

⇥1 ⇥1 0.780 1.091 0.877 0.945 4.21

⇥1 ⇥10 0.773 1.062 0.866 0.924 4.18

⇥100 ⇥1 0.079 0.122 0.090 0.104 0.45

⇥100 ⇥10 0.078 0.115 0.089 0.099 0.43

Table 10: Uncertainties on fit parameters for the QMI method, for scenarios is 1⇥ and
100⇥ the dataset analysed by LHCb in [28], and 1⇥ and 10⇥ the dataset analysed by
BES III in [31, 32]. The uncertainties are the average uncertainty reported by the fitter
for ⇠ 100 simulated datasets, generated without backgrounds or detector effects. The
statistical uncertainty on the mean of �� is ⇠ 1% of its value.

dependent and the binned method. In our implementation of the binned method, we base
the binning on the same amplitude model that we use to generate the simulated data,
which should result in a slightly optimistic performance of the method. We test all bin-
ning schemes defined in [29] and find that the “optimal” binning scheme leads to the best
results. In our binned fit, we fix si and ci to their true value (according to our model), so
that the uncertainty on � for the binned method does not include the contribution from
the uncertainty on si and ci. The sensitivity studies reported in [32] show that, for the
“optimal” binning scheme, taking into account the measurement uncertainties on ci and si
leads to an additional uncertainty on � of 1.2�. This results in a total uncertainty on � of
5.1� � 1.2� = 5.2�, which is, on the same simulated signal data, improved to 4.2� by the
new method introduced, here.

4.2.3 Alternative sample sizes

For the studies above, we used sample sizes corresponding to those reported in recent
publications by BES III [31, 32] and LHCb [28]. Here we consider possible future datasets
that are considerably larger, 10⇥ as large for BES III and 100⇥ as large for LHCb. The
results for the QMI methods are presented in Tab 10. The results for the model-dependent
method and the binned method with fixed ci, si are given in Tab 9. The results for the
binned method, with fixed ci, si, represent the best possible uncertainty on � that can be

– 14 –

JHEP 09 (2023) 007

https://inspirehep.net/literature/2660852


J Cottee-Meldrum, E Gersabeck, J Lane, C Normand, J Rademacker, S Zheng:     Model-independent phase correction       PWA/ATHOS, 28/5/2024, Williamsburg

Parameter counting

• Binning such that such that ci = c-i, si = -s-i


• Parameter counting: 
Number of bins:  
Dividing Dalitz plot into N bin pairs gives 4N bins (2N for , 2N for ) 
 
Number of parameters: 
3 global ( ) 
2 N (  one per each bin pair) 
 
Theoretically, if 2N+3  4N (i.e. ), can fit all parameters, , just 
from B decays. 


• In practice, to achieve good precision on , input from threshold to constrain  
is absolutely critical.

B+ B−

rB, δB, γ
ci, si

≤ N ≥ 2 rB, γ, δ, ci, si

γ ci, si

48

Giri, Grossmann, Soffer, Zupan, Phys Rev D 68, 054018 (2003).

http://www-spires.dur.ac.uk/spires/find/hep/www?eprint=hep-ph/0303187
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Figure 3: Invariant mass distributions for the (left) B± ! DK± channel and (right) B± ! D⇡±

channel with D ! K0
S⇡

+⇡�. The top (bottom) plots show data where the K0
S candidate is long

(downstream). Square brackets in the legend denote a particle that has not been reconstructed.

the mass range 5080 to 5800 MeV/c2 is performed, with no partition of the D phase space.
This fit is referred to as the global fit. The global fit is used to determine the signal and
background component parameterisations, which are subsequently used in a second stage
where the data are split by B charge and partitioned into the Dalitz plot bins to determine
the CP observables.

The invariant mass distributions of the selected B± candidates are shown for
D ! K0

S⇡
+⇡� and D ! K0

SK
+K� candidates in Figs. 3 and 4, respectively, together with

the results of the global fit superimposed. The invariant mass is kinematically constrained
through a fit imposed on the full B± decay chain [61]. The D and K0

S candidates are
constrained to their known masses [58] and the B± candidate momentum vector is required
to point towards the associated PV. The data sample is split into 8 categories depending
on the reconstructed B decay, D decay mode, and K0

S category, since the latter exhibits
slightly di↵erent mass resolutions. The fit is performed simultaneously for all categories
in order to allow parameters to be shared.

The peaks centered around 5280MeV/c2 correspond to the signal B± ! DK± and
B± ! D⇡± candidates. The parameterisation for the signal invariant-mass shape is
determined from simulation; the invariant-mass distribution is modelled with a sum of
the probability density function (PDF) for a Gaussian distribution, fG(m|mB, �), and

9

LHCb: JHEP 02 (2021) 169

B± → DK±

12.5k signal events

“long  Ks”

“downstream Ks”

https://inspirehep.net/literature/1823424
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Input to LHCb 𝛾 combination

50

Table 1: Measurements used in the combination. Those that are new, or that have changed,
since the previous combination [14] are highlighted in bold. The Run 1 and 2 took place from
2011 to 2012, corresponding to 1(2) fb�1 of integrated luminosity of proton-proton collisions
at a centre-of-mass energy of 7(8)TeV, and from 2015 to 2018, corresponding to 6 fb�1 at
13TeV, respectively. Measurements denoted by (*) include only a fraction of the Run 2 sample,
corresponding to data taken in 2015 and 2016. Where multiple references are cited, measured
values are taken from the most recent results, which include information from the others.

B decay D decay Ref. Dataset Status since

Ref. [14]

B± ! Dh± D ! h+h� [29] Run 1&2 As before

B± ! Dh± D ! h+⇡�⇡+⇡� [30] Run 1 As before

B± ! Dh± D ! K±⇡⌥⇡+⇡� [18] Run 1&2 New

B± ! Dh± D ! h+h�⇡0 [19] Run 1&2 Updated

B± ! Dh± D ! K0
Sh

+h� [31] Run 1&2 As before

B± ! Dh± D ! K0
SK

±⇡⌥ [32] Run 1&2 As before

B± ! D⇤h± D ! h+h� [29] Run 1&2 As before

B± ! DK⇤± D ! h+h� [33] Run 1&2(*) As before

B± ! DK⇤± D ! h+⇡�⇡+⇡� [33] Run 1&2(*) As before

B± ! Dh±⇡+⇡� D ! h+h� [34] Run 1 As before

B0 ! DK⇤0 D ! h+h� [35] Run 1&2(*) As before

B0 ! DK⇤0 D ! h+⇡�⇡+⇡� [35] Run 1&2(*) As before

B0 ! DK⇤0 D ! K0
S⇡

+⇡� [36] Run 1 As before

B0 ! D⌥⇡± D+ ! K�⇡+⇡+ [37] Run 1 As before

B0
s ! D⌥

s K
± D+

s ! h+h�⇡+ [38] Run 1 As before

B0
s ! D⌥

s K
±⇡+⇡� D+

s ! h+h�⇡+ [39] Run 1&2 As before

D decay Observable(s) Ref. Dataset Status since

Ref. [14]

D0 ! h+h� �ACP [24, 40, 41] Run 1&2 As before

D0 ! K+K� ACP (K+K�) [16, 24,25] Run 2 New

D0 ! h+h� yCP � yK
�⇡+

CP [42] Run 1 As before

D0 ! h+h� yCP � yK
�⇡+

CP [15] Run 2 New

D0 ! h+h� �Y [43–46] Run 1&2 As before

D0 ! K+⇡� (Single Tag) R±, (x0±)2, y0± [47] Run 1 As before

D0 ! K+⇡� (Double Tag) R±, (x0±)2, y0± [48] Run 1&2(*) As before

D0 ! K±⇡⌥⇡+⇡� (x2 + y2)/4 [49] Run 1 As before

D0 ! K0
S⇡

+⇡� x, y [50] Run 1 As before

D0 ! K0
S⇡

+⇡� xCP , yCP , �x, �y [51] Run 1 As before

D0 ! K0
S⇡

+⇡� xCP , yCP , �x, �y [52] Run 2 As before

D0 ! K0
S⇡

+⇡� (µ� tag) xCP , yCP , �x, �y [17] Run 2 New

2

LHCb BES III and othersTable 2: Auxiliary inputs used in the combination. Those highlighted in bold have changed
since the previous combination [14].

Decay Parameters Source Ref. Status since

Ref. [14]

B± ! DK⇤± DK⇤±

B± LHCb [33] As before

B0 ! DK⇤0 DK⇤0

B0 LHCb [53] As before

B0 ! D⌥⇡± � HFLAV [13] As before

B0
s ! D⌥

s K
±(⇡⇡) �s HFLAV [13] As before

D ! K+⇡� cos �K⇡
D , sin �K⇡

D , (rK⇡
D )2, x2, y CLEO-c [27] New

D ! K+⇡� AK⇡, A⇡⇡⇡0

K⇡ , rK⇡
D cos �K⇡

D , rK⇡
D sin �K⇡

D BESIII [28] New

D ! h+h�⇡0 F+
⇡⇡⇡0 , F

+
KK⇡0 CLEO-c [54] As before

D ! ⇡+⇡�⇡+⇡� F+
4⇡ CLEO-c+BESIII [26, 54] Updated

D ! K+⇡�⇡0 rK⇡⇡0

D , �K⇡⇡0

D , K⇡⇡0

D CLEO-c+LHCb+BESIII [55–57] As before

D ! K±⇡⌥⇡+⇡� rK3⇡
D , �K3⇡

D , K3⇡
D CLEO-c+LHCb+BESIII [49, 55–57] As before

D ! K0
SK

±⇡⌥ r
K0

SK⇡
D , �

K0
SK⇡

D , 
K0

SK⇡
D CLEO [58] As before

D ! K0
SK

±⇡⌥ r
K0

SK⇡
D LHCb [59] As before

in time-dependent measurements of D0 ! K+K� and D0 ! ⇡+⇡� decays [61]. This
corresponds to neglecting the rightmost term in the following expression [46],
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where f equalsK+K� or ⇡+⇡� and �f is the strong-phase di↵erence between the subleading
decay amplitude that is proportional to VcbV

⇤
ub and is responsible for CP violation in the

decay, and the dominant amplitude proportional to VcsV
⇤
us � VcdV

⇤
ud [61, 62]. This term is

neglected since yadf is smaller than the uncertainty on �Yf by more than one order of
magnitude, and a rigorous correction is not possible as �f is nearly unconstrained and
x/y is of the order of unity. In the longer term, once a nonzero value of �Yf is measured,
�K+K� and �⇡+⇡� could be constrained and used to improve the predictions of CP violation
in the decay by employing the full parametrisation of Eq. (1) in the combination [61].

3 Results

The combination uses a total of 173 input observables to determine 52 free parameters,
and the goodness of fit is found to be about 80%, evaluated using the best-fit �2 and
cross-checked with simulation. The resulting confidence intervals for each parameter
of interest (externally constrained nuisance parameters are not shown) are provided in
Table 3. The intervals are computed using a Feldman-Cousins procedure with the Plugin
treatment of nuisance parameters [63]. Further details of the statistical procedure can be
found in Ref. [14]. The correlation matrix for the most relevant parameters is given in
Appendix A.

The p-value (or 1�CL) distribution as a function of � is shown in Fig. 1 for the total
combination and for sub-combinations in which the input observables are split by the
species of the initial B meson. The corresponding confidence intervals are provided in
Table 4. Significant di↵erences between initial state B mesons could be an indication of
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Table 1: Measurements used in the combination. Those that are new, or that have changed,
since the previous combination [14] are highlighted in bold. The Run 1 and 2 took place from
2011 to 2012, corresponding to 1(2) fb�1 of integrated luminosity of proton-proton collisions
at a centre-of-mass energy of 7(8)TeV, and from 2015 to 2018, corresponding to 6 fb�1 at
13TeV, respectively. Measurements denoted by (*) include only a fraction of the Run 2 sample,
corresponding to data taken in 2015 and 2016. Where multiple references are cited, measured
values are taken from the most recent results, which include information from the others.

B decay D decay Ref. Dataset Status since

Ref. [14]

B± ! Dh± D ! h+h� [29] Run 1&2 As before

B± ! Dh± D ! h+⇡�⇡+⇡� [30] Run 1 As before

B± ! Dh± D ! K±⇡⌥⇡+⇡� [18] Run 1&2 New

B± ! Dh± D ! h+h�⇡0 [19] Run 1&2 Updated

B± ! Dh± D ! K0
Sh

+h� [31] Run 1&2 As before

B± ! Dh± D ! K0
SK

±⇡⌥ [32] Run 1&2 As before

B± ! D⇤h± D ! h+h� [29] Run 1&2 As before

B± ! DK⇤± D ! h+h� [33] Run 1&2(*) As before

B± ! DK⇤± D ! h+⇡�⇡+⇡� [33] Run 1&2(*) As before

B± ! Dh±⇡+⇡� D ! h+h� [34] Run 1 As before

B0 ! DK⇤0 D ! h+h� [35] Run 1&2(*) As before

B0 ! DK⇤0 D ! h+⇡�⇡+⇡� [35] Run 1&2(*) As before

B0 ! DK⇤0 D ! K0
S⇡

+⇡� [36] Run 1 As before

B0 ! D⌥⇡± D+ ! K�⇡+⇡+ [37] Run 1 As before

B0
s ! D⌥

s K
± D+

s ! h+h�⇡+ [38] Run 1 As before

B0
s ! D⌥

s K
±⇡+⇡� D+

s ! h+h�⇡+ [39] Run 1&2 As before

D decay Observable(s) Ref. Dataset Status since

Ref. [14]

D0 ! h+h� �ACP [24, 40, 41] Run 1&2 As before

D0 ! K+K� ACP (K+K�) [16, 24,25] Run 2 New

D0 ! h+h� yCP � yK
�⇡+

CP [42] Run 1 As before

D0 ! h+h� yCP � yK
�⇡+

CP [15] Run 2 New

D0 ! h+h� �Y [43–46] Run 1&2 As before

D0 ! K+⇡� (Single Tag) R±, (x0±)2, y0± [47] Run 1 As before

D0 ! K+⇡� (Double Tag) R±, (x0±)2, y0± [48] Run 1&2(*) As before

D0 ! K±⇡⌥⇡+⇡� (x2 + y2)/4 [49] Run 1 As before

D0 ! K0
S⇡

+⇡� x, y [50] Run 1 As before

D0 ! K0
S⇡

+⇡� xCP , yCP , �x, �y [51] Run 1 As before

D0 ! K0
S⇡

+⇡� xCP , yCP , �x, �y [52] Run 2 As before

D0 ! K0
S⇡

+⇡� (µ� tag) xCP , yCP , �x, �y [17] Run 2 New

2

LHCb BES III and othersTable 2: Auxiliary inputs used in the combination. Those highlighted in bold have changed
since the previous combination [14].

Decay Parameters Source Ref. Status since

Ref. [14]

B± ! DK⇤± DK⇤±

B± LHCb [33] As before

B0 ! DK⇤0 DK⇤0

B0 LHCb [53] As before

B0 ! D⌥⇡± � HFLAV [13] As before

B0
s ! D⌥

s K
±(⇡⇡) �s HFLAV [13] As before

D ! K+⇡� cos �K⇡
D , sin �K⇡

D , (rK⇡
D )2, x2, y CLEO-c [27] New

D ! K+⇡� AK⇡, A⇡⇡⇡0

K⇡ , rK⇡
D cos �K⇡

D , rK⇡
D sin �K⇡

D BESIII [28] New

D ! h+h�⇡0 F+
⇡⇡⇡0 , F

+
KK⇡0 CLEO-c [54] As before

D ! ⇡+⇡�⇡+⇡� F+
4⇡ CLEO-c+BESIII [26, 54] Updated

D ! K+⇡�⇡0 rK⇡⇡0

D , �K⇡⇡0

D , K⇡⇡0

D CLEO-c+LHCb+BESIII [55–57] As before

D ! K±⇡⌥⇡+⇡� rK3⇡
D , �K3⇡

D , K3⇡
D CLEO-c+LHCb+BESIII [49, 55–57] As before

D ! K0
SK

±⇡⌥ r
K0

SK⇡
D , �

K0
SK⇡

D , 
K0

SK⇡
D CLEO [58] As before

D ! K0
SK

±⇡⌥ r
K0

SK⇡
D LHCb [59] As before

in time-dependent measurements of D0 ! K+K� and D0 ! ⇡+⇡� decays [61]. This
corresponds to neglecting the rightmost term in the following expression [46],

�Yf ⇡ 1
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where f equalsK+K� or ⇡+⇡� and �f is the strong-phase di↵erence between the subleading
decay amplitude that is proportional to VcbV

⇤
ub and is responsible for CP violation in the

decay, and the dominant amplitude proportional to VcsV
⇤
us � VcdV

⇤
ud [61, 62]. This term is

neglected since yadf is smaller than the uncertainty on �Yf by more than one order of
magnitude, and a rigorous correction is not possible as �f is nearly unconstrained and
x/y is of the order of unity. In the longer term, once a nonzero value of �Yf is measured,
�K+K� and �⇡+⇡� could be constrained and used to improve the predictions of CP violation
in the decay by employing the full parametrisation of Eq. (1) in the combination [61].

3 Results

The combination uses a total of 173 input observables to determine 52 free parameters,
and the goodness of fit is found to be about 80%, evaluated using the best-fit �2 and
cross-checked with simulation. The resulting confidence intervals for each parameter
of interest (externally constrained nuisance parameters are not shown) are provided in
Table 3. The intervals are computed using a Feldman-Cousins procedure with the Plugin
treatment of nuisance parameters [63]. Further details of the statistical procedure can be
found in Ref. [14]. The correlation matrix for the most relevant parameters is given in
Appendix A.

The p-value (or 1�CL) distribution as a function of � is shown in Fig. 1 for the total
combination and for sub-combinations in which the input observables are split by the
species of the initial B meson. The corresponding confidence intervals are provided in
Table 4. Significant di↵erences between initial state B mesons could be an indication of
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Figure 1: One dimensional profile likelihood scans of the 1 � CL distribution for � from the
combination using inputs from B0

s (light blue, dotted), B0 (orange, dot-dashed), B+ mesons
(red, dashed) and all species together (blue, solid).
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Figure 2: Two dimensional profile likelihood contours for (left) the charm mixing parameters x
and y, and (right) the rK⇡

D and �K⇡
D parameters. The blue contours (dashed) show the charm

only inputs, the orange (solid) contours show the result of this combination. Contours are drawn
out to 5� and contain 68.3%, 95.4%, 99.7%, etc. of the distribution.

majority of systematic uncertainties are expected to reduce with additional data. The
correlations between systematic uncertainties from statistically independent measurements
are currently neglected, as this e↵ect is expected to be smaller than 1�.
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majority of systematic uncertainties are expected to reduce with additional data. The
correlations between systematic uncertainties from statistically independent measurements
are currently neglected, as this e↵ect is expected to be smaller than 1�.
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Unbinned model-independent method.

• Project 2-D Dalitz plot onto 1D.


• Use amplitude model to 
associate each point in phase 
space to a phase difference 

.


• , 
functions C, S parameterised in 
a generic way (Fourier series)

δmodel

ci, si → C(δmodel), S(δmodel)
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Anton Poluektov: Eur.Phys.J.C 78 (2018) 2, 121M
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Figure 6: Statistical precision of (a,c,e) � and (b,d,f) rB measurement as a function of the
number of Fourier terms (in the unbinned) or number of bins (in the binned approach) for
di↵erent model-independent fit strategies, and its comparison with the model-dependent
unbinned fit. The generated D0D0 sample size is (a,b) 105, (c,d) 104 and (e,f) 103 events.
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with  events and 
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2 × 104 B± → DK±

104 DD

Expect precision between binned and model-dependent approach.
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Other unbinned methods exists

• Anton Poluektov: Eur.Phys.J.C 78 (2018) 2, 121. Projects 2-D 
Dalitz plot onto 1D. Achieves precision between binned and 
model-dependent approach.


• Jeffrey V. Backus et al, arXiv:2211.05133, integrate over the 
2-D Dalitz plot in an unbinned way. Get a precision of ~5º for 
similar data set sizes we use, however, comparison is 
difficult due to different assumptions on the values of  and 

, and implementation differences in amplitude model.


• In contrast to these methods and the binned method, we do 
not do any integration, averaging or projection and therefore 
do not suffer the associated information loss.

γ
δB
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Table 1: Measurements used in the combination. Those that are new, or that have changed,
since the previous combination [14] are highlighted in bold. The Run 1 and 2 took place from
2011 to 2012, corresponding to 1(2) fb�1 of integrated luminosity of proton-proton collisions
at a centre-of-mass energy of 7(8)TeV, and from 2015 to 2018, corresponding to 6 fb�1 at
13TeV, respectively. Measurements denoted by (*) include only a fraction of the Run 2 sample,
corresponding to data taken in 2015 and 2016. Where multiple references are cited, measured
values are taken from the most recent results, which include information from the others.

B decay D decay Ref. Dataset Status since

Ref. [14]

B± ! Dh± D ! h+h� [29] Run 1&2 As before

B± ! Dh± D ! h+⇡�⇡+⇡� [30] Run 1 As before

B± ! Dh± D ! K±⇡⌥⇡+⇡� [18] Run 1&2 New

B± ! Dh± D ! h+h�⇡0 [19] Run 1&2 Updated

B± ! Dh± D ! K0
Sh

+h� [31] Run 1&2 As before

B± ! Dh± D ! K0
SK

±⇡⌥ [32] Run 1&2 As before

B± ! D⇤h± D ! h+h� [29] Run 1&2 As before

B± ! DK⇤± D ! h+h� [33] Run 1&2(*) As before

B± ! DK⇤± D ! h+⇡�⇡+⇡� [33] Run 1&2(*) As before

B± ! Dh±⇡+⇡� D ! h+h� [34] Run 1 As before

B0 ! DK⇤0 D ! h+h� [35] Run 1&2(*) As before

B0 ! DK⇤0 D ! h+⇡�⇡+⇡� [35] Run 1&2(*) As before

B0 ! DK⇤0 D ! K0
S⇡

+⇡� [36] Run 1 As before

B0 ! D⌥⇡± D+ ! K�⇡+⇡+ [37] Run 1 As before

B0
s ! D⌥

s K
± D+

s ! h+h�⇡+ [38] Run 1 As before

B0
s ! D⌥

s K
±⇡+⇡� D+

s ! h+h�⇡+ [39] Run 1&2 As before

D decay Observable(s) Ref. Dataset Status since

Ref. [14]

D0 ! h+h� �ACP [24, 40, 41] Run 1&2 As before

D0 ! K+K� ACP (K+K�) [16, 24,25] Run 2 New

D0 ! h+h� yCP � yK
�⇡+

CP [42] Run 1 As before

D0 ! h+h� yCP � yK
�⇡+

CP [15] Run 2 New

D0 ! h+h� �Y [43–46] Run 1&2 As before

D0 ! K+⇡� (Single Tag) R±, (x0±)2, y0± [47] Run 1 As before

D0 ! K+⇡� (Double Tag) R±, (x0±)2, y0± [48] Run 1&2(*) As before

D0 ! K±⇡⌥⇡+⇡� (x2 + y2)/4 [49] Run 1 As before

D0 ! K0
S⇡

+⇡� x, y [50] Run 1 As before

D0 ! K0
S⇡

+⇡� xCP , yCP , �x, �y [51] Run 1 As before

D0 ! K0
S⇡

+⇡� xCP , yCP , �x, �y [52] Run 2 As before

D0 ! K0
S⇡

+⇡� (µ� tag) xCP , yCP , �x, �y [17] Run 2 New

2

LHCb BES III and othersTable 2: Auxiliary inputs used in the combination. Those highlighted in bold have changed
since the previous combination [14].

Decay Parameters Source Ref. Status since

Ref. [14]

B± ! DK⇤± DK⇤±

B± LHCb [33] As before

B0 ! DK⇤0 DK⇤0

B0 LHCb [53] As before

B0 ! D⌥⇡± � HFLAV [13] As before

B0
s ! D⌥

s K
±(⇡⇡) �s HFLAV [13] As before

D ! K+⇡� cos �K⇡
D , sin �K⇡

D , (rK⇡
D )2, x2, y CLEO-c [27] New

D ! K+⇡� AK⇡, A⇡⇡⇡0

K⇡ , rK⇡
D cos �K⇡

D , rK⇡
D sin �K⇡

D BESIII [28] New

D ! h+h�⇡0 F+
⇡⇡⇡0 , F

+
KK⇡0 CLEO-c [54] As before

D ! ⇡+⇡�⇡+⇡� F+
4⇡ CLEO-c+BESIII [26, 54] Updated

D ! K+⇡�⇡0 rK⇡⇡0

D , �K⇡⇡0

D , K⇡⇡0

D CLEO-c+LHCb+BESIII [55–57] As before

D ! K±⇡⌥⇡+⇡� rK3⇡
D , �K3⇡

D , K3⇡
D CLEO-c+LHCb+BESIII [49, 55–57] As before

D ! K0
SK

±⇡⌥ r
K0

SK⇡
D , �

K0
SK⇡

D , 
K0

SK⇡
D CLEO [58] As before

D ! K0
SK

±⇡⌥ r
K0

SK⇡
D LHCb [59] As before

in time-dependent measurements of D0 ! K+K� and D0 ! ⇡+⇡� decays [61]. This
corresponds to neglecting the rightmost term in the following expression [46],
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where f equalsK+K� or ⇡+⇡� and �f is the strong-phase di↵erence between the subleading
decay amplitude that is proportional to VcbV

⇤
ub and is responsible for CP violation in the

decay, and the dominant amplitude proportional to VcsV
⇤
us � VcdV

⇤
ud [61, 62]. This term is

neglected since yadf is smaller than the uncertainty on �Yf by more than one order of
magnitude, and a rigorous correction is not possible as �f is nearly unconstrained and
x/y is of the order of unity. In the longer term, once a nonzero value of �Yf is measured,
�K+K� and �⇡+⇡� could be constrained and used to improve the predictions of CP violation
in the decay by employing the full parametrisation of Eq. (1) in the combination [61].

3 Results

The combination uses a total of 173 input observables to determine 52 free parameters,
and the goodness of fit is found to be about 80%, evaluated using the best-fit �2 and
cross-checked with simulation. The resulting confidence intervals for each parameter
of interest (externally constrained nuisance parameters are not shown) are provided in
Table 3. The intervals are computed using a Feldman-Cousins procedure with the Plugin
treatment of nuisance parameters [63]. Further details of the statistical procedure can be
found in Ref. [14]. The correlation matrix for the most relevant parameters is given in
Appendix A.

The p-value (or 1�CL) distribution as a function of � is shown in Fig. 1 for the total
combination and for sub-combinations in which the input observables are split by the
species of the initial B meson. The corresponding confidence intervals are provided in
Table 4. Significant di↵erences between initial state B mesons could be an indication of
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Table 1: Measurements used in the combination. Those that are new, or that have changed,
since the previous combination [14] are highlighted in bold. The Run 1 and 2 took place from
2011 to 2012, corresponding to 1(2) fb�1 of integrated luminosity of proton-proton collisions
at a centre-of-mass energy of 7(8)TeV, and from 2015 to 2018, corresponding to 6 fb�1 at
13TeV, respectively. Measurements denoted by (*) include only a fraction of the Run 2 sample,
corresponding to data taken in 2015 and 2016. Where multiple references are cited, measured
values are taken from the most recent results, which include information from the others.

B decay D decay Ref. Dataset Status since

Ref. [14]

B± ! Dh± D ! h+h� [29] Run 1&2 As before

B± ! Dh± D ! h+⇡�⇡+⇡� [30] Run 1 As before

B± ! Dh± D ! K±⇡⌥⇡+⇡� [18] Run 1&2 New

B± ! Dh± D ! h+h�⇡0 [19] Run 1&2 Updated

B± ! Dh± D ! K0
Sh

+h� [31] Run 1&2 As before

B± ! Dh± D ! K0
SK

±⇡⌥ [32] Run 1&2 As before

B± ! D⇤h± D ! h+h� [29] Run 1&2 As before

B± ! DK⇤± D ! h+h� [33] Run 1&2(*) As before

B± ! DK⇤± D ! h+⇡�⇡+⇡� [33] Run 1&2(*) As before

B± ! Dh±⇡+⇡� D ! h+h� [34] Run 1 As before

B0 ! DK⇤0 D ! h+h� [35] Run 1&2(*) As before

B0 ! DK⇤0 D ! h+⇡�⇡+⇡� [35] Run 1&2(*) As before

B0 ! DK⇤0 D ! K0
S⇡

+⇡� [36] Run 1 As before

B0 ! D⌥⇡± D+ ! K�⇡+⇡+ [37] Run 1 As before

B0
s ! D⌥

s K
± D+

s ! h+h�⇡+ [38] Run 1 As before

B0
s ! D⌥

s K
±⇡+⇡� D+

s ! h+h�⇡+ [39] Run 1&2 As before

D decay Observable(s) Ref. Dataset Status since

Ref. [14]

D0 ! h+h� �ACP [24, 40, 41] Run 1&2 As before

D0 ! K+K� ACP (K+K�) [16, 24,25] Run 2 New

D0 ! h+h� yCP � yK
�⇡+

CP [42] Run 1 As before

D0 ! h+h� yCP � yK
�⇡+

CP [15] Run 2 New

D0 ! h+h� �Y [43–46] Run 1&2 As before

D0 ! K+⇡� (Single Tag) R±, (x0±)2, y0± [47] Run 1 As before

D0 ! K+⇡� (Double Tag) R±, (x0±)2, y0± [48] Run 1&2(*) As before

D0 ! K±⇡⌥⇡+⇡� (x2 + y2)/4 [49] Run 1 As before

D0 ! K0
S⇡

+⇡� x, y [50] Run 1 As before

D0 ! K0
S⇡

+⇡� xCP , yCP , �x, �y [51] Run 1 As before

D0 ! K0
S⇡

+⇡� xCP , yCP , �x, �y [52] Run 2 As before

D0 ! K0
S⇡

+⇡� (µ� tag) xCP , yCP , �x, �y [17] Run 2 New

2

LHCb BES III and othersTable 2: Auxiliary inputs used in the combination. Those highlighted in bold have changed
since the previous combination [14].

Decay Parameters Source Ref. Status since

Ref. [14]

B± ! DK⇤± DK⇤±

B± LHCb [33] As before

B0 ! DK⇤0 DK⇤0

B0 LHCb [53] As before

B0 ! D⌥⇡± � HFLAV [13] As before

B0
s ! D⌥

s K
±(⇡⇡) �s HFLAV [13] As before

D ! K+⇡� cos �K⇡
D , sin �K⇡

D , (rK⇡
D )2, x2, y CLEO-c [27] New

D ! K+⇡� AK⇡, A⇡⇡⇡0

K⇡ , rK⇡
D cos �K⇡

D , rK⇡
D sin �K⇡

D BESIII [28] New

D ! h+h�⇡0 F+
⇡⇡⇡0 , F

+
KK⇡0 CLEO-c [54] As before

D ! ⇡+⇡�⇡+⇡� F+
4⇡ CLEO-c+BESIII [26, 54] Updated

D ! K+⇡�⇡0 rK⇡⇡0

D , �K⇡⇡0

D , K⇡⇡0

D CLEO-c+LHCb+BESIII [55–57] As before

D ! K±⇡⌥⇡+⇡� rK3⇡
D , �K3⇡

D , K3⇡
D CLEO-c+LHCb+BESIII [49, 55–57] As before

D ! K0
SK

±⇡⌥ r
K0

SK⇡
D , �

K0
SK⇡

D , 
K0

SK⇡
D CLEO [58] As before

D ! K0
SK

±⇡⌥ r
K0

SK⇡
D LHCb [59] As before

in time-dependent measurements of D0 ! K+K� and D0 ! ⇡+⇡� decays [61]. This
corresponds to neglecting the rightmost term in the following expression [46],

�Yf ⇡ 1
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where f equalsK+K� or ⇡+⇡� and �f is the strong-phase di↵erence between the subleading
decay amplitude that is proportional to VcbV

⇤
ub and is responsible for CP violation in the

decay, and the dominant amplitude proportional to VcsV
⇤
us � VcdV

⇤
ud [61, 62]. This term is

neglected since yadf is smaller than the uncertainty on �Yf by more than one order of
magnitude, and a rigorous correction is not possible as �f is nearly unconstrained and
x/y is of the order of unity. In the longer term, once a nonzero value of �Yf is measured,
�K+K� and �⇡+⇡� could be constrained and used to improve the predictions of CP violation
in the decay by employing the full parametrisation of Eq. (1) in the combination [61].

3 Results

The combination uses a total of 173 input observables to determine 52 free parameters,
and the goodness of fit is found to be about 80%, evaluated using the best-fit �2 and
cross-checked with simulation. The resulting confidence intervals for each parameter
of interest (externally constrained nuisance parameters are not shown) are provided in
Table 3. The intervals are computed using a Feldman-Cousins procedure with the Plugin
treatment of nuisance parameters [63]. Further details of the statistical procedure can be
found in Ref. [14]. The correlation matrix for the most relevant parameters is given in
Appendix A.

The p-value (or 1�CL) distribution as a function of � is shown in Fig. 1 for the total
combination and for sub-combinations in which the input observables are split by the
species of the initial B meson. The corresponding confidence intervals are provided in
Table 4. Significant di↵erences between initial state B mesons could be an indication of
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3.1 × 107

The mixing and CP violation parameters are measured to be

xCP = ( 3.97± 0.46± 0.29)⇥ 10�3,

yCP = ( 4.59± 1.20± 0.85)⇥ 10�3,

�x = (�0.27± 0.18± 0.01)⇥ 10�3,

�y = ( 0.20± 0.36± 0.13)⇥ 10�3,

where the first uncertainty is statistical and the second systematic. The statistical
uncertainty contains a subleading component due to the limited precision of the external
measurements of the strong phases and control samples used for the detection asymmetry.
This amounts to approximately (0.23, 0.66, 0.04, and 0.08) ⇥ 10�3 for xCP , yCP , �x,
and �y, respectively. The measurements are statistically limited, though the systematic
uncertainty on yCP is comparable to the statistical uncertainty. The results are used
to form a likelihood function of x, y, |q/p|, and � using a likelihood-ratio ordering that
assumes the observed correlations to be independent of the true parameter values [30].
The best fit point is

x = (3.98+0.56
� 0.54)⇥ 10�3,

y = ( 4.6+1.5
� 1.4 )⇥ 10�3,

|q/p| = 0.996± 0.052,

� = 0.056+0.047
� 0.051.

In summary, a measurement of mixing and CP violation in D0
! K0

S⇡
+⇡� decays has

been performed with the bin-flip method, using pp collision data collected by the LHCb
experiment and corresponding to an integrated luminosity of 5.4 fb�1. This resulted in the
first observation of a nonzero value of the mass di↵erence x of neutral charm meson mass
eigenstates with a significance of more than seven standard deviations, and significantly
improves limits on mixing-induced CP violation in the charm sector.
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first observation of non-zero , i.e. 
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charm mass eigenstates.
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correct for this effect. The values of Ki and K0
i that are used

to evaluate Nexp
i are determined from the flavor-tagged DT

yields, where corrections from doubly Cabibbo-suppressed
decays, efficiency and migration effects have been applied,
which are explained in detail in Ref. [16].
The values of cð0Þi and sð0Þi are obtained by minimizing the

negative log-likelihood function constructed as

−2 logL ¼ −2
X

i

X

j

lnPðNobs
ij ; hNexp

ij iÞK0
Sπ

þπ−;K0
SðLÞπ

þπ−

− 2
X

i

lnPðNobs
i ; hNexp

i iÞCP;K0
SðLÞπ

þπ− þ χ2;

where PðNobs; hNexpiÞ is the Poisson probability to observe
Nobs events given the expected number hNexpi. Here the
sums are over the bins of theD0 → K0

SðLÞπ
þπ− Dalitz plots.

The χ2 term is used to constrain the difference c0i − ci
(s0i − si) to the predicted quantity Δci (Δsi). The values of
Δci andΔsi are estimated based on the decay amplitudes of
D0 → K0

Sπ
þπ− [30] and D0 → K0

Lπ
þπ−, where the latter is

constructed by adjusting the D0 → K0
Sπ

þπ− model taking
the K0

S and K
0
L mesons to have opposite CP, as is discussed

in Refs. [13,14]. The details of assigning Δci (Δsi) and
their uncertainties δΔci (δΔsi) are presented in Table VI
of Ref. [16].
The measured strong-phase parameters cð0Þi and sð0Þi are

presented in Fig. 3 and Table II. The estimation of
systematic uncertainties is described in detail in Ref. [16].
In addition to our results, Fig. 3 includes the predictions of
Ref. [30] and the results from Ref. [14], which show
reasonable agreement.
In summary, measurements of the strong-phase para-

meters between D0 and D̄0 → K0
S;Lπ

þπ− in bins of phase
space have been performed using 2.93 fb−1 of data
collected at

ffiffiffi
s

p
¼ 3.773 GeV with the BESIII detector.

Compared to the previous CLEO measurement [14], two
main improvements have been incorporated. First, addi-
tional tag decay modes are used. In particular the inclusion
of the πþπ−π0 tag improves the sensitivity to ci and the
addition of theK0

Sðπ0π0missÞπþπ− improves the sensitivity to
si. Second, corrections for bin migration have been
included, as their neglect would lead to uncertainties
comparable to the statistical uncertainty. The results
presented in this Letter are on average a factor of
2.5 (1.9) more precise for ci (si) and a factor of
2.8 (2.2) more precise for c0i (s

0
i) than has been achieved

previously. The strong-phase parameters provide an impor-
tant input for a wide range ofCP violation measurements in
the beauty and charm sectors, and also for measurements
of strong-phase parameters in other D decays where
D → K0

Sπ
þπ− is used as a tag [31,31–34].

To assess the impact of our ci and si results on a
measurement of γ, we use a large simulated data set of
B− → DK−, D → K0

Sπ
þπ− events. Based on the MC

simulation, the uncertainty in γ associated with our uncer-
tainties for ci and si is found to be 0.7°, 1.2°, and 0.8° for
the equal ΔδD, optimal and modified optimal binning
schemes, respectively. For comparison, the corresponding
results from CLEO are 2.0°, 3.9°, and 2.1° [14]. Therefore,
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2 Roads to New Physics

Direct Observations Indirect e�ects

Particles with MC2 > E

cannot be produced di-
rectly...

E=MC
2

... but they can have an e�ect as virtual
particles, especially in loops.
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The Bs system

Analogy between two 2-state
systems: Light-polarisation
and Bs mesons.

• Linear pol. ⇤ Bs, B̄s.
• Circular pol. ⇤ BH, BL.
• Only BH, BL have well-

defined (and di⇤erent)
masses and lifetimes.

Mixing Parameters
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1st time at Tevatron.
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“New Physics” in trees generally seen as less likely than in loops. (Lenz et 
al find however that there is room for NP in trees that could affect 𝛾 by 
several degrees.) In any case: would like to compare tees and loops.
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LHCb: Nature Phys. 18 (2022) 1, 1-5
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Trees and loops
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2 Roads to New Physics

Direct Observations Indirect e�ects

Particles with MC2 > E

cannot be produced di-
rectly...

E=MC
2

... but they can have an e�ect as virtual
particles, especially in loops.

s
dd

b

_
s
_

s
_
s

KB

!

4

The Bs system

Analogy between two 2-state
systems: Light-polarisation
and Bs mesons.

• Linear pol. ⇤ Bs, B̄s.
• Circular pol. ⇤ BH, BL.
• Only BH, BL have well-

defined (and di⇤erent)
masses and lifetimes.

Mixing Parameters
• ⇥� ⇥ 1

�L
� 1

�H
= �H��L

�H�L
.

• ⇥m ⌅ oscillation frequency.

• Theory: ⇥� ⌅⇥m.

• Expect to measure both for
1st time at Tevatron.

4

Vts∝eiβs
5 

5 

Vts∝eiβs

Trees Loops

b

ū ū

u

s
c̄

Vub ∝ e−iγ

B−
D0

K−

“New Physics” in trees generally seen as less likely than in loops. (Lenz et 
al find however that there is room for NP in trees that could affect 𝛾 by 
several degrees.) In any case: would like to compare tees and loops.

JHEP 06 (2014) 040, JHEP 07 (2020) 177

LHCb: Nature Phys. 18 (2022) 1, 1-5
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Unitarity triangle 
geometric representation of Standard Model constraints
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�
≡1

before LHCb

Shown are constraints on apex 
of triangle from various 
measurements (      )
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Unitarity triangle 
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�
≡1

before LHCb

Shown are constraints on apex 
of triangle from various 

measurements (      ) and γ (      )
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Unitarity triangle 
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�
≡1

Now

Shown are constraints on apex 
of triangle from various 

measurements (      ) and γ (      )
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Unitarity triangle 
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What we’re aiming for

BESIII + LHCb  

+ BELLE 

There is a crack, a crack in everything 
That’s how the light gets in. 

(Leonard Cohen)

�
2 4 6 8𝑡 [ps]05001000150020002500

D
ec

ay
s/

(0
.0

4
ps

)

LHCb6 fb−1

𝐵0𝑠 → 𝐷−𝑠 𝜋+ 𝐵0𝑠 → 𝐵0𝑠 → 𝐷−𝑠 𝜋+ Untagged

≡1



J Cottee-Meldrum, E Gersabeck, J Lane, C Normand, J Rademacker, S Zheng:     Model-independent phase correction       PWA/ATHOS, 28/5/2024, Williamsburg

CP violation is an interference effect
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Gronau, Wyler Phys.Lett.B265:172-176,1991, (GLW), Gronau, London Phys.Lett.B253:483-488,1991 (GLW) Atwood, Dunietz and Soni Phys.Rev.Lett. 78 (1997) 3257-3260 
(ADS) Giri, Grossman, Soffer and Zupan Phys.Rev. D68 (2003) 054018  Belle Collaboration Phys.Rev. D70 (2004) 072003

Measurment of  with LHCb & BES III data with 
model-independent binned method.

γ

LHCb: JHEP 02 (2021) 169

γ = (68.7+5.2
−5.1)

∘

Figure 2: Dalitz plot for D decays of (left) B+ ! DK+ and (right) B� ! DK� candidates
in the signal region, in the (top) D ! K0

S⇡
+⇡� and (bottom) D ! K0

SK
+K� channels. The

horizontal and vertical axes are interchanged between the B+ and B� decay plots to aid
visualisation of the CP asymmetries between the two distributions.

to �. This requirement rejects approximately 98% of the combinatorial background that
survives all other selection requirements, while having an e�ciency of approximately 93%
in simulated B± ! DK± decays. The selection applied to B± ! DK± and B± ! D⇡±

candidates is identical between the two decay modes with the exception of the PID
requirement on the companion track.

A signal region is defined as within 30MeV/c2 of the B-meson mass [58]. The phase-
space distributions for candidates in this range are shown in the Dalitz plots of Fig. 2
for B± ! DK± candidates. The data are split by the final state of the D decay and by
the charge of the B meson. Small di↵erences between the phase-space distributions in
B+ ! DK+ and B� ! DK� decays are visible in the K0

S⇡
+⇡� final state.

5 The DK and D⇡ invariant-mass spectra

The analysis uses a two-stage strategy to determine the CP observables. First, an extended
maximum-likelihood fit to the invariant-mass spectrum of all selected B± candidates in

8

B+ → DK+ B− → DK−

D
→

K S
π+

π−
D

→
K S

K
+
K

−best individual 
measurement of γ

correct for this effect. The values of Ki and K0
i that are used

to evaluate Nexp
i are determined from the flavor-tagged DT

yields, where corrections from doubly Cabibbo-suppressed
decays, efficiency and migration effects have been applied,
which are explained in detail in Ref. [16].
The values of cð0Þi and sð0Þi are obtained by minimizing the

negative log-likelihood function constructed as

−2 logL ¼ −2
X

i

X

j

lnPðNobs
ij ; hNexp

ij iÞK0
Sπ

þπ−;K0
SðLÞπ

þπ−

− 2
X

i

lnPðNobs
i ; hNexp

i iÞCP;K0
SðLÞπ

þπ− þ χ2;

where PðNobs; hNexpiÞ is the Poisson probability to observe
Nobs events given the expected number hNexpi. Here the
sums are over the bins of theD0 → K0

SðLÞπ
þπ− Dalitz plots.

The χ2 term is used to constrain the difference c0i − ci
(s0i − si) to the predicted quantity Δci (Δsi). The values of
Δci andΔsi are estimated based on the decay amplitudes of
D0 → K0

Sπ
þπ− [30] and D0 → K0

Lπ
þπ−, where the latter is

constructed by adjusting the D0 → K0
Sπ

þπ− model taking
the K0

S and K
0
L mesons to have opposite CP, as is discussed

in Refs. [13,14]. The details of assigning Δci (Δsi) and
their uncertainties δΔci (δΔsi) are presented in Table VI
of Ref. [16].
The measured strong-phase parameters cð0Þi and sð0Þi are

presented in Fig. 3 and Table II. The estimation of
systematic uncertainties is described in detail in Ref. [16].
In addition to our results, Fig. 3 includes the predictions of
Ref. [30] and the results from Ref. [14], which show
reasonable agreement.
In summary, measurements of the strong-phase para-

meters between D0 and D̄0 → K0
S;Lπ

þπ− in bins of phase
space have been performed using 2.93 fb−1 of data
collected at

ffiffiffi
s

p
¼ 3.773 GeV with the BESIII detector.

Compared to the previous CLEO measurement [14], two
main improvements have been incorporated. First, addi-
tional tag decay modes are used. In particular the inclusion
of the πþπ−π0 tag improves the sensitivity to ci and the
addition of theK0

Sðπ0π0missÞπþπ− improves the sensitivity to
si. Second, corrections for bin migration have been
included, as their neglect would lead to uncertainties
comparable to the statistical uncertainty. The results
presented in this Letter are on average a factor of
2.5 (1.9) more precise for ci (si) and a factor of
2.8 (2.2) more precise for c0i (s

0
i) than has been achieved

previously. The strong-phase parameters provide an impor-
tant input for a wide range ofCP violation measurements in
the beauty and charm sectors, and also for measurements
of strong-phase parameters in other D decays where
D → K0

Sπ
þπ− is used as a tag [31,31–34].

To assess the impact of our ci and si results on a
measurement of γ, we use a large simulated data set of
B− → DK−, D → K0

Sπ
þπ− events. Based on the MC

simulation, the uncertainty in γ associated with our uncer-
tainties for ci and si is found to be 0.7°, 1.2°, and 0.8° for
the equal ΔδD, optimal and modified optimal binning
schemes, respectively. For comparison, the corresponding
results from CLEO are 2.0°, 3.9°, and 2.1° [14]. Therefore,
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FIG. 2. Dalitz plots of K0
Sπ

þπ− events in data. The effect of the
quantum correlation is clearly visible. The approximate locations
of events from K0

Sρð770Þ0 are indicated by arrows for clarity.
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FIG. 3. The ci and si measured in this work (red dots with error bars), the predictions of Ref. [30] (black open circles) and the results of
Ref. [14] (green open squares with error bars). The left, middle and right plots are from the equal ΔδD, optimal and modified optimal
binnings, respectively. The circle indicates the boundary of the physical region c2i þ s2i ¼ 1.
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(b)

(d)
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FIG. 8. Measured values of c[0]i and s[0]i for N = 2 (a) [(b)], N = 3 (c) [(d)], and N = 4 (e) [(f)] equal-��D bins are given by the black points
with error bars. Also shown for comparison are the measurements reported by the CLEO Collaboration [14] (pink points with error bars) and
the predictions of the model reported by the BaBar Collaboration [16] (blue stars). The black circle corresponds to the allowed physical region
c2i + s2i = 1.

X. IMPACT OF ci, si ON MEASUREMENT OF �

The values of ci and si are used as an input to the
model-independent determination of � using the B� !

DK�, D ! K0
SK

+K� decay. The uncertainties on the
measured values of ci and si introduce a related systematic
uncertainty on the measured value of �, which we here esti-

ψ′￼′￼→ DD

http://www.slac.stanford.edu/spires/find/hep/www?j=PHLTA,B265,172
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http://arxiv.org/abs/hep-ph/9612433
http://arxiv.org/abs/hep-ph/0303187
http://arxiv.org/abs/hep-ex/0406067
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J Cottee-Meldrum, E Gersabeck, J Lane, C Normand, J Rademacker, S Zheng:     Model-independent phase correction       PWA/ATHOS, 28/5/2024, Williamsburg

Measurements of  at BES IIIci, si

63

Model-informed, optimised 
binning



J Cottee-Meldrum, E Gersabeck, J Lane, C Normand, J Rademacker, S Zheng:     Model-independent phase correction       PWA/ATHOS, 28/5/2024, Williamsburg

Measurements of  at BES IIIci, si
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Model-informed, optimised 
binning

in D0 → KSπ+π−

BESIII: PRL 124 (2020) 24, 241802

correct for this effect. The values of Ki and K0
i that are used

to evaluate Nexp
i are determined from the flavor-tagged DT

yields, where corrections from doubly Cabibbo-suppressed
decays, efficiency and migration effects have been applied,
which are explained in detail in Ref. [16].
The values of cð0Þi and sð0Þi are obtained by minimizing the

negative log-likelihood function constructed as

−2 logL ¼ −2
X

i

X

j

lnPðNobs
ij ; hNexp

ij iÞK0
Sπ

þπ−;K0
SðLÞπ

þπ−

− 2
X

i

lnPðNobs
i ; hNexp

i iÞCP;K0
SðLÞπ

þπ− þ χ2;

where PðNobs; hNexpiÞ is the Poisson probability to observe
Nobs events given the expected number hNexpi. Here the
sums are over the bins of theD0 → K0

SðLÞπ
þπ− Dalitz plots.

The χ2 term is used to constrain the difference c0i − ci
(s0i − si) to the predicted quantity Δci (Δsi). The values of
Δci andΔsi are estimated based on the decay amplitudes of
D0 → K0

Sπ
þπ− [30] and D0 → K0

Lπ
þπ−, where the latter is

constructed by adjusting the D0 → K0
Sπ

þπ− model taking
the K0

S and K
0
L mesons to have opposite CP, as is discussed

in Refs. [13,14]. The details of assigning Δci (Δsi) and
their uncertainties δΔci (δΔsi) are presented in Table VI
of Ref. [16].
The measured strong-phase parameters cð0Þi and sð0Þi are

presented in Fig. 3 and Table II. The estimation of
systematic uncertainties is described in detail in Ref. [16].
In addition to our results, Fig. 3 includes the predictions of
Ref. [30] and the results from Ref. [14], which show
reasonable agreement.
In summary, measurements of the strong-phase para-

meters between D0 and D̄0 → K0
S;Lπ

þπ− in bins of phase
space have been performed using 2.93 fb−1 of data
collected at

ffiffiffi
s

p
¼ 3.773 GeV with the BESIII detector.

Compared to the previous CLEO measurement [14], two
main improvements have been incorporated. First, addi-
tional tag decay modes are used. In particular the inclusion
of the πþπ−π0 tag improves the sensitivity to ci and the
addition of theK0

Sðπ0π0missÞπþπ− improves the sensitivity to
si. Second, corrections for bin migration have been
included, as their neglect would lead to uncertainties
comparable to the statistical uncertainty. The results
presented in this Letter are on average a factor of
2.5 (1.9) more precise for ci (si) and a factor of
2.8 (2.2) more precise for c0i (s

0
i) than has been achieved

previously. The strong-phase parameters provide an impor-
tant input for a wide range ofCP violation measurements in
the beauty and charm sectors, and also for measurements
of strong-phase parameters in other D decays where
D → K0

Sπ
þπ− is used as a tag [31,31–34].

To assess the impact of our ci and si results on a
measurement of γ, we use a large simulated data set of
B− → DK−, D → K0

Sπ
þπ− events. Based on the MC

simulation, the uncertainty in γ associated with our uncer-
tainties for ci and si is found to be 0.7°, 1.2°, and 0.8° for
the equal ΔδD, optimal and modified optimal binning
schemes, respectively. For comparison, the corresponding
results from CLEO are 2.0°, 3.9°, and 2.1° [14]. Therefore,
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FIG. 3. The ci and si measured in this work (red dots with error bars), the predictions of Ref. [30] (black open circles) and the results of
Ref. [14] (green open squares with error bars). The left, middle and right plots are from the equal ΔδD, optimal and modified optimal
binnings, respectively. The circle indicates the boundary of the physical region c2i þ s2i ¼ 1.
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O model  
(PRD 98, 112012)
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⟩ i
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Model independent, binned γ fit

• Binned decay rate: 
 
 
 

• Binning such that such that ci = c-i, si = -s-i


• Distribution sensitive to ci, si, rB, δ and γ.


• ci, si, measured at charm threshold.

64

Giri, Grossmann, Soffer, Zupan, Phys Rev D 68, 054018 (2003).

    known from flavour-
specifc D decays
Ti�

�
B± ⇥ D(Ks⇤

+⇤�)K±⇥
i
=

Ti + r2
BT�i + 2rB

⇤
TiT�i {ci cos (⇥ ± �) + si sin (⇥ ± �)}

(weighted) average of cos(δD) and sin(δD) over bin i, where δD = phase difference between D→Ksππ 
and Dbar→Ksππ

http://www-spires.dur.ac.uk/spires/find/hep/www?eprint=hep-ph/0303187
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Model-independent, binned approach

65
Model-independent method: Giri, Grossmann, Soffer, Zupan, Phys Rev D 68, 054018 (2003).
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One complex number per bin-pair, , contains the key 
information uniquely accessible at CLEO-c/BES III, which is 

related to the phases the  and  decay amplitudes.
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(a) Dalitz Phasepace in terms of s+, s� (b) Rotated Dalitz Phasepace

(c) Stretched Rotated Dalitz Phasepace

Figure 1: The Dalitz Phasespace, (s+, s�), shaped to the rotated coordinates, (z0+, z
0
�)

and the stretched rotated coordinates, (z0+, z00�).

We parameterise �corrD in a generic way, as a power series in the Dalitz plot parameters. We
assume CP conservation in charm decays, such that

�D(s+, s�) = ��D(s�, s+), (3.2)

which also implies

�corrD (s+, s�) = ��corrD (s�, s+). (3.3)

This symmetry reduces the number of parameters needed to parameterise �corrD . We will
see below that even if we depart from the assumption that the model’s phase differences
are approximately correct, such that �corrD becomes quite sizeable, our method still works.

The information that allows us to constrain �corrD comes, as for the binned methods,
predominantly from the charm threshold, although B± ! DK± decays also contribute.

– 7 –

Rotate and stretch

66

(a) Dalitz Phasepace in terms of s+, s� (b) Rotated Dalitz Phasepace

(c) Stretched Rotated Dalitz Phasepace

Figure 1: The Dalitz Phasespace, (s+, s�), shaped to the rotated coordinates, (z0+, z
0
�)

and the stretched rotated coordinates, (z0+, z00�).

We parameterise �corrD in a generic way, as a power series in the Dalitz plot parameters. We
assume CP conservation in charm decays, such that

�D(s+, s�) = ��D(s�, s+), (3.2)

which also implies

�corrD (s+, s�) = ��corrD (s�, s+). (3.3)

This symmetry reduces the number of parameters needed to parameterise �corrD . We will
see below that even if we depart from the assumption that the model’s phase differences
are approximately correct, such that �corrD becomes quite sizeable, our method still works.

The information that allows us to constrain �corrD comes, as for the binned methods,
predominantly from the charm threshold, although B± ! DK± decays also contribute.

– 7 –

s+

s−

(a) Dalitz Phasepace in terms of s+, s� (b) Rotated Dalitz Phasepace

(c) Stretched Rotated Dalitz Phasepace

Figure 1: The Dalitz Phasespace, (s+, s�), shaped to the rotated coordinates, (z0+, z
0
�)

and the stretched rotated coordinates, (z0+, z00�).

We parameterise �corrD in a generic way, as a power series in the Dalitz plot parameters. We
assume CP conservation in charm decays, such that

�D(s+, s�) = ��D(s�, s+), (3.2)

which also implies

�corrD (s+, s�) = ��corrD (s�, s+). (3.3)

This symmetry reduces the number of parameters needed to parameterise �corrD . We will
see below that even if we depart from the assumption that the model’s phase differences
are approximately correct, such that �corrD becomes quite sizeable, our method still works.

The information that allows us to constrain �corrD comes, as for the binned methods,
predominantly from the charm threshold, although B± ! DK± decays also contribute.

– 7 –

z′￼+

z′￼−
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z′￼′￼−

  δcorr =
N

∑
i=0

N − i
2

∑
j=0

Ci,2j+1 Pi(z′￼+) P2j+1(z′￼′￼−)

only odd powers of , ensures that z′￼′￼− ∝ s− − s+ δcorr(s+, s−) = − δcorr(s−, s+)

fit parameters ith order Legendre polynomials
(2j+1)th order Legendre polynomials
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A " µ+ �+ µ� ��
fsingle 1 0.1 2.0 0.75 0.90 0.25

fdouble subscript 1 1 0.1 1.0 0.25 1.25 0.25
fdouble subscript 2 �1 0.1 2.5 0.25 1.25 0.25

Table 2: Parameters used for scenarios two (fsingle) and three (fdouble), where for fdouble
the top row refers to the parameters with subscript 1 in Eq 4.4, and the bottom row refers
those with subscript 2. The parameters ", µ and � are given in units of

�
GeV /c2

�2.

(a) Single peak bias (b) Double peak bias

Figure 2: The figures show the difference between the phase difference �D(s+, s�) of the
nominal amplitude model and the model with which the data are actually generated, for
the two biased scenarios considered.

with

G (s+, s�) =

8
<

:

(s+�µ+)2

�2
+

+ (s��µ�)2

�2
�

s+ > s�,

(s��µ+)2

�2
+

+ (s+�µ�)2

�2
�

s+ < s�.
(4.3)

3. double Gaussian modification

fdouble(s+, s�) = fsingle(s+, s�|A1, "1, µ+1, µ�1,�+1,��1)

+ fsingle(s+, s�|A2, "2, µ+2, µ�2,�+2,��2).
(4.4)

The purpose of the error function, erf(x) ⌘ 2p
⇡

R x
0 e�t2 dt, in the definition of fsingle is to

implement the condition f(s+, s�) = �f(s�, s+) while providing a smooth transition across
the line s+ = s�. The parameter values used for scenarios two and three are given in Tab 2.
The phase modifications they induce are shown in Fig 2, which shows fsingle and fdouble,
in radians. It can be seen that scenario two targets the region of the K⇤ resonance, while
scenario three has large phase modifications especially in the region of the ⇢KS � K⇤⇡

interference. It is worth noting that the phase change relative to the nominal model we
consider here is up to ±1 radian, which is not a small shift.

– 10 –

Testing the method

67

Generate Babar & BELLE amplitude model with modified 
phase difference δ(s+, s−)

Fit starts from un-modified model - will it be able to find 
 to a sufficient approximation?δcorr ≈ δbias

1

s+

s−

 rad+1

 rad−1

δbias
1 = erf ( s+ − s−

ε ) g(s+, s−)

where g is a 2-D Gaussian, 
mirror reflected at s+ = s−

δbias
1
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