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Why form factors for spectroscopy?

1. Internal structure from virtuality dependence. 

2. Production/decay mechanisms to guide experiments. 

3. Connection to EW processes, e.g. aµ.
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amplitudes and 
form factors

1+ J ! 1
<latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit><latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit><latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit><latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit>

up to O(e�m⇡L)

corrections
<latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit><latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit><latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit><latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit>

Lüscher 
formalism

finite-volume 
zero-to-two 

matrix elements

<latexit sha1_base64="ZGOmfYPodadIRsh5Rq2i+z7GFs0=">AAACLXicbVDLSsNAFJ3UV62vqDvdDBaLq5IUX8uCG3FVwT6gCWUynbRDJ5MwMxFKCPg1buvPuBDErT/hwkmahW09MHDmnHu59x4vYlQqy/owSmvrG5tb5e3Kzu7e/oF5eNSRYSwwaeOQhaLnIUkY5aStqGKkFwmCAo+Rrje5y/zuMxGShvxJTSPiBmjEqU8xUloamCc1J0BqjBFLHlJHhTD/en7SSAdm1apbOeAqsQtSBQVaA/PHGYY4DghXmCEp+7YVKTdBQlHMSFpxYkkihCdoRPqachQQ6Sb5DSk818oQ+qHQjyuYq387EhRIOQ08XZltKJe9TPzP68fKv3UTyqNYEY7ng/yYQX1rFggcUkGwYlNNEBZU7wrxGAmElY5tYUo0nkqKZbooIqaj5GEWl70czirpNOr2df3q8bLarBXBlcEpOAMXwAY3oAnuQQu0AQYv4BXMwJsxM96NT+NrXloyip5jsADj+xcKXanN</latexit>J ! 2
amplitudes timelike

spacelike
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Finite volume spectrum

7

* * <latexit sha1_base64="zl2HTK6IFk5Y03wRTe3YNkiJElg="></latexit>

*without !⇡
operators

• 17 elastic levels 

• 15 above KK thr 

✦ 25 𝜋𝜋-like levels 

✦ 7 KK-like levels
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<latexit sha1_base64="Kb1s0RtMbpIDruw+NeIrLhnbW7Y="></latexit>

Scattering coupled channel fit

8

<latexit sha1_base64="zy3oWwGF3b2cW+GtUW8skBXPRbI="></latexit>

Kab =
gagb

�s+m2
r

+ �ab

¬2/dof = 28.70/(32 ° 6) = 1.10

gKK = 0.17(30)
gºº = 0.441(9)

∞KK = °2.2 ± 4
∞KK,ºº = °2.4 ± 5

∞ºº = 2.9(9)
m = 0.1338(5)
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ρ resonance

<latexit sha1_base64="Gf+Ditl0m5KZOyAvhkaETp4tYL4="></latexit>

Re(
p
sR) = 797± 2.6 MeV

Im(
p
sR)/2 = 28.5± 1 MeV

<latexit sha1_base64="KP2bmNwM5WZaCEAukLDdjNDSSRI="></latexit>

M�1
ab =

1

2k?a
K�1

ab

1

2k?b
� i⇢CM,ab

<latexit sha1_base64="XvVJFe1ovE1toEi/ZrMGZqTkDPM="></latexit>

Mab(s ⇠ sR) ⇠
ca cb
sR � s

<latexit sha1_base64="F+GkC8mDcc4hdKLoNujfVInGbso="></latexit> ����
c⇡⇡

k?⇡⇡(sR)

���� = 6.41± 0.13

�����
cKK

k?
KK

(sR)

����� = 2.4± 4.0

Relative momentum 
in cm frame
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<latexit sha1_base64="Kb1s0RtMbpIDruw+NeIrLhnbW7Y="></latexit>

Beyond the elastic timelike extraction

9

<latexit sha1_base64="cgvcd1XAfl/hmCh0f4JMx8U+j6E="></latexit>

�(P )

⇡(p1) ⇡(p2)

P 2 < 0

f⇡

<latexit sha1_base64="H/q38cQuLtaySLxdyc1ypbzTTlw="></latexit>

�(P )

P 2 > 4m2
K

K(p1)

K(p2)

fK

<latexit sha1_base64="VRoyJU+lOgpz/uWzW7fClubXFeI="></latexit>

�(P )

P 2 > 4m2
⇡

⇡(p1)

⇡(p2)

f⇡

Dispersive parameterization Coupled-channel analysis
• Average out systematic effects. 
• Analytic representation constrained 

over a wide energy range.

• Test of the transition c.c. formalism.  
• First K timelike FF from LQCD.

See also talk 

A. Rodas@Fri-16:15

PWA13/ATHOS8 - William & Mary      May 29th 2024



<latexit sha1_base64="Kb1s0RtMbpIDruw+NeIrLhnbW7Y="></latexit>

Pair production

10
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<latexit sha1_base64="Mojhkk3CrFnnkuF3HHvyLjE5nQM=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4TMA9IljA76U2GzD6YmRWWJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eLLjStv1tFTY2t7Z3irulvf2Dw6Py8UlbRYlk2GKRiGTXowoFD7GluRbYjSXSwBPY8Sb3M7/zhFLxKHzUaYxuQEch9zmj2khNNShX7Ko9B1knTk4qkKMxKP/0hxFLAgw1E1SpnmPH2s2o1JwJnJb6icKYsgkdYc/QkAao3Gx+6JRcGGVI/EiaCjWZq38nMhoolQae6QyoHqtVbyb+5/US7d+6GQ/jRGPIFov8RBAdkdnXZMglMi1SQyiT3NxK2JhKyrTJZmlLPE4VZ2paMsk4qzmsk/ZV1alVa83rSv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX8RClfo=</latexit>s

<latexit sha1_base64="H/q38cQuLtaySLxdyc1ypbzTTlw="></latexit>

�(P )

P 2 > 4m2
K

K(p1)

K(p2)

fK

<latexit sha1_base64="VRoyJU+lOgpz/uWzW7fClubXFeI="></latexit>

�(P )

P 2 > 4m2
⇡

⇡(p1)

⇡(p2)

f⇡

<latexit sha1_base64="3FM4EvgS02xt5NdBPpNiyC93wxs=">AAAB/XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRiwcPLdhaaEPZbCft0s0m7G6EEIo/wKv+BG/i1d/iL/BvuG1zsK0PBh7vzTAzz485U9pxvq3C2vrG5lZxu7Szu7d/UD48aqsokRRbNOKR7PhEIWcCW5ppjp1YIgl9jo/++HbqPz6hVCwSDzqN0QvJULCAUaKN1LzvlytO1ZnBXiVuTiqQo9Ev//QGEU1CFJpyolTXdWLtZURqRjlOSr1EYUzomAyxa6ggISovmx06sc+MMrCDSJoS2p6pfycyEiqVhr7pDIkeqWVvKv7ndRMdXHsZE3GiUdD5oiDhto7s6df2gEmkmqeGECqZudWmIyIJ1SabhS3xKFWMqknJJOMu57BK2hdVt1atNS8r9Zs8oyKcwCmcgwtXUIc7aEALKCC8wCu8Wc/Wu/Vhfc5bC1Y+cwwLsL5+AYXzldM=</latexit>

L

<latexit sha1_base64="x7xSiI63BW8hnMEExmGfujgMKrE="></latexit>

h0|J |E?
niL / F (L)

n

<latexit sha1_base64="J/K/oi+0HI7DGvM7u1RdNUrKWvI=">AAACDXicbVDLSsNAFJ3UV62PRl26GSxC3ZSkSHUlBRFcuKhgH9DGMJlO2qGTSZiZCCHkG/wAt/oJ7sSt3+AX+BtO2yxs64ELh3Pu5VyOFzEqlWV9G4W19Y3NreJ2aWd3b79sHhx2ZBgLTNo4ZKHoeUgSRjlpK6oY6UWCoMBjpOtNrqd+94kISUP+oJKIOAEacepTjJSWXLN84/LHdCAVEvWsenfmmhWrZs0AV4mdkwrI0XLNn8EwxHFAuMIMSdm3rUg5KRKKYkay0iCWJEJ4gkakrylHAZFOOns8g6daGUI/FHq4gjP170WKAimTwNObAVJjuexNxf+8fqz8SyelPIoV4Xge5McMqhBOW4BDKghWLNEEYUH1rxCPkUBY6a4WUqJxIimWWUk3Yy/3sEo69ZrdqDXuzyvNq7yjIjgGJ6AKbHABmuAWtEAbYBCDF/AK3oxn4934MD7nqwUjvzkCCzC+fgEshZuN</latexit>

E?2
n (L)

<latexit sha1_base64="hFJHAR7jPbU9yVxMEkPxAmsKOTU="></latexit>

F (L)
n = rn,⇡⇡ f⇡(s)

<latexit sha1_base64="ypst7xcsF/MXBXh4/9A5pzaenss="></latexit>

F (L)
n =

X
a
rn,a fa(s)

<latexit sha1_base64="PTof3JKV2IpaUN9btwPHHhAQYy4=">AAACInicbVDLSsNAFJ34rPUVdekmWAUXUhKR6rLoRlxVsA9oQrmZTtqhk2SYmQgl5Af8Dj/ArX6CO3EluPc3nLRZ2NYDFw7n3Mu99/icUals+8tYWl5ZXVsvbZQ3t7Z3ds29/ZaME4FJE8csFh0fJGE0Ik1FFSMdLgiEPiNtf3ST++1HIiSNowc15sQLYRDRgGJQWuqZx25IWGpnqRuCGmJg6V2WpY0zyFwuYq5iK+hBz6zYVXsCa5E4BamgAo2e+eP2Y5yEJFKYgZRdx+bKS0EoihnJym4iCQc8ggHpahpBSKSXTr7JrBOt9K0gFroiZU3UvxMphFKOQ1935jfLeS8X//O6iQquvJRGPFEkwtNFQcIs/WQejdWngmDFxpoAFlTfauEhCMBKBzizhQ/HkmKZlXUyznwOi6R1XnVq1dr9RaV+XWRUQofoCJ0iB12iOrpFDdREGD2hF/SK3oxn4934MD6nrUtGMXOAZmB8/wJ0SKVj</latexit>

h0|J |P, ai / fa

<latexit sha1_base64="lfUIcGPkFKpwBEc3UNgVurJJRtQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgQkoiUl0W3bisYB/QhjKZTtqhk0mYmQghZOkHuNVPcCdu/RC/wN9w0mZhWw9cOJxzL/fe40WcKW3b31ZpbX1jc6u8XdnZ3ds/qB4edVQYS0LbJOSh7HlYUc4EbWumOe1FkuLA47TrTe9yv/tEpWKheNRJRN0AjwXzGcHaSF05TMUFzobVml23Z0CrxClIDQq0htWfwSgkcUCFJhwr1XfsSLsplpoRTrPKIFY0wmSKx7RvqMABVW46OzdDZ0YZIT+UpoRGM/XvRIoDpZLAM50B1hO17OXif14/1v6NmzIRxZoKMl/kxxzpEOW/oxGTlGieGIKJZOZWRCZYYqJNQgtbokmiGFFZxSTjLOewSjqXdadRbzxc1Zq3RUZlOIFTOAcHrqEJ99CCNhCYwgu8wpv1bL1bH9bnvLVkFTPHsADr6xdeYJiH</latexit>rn,aFV correction:



<latexit sha1_base64="Kb1s0RtMbpIDruw+NeIrLhnbW7Y="></latexit>

Finite volume matrix elements
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<latexit sha1_base64="Kb1s0RtMbpIDruw+NeIrLhnbW7Y="></latexit>

12

Finite volume correction (elastic region)

LL factor:
<latexit sha1_base64="og1V+t4NBbR3GlRu/qUydbK4fr8="></latexit>

r̃n,a =
1

k?a
w0,a

s
2E?

n

�µ0?
0

<latexit sha1_base64="zhIt6BEZMNyfCrt3rY5ojs5dikI="></latexit>

µ0?
0 w0 w

|
0 =

@

@E?

�
M�1 + F

�
<latexit sha1_base64="PHytMXjVRCbFTIXdTEvji8lHzlU="></latexit>

f⇡ =
M⇡⇡,⇡⇡

k?2⇡⇡
⇥ F (L)

n

r̃n,⇡⇡
0.0

0.5

F(s)/m2
º

0

5

10

15

|fº(s)|

4 6 8 10 12
s/m2

º

0
90

±ºº
1 /±

In the narrow 
width limit

<latexit sha1_base64="YN3o4Cfhsfn8daogzQoC6NqVLr0="></latexit>

fa ⇡ ĉa F (L)
n

sR � s

<latexit sha1_base64="eRTqTD/m48Z84a9VPfKBexyGx2g="></latexit>

r̃n,a ⇡ ca
k?a

= ĉa ,
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<latexit sha1_base64="Kb1s0RtMbpIDruw+NeIrLhnbW7Y="></latexit>

Finite volume correction (coupled channel)
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• Isovector p-wave coupled channel 𝜋𝜋/KK 

• Pair production amplitude 
• Spacelike and timelike region 
• Coupled channel region 

• We demonstrate the feasibility of future 
analysis on other channels.

Summary and outlook
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Scattering and pair-production JP(IG)=1−(1+)
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 Two-meson-like operators

For renormalization 
of the current

1. Generalized eigenvalue problem

2. Extract energies

 Optimized operators

1. Extract invariant

2. FV correction
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Pair production
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Finite-volume matrix elements
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Omnes and GS vs data
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Pion form factor parameterizations
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Fit Omnès

26
PWA13/ATHOS8 - William & Mary      May 29th 2024

°0.2 °0.1 0.0 0.1
z(s)

1.0

1.2

1.4

1.6

F≠(s)
°8 °4 0 4 8 12 s/m2

º

<latexit sha1_base64="2yxK6kC823Ryk6nBaKz6d+F5Nxs="></latexit>

F⌦(s) = Q+
NX

n=1

cn(zc(s)
n � zc(0)

n)
<latexit sha1_base64="jYA+8Z91JoX5UmcII+4/RXFi6CQ="></latexit>

zc(s) =

p
sc � s0 �

p
sc � sp

sc � s0 +
p
sc � s

¬2/ndof = 85.4/(37 ° 2) = 2.44

Q [fixed] = 1(0)
c1 = 1.85(12)
c2 = 7.0(5)



<latexit sha1_base64="Kb1s0RtMbpIDruw+NeIrLhnbW7Y="></latexit>

Elastic region
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FIG. 20. Extracted finite-volume spectrum in the [111] E2 irrep from variational analysis of (left) correlation matrix including
⇡!-like and ⇡�-like operators, and (right) excluding such operators. Dashed lines indicate meson-meson thresholds, and solid
lines the non-interacting energy levels in this volume, with color coding as indicated below. The histograms show the relative
sizes of overlap factors for each state for each operator in the basis, color coded as: subduced single-meson with JP = 1� (dark
blue), JP = 1+ (brown), and JP = 2� (purple), ⇡⇡ (teal), KK (red), ⇡! (orange) and ⇡� (green). The spectrum from the left
panel is reproduced on the right panel as the grey points to aid comparison.

where we observe a noticable variation on cKK as com-
pared to the reference amplitude case in Eq. 21. Even
with this variation of the coupling, the value of fV deter-
mined with Eq. 40 shows little dependence on the chosen
scattering amplitude, see Fig. 19.

Parameterization Npars �2/Ndof

Relativistic Breit-Wigner 2 1.23

K = g2

m2�s
(Gounaris-Sakurai) 2 1.29

K = g2

m2�s
+ � (With �i⇢ phase space) 3 1.23

K = g2

m2�s
+ � 3 1.21

TABLE II. P -wave elastic amplitude parameterization varia-
tions.

Parameterization Restrictions Npars �2/Ndof

Kab = gagb
m2�s

+ �ab

– 6 1.10

gKK = 0 5 1.07

�KK,KK = 0 5 1.07

�⇡⇡,KK = 0 5 1.08

�⇡⇡,⇡⇡ = 0 5 1.47

Kab = gagb
m2�s

+ �
(1)
ab s

– 6 1.05

gKK = 0 5 1.03

�
(1)

KK,KK
= 0 5 1.02

�
(1)

⇡⇡,KK
= 0 5 1.02

Kab = gagb
m2�s

+ �ab(s)

�ab(s) = �
(0)
ab + �

(1)
ab s

– 9 1.05

gKK = 0 8 1.11

�
(1)

KK,KK
= 0 8 1.07

�
(1)

⇡⇡,KK
= 0 8 1.06

�
(1)
⇡⇡,⇡⇡ = 0 8 1.08

Kab = ga(s)gb(s)
m2�s

+ �ab

ga(s) = g
(0)
a + g

(1)
a s

– 8 1.15

g
(1)
⇡⇡ = 0 7 1.11

�⇡⇡,⇡⇡ = 0, �⇡⇡,KK = 0 6 1.10

�⇡⇡,⇡⇡ = 0, �KK,KK = 0 6 1.11

�⇡⇡,KK = 0, �KK,KK = 0 6 1.10

Kab = gagb
m2�s

+ �ab

Iab = �i �ab ⇢a

– 6 1.12

gKK = 0 5 1.11

�KK,KK = 0 5 1.12

�⇡⇡,KK = 0 5 1.11

TABLE III. P -wave coupled-channel amplitude parameteri-
zation variations.
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FIG. 10. Elastic infinite-volume pion form-factor in the
timelike region determined from Eqns. 28, 29. Bottom panel
shows the phase-shift for the reference elastic scattering am-
plitude, which by Watson’s theorem is also the phase of the
production amplitude.

VIII. TIMELIKE PION FORM FACTOR

The finite-volume form factor values extracted from
lattice QCD computed correlation functions were pre-
sented in Figure 7. Focussing initially on those at ener-
gies lying below the KK threshold, we can correct with
the factor r̃n presented in Figure 8 to yield discrete values
of

F
�
s = E?2

n

�
=

1

r̃n(L)
F (L)

n , (28)

as shown in the top panel of Fig. 10. This data is clearly
consistent with being describable by a smooth function
of scattering energy, as demanded by unitarity. When
weighed with the reference elastic scattering amplitude,
this data gives the pion form factor in the elastic timelike
region (c.f. Eq. 6),

f⇡(s) =
1

k? 2
⇡⇡

M(s) F(s) , (29)

which we plot in the middle panel of Figure 10. The
form factor energy dependence is clearly dominated by
the presence of the narrow ⇢ resonance in M(s).

In order to accurately determine the uncertainty on the
function F(s), we must propagate the correlated errors

on the finite-volume correction factors, r̃n(L), and this
poses an implementation challenge. As seen in Figure 7,
the finite-volume form factor data has small fractional er-
rors, such that the dominant uncertainty in Eq. 12 comes
from the r̃n(L) (see Figure 9), and in practice, the deter-
mined values of r̃n(L) for di↵erent energy levels, n, are
highly correlated with each other, owing to being gener-
ated from scattering amplitude parameterizations featur-
ing a relatively small number of free parameters. Naively
propagating such a high degree of correlation into the �2

minimization which will determine the parameters in a
parameterization of F(s) leads to results which do not
reflect the actual level of precision on the original energy
level and matrix-element data.

Our approach is to resample the ensembles of r̃n(L),
maintaining their computed mean and variance (as
shown in Section VII), while matching the distribution
over lattice configurations of the energy level values, En,
from which they were obtained 8. This ensures that the
data correlation for the r̃n(L) inherits (up to signs) the
relatively mild data correlation of the corresponding En,
in accordance with a linearised approximation to error
propagation. Details of the implementation are presented
in Appendix C.

Over the narrow energy region of elastic scattering be-
tween the ⇡⇡ threshold and the KK threshold, F(s) can
be parameterized using a low-order polynomial in s,

F(s)/m2
⇡ =

X

n=0

cn ·
✓

s � s0

s0

◆n

, (30)

where we choose
p

s0 = 0.135 a�1
t = 2.85 m⇡, centering

on the resonance peak, for convenience.
As seen in Figure 11, fits linear or quadratic in s

can capture the observed energy dependence, with the
quadratic fit having parameters,

c0 = 0.2359 (28)
2

64
1 �0.3 �0.6

1 0.7

1

3

75c1 = 0.265 (26)

c2 = 0.20 (7)

�2/Ndof = 25.4
17�3 = 1.82 , (31)

where parameter correlations are seen to not be excessive.
We note here that this fit has not imposed any additional
constraints on the amplitude, such as the fact that the
form factor must take value 1 at s = 0 to reflect the
charge of the pion. This is owing to the expectation that
the simple reference elastic amplitude parameterization
will not be suitable for extrapolation far below the ⇡⇡
threshold.

8 The only exception to this are those levels lying ‘on-resonance’,
i.e. the four levels in the inset of Fig. 8. The data correlations for
these levels are handled slightly di↵erently, reflecting the domi-
nant sensitivity of r̃n(L) for these levels to the parameter describ-
ing the resonance coupling to ⇡⇡. See Appendix C for details.
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Our approach is to resample the ensembles of r̃n(L),
maintaining their computed mean and variance (as
shown in Section VII), while matching the distribution
over lattice configurations of the energy level values, En,
from which they were obtained 8. This ensures that the
data correlation for the r̃n(L) inherits (up to signs) the
relatively mild data correlation of the corresponding En,
in accordance with a linearised approximation to error
propagation. Details of the implementation are presented
in Appendix C.

Over the narrow energy region of elastic scattering be-
tween the ⇡⇡ threshold and the KK threshold, F(s) can
be parameterized using a low-order polynomial in s,
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8

FIG. 2. Wick contraction diagrams required to compute
h0|J (t) ⌦†

n(0)|0i, where single red and green lines represent
light-quark and strange quark perambulators respectively,
and where the double line represents the light-quark gener-
alized perambulator housing the local current insertion.

the elastic scattering region and the lower part of the
coupled-channel region 4. Together they provide a high
degree of constraint on the P -wave partial-wave scatter-
ing amplitudes over the region of interest, and the corre-
sponding optimized operators will be used to determine
the production amplitudes at each of the dense set of
discrete energies.

Figure 3 presents the extracted spectra, with the lev-
els below KK threshold showing clear departures from
the non-interacting ⇡⇡ energies, as well as a count-
ing indicating an ‘additional’ level. An avoided-level-
crossing is apparent whenever a non-interacting level lies
near atE? ⇠ 0.13. These observations strongly suggest
the presence of a narrow resonance as confirmed be-
low through determination of scattering amplitudes. In
the coupled-channel region above KK threshold, the ex-
tracted energy levels are seen to lie very close to non-
interacting values, suggesting that here the interactions
are weak and that the scattering system is free of addi-
tional resonances.

4 See also Ref. [46] for a similar extraction on the same lattices,
focusing on the elastic region.

A. Elastic ⇡⇡ scattering

In the ⇡⇡ elastic region below KK threshold, if the
e↵ect of J = 3 and higher spin amplitudes can be ne-
glected, the Lüscher quantization condition of Eq. (8)
becomes an algebraic relation for the elastic ⇡⇡ scatter-
ing amplitude, with each discrete energy level yielding
a value of the JP = 1� phase-shift at that energy. Al-
ternatively, all energy levels can be described together
by parameterizing the energy-dependence of the scat-
tering amplitude, and minimizing a �2 as explained in
Ref. [36]. These two approaches are presented in Fig-
ure 4, where four parameterization choices are shown,
each of which prove capable of describing 17 energy levels
below atE? = 0.173 with a �2/Ndof ⇡ 1.2. As can be seen
the result is not sensitive to the details of the parameter-
ization, and in the remainder of this manuscript we will
focus on a reference elastic amplitude constructed from a
K-matrix with a pole and a constant, and a dispersively
improved ‘Chew-Mandelstam’ phase-space subtracted at
s = m2,

M(s) =
16⇡

1
(2k?)2 K�1(s) � ICM(s)

,

K(s) =
g2

m2 � s
+ � , (15)

where the best fit to the lattice energy levels is with pa-
rameter values,

m = 0.1335 (5) · a�1
t

2

4
1 �0.3 �0.3

1 0.7
1

3

5g = 0.445 (10)
� = (3.4 ± 2.2) · a2

t

�2/Ndof = 17.0
17�3 = 1.21 . (16)

The behavior observed in Fig. 4 is clearly that of a
narrow resonance, and indeed the reference elastic am-
plitude is found to feature a pole on the unphysical Rie-
mann sheet at

at
p

sR = 0.1328(5) � i
20.0096(5) ,

with a coupling to ⇡⇡ defined at the pole,
M(s ⇠ sR) ⇠ 16⇡ c2

sR�s , of value,

at c⇡⇡ = 0.0426(11) e�i⇡·0.047(3) .

B. Coupled ⇡⇡/KK scattering

Above KK threshold, each energy level is in principle
sensitive to all elements of the coupled-channel scatter-
ing matrix, and as such we must proceed using parame-
terizations of this matrix. The structure of Eq. 8 is such
that only parameterizations consistent with unitarity will
generate solutions. Use of K-matrix forms ensures uni-
tarity, and parameterizations in which the K-matrix is
constructed from poles plus polynomials in s have been
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Correlation among energy levels

<latexit sha1_base64="WdRRXX5xRfTVMl5t1LCGhcfqefU=">AAACHnicbZDLSsNAFIYnXmu9RV26GSyCIJakSNWFUHAjuKlgL9CkZTKdtENnkjAzEULI1ufwAdzqI7gTt/oEvobTNgvb+sPAz3/O4Zz5vIhRqSzr21haXlldWy9sFDe3tnd2zb39pgxjgUkDhywUbQ9JwmhAGooqRtqRIIh7jLS80c243nokQtIweFBJRFyOBgH1KUZKRz0T3sFr6PgC4XTQrWQp71bgGZQZPHUGiHMEe2bJKlsTwUVj56YEctV75o/TD3HMSaAwQ1J2bCtSboqEopiRrOjEkkQIj9CAdLQNECfSTSc/yeCxTvrQD4V+gYKT9O9EiriUCfd0J0dqKOdr4/C/WidW/qWb0iCKFQnwdJEfM6hCOMYC+1QQrFiiDcKC6lshHiKNRWl4M1uiYSIplllRk7HnOSyaZqVsV8vV+/NS7SpnVACH4AicABtcgBq4BXXQABg8gRfwCt6MZ+Pd+DA+p61LRj5zAGZkfP0CGrKhMw==</latexit>
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<latexit sha1_base64="Kb1s0RtMbpIDruw+NeIrLhnbW7Y="></latexit>

Coupled channel example: S-wave, isoscalar form factors
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[1] 1508.06841 Daub et al.

<latexit sha1_base64="YbzaRw5qn8eHqn1wg56xY3nd8lI="></latexit>

fa = Ma,⇡⇡F⇡⇡ +Ma,KKFKK
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<latexit sha1_base64="rvION7vc5TSl6xcuPhHL+NccGIs=">AAAB/XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68ZiAWSAZQk9PJWnSs9DdIwxD8AO86id4E69+i1/gb9hJ5mASHxQ83quiqp4XC660bX9bhbX1jc2t4nZpZ3dv/6B8eNRSUSIZNlkkItnxqELBQ2xqrgV2Yok08AS2vfH91G8/oVQ8Ch91GqMb0GHIB5xRbaSG3y9X7Ko9A1klTk4qkKPeL//0/IglAYaaCapU17Fj7WZUas4ETkq9RGFM2ZgOsWtoSANUbjY7dELOjOKTQSRNhZrM1L8TGQ2USgPPdAZUj9SyNxX/87qJHty6GQ/jRGPI5osGiSA6ItOvic8lMi1SQyiT3NxK2IhKyrTJZmFLPEoVZ2pSMsk4yzmsktZF1bmuXjUuK7W7PKMinMApnIMDN1CDB6hDExggvMArvFnP1rv1YX3OWwtWPnMMC7C+fgGr+ZXq</latexit>

d
<latexit sha1_base64="OylwmCmj6qLDEBTfXiwWVY3h5eE=">AAACDnicbVDLSsNAFJ3UV62vqEs3wSK4Kon4Wpa6cVnBPqCNYTKZtEMnM2FmUggh/+AHuNVPcCdu/QW/wN9w0mZhWw9cOJxzD/dy/JgSqWz726isrW9sblW3azu7e/sH5uFRV/JEINxBnHLR96HElDDcUURR3I8FhpFPcc+f3BV+b4qFJJw9qjTGbgRHjIQEQaUlzzSHXNtFOmvlT7YXeGbdbtgzWKvEKUkdlGh75s8w4CiJMFOIQikHjh0rN4NCEURxXhsmEscQTeAIDzRlMMLSzWaf59aZVgIr5EIPU9ZM/ZvIYCRlGvl6M4JqLJe9QvzPGyQqvHUzwuJEYYbmh8KEWopbRQ1WQARGiqaaQCSI/tVCYyggUrqshSvxOJUEybymm3GWe1gl3YuGc924erisN1tlR1VwAk7BOXDADWiCe9AGHYDAFLyAV/BmPBvvxofxOV+tGGXmGCzA+PoF8a+cmA==</latexit>
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<latexit sha1_base64="asx58c0X7G6W/1WQQijAJFpC3tM=">AAACCHicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCrYXOUDKZTBuaSUKSEYahP+AHuNVPcCdu/Qu/wN8w087Cth64cDjnHu7lhJJRbVz326msrK6tb1Q3a1vbO7t79f2DrhapwqSDBROqFyJNGOWkY6hhpCcVQUnIyGM4vi38xyeiNBX8wWSSBAkachpTjIyVfF9Ys8jm0WRQb7hNdwq4TLySNECJ9qD+40cCpwnhBjOkdd9zpQlypAzFjExqfqqJRHiMhqRvKUcJ0UE+/XkCT6wSwVgoO9zAqfo3kaNE6ywJ7WaCzEgveoX4n9dPTXwd5JTL1BCOZ4filEEjYFEAjKgi2LDMEoQVtb9CPEIKYWNrmrsiR5mmWE9qthlvsYdl0j1repfNi/vzRuum7KgKjsAxOAUeuAItcAfaoAMwkOAFvII359l5dz6cz9lqxSkzh2AOztcv6SWbEA==</latexit>

d

<latexit sha1_base64="asx58c0X7G6W/1WQQijAJFpC3tM=">AAACCHicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCrYXOUDKZTBuaSUKSEYahP+AHuNVPcCdu/Qu/wN8w087Cth64cDjnHu7lhJJRbVz326msrK6tb1Q3a1vbO7t79f2DrhapwqSDBROqFyJNGOWkY6hhpCcVQUnIyGM4vi38xyeiNBX8wWSSBAkachpTjIyVfF9Ys8jm0WRQb7hNdwq4TLySNECJ9qD+40cCpwnhBjOkdd9zpQlypAzFjExqfqqJRHiMhqRvKUcJ0UE+/XkCT6wSwVgoO9zAqfo3kaNE6ywJ7WaCzEgveoX4n9dPTXwd5JTL1BCOZ4filEEjYFEAjKgi2LDMEoQVtb9CPEIKYWNrmrsiR5mmWE9qthlvsYdl0j1repfNi/vzRuum7KgKjsAxOAUeuAItcAfaoAMwkOAFvII359l5dz6cz9lqxSkzh2AOztcv6SWbEA==</latexit>

d
<latexit sha1_base64="7DCbXdhFbMJHFeJGJb8bVnF5zBQ=">AAACDnicbVBLTsMwEHX4lvILsGRjUSGxQFWC+C0r2LAsgn6kNkSO47RWHceynUpRlDtwALZwBHaILVfgBFwD97OgLU8z0tN7M5rRCwSjSjvOt7W0vLK6tl7aKG9ube/s2nv7TZWkEpMGTlgi2wFShFFOGppqRtpCEhQHjLSCwe3Ibw2JVDThjzoTxItRj9OIYqSN5Nt29JSHhZ8/nHYFNVX4dsWpOmPAReJOSQVMUfftn26Y4DQmXGOGlOq4jtBejqSmmJGi3E0VEQgPUI90DOUoJsrLx58X8NgoIYwSaZprOFb/buQoViqLAzMZI91X895I/M/rpDq69nLKRaoJx5NDUcqgTuAoBhhSSbBmmSEIS2p+hbiPJMLahDVzRfQzRbEqyiYZdz6HRdI8q7qX1Yv780rtZppRCRyCI3ACXHAFauAO1EEDYDAEL+AVvFnP1rv1YX1ORpes6c4BmIH19QsRupyt</latexit>
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S-wave phaseshift and form factor phase comparison, adapted from [1]

<latexit sha1_base64="DCZ/4cDkDjmCSan9nNnFwd8Kzic=">AAACBnicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfWAbymQyaYdOJmFmIoSQvR/gVj/Bnbj1N/wCf8Npm4VtPXDhcM693HuPF3OmtG1/W6WV1bX1jfJmZWt7Z3evun/QVlEiCW2RiEey62FFORO0pZnmtBtLikOP0443vp34nScqFYvEg05j6oZ4KFjACNZGeuz7lGs8yIJ8UK3ZdXsKtEycgtSgQHNQ/en7EUlCKjThWKmeY8fazbDUjHCaV/qJojEmYzykPUMFDqlys+nFOToxio+CSJoSGk3VvxMZDpVKQ890hliP1KI3Ef/zeokOrt2MiTjRVJDZoiDhSEdo8j7ymaRE89QQTCQztyIywhITbUKa2xKPUsWIyismGWcxh2XSPqs7l/WL+/Na46bIqAxHcAyn4MAVNOAOmtACAgJe4BXerGfr3fqwPmetJauYOYQ5WF+/B4maAw==</latexit>

�f
<latexit sha1_base64="zOxPVkAzkLFg+W3EudgdfLgto/w=">AAACFHicbVDJSgNBFOxxjXEbFbx4GQyCBwkz4nYMySUHDxHMAkkIPZ03SZOehe43YhjnN/wAr/oJ3sSrd7/A37CzHExiwYOi6j3qUW4kuELb/jaWlldW19YzG9nNre2dXXNvv6bCWDKoslCEsuFSBYIHUEWOAhqRBOq7AuruoDTy6w8gFQ+DexxG0PZpL+AeZxS11DEPW10QSDuJd9ZCeMTktlwqpmnHzNl5ewxrkThTkiNTVDrmT6sbstiHAJmgSjUdO8J2QiVyJiDNtmIFEWUD2oOmpgH1QbWT8f+pdaKVruWFUk+A1lj9e5FQX6mh7+pNn2JfzXsj8T+vGaN30054EMUIAZsEebGwMLRGZVhdLoGhGGpCmeT6V4v1qaQMdWUzKVF/qDhTaVY348z3sEhq53nnKn95d5ErFKcdZcgROSanxCHXpEDKpEKqhJEn8kJeyZvxbLwbH8bnZHXJmN4ckBkYX7+CdJ8K</latexit>

�f,LHCB

The inelasticity of the f0(980) 
has a significant role in the 
coupled channel region.
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