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3-Body Dynamics



Hadronization

Non-perturbative quark-gluon dynamics in QCD

Confinement
into color-
neutral hadrons
Mass generation
of hadrons

Resonances: key
phenomena

connecting QCD
and experiment


https://arxiv.org/abs/0910.5842
https://arxiv.org/abs/0910.5842

Experiments

Decay mode Resonance B (%)
Leptonic decays 35.2

T — e VelUg 17.8

T — U Vylr 17.4
Hadronic decays 64.8

T~ = hv; 11.5

T — h 7, 0(770) 25.9

7= — h= 70, a1 (1260) 9.5

T~ - h " hth v, a1(1260) 9.8

T~ = h hth 7%, 4.8

Other  h¥ refers to charged pions 3.3

a1(1260) decay involves three-body
dynamics

a1(1260) IC(JFPC)=1-(111)
PDG

ALEPH Detector



https://pdglive.lbl.gov/Viewer.action
https://arxiv.org/abs/hep-ex/0506072

T-decay

Almost all resonances
— 3+ particles

W ~/a,(1260) —‘<
- ?

T
([ J
4 Quantum
chromodynamics (_/\\
(QCD): quarks Three-body
and gluons dynamics
\_ dynamics (pions)




Kinematics

T
a1(1260) IG(JFC)=17(111) (vo,0) =<
T
a T

(v's,0)
— 70
Total-energy: /s or W
Sub-energy: v/o |S-SP Interaction - Lots of channels

= |sobar (Two stable particles interact)
— Spectator (The third particle)



Three-body Unitarity

"Conservation of probability"

T — A . A A
S5T =1 (g1, 92, 43| (T=TT)|p1,p2,p3) | = | @ [pla1, a2, q3|T" |k1, ko, k3)(ki, k2, k3| T|p1, p2, p3)

T+

-
>=@= =@=‘< >'=® < fl—[?:1d4kj>=@=
L S

0l o ox

Connected Disconnected
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https://inspirehep.net/literature/1606089

Three-body Unitarity
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Scattering Equation

T

d*k
(2m)*

| T(s) |p) = (4l B(s) |p) + {q| C(s) [p) +/ (gl (B(s) + C(s)) |k) (0 (k) (k| T(s) |p)

* General Ansatz Bethe-Salpeter equation (BSE)

* Derive manifestly unitary amplitude (similar to Lippman-Schwinger equation (LSE) )

A KA K ]

Exchange: Contact term: ﬂ‘

e Complex * Does not destroy unitarity Isobar-spectator

e Required by * Free parametrization: fit to data Green’s functions:
unitarity e 2-body scattering

input



Partial-wave decomposition

* Plane-wave basis

(Finite volume)

e JLS basis:

(Infinite volume)

-

Ty (p. ql (Bm(p q) +C)+

Z/ o %}EE (Bxxr(p, 1) +C)7(a(l))Tara(l, q1)

~

J

'TI{L; (anp) — (B[{L’(qj.‘p) s CLL"(Q]JP)) T

~

B 1 (q1,0) + Crrr(qi. D) (o (D) iy (1, p)

/




Upgrade to 4-channel model

P( a1(1260) — ,p— 77)/Tota

VALUE (107?)

60.19

Old: isobar in P-wave

EVIS DOCUMENT ID

TECN COMMENT

* » We do not use the following data for averages, fits, limits, eic. » »

37k T ASNER

2000  CLE2

[Sadasivan 2021 PRD]

0.0

106e' e =77, 7 = o n'wlu,

New: isobars in S-wave

TP — w(7T)2

TP —— T(TT)3

T —— T(7T)2

S—S D—S P—S P—S
TP —— TP T —— TP TO —— TP T(7TT)y —— Tp
S—D D—D P—D P—D
TP —— TP TP —— TP TO ——— TP (7)) —— TP
— S—P D—P P—P P—P
TP —— WO T —— 7O TO —— WO T(7TT)y —— WO
S—P D—P P—P P—P

m(nm) —— w(77)e2

* 0:f,(500); (mm),: repulsive isospin I=2 channel
e Systematic inclusion of all possible isobars up to P-wave

* More channels will be included

12


https://inspirehep.net/literature?sort=mostrecent&size=25&page=1&q=Sadasivan%3A2021emk

To Finite Volume



LQCD: Quantization Condition (QC)

* Impose periodic Boundary Condition (Lattice)

T | ] 2Nl
—'_I
gisesel ,\ .
DEEN SN = (r+ Le;) = e'™ cPergh(r)
LT T
P l -
Infinite volume Finite volume
Continuous momenta p =2mn/L for n € 7°
Energy spectrum: —| | d°p L o—0-06-0-90
gY sp 3mn \/E [/ (2)3 f(p) = JE p@ﬂz/;u y f(p) J 3mn \/g
* Phase shifts QC Discrete energy spectrum

* Pole positions (from LQCD)



Results GW

T=(B+C)+(B+O)7T First extraction 3-body resonance from lattice QCD (2 channels)
h= ﬂ_fBJZFCC)T a1(1260) — mp  [Maietal., PRL2021]
Quantization Condition (QC) “ | / = WC;:CE _1
S P T
fit parameters (p'p)

%

Generalization of QC to 4-channels achieved,
All isobars up to P-wave are included:

a1 <> (mp)s <> (mp)p <> (wo)p <> (w(77)s5,1=2)
* Analysis is on the way [YF et al., in preparation]

- Y,

* Extensionto nmmw + K K7 in finite volume: [Z. Draper, S. Vs [m]
Sharpe 2403.20064 [hep-phl]

15


https://inspirehep.net/authors/2684850
https://arxiv.org/pdf/2403.20064
https://arxiv.org/pdf/2403.20064
https://arxiv.org/pdf/2403.20064
https://arxiv.org/pdf/2403.20064
https://inspirehep.net/literature?sort=mostrecent&size=25&page=1&q=Three-body%20dynamics%20of%20the%20a1%281260%29%20resonance%20from%20lattice%20QCD

To Infinite Volume



Production amplitude

TL’L(Qoutapin) — f‘L’ (QOut)

[Sadasivanetal., 2020PRD] Disconnected part = Traditional Isobar model
0_25;_ Total I !
~ 0.5} . T, P
._% Disconnected ~ T e o 1 Connected
— o.10}
© i
005 N L
' disc Tcon
FL/ — P _|_ L
Vs [GeV] Jl
* An example of a1(1260) lineshape Lineshape
(ALEPH data) from the decay /3) / d‘ql d‘q.z d*q; 1 (18)
=1ty Nz (27)3 2E,, 2E,,2E,,

2
x (2m)*6" ( 3 —q1 —q2 — q3)[['(q1,q92,q3)| .

17


https://inspirehep.net/literature?sort=mostrecent&size=25&page=1&q=%20%5BSadasivan%3A2020syi%5D%20

31 00199 005

[ ]
D a | Itz p I OtS 0.8 Gint,Data | Bin1,FitResult | Bin2 Data | Bin 2, Fit Result .
04F T . oo F b

o2f it oML Lo i L THHED

0 L 1 I 1 L L
02 04 06 02 04 06 0.2 04 06 02 04 06

e CLEO data [rhys.Rev.D 61 (2000) 012002] . R s 2_04 05

08l Bm3 Data 1 B|n3 FrlResuIt Bm 4, Data __Bm 4, Fit Result_
* Channel dynamics mostly visible in oof 4: & 1 =.- I &
Dalitz plots, not line shape

02 En  f gEL T s T gn
o lllllllllllllllllllllll L i Ll i L i i i
02 06 1002 06 1002 06 1002 06 1.0

1.0} Bin 5, Data . Bin 5, Fit R'sult Bin 6, Data -+ Bin 6, Fit Result .|

s, (GeV?)

* Large data set for t Dalitz decays

/ \ 0 t;'.:; ‘ 1.0 ofs::; *.|'.o- YRR ois::::ifﬁ . 15
L Need more Channels fOr 15[ Bin7,Data | Bin7,FitResult | Bin8,Data | Bin 8, Fit Result -

oallss: . BiE::. ST SEEREE:
0.5 it T ocrreriiiii T mRRTTRRILLT LRI

________

combined analysis of Dalitz plots. NI TET TR Ay 8

05F SR

* Analyze future data with different okttt B R e
O r S eVz
\ fl n a | States WWW/WKK 4/:](:. 5.  Dalitz plot distributions for data n::(ilt reslult. Here s; is taken to be the higher
h

the two values of M?'f o in each event. Bins 1 through 8 correspond to slices in /s = 0.6-0.9,
0.9-1.0, 1.0-1.1, 1.1-1.2, 1.2-1.3, 1.3-1.4, 1.4-1.5, 1.5-1.8 GeV.

18


https://inspirehep.net/literature/495314
https://inspirehep.net/literature/495314

Partial-wave projection

pl
BL’L(Qoutapin) — TL’L(Qoutapin) — 1_‘L’ (QOut)
I3, (P —p—pp)ua(P—p—p,p) ,
Bua(p',p) = =2 | (', p) — P—p-—p
2Ep 1p
x = cos(p’, p), E§+pf =m?2 +p® + p? + 2ppz, p

Forward propagator

Logarithmic Singularities

+1
Bya(p',p) = 27r/ drdi,(z)By(p',p)| Projection: Plane-wave = Partial-wave

—1

Br(0,p) = UpxBax(p',p)Unxr Projection: Helicity =2 JLS

See also [Jackura Phys.Rev.D 109 (2024)] 19



https://inspirehep.net/literature/2729272

Solving scattering equation for complex momenta

1
Vs —E, — E,

e Avoid vanishing denominator at

f(p p) — Bpipr + i€

, pr(p® —a?) £ oz\/(ﬁ +p2 (22 —1))* —4m2p
P = 23 )
Ep E ﬂ(pa ) — 052 (;O) — p23:2 . (23)

a(p) = Vs —

1.0

%:#,(;:L,.J o o e L LI
T_l:]' ..-.?'. .r l.‘- -- '1—!1

,._
Imp [m,]

00 05 1.0

Rep' [m.]

S—8 D—S P—S P—S

T —— TP T —— TP o —— TP m(mm)y —— wp
S—D D—1] P—D P—D

T —— TP TP —Fp wp TO — TP w(7mm)y — 7p
S—P D—H P—P P—P

Tp —— To P o O —— MO w(nm)y —— 7o

S—P D—P P—r P—P
wp —— w(nm)e | mp —— f(w7w)y | mo —— 7w(wMW)2 | W(MW) —— TW(TWT)2

<out

mt(rm)2(P) na(P) mp(D) rtp(S)

S0+

100+

150+

192t

100 150 192
F B R
-~ 150
p 1100
TL’L(S/ p /p)
1150
Channels ® Momenta
: : : 4192
1 50 100 150 192

mp(S) 1p(D)

rta(P) rt(rtm)2(P)

290

- 190

~ 100

10

20




Critical Region
_f(')(5()0)6f(')(9 SH

A

KK < nn
7 v+
T
/A
q
Complex momenta X Real momenta
p

p/m;

3.5
3.0

2.5¢
2.0¢F

1.5
1.0

0.5F

0.0

- QmK + My /-;
: 31, IV - - m— /

Unphysical / Cri tical-
' RN / Physical -
' Re p' -
3 4 5 7

21



Heatherington and Schick method

U]

Img
The Quantum Mechanical Three- A

Body Problem

Vieweg Tracts in Pure and Applied Physics

AND K ALED “pRVSIC

1st Edition - January 1, 1974
Authors: Erich W. Schmid, Horst Ziegelmann

Editor: H. Stumpf « Language: English

eBook ISBN: 9781483160788

22



Heatherington and Schick method

1

B p p Ep-l-p" -+ 1€

T V/s—E,— E,

3D plot: Integrate over the angle

Vs =T7.6m,, q=3.4m,

4\ 11y
| S mE Rej
Im p [m’ﬂ'] 0 _ﬁ
‘zli " HE
’ R
[ 1
| ]
o=l .
2 0 2

Bya(p',p) = 2“/

[
| ]

HEErT

+1

—1

dz d3. () By (P, p)

g = 3.4dm;

i ‘. (]
' *T
* f’..
\---f‘ ...-




Connection between sheets

Discontinuity: 2 times of

1
Vs—E,—E, —E, , +ie

=
=

<
2,

=
=
—

1
df = Im/da:f(qf,q). f',p) =
-1

Smooth transition between 1st sheet (
Vs =T7.6my, q=3.4m,

1.0

15
1.0
05
0.0
-05F

of

) and 2nd sheet (gre#n). |

0.
0.5 = Im=os -0.5¢
== S Re% b -1.0¢
00 = 0.0 /M
i pma] | : 2
-05 — R 05 an -2.0¢ .
-2.5¢
-1.0 50 10 -3.0F /
0 -5 -3.5L : : — :
5-10 0.0 0.5 1.0 1.5 2.0
00 05 10 15 20 00 05 1.0 15 20 Re p/m,, along I
Re plm] 24



Preliminary results

[YF, F. Gil, M. Doering, R. Molina, M. Mai, V. Shastry, A. Szczepaniak]

25



Lineshape Modification Ll Doerine

V. Shastry, A. Szczepaniak

o * T  p.o. m

..-:';i ‘\ /’/

L \, %= 1 L B L
o o

S n T[ -._\‘.K p ,r'— TE s‘\‘
O.
U g U _s0f .
I'y, = Tdise 4 Foon
of (7p)s

I'r(s,q) =vp(q)m(0(q)) [f‘L’(SaQ’)+DL’(SaQ)] 00 05 10 15 20 25 30 35

Solid line: Full “
Dashed line: Disc

—1F

Red: Re
Blue: Im




Lineshape Modification

* Isobar lineshapes (1) = 1:(1+) > N
modification through 3- (pmt)s, (pmr)
o Y D,
body effects (om),, (rT), e, ..
2N T
14 000F
12000 With 3B effects
10000
8000 Lineshape w/o 3B
jzzz: x10° 07'0" [w] o S
2000l - 0.194 < ' <0.326 (GeV/c)®
o ol S 1.66 < m,_ < 1.70 GeV/c?
= 3 2b lineshape
_z z 02 extracted from
T ol 8 +#f0(980) 3b experiment
15| >0-1_— J comPpass
10p fO(SOQ')” t  “freed isobar”
st - **....,_‘ e ‘
OT.I.\..I.*.\\\...I.

05 1 15 2

m, . [GeV/c?]

[Phys. Rev. D 95, 032004 (2017)]



Extension to strangeness

Isobar (S, Ir) (1,1) (1,%/2) (0,0) (0,2) |(0,1/2)|(0,3/2)
HB basis (11 Ch.)| mpi=+1,0 KKX_11 o |m(KK)s |mm2 |Kk |K(7K)s
JLS basis (9 Ch.) (?rp)s‘(wp)p (KK*)S‘(KK*)D (mo)p |(m(KK)s)p|(nm2)s (5 (K(mK)s)p
4
1y(500) < £,(980) K (700)
K /4
r T..

a,(1260)

dl [2

Tji(Sjp:p) = éjt'(.ﬁ._pr,p) -+ C‘Fji(S;PI:P) + / (2'}'{')5 2E,{ (B)jk(stpf*. Er) + erk('gjpf: 5)) %k(gl) ,j;kj (3: E:p)
0



2-body input

1
01 190, kn I = 5 J=10

150

100

More 2-body inputs:

900 1000
E('Hf [MEV]

Opgrn T=2J=10

1
1100

50
_50 [
_?5 -
L 1 L 1 1 L 1 0 L
700 800 900 1000 1100 1200 1300 700 800
E{ZIH [Mev]
- 35
3720, kx 1 5 J=0 o
10 |
_1[] [
l (K7)r=3 /2
=10 —20 }
[
_20 |-
_30 -
_30 -
700 800 900 1000 1100 1201 -
250 500
E{!JH [Mev]

Find data resources from [Doering JHEP 01 (2012) 009]

750
E(:m [ M eV]

1251

00 500

7] KK—nrr

Sone I=0J=0

300 F
200
100 f
0 L 1 1 1 1
250 500 750 1000 1251
E(!NF [Mev]
Oy I=1J=1
150
100

p(770)

50 F

1000 1201

600 800

E('FN [MeV]
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https://inspirehep.net/literature/944166

Prelim Results

7-channel model T-matrix

KK:::I:I,D
(KK*)s| (KK*)»

TI'(KX)S
(n(KK)s)p

o

(mo)p

TPA=4+1,0
(mp)s|(mp)

T2

(mm2)s

n(nme(P) mKK)P) mna(P) KK(D) KK'(S) mp(D) mp(S)

100

100 200 ri | iG

i LR

lhanne s ® Momenta |

1 100

336

np(S) mp(D) KK*(S) KK*(D) NO‘(P) m(KK)P) 1(m)(P)

100



Prelim results 2

Production amplitude (strangeness): Only the (non-trivial) re-scattering piece
Without final isobar decay
. FTT W >2mg + my,

< : o 0.00f ' - 0.030F
I / 0.025

I . o -oolp L. - ] — ReT, 0.020¢ — Rel,
;_ — = _; -0.02f ] — ImT. 8813: 4 — ImT,
U'yi(s,.q) =07/ (q)T7/ (0 |[F (s.qg)H Diy:/(s, } -0.03} " S Re [KK*(S) 0.005¢ ) %y ] =eee- Re [KK"(D)
- ( Q) - (Q) - ( (Q))I " ( Q)I - ( Q) ------- - 2 (KK )S S K*(S) 0.000¢ s hﬁ (KK )D R (D)
b e e e - = 1 —0.04 - I"-.,_a_:/l . ] === Im I ~0.005k vy = Im I WY
0 1 2 3 4 0 1 2 3 4
qlma) alm]
Rescattering generates phase 03(7Tp>s ' _.' ------ —] 0.05F (7‘('10)D ' ' /
motion of the three-body ool ] ) P A
. L.t — Rel? Trteell — ReT
amplitude Of=""" ] ~0.05} ..
—_— Im I el — I I
'/- " _0.10' ~~~~.‘ Hl
0.0r ’..”‘.-' I Re l‘-i::.:_.s'j: _0.15t ~~‘ | R Re fif-i[{)]
T . ] eme-a Tm 7205 —0.20 3 | | | .\- ----- Im 7P
0 1 2 3 4 0 1 2 3 4

[y q[ms]



Summary and outlook

Finite volume: Four-channel quantization condition allows for better determination of

a, amplitude and other spins/isospins (in progress).
* Infinite volume:
o Quantify line-shape modification and phase motion induced by three-body effects

beyond traditional isobar model
o Inclusion of kaons (+eta) will allow to analyze different final states (help needed!)
o Allows for consistent inclusion of triangles as coupled-channel transition (a,(1420))

o Can some resonances be generated by nonlinear meson dynamics from three-body

unitarity?
o(500) < £,(980)

a,(1260)







For questions



Delta00

S

77823’51

i(1—

i(1— 772)1/2 pi(01+82)
772)1/283'(51+52) ne2io:
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C(s)

] (p',3)(P,1) 47T

with

with

Z QIM A(5) (- *p’vg—p’:o)é (5,0, 1”)9 M — (i) (¢—p,0—p,0)

1 1 1
_ . V3 V3 V3
Cji(ssp!ap)zUjL’OL’L(S;p!,p)ULi for Up; = 0 0 0
1 2 1
% -V %

Crro(s.pp) =3 )" & ()" )" .

o = O
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Extrapolation to real momenta

0.40¢
[ - Absl‘r’dulu

g 0.35}
TL/L((]out,pin) — FL’((]out) D.SDE— _____
First try: Pade fit Fit in complex plane o0.2s}
o (2) o T - ,
AT e ) TS b /e 00 05 10 L0 25 30
0.20p . , — | ——

..........

0.15f

o.10f
Extrapolate to real-axis // E

0.0 0.51.01.520253.03.5 e~ | -
.( } 0 1 2 3[ 4 5
Re ¢[m,] o0 ) a

N Not good in “critical region” for D-wave
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Finite volume 2-body Input

() 5~ _p Py )P pl 2k3)e3 (Ps — p) (P — ply — 2Kk3)
( |

o AEZ,)m 2E)+ (0, — 4E2,)

k - 1 .
k*(s.k.p) = k + p ( pf (J(s.p) —1) + §J(s,p)) C J(sp) = YT

Vs—Ep’
Ta(p) = A Ky (5,p) = o xa(s,P) (4)
n—1
K, '(s,p) = Z aio, and Y, aa(s,p) =
i=0
Bk oy 0L (P—p—k,k)ox(P—p—k,k)
J (27)% (4E2)" 2Ek (0, —AE? + ie) .

[Mai:2021nul]



https://inspirehep.net/literature?sort=mostrecent&size=25&page=1&q=Three-body%20dynamics%20of%20the%20a1%281260%29%20resonance%20from%20lattice%20QCD

LQCD DATA

Table I. Details of the GWQCD Ny = 2 ensemble parameters used in this work. Here a is the lattice spacing, Necg the number
of Monte-Carlo configurations for each ensemble. The pion and kaon masses are aM, and aMg, respectively. The errors on

every value are purely stochastic except the lattice spacing which includes an estimated 2% systematic uncertainty.

Ensemble N, x N3 a/fm Netg aM.. afr aM afx
2448 48 x 243 0.1210(2)(24) 300 0.1931(4) 0.0648(8) 0.3236(3) 0.1015(2)
2464 64 x 24° 0.1215(3)(24) 400 0.1378(6) 0.0600(10) 0.3132(3) 0.0980(2)
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Heatherington and Schick method

T(s,q,p) = B'(s,q,p) — /P(‘I) dg" (¢")° Im B (s,q,q")7(o(q"))T (s, 4", p)
L, L, 7 k; [_] (QTT)HQE{I!! - 7 7 7 L,

v E oo B s DT L [ r O BI(s,q,)r(a(1)T(s,L,p)

2m)3 2, 27)3 2,
1.5
~ 1o} J
. 05} .
m BT =0(0<q"<P) Tm B - 2d(s,q,0") A
Same method for = -05] N L '
production amplitude -1.0y
- ) dq” (qu)g " " 2 " 7 -1 > 1 0 1
FL’(S’ Q) - _2/ 3 d'L"L(Sa(Iaq )TL(J(Q )) (FL(Saq ) + DL(S#I )) A 12
0 (2?‘1’) QEqH Rep/m;

dil® 11, ., _ .,
+ /[‘ (27 2, (BLiz (s,4,1) + Crn(s.q, 1)) o(o(l)) (FL(:;,E) + DL(;:,J))
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GW

Dp(s,p) = Dyr(s,p)BL(Ap)

3. Blatt-Weisskopf barrier-penetration factors

For £ =0, ...,5 the Blatt-Weisskopf barrier-penetration factors [167, 168] are explicitly given by

By(r) =1,

By(r)=r/V1+712,

By(r) =2 /9 + 3r2 + 14,

Bs(r) = r3/\/225 + 45r2 + 614 + 16 |
Ba(r) = r*/\/11025 + 157512 + 135r4 + 10r6 + 18,
Bs(r) = r°//893025 + 99225r2 + 630074 + 31576 + 1578 + 710,

41



Spectator momentum

= p=2rn/L for n € 7°
Spectator momentum shells

52 1o | 1000
®
| ler s | e2(100)
Ry [ e 3110
0 ¢ l. ° Ie' ® 4:{1,1,1
[ ]
1 *ou, o 5200
* 7T
> 6:(2100 =&
2 | . L
1
u |

e.g. Shell 2: we have 2*3
=6 plane-wave momenta:
(1,0,0), (1,0,0),(0,1,0),
(0,1,0), (0,1,0), (0,0,1),
(0,0,-1)
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1.5 T T 1.5 T 1.5
q=29m, q=34m,
1.0} {1 1.0} {1 1.0}
0.5} {1 0.5¢ m 1 05}
0.0f=nmnnmcean- 0.0 ===~ -- 1 0.0}
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for the critical region.
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