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The formulation of this talk is based on
[I. Terashima and T. Hyodo, PhysRevC.108.035204 (2023)]



Numerical calculation by LQCD

10;. | | | | A
CP-PACS, A. Ali Khan, et al., Phys. rIf-'\r;ev D 65, 054505 (2002) N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rerv[.hlr_ré t. 99, 022001 (2007)
»Inter-quark (static) potential »Inter-hadron (NN) potential

B Quark-antiquark potentials and hadron-hadron potentials
have been studied independently
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Exotic hadron X(3872)

B There is no restriction by QCD which prohibits the mixing with each d.o.f

» States with same quantum numbers mix by definition

W Structure of X(3872) [A. Hosaka, T. lijima, K. Miyabayashi, Y. Sakai, and S. Yasui, PTEP 2016 (2016)]

» Mixing with and hadron degrees of freedom
» Not enough experimental data and lattice QCD results

» How about a channel coupling between
and hadron degrees of freedom like X(3872)7



https://inspirehep.net/literature/1436498

Channel coupling

v Formulation according to Feshbach method [H. Feshbach, Ann. Phys. 5. 357 (1958): ibid., 19, 287 (1962)]

 Hamiltonian H with channel between quark potential V¢ and hadron V"

T4, T":Kinetic energy
q q ¢
H = (1(; Th(J)rA) -+ (‘I;t “;h) A:Threshold energy

Vt:Transition potential

« Schrodinger equation with wave functions of quark and hadron channels | g), | h)

a (i) == ()

» Two set of equations with quark and hadron channels are obtained
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https://inspirehep.net/literature/33542
https://inspirehep.net/literature/3901

Effective potential

- Eliminate quark channel to obtain an effective Hamiltonian of hadron channel H;(E)

: h i L v No approximation
with, Heff(E) ’h> L |h> ’ Veﬁ‘(E) v' G, is the Green function of quark channel

Hiw(B) = T + A" HV" {[V'GIEWVY| G (E) = (E — (T7 + V)L

- coordinate representation with initial relative coordinate r and final

/ t t
(04, | VI (B) ) = (o | VP )+ 30 LV f;”i(ﬁz S

n

€ Energy dependent potential (denominator depends on E)
€ Non-local potential (humerator depends on r, r’ independently)
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Formulation of X(3872)

==) ¢ Quark channel : cc RRY ESPTEERRES .

cC

g (@) 20 V9 vy  |]8..3= DD*
i\’ N4 @ e

=== & Hadron channel : D° D*Y X(3872) 3 =emreeneemeest

—ur _MT/ \/
(| V| 7)) = w(B)—° Separable

r r! . cut-off
v 27 oh i .

[
VR L (p v, E) = [wI(E) + w"(B)|V(r)V () \
i 90

]
-/

= w(E)V(r)V(r')

Jo- coupling constant
» Determine to reproduce mass of X(3872) o y

0




Wave function ) and phase shift

BThe wave function ¢, (r) and the phase shift §(k)
can be obtained analytically in our formulation

e~ HT e HT
<T;L ‘ Vt ‘ rh) — W(E) r r!
in|k d(k)] — sind(k)e HT
- Scattering wave function i ¢%(r)::suﬂ r + 9 )erﬂn (k)e
* Phase shift §
uldrmw(E) + /f”]] 1 2113 i 1 )
kcot d(k) [ S (E) + o pp—p 87rmw(E)k

Scattering length a
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Result: E, dependence of

—— Jlyzt - &%

< = = Ecenear the y-1 (2P)

0.0 0.2 0.4 0.6 0.8 1.0 1.2
k/u [dimensionless]

» E, dependence of exact (k) is large for small E,

»Binding energy is fixed so that § (k) does not change in small k reagion
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Result: V" dependence of exact 5(k)

1 ?‘> E, = (k/u=1)
~ ~ 0 H
®Large Eg (= E ., 2p) ) ¢ Small Eg (= = E y,2p)
3.0 3.0- #_ Vh =0
L>EO > (k/u=1) N, =Ry <« - = V" Repulsive
2.5 25 \—, | u=0.14 GeV
~_- ! a, = 0.95140
T 520" 1 6%t (g, = 0.00000)
22'0 2 : ————— §9C(g,» = 0.50000)
< 1.5 X L I — = §%%(gyn = —0.50000)
515 S '
L | .
Ll +0 | <= — — " Attractive E
051 | emmmmmmem Xc1 (2P) arge Eg
0.5 | | | | | | | 0'07 | | ll” | | | | U EEN small E
0.0 0.2 0.4 0.6 0.8 1.0 1.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2 0
k/u [dimensionless] k/u [dimensionless]

threshold
>V dependence of exact §(k) is large for small E,

2 2 2
. g 9 Lo . .
v Quark potential strength «’ = — _OEO R —E?) - —o is suppressed when E is large
0
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Result : Compositeness

ECompositeness is also calculatable analytically by considering
Lippmann-Schwinger equation or the bound state wave function

» Compositeness corresponds to elementary for 0, molecule for 1

BWhen quark-ch. energy is close to the threshold energy of meson
creation, effect of the hadron-ch. is great

Quark channel | Binding energy | Hadron channel Compositeness Scattering length
energy [KeV] potential [dimensionless] [fm]

Xc1(2P) 40 None 0.991 24.5
xc1(2P) /100 40 Attractive 0.719 20.78
xc1(2P) /100 40 None 0.549 17.87
xc1(2P) /100 40 Repulsive 0.444 15.77
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Let us see the V/,(r.v' E)

M To visualize the effective potential, we need to,
h / }> h
‘/eff(rvr 7E) Vveff(rvE)

BChoose 2 ways to approximate and compare each in the next steps
mFixed parameters

* Eo: xc,(2P)
* u : mass of  (lightest exchanging meson)
* go : reproduce mass of X(3872)

* wy, = 0: focus only the effect of the channel coupling




Local approximations

v Approximation of non-local potential to local one by two different methods
[S.Aoki and K.Yazaki, PTEP 2022, no.3, 033B04 (2022)]

(D Formal derivative expansion

» Express non-local potential in terms of derivatives of delta function
by Taylor expansion at r = ' directly

(2) Derivative expansion by HAL QCD method

- Construct the potential from wave function ¥k, () obtained from
Schrodinger equation with non-local potentials at momentum £,

»Solve for potentials inversely to construct the local potentials
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https://inspirehep.net/literature/1922902

HAL QCD method in detail

E”ergy fependent } order of derivative
BSchrodinger equation with non-local po/ntiél atn+ 1pointsof k; (i =0,1, @

1
——V2’(/)kz('r) + /dS’r" V’n(ra rla E)lbk@ (T,) e Ekzwkz (T‘) Unknown: vy, (7)

2m

@ Obtain wavefunctions, (1)
()

m\Wave functions ¥, () satisfy the Schrodinger equation with local potentials

2m

+ Obtain local potential V,,(r, V) by solving above equation for the potential inversely

Obtain 1) = ¥, exactly by solving local Schrodinger equation at £ = E;,
so that the V,,(r, V) reproduces exact phase shift which is derived from Vo(r, v E)

(_ivz —+ Vn('r, V)) ?,Dk% (’I") — Ek%wkz (T‘), Unknown: Vn(ra V)




Result : comparison of 1/l and |/'orma

® Compare approximated potentials for X(3872)

0.0 e -
« VHAL gnd yformal from ~ P
- ) palptae
the same non-local potential ©_o1 7,7
m I! 7
o l}
»Both potentials are g 02/
attractive in short-range S 4!
: < i |
»>Strengths of potential are g il - viormal(r, £ = 0)
.. . £-04; e =
quantitatively different N VERr Ko = 0)
S I
~ 05 »
0.0 0.5 1.0 1.5
r [fm]

v"How about physical observables from these potentials?
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Result : Phase sift 6 (k)

BCompare phase shifts §(k) from

Vformal(rj E) and VHAL (T‘; k() - 0)

with exact 6(k) from non-local potential

* §(k) from HAL QCD method

3.0
2.5

©2.0
©

\\
-~
s\
Sy
~y

u=0.14 GeV

exact
------ formal
——— HAL(ko=0)

2

reproduces exact §(k), 5 1.5
especially for small k S1.0
0.5

0.0

0.0 0.2 04 06 0.8 1.0 1.2
formal HAL QCD exact I(/,U [dimensionless]

scattering length [fm] 6.55 24 .48

[Scattering lengths are obtained }
from the gradientat k = 0

24.48 &(k) as a function of dimensionless k/u

1




Result : wave function

BBinding energies change by localization, so the wave function

also change 0.20—l
mResults corresponds to [
. | thh 5 0.1501 — yeect: B=40.0 KeV
2 0.101 B =40.4 KeV
Q
5
= 0.05-
0.00° | |
0 50 100

r[fm]
formal HAL QCD exact

scattering length [fm)] 6.55 24.48 24.48
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Summary

# Channel coupling between quark and hadron d.o.f e ret
T4 0 Ve Vi IEO .—=D7Dr
=0 ya)T v v h) = DL | e
# Channel coupling between c¢¢ and DD* in X(3872)
—— Jliyzt = (%)

v'Formulate with explicit hadron d.o.f
Veg “(r,7", E) = [0!(E) + &"(B)]V(r)V(r)

.y

————————————

~3)

o

o
X |

N

O
-—— -
,————————‘

EX
>

LT

jl> v'Phase shift §(k) depends on E, when E, is small enough
> Phase shift §(k) depends on V’* when E, is small enough W S

————————————————————

v Convert non-local E-dependent potential to local by Z’g H=0.13 Gev
(I) Formal derivative expansion, (IlI) HAL QCD method 52.0 --- k=0
S15 0 NO el

v’ yformal gnd 1/HAL gre quantitatively different <10

,l: » VHAL reproduces the exact 6 (k) better than 1/ formal 8(5,

00 02 04 06 0.8 1.0 1.2
k/u [dimensionless]
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https://inspirehep.net/literature/2660853
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