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Hadrons and Partons 2/24

Experimentally, we work with hadrons

Theoretically, we works with quarks

Hadron to Parton Transition

χ(k, p)

k k

p p

0z. .

Can be described in coordinate or momentum space

〈p|φ(0)φ(z)|p〉 ≡M(z, p) =
1

π2

∫
d4k e−ikz χ(k, p)

Concept of PDFs does not rely on spin complications
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Light-cone PDFs 3/24

p p

k+ = xp+

k

f(x)

In momentum representation:
PDF f(x) gives probability that
parton carries fraction xp+

of hadron momentum component p+

p p

0z�

I(p+z�)

In coordinate representation:
PDF f(x) is given by Fourier
transform of matrix element M(z, p)
on the light cone z2 = 0

By Lorentz invariance, M(z, p) is a
function of (zp) and z2,
i.e. (zp) only when z2 = 0

Ioffe time ν: taking z = z− we have
(zp) = p+z− ≡ −ν

f(x) =
p+

2π

∫ ∞
−∞

dz− eixp
+z−M(z−, p) =

1

2π

∫ ∞
−∞

dν e−ixν I(ν)

Ioffe-time distribution I(ν)
Observation: ν-dependence governs x-dependence
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Pseudodistributions 4/24

p p

0

M(⌫,�z2)

z

Lattice is Euclidean: no lightcone
separations

Take z off the light cone: z2 < 0

By Lorentz invariance
M(z, p) =M(−(pz),−z2)

Ioffe time ν = −(pz)

M(ν,−z2): pseudo-ITD

Pseudo ≡ off the light cone, z2 6= 0

Using Schwinger’s α-representation, it is possible to show that,
for any contributing Feynman diagram, for arbitrary z2 and arbitrary p2

M(ν,−z2) =

∫ 1

−1
dx eixν P(x,−z2)

P(x,−z2) = pseudo-PDF, or PDF off the light cone
eixν = e−ix(pz): decomposition over plane waves with momentum k = xp

“Canonical” limits −1 ≤ x ≤ 1

Negative x correspond to anti-particles
Note: x is Lorentz invariant: same “on” and “off” LC
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Pseudodistributions on the lattice 5/24

On the lattice: cannot take “z” on the light cone
Need to take it off the light cone!

Take z = {0, 0, 0, z3} (X. Ji (2013), quasi-PDF approach, p3 →∞)

Pseudo-PDF approach is based on key observation:
It does not matter if ν was obtained as −(p+z−) or as p3z3:
the functionM(ν,−z2) is the same!

For z = z3, we have ν = p3z3 and −z2 = z2
3

Analogy with DIS structure functions W (ω,Q2)

ω = 1/x and

1/Q characterizes “probing distance”

In pseudo-PDFs, z3 is the “probing distance” literally

Important to realize: dependence of M(z, p) on z
comes (1) through dependence on (pz)
and (2) remaining dependence on z for a fixed (pz)

Pseudo-PDF strategy: map lattice data on M(z3, p)
in terms of ν and z2

3 and extrapolateM(ν, z2
3) to z2

3 = 0

Need to understand various types of z2-dependence ofM(ν, z2
3)
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Link-related z23-dependence 6/24

0z t1z t2z

Specific source of z2-dependence in QCD:
gauge link Ê(0, z;A) = P exp{ig

∫ z
0 A

µdxµ}
It comes together with ultraviolet divergences:
linear ∼ z3/a and logarithmic ln

(
z2
3/a

2
)
,

where a ∼ UV cut-off, e.g. lattice spacing aL
At one loop, UV terms have been calculated in
lattice perturbation theory (Ji et al., 2016)

Result close to that obtained using Polyakov
regularization 1/z2 → 1/(z2 − a2) for gluon
propagator in coordinate space, with a = aL/π

ΓUV(z3, a) ∼ −
αs

2π
CF

[
2
|z3|
a

tan−1

(
|z3|
a

)
− ln

(
1 +

z2
3

a2

)]

1-loop result exponentiates in higher orders,
producing ∼ e−2αsz3/3a factor for large z3
Vertex corrections produce extra αs

2π
CF ln

(
1 + z2

3/a
2
)

term
exponentiating in higher orders
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Renormalization 7/24

Link-related UV divergences have the same structure as in HQET

They are multiplicatively renormalizable
(Qiu et al. , Ji et al. , Green et al. 2017)

UV regulator a appears only in the combination z3/a

UV-sensitive terms form a factor Z(z2
3/a

2)

This factor is an artifact of having a non-lightlike z: Z = 1 on the light cone

It has nothing to do with the usual PDFs

We should build modified function Z−1(z2
3/a

2)M(ν, z2
3 ; a)

To do this, one should know the Z(z2
3/a

2) factor

Easier way out: consider reduced pseudo-ITD

M(ν, z2
3) ≡

M(ν, z2
3)

M(0, z2
3)

= lim
a→0

M(ν, z2
3 ; a)

M(0, z2
3 ; a)

Z(z2
3/a

2) factors cancel, and M(ν, z2
3) has finite a→ 0 limit
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Rest-frame density and Z factor 8/24

Exploratory study in quenched approximation (Orginos et al. 2017),
is still the most precise pPDF calculation
Allows to study basic aspects of hadron dynamics on the lattice
Rest-frame densityM(0, z2

3) is produced by data at p3 = 0

0 2 4 6 8 10 12 14
0.0
0.2
0.4
0.6
0.8
1.0

z3/aL

M(0, z2
3)

M(0, z2
3) serves as the UV renormalization factor

Red line is exponential of 1-loop result for link self-energy
and vertex corrections with αs = 0.19

Very strong effect from Z(z2
3) ∼ e−c|z3|/a
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Higher-twist effects 9/24

From phenomenology: f(x, k⊥) ∼ e−k
2
⊥/Λ

2
f(x), with Λ ∼ 300 MeV

Reflects finite hadron size
Translates into P(x, z2

3) ∼ e−z23Λ2/4f(x) for pPDF

Translates intoM(ν, z2
3) ∼ e−z23Λ2/4I(ν) for pITD

z3/aL

M(0, z2
3)

0 2 4 6 8 100.0

0.2

0.4

0.6

0.8

1.0

⌦ e�z2
3⇤

2/4

Small correction compared to Z(z2
3)

Also: cancels in theM(ν, z2
3)/M(0, z2

3) ratio

IfM(ν, z2
3) ∼ e−z23Λ2/4I(ν) is not perfect,

some residual HT terms ∼ z2
3λ

2 may remain, with λ . 100 MeV
Strategy: fit residual HT from data
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Pseudo-PDF strategy in action 10/24

Exploratory lattice study of reduced pseudo-ITD M(ν, z2
3) for the valence

uv − dv parton distribution in the nucleon [Orginos et al. 2017]
Lattice QCD calculations in quenched approximation
323 × 64 lattices, lattice spacing a = 0.093 fm
Pion mass 601(1) MeV and nucleon mass 1411(4)MeV
Six lattice momenta pi (2π/L), with 2.5 GeV maximal momentum
Relation between PDF and ITD involves eixν = cosxν + i sinxν

I(ν) =

∫ ∞
−∞

dν eixν f(x)

Real part of ITD I(ν) corresponds to cosine Fourier transform of
qv(x) = uv(x)− dv(x)

R(ν) ≡ Re I(ν) =

∫ 1

0
dx cos(νx) qv(x)

On the lattice, we extract the reduced pseudo-ITD

M(ν, z2
3) ≡

M(ν, z2
3)

M(0, z2
3)
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Reduced Ioffe-time distributions 11/24

Left: Real part of the ratioM(Pz3, z2
3)/M(0, z2

3) as a function of z3
Taken at six values of P ⇒ curves have Gaussian-like shape

⇒ Z(z2
3) link factor cancels in the ratio

-2 0 2 4 6 8 10 12 14
z

-0.2

0

0.2

0.4

0.6

0.8

1

p=1
p=2
p=3
p=4
p=5
p=6

Re M(Pz3, z
2
3)

z3/a 0 5 10 15
-0.2

0

0.2

0.4

0.6

0.8

1

R
ea
l[M
(
,z
2 )
]/M
(0
,z
2 )

ν

Re M(ν, z2
3)

Right: Same data, as functions of ν = Pz3 (z2
3 varies from point to poiint)

Data practically fall on the same universal curve

Data show no polynomial z3-dependence for large z3
though z2

3/a
2 changes from 1 to ∼ 200

Apparently no higher-twist terms in the reduced pseudo-ITD
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Evolution z23-dependence 12/24

After cancellation of z2
3 -dependence from Z(z2

3) and (hopefully) HT:

Remaining z2
3 -dependence corresponds to perturbative (DGLAP) evolution

At one loop,

M(1)(ν, z2
3) = −

αs

2π
CF ln

(
z2
3

) ∫ 1

0
duB(u) M(0)(uν)

� � � � � �� �� ������
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Altarelli-Parisi (AP) evolution kernel

B(u) =

[
1 + u2

1− u

]
+

Example of z3-dependence
for ν = 12π/16 ≈ 2.36

“Magic” Ioffe-time pz value:
12 = 1× 12 = 2× 6 = 3× 4 = 4× 3 = 6× 2

can be obtained for 5 different z’s
Shows “perturbative” ln

(
1/z2

3

)
for small z3

Close to a constant for z3 > 6a

Finite-size (“HT”) effect in 1-loop terms
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Evolution in lattice data 13/24
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���

⌫

Re M(⌫, z2
3) Points corresponding to 7a ≤ z3 ≤ 13a

values

Some scatter for points with ν & 10

Otherwise, practically all the points lie on
a universal curve

No z2
3 -evolution visible in large-z3 data

� � � � � � � �
�	�

�	�

�	�

�	�

�	


�	�

⌫

Re M(⌫, z2
3)

Points in a ≤ z3 ≤ 6a region

All points lie higher than the curve based
on the z3 ≥ 7a data

Perturbative evolution increases real part
of the pseudo-ITD when z3 decreases

Observed higher values of ReM for
smaller-z3 points are a consequence of
evolution
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Matching relations 14/24

Matching condition between reduced pseudo-ITD and MS ITD
(Y. Zhao 2017, A.R. 2017)

M(ν, z2
3) =I(ν, µ2)−

αs(µ)

2π
CF

∫ 1

0
dw I(wν, µ2)

×
{
B(w)

[
ln

(
z2
3µ

2 e
2γE

4

)
+ 1

]
+

[
4

ln(1− w)

1− w
− 2(1− w)

]
+

}

Building MS ITD

� � � � � � � �
�	�

�	�

�	�

�	�

�	


�	�

⌫

Re M(⌫, z2
3)

⌫

IR(⌫)

� � � � �
���

���

���

���

���

���

Points in a ≤ z3 ≤ 4a region µ = 1/aL ≈ 2.15 GeV , αs/π = 0.1
Evolved points have a rather small scatter
The curve corresponds to the cosine transform of a normalized
∼ xa(1− x)b distribution with a = 0.35 and b = 3
Upper curve: ITD of the CJ15 global fit PDF for µ =2.15 GeV
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Range of applicability 15/24

Rule of thumb: use perturbation theory when correction is small

M(ν, z
2
3) =I(ν, µ

2
)−

αs(µ)

2π
CF

∫ 1

0
dw I(wν, µ

2
)

×
{
B(w)

[
ln

(
z
2
3µ

2 e
2γE

4

)
+ 1

]
+

[
4

ln(1− w)

1− w
− 2(1− w)

]
+

}

Factor e2γE/4 ≈ 1/1.2 relates scales in MS and “z2” scheme

Suggesting Λz2 ≈ ΛMS/1.1

Next step: M(ν, z2
3) = I(ν, µ2) when αs correction is zero

This happens when µ ≈ 4/z3, because of large correction from ln(1− w)

Numerically: I(ν, (2 GeV)2) ≈M(ν, (0.4 fm)2)

Take µ = 1 GeV: I(ν, (1GeV)2) ≈M(ν, (0.8 fm)2)

⇒ for aL ∼ 0.1 fm , PT is formally applicable till z3 ∼ 8aL

Caution: data show deviation from ln
(
z2
3

)
for z3 & 5aL

Finite hadron size effects in O(αs) terms
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Dynamic fermions (Joo et al., 2019) 16/24

Reduced ITD for two lattice spacings

a = 0.127 fm a = 0.094 fm
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Re M(⌫, z2

3)
<latexit sha1_base64="/qjhWYPxsnH+EICPpXqjIM83UcQ=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUKGWmCrosuHEjVLEP6NSSSTNtaJIZkoxQh/kAN/6KGxeKuPUD3Pk3ZtpZaOuBwOGcc8m9xwsZVdq2v63c0vLK6lp+vbCxubW9U9zda6kgkpg0ccAC2fGQIowK0tRUM9IJJUHcY6TtjS9Sv31PpKKBuNWTkPQ4GgrqU4y0kfrFUuxKDm9I4lZg7HKkR75EY3iVlF0RVR76J3e1Y5Oyq/YUcJE4GSmBDI1+8csdBDjiRGjMkFJdxw51L0ZSU8xIUnAjRUKEx2hIuoYKxInqxdNjEnhklAH0A2me0HCq/p6IEVdqwj2TTNdV814q/ud1I+2f92IqwkgTgWcf+RGDOoBpM3BAJcGaTQxBWFKzK8QjJBHWpr+CKcGZP3mRtGpVx64616eleierIw8OwCEoAwecgTq4BA3QBBg8gmfwCt6sJ+vFerc+ZtGclc3sgz+wPn8AyeiaOA==</latexit><latexit sha1_base64="/qjhWYPxsnH+EICPpXqjIM83UcQ=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUKGWmCrosuHEjVLEP6NSSSTNtaJIZkoxQh/kAN/6KGxeKuPUD3Pk3ZtpZaOuBwOGcc8m9xwsZVdq2v63c0vLK6lp+vbCxubW9U9zda6kgkpg0ccAC2fGQIowK0tRUM9IJJUHcY6TtjS9Sv31PpKKBuNWTkPQ4GgrqU4y0kfrFUuxKDm9I4lZg7HKkR75EY3iVlF0RVR76J3e1Y5Oyq/YUcJE4GSmBDI1+8csdBDjiRGjMkFJdxw51L0ZSU8xIUnAjRUKEx2hIuoYKxInqxdNjEnhklAH0A2me0HCq/p6IEVdqwj2TTNdV814q/ud1I+2f92IqwkgTgWcf+RGDOoBpM3BAJcGaTQxBWFKzK8QjJBHWpr+CKcGZP3mRtGpVx64616eleierIw8OwCEoAwecgTq4BA3QBBg8gmfwCt6sJ+vFerc+ZtGclc3sgz+wPn8AyeiaOA==</latexit><latexit sha1_base64="/qjhWYPxsnH+EICPpXqjIM83UcQ=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUKGWmCrosuHEjVLEP6NSSSTNtaJIZkoxQh/kAN/6KGxeKuPUD3Pk3ZtpZaOuBwOGcc8m9xwsZVdq2v63c0vLK6lp+vbCxubW9U9zda6kgkpg0ccAC2fGQIowK0tRUM9IJJUHcY6TtjS9Sv31PpKKBuNWTkPQ4GgrqU4y0kfrFUuxKDm9I4lZg7HKkR75EY3iVlF0RVR76J3e1Y5Oyq/YUcJE4GSmBDI1+8csdBDjiRGjMkFJdxw51L0ZSU8xIUnAjRUKEx2hIuoYKxInqxdNjEnhklAH0A2me0HCq/p6IEVdqwj2TTNdV814q/ud1I+2f92IqwkgTgWcf+RGDOoBpM3BAJcGaTQxBWFKzK8QjJBHWpr+CKcGZP3mRtGpVx64616eleierIw8OwCEoAwecgTq4BA3QBBg8gmfwCt6sJ+vFerc+ZtGclc3sgz+wPn8AyeiaOA==</latexit><latexit sha1_base64="/qjhWYPxsnH+EICPpXqjIM83UcQ=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUKGWmCrosuHEjVLEP6NSSSTNtaJIZkoxQh/kAN/6KGxeKuPUD3Pk3ZtpZaOuBwOGcc8m9xwsZVdq2v63c0vLK6lp+vbCxubW9U9zda6kgkpg0ccAC2fGQIowK0tRUM9IJJUHcY6TtjS9Sv31PpKKBuNWTkPQ4GgrqU4y0kfrFUuxKDm9I4lZg7HKkR75EY3iVlF0RVR76J3e1Y5Oyq/YUcJE4GSmBDI1+8csdBDjiRGjMkFJdxw51L0ZSU8xIUnAjRUKEx2hIuoYKxInqxdNjEnhklAH0A2me0HCq/p6IEVdqwj2TTNdV814q/ud1I+2f92IqwkgTgWcf+RGDOoBpM3BAJcGaTQxBWFKzK8QjJBHWpr+CKcGZP3mRtGpVx64616eleierIw8OwCEoAwecgTq4BA3QBBg8gmfwCt6sJ+vFerc+ZtGclc3sgz+wPn8AyeiaOA==</latexit>

⌫<latexit sha1_base64="gJVexEO2CLL2ijoar+Osm2JlGhw=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBi8f60Q9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b//APTxqmSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HNzO//cS1EYl6xEnKg5gOlYgEo2ilh57K+m7Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af3dZrd8XcZThBE7hHHy4gjrcQgOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB2Ozjec=</latexit><latexit sha1_base64="gJVexEO2CLL2ijoar+Osm2JlGhw=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBi8f60Q9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b//APTxqmSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HNzO//cS1EYl6xEnKg5gOlYgEo2ilh57K+m7Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af3dZrd8XcZThBE7hHHy4gjrcQgOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB2Ozjec=</latexit><latexit sha1_base64="gJVexEO2CLL2ijoar+Osm2JlGhw=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBi8f60Q9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b//APTxqmSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HNzO//cS1EYl6xEnKg5gOlYgEo2ilh57K+m7Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af3dZrd8XcZThBE7hHHy4gjrcQgOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB2Ozjec=</latexit><latexit sha1_base64="gJVexEO2CLL2ijoar+Osm2JlGhw=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBi8f60Q9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b//APTxqmSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HNzO//cS1EYl6xEnKg5gOlYgEo2ilh57K+m7Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af3dZrd8XcZThBE7hHHy4gjrcQgOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB2Ozjec=</latexit>
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Re M(⌫, z2

3)
<latexit sha1_base64="/qjhWYPxsnH+EICPpXqjIM83UcQ=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUKGWmCrosuHEjVLEP6NSSSTNtaJIZkoxQh/kAN/6KGxeKuPUD3Pk3ZtpZaOuBwOGcc8m9xwsZVdq2v63c0vLK6lp+vbCxubW9U9zda6kgkpg0ccAC2fGQIowK0tRUM9IJJUHcY6TtjS9Sv31PpKKBuNWTkPQ4GgrqU4y0kfrFUuxKDm9I4lZg7HKkR75EY3iVlF0RVR76J3e1Y5Oyq/YUcJE4GSmBDI1+8csdBDjiRGjMkFJdxw51L0ZSU8xIUnAjRUKEx2hIuoYKxInqxdNjEnhklAH0A2me0HCq/p6IEVdqwj2TTNdV814q/ud1I+2f92IqwkgTgWcf+RGDOoBpM3BAJcGaTQxBWFKzK8QjJBHWpr+CKcGZP3mRtGpVx64616eleierIw8OwCEoAwecgTq4BA3QBBg8gmfwCt6sJ+vFerc+ZtGclc3sgz+wPn8AyeiaOA==</latexit><latexit sha1_base64="/qjhWYPxsnH+EICPpXqjIM83UcQ=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUKGWmCrosuHEjVLEP6NSSSTNtaJIZkoxQh/kAN/6KGxeKuPUD3Pk3ZtpZaOuBwOGcc8m9xwsZVdq2v63c0vLK6lp+vbCxubW9U9zda6kgkpg0ccAC2fGQIowK0tRUM9IJJUHcY6TtjS9Sv31PpKKBuNWTkPQ4GgrqU4y0kfrFUuxKDm9I4lZg7HKkR75EY3iVlF0RVR76J3e1Y5Oyq/YUcJE4GSmBDI1+8csdBDjiRGjMkFJdxw51L0ZSU8xIUnAjRUKEx2hIuoYKxInqxdNjEnhklAH0A2me0HCq/p6IEVdqwj2TTNdV814q/ud1I+2f92IqwkgTgWcf+RGDOoBpM3BAJcGaTQxBWFKzK8QjJBHWpr+CKcGZP3mRtGpVx64616eleierIw8OwCEoAwecgTq4BA3QBBg8gmfwCt6sJ+vFerc+ZtGclc3sgz+wPn8AyeiaOA==</latexit><latexit sha1_base64="/qjhWYPxsnH+EICPpXqjIM83UcQ=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUKGWmCrosuHEjVLEP6NSSSTNtaJIZkoxQh/kAN/6KGxeKuPUD3Pk3ZtpZaOuBwOGcc8m9xwsZVdq2v63c0vLK6lp+vbCxubW9U9zda6kgkpg0ccAC2fGQIowK0tRUM9IJJUHcY6TtjS9Sv31PpKKBuNWTkPQ4GgrqU4y0kfrFUuxKDm9I4lZg7HKkR75EY3iVlF0RVR76J3e1Y5Oyq/YUcJE4GSmBDI1+8csdBDjiRGjMkFJdxw51L0ZSU8xIUnAjRUKEx2hIuoYKxInqxdNjEnhklAH0A2me0HCq/p6IEVdqwj2TTNdV814q/ud1I+2f92IqwkgTgWcf+RGDOoBpM3BAJcGaTQxBWFKzK8QjJBHWpr+CKcGZP3mRtGpVx64616eleierIw8OwCEoAwecgTq4BA3QBBg8gmfwCt6sJ+vFerc+ZtGclc3sgz+wPn8AyeiaOA==</latexit><latexit sha1_base64="/qjhWYPxsnH+EICPpXqjIM83UcQ=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUKGWmCrosuHEjVLEP6NSSSTNtaJIZkoxQh/kAN/6KGxeKuPUD3Pk3ZtpZaOuBwOGcc8m9xwsZVdq2v63c0vLK6lp+vbCxubW9U9zda6kgkpg0ccAC2fGQIowK0tRUM9IJJUHcY6TtjS9Sv31PpKKBuNWTkPQ4GgrqU4y0kfrFUuxKDm9I4lZg7HKkR75EY3iVlF0RVR76J3e1Y5Oyq/YUcJE4GSmBDI1+8csdBDjiRGjMkFJdxw51L0ZSU8xIUnAjRUKEx2hIuoYKxInqxdNjEnhklAH0A2me0HCq/p6IEVdqwj2TTNdV814q/ud1I+2f92IqwkgTgWcf+RGDOoBpM3BAJcGaTQxBWFKzK8QjJBHWpr+CKcGZP3mRtGpVx64616eleierIw8OwCEoAwecgTq4BA3QBBg8gmfwCt6sJ+vFerc+ZtGclc3sgz+wPn8AyeiaOA==</latexit>
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z3/a

a = 0.094 fm

a = 0.127 fm

Re M(0, z2
3)

Z-factor ReM(0, z2
3)

for two lattice spacings

Essentially universal function of z/a

Curve is given by perturbative formula for
the link Z(z/a) factor with αs = 0.26

aL = 0.094 data are described by PT
formula with αs = 0.24
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Re M(⌫, z2
3)

PDF from dynamic fermions (2019) 17/24

Light-cone ITD for µ = 2 GeV
extracted from a = 0.127 fm data

PDF compared to global fits
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z3/a

Re M(⌫, z2
3)

3 lattice spacings (Karpie et al. 2021) 18/24

Z-factor ReM(0, z2
3) is clearly a function of z3/aL
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z/aL
<latexit sha1_base64="9MA6CYf3Jqjh4GP59ot/1Kf8l7Q=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe+ioGXAxsIiipcEkiPsbfaSJXu7x+6eEI/8BhsLRWz9QXb+GzfJFZr4YODx3gwz88KEM21c99sprKyurW8UN0tb2zu7e+X9g6aWqSLUJ5JL1Q6xppwJ6htmOG0niuI45LQVjq6nfuuRKs2keDDjhAYxHggWMYKNlfynM9y77ZUrbtWdAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2Ak6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo56jNFieFjSzBRzN6KyBArTIzNp2RD8BZfXibNWtU7r9buLir1+zyOIhzBMZyCB5dQhxtogA8EGDzDK7w5wnlx3p2PeWvByWcO4Q+czx9kKo51</latexit>

aL = 0.0749(8) fm
<latexit sha1_base64="zG0flWnQE3GwG0PKGlLMthSHsV8=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqSElqoXUhFNx04aKCfUATwmQ6aYfOJGFmIpTQhRt/xY0LRdz6Ee78G6dtFtp64MLhnHu59x4/ZlQqy/o21tY3Nre2czv53b39g0Pz6Lgjo0Rg0sYRi0TPR5IwGpK2ooqRXiwI4j4jXX98M/O7D0RIGoX3ahITl6NhSAOKkdKSZxaQdwuvrbJVq16V6ufQuUgdwWHA4TTvmUVtzAFXiZ2RIsjQ8swvZxDhhJNQYYak7NtWrNwUCUUxI9O8k0gSIzxGQ9LXNEScSDedPzGFZ1oZwCASukIF5+rviRRxKSfc150cqZFc9mbif14/UUHdTWkYJ4qEeLEoSBhUEZwlAgdUEKzYRBOEBdW3QjxCAmGlc5uFYC+/vEo6lbJ9Wa7cVYuNZhZHDhTAKSgBG9RAAzRBC7QBBo/gGbyCN+PJeDHejY9F65qRzZyAPzA+fwCNvpTf</latexit>

↵s = 0.21
<latexit sha1_base64="UPCenYQX8yFs5r6OlzECsP5Ci5A=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkJSBb0IBS89VrAf0IYw2W7apZtN2N0ItfSXePGgiFd/ijf/jZs2B219MPB4b4aZeWHKmdKu+22VNja3tnfKu5W9/YPDqn103FFJJgltk4QnsheCopwJ2tZMc9pLJYU45LQbTu5yv/tIpWKJeNDTlPoxjASLGAFtpMCuDoCnYwgUvnWdulcJ7JrruAvgdeIVpIYKtAL7azBMSBZToQkHpfqem2p/BlIzwum8MsgUTYFMYET7hgqIqfJni8Pn+NwoQxwl0pTQeKH+nphBrNQ0Dk1nDHqsVr1c/M/rZzq68WdMpJmmgiwXRRnHOsF5CnjIJCWaTw0BIpm5FZMxSCDaZJWH4K2+vE46dce7dOr3V7VGs4ijjE7RGbpAHrpGDdRELdRGBGXoGb2iN+vJerHerY9la8kqZk7QH1ifP3GKkac=</latexit>

z/aL
<latexit sha1_base64="9MA6CYf3Jqjh4GP59ot/1Kf8l7Q=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe+ioGXAxsIiipcEkiPsbfaSJXu7x+6eEI/8BhsLRWz9QXb+GzfJFZr4YODx3gwz88KEM21c99sprKyurW8UN0tb2zu7e+X9g6aWqSLUJ5JL1Q6xppwJ6htmOG0niuI45LQVjq6nfuuRKs2keDDjhAYxHggWMYKNlfynM9y77ZUrbtWdAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2Ak6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo56jNFieFjSzBRzN6KyBArTIzNp2RD8BZfXibNWtU7r9buLir1+zyOIhzBMZyCB5dQhxtogA8EGDzDK7w5wnlx3p2PeWvByWcO4Q+czx9kKo51</latexit>
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↵s = 0.20
<latexit sha1_base64="J4jA3yap71cbqL94ubuMCCJ/ymA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkJSBb0IBS89VrAf0Iaw2W7apZtN2N0ItfSXePGgiFd/ijf/jZs2B219MPB4b4aZeWHKmdKu+22VNja3tnfKu5W9/YPDqn103FFJJgltk4QnshdiRTkTtK2Z5rSXSorjkNNuOLnL/e4jlYol4kFPU+rHeCRYxAjWRgrs6gDzdIwDhW5dp+5WArvmOu4CaJ14BalBgVZgfw2GCcliKjThWKm+56ban2GpGeF0XhlkiqaYTPCI9g0VOKbKny0On6NzowxRlEhTQqOF+ntihmOlpnFoOmOsx2rVy8X/vH6moxt/xkSaaSrIclGUcaQTlKeAhkxSovnUEEwkM7ciMsYSE22yykPwVl9eJ52641069furWqNZxFGGUziDC/DgGhrQhBa0gUAGz/AKb9aT9WK9Wx/L1pJVzJzAH1ifP3AFkaY=</latexit>

aL = 0.0652(6) fm
<latexit sha1_base64="YuN6r730qE7HP3VZpDy7P1AICoE=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQQcpM1epGKLjpwkUF+4B2GDJppg1NMkOSEcrQnRt/xY0LRdz6C+78G9PHQlsPXDiccy/33hPEjCrtON9WZml5ZXUtu57b2Nza3rF39xoqSiQmdRyxSLYCpAijgtQ11Yy0YkkQDxhpBoObsd98IFLRSNzrYUw8jnqChhQjbSTfPkT+LbyGTtEpX5QK5ROYg53TtCM5DDkc5Xw7b6wJ4CJxZyQPZqj59lenG+GEE6ExQ0q1XSfWXoqkppiRUa6TKBIjPEA90jZUIE6Ul07+GMFjo3RhGElTQsOJ+nsiRVypIQ9MJ0e6r+a9sfif1050eOWlVMSJJgJPF4UJgzqC41Bgl0qCNRsagrCk5laI+0girE104xDc+ZcXSaNUdM+KpbvzfKU6iyMLDsARKAAXXIIKqIIaqAMMHsEzeAVv1pP1Yr1bH9PWjDWb2Qd/YH3+AGxQlT4=</latexit>

z/aL
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αs decreases with aL. Check if it is αs(1/aL)

Since αs(1/aL) = 2π/[b0 ln(1/aLΛ)],
we plot 1/αs versus ln(1/aL)

Fit corresponds to Λ = 200 MeV, and β0 = 11.4

Since β0 = 11− 2Nf/3, contribution of quark
loops into αs in this simulation is not visible
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Comparison with global fits

Lattice result is smaller for small x

Pion mass was taken 440 MeV

Too large to give realistic PDF for small x

Higher twists . 0.15 Λ2
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Gluon PDFs 19/24

Correlator of two gluon fields has 4 indices

Mµα;νβ(z, p) ≡ 〈p|Gµα(z) [z, 0]Gνβ(0)|p〉

Need 6 invariant amplitudesM(ν, z2)

Mµα;νβ(z, p) =
(
gµνpαpβ − gµβpαpν − gανpµpβ + gαβpµpν

)
Mpp(ν, z2)

+
(
gµνzαzβ − gµβzαzν − gανzµzβ + gαβzµzν

)
Mzz(ν, z2)

+
(
gµνzαpβ − gµβzαpν − gανzµpβ + gαβzµpν

)
Mzp(ν, z2)

+
(
gµνpαzβ − gµβpαzν − gανpµzβ + gαβpµzν

)
Mpz(ν, z2)

+ (pµzα − pαzµ)
(
pνzβ − pβzν

)
Mppzz(ν, z2)

+
(
gµνgαβ − gµβgαν

)
Mgg(ν, z2)

“Light-cone” gluon distribution fg(x) is defined through the convolution
gαβM+α;β+(z, p), with z taken in the light-cone “minus” direction, z = z−:

gαβM+α;β+(z−, p) = p2
+

∫ 1

−1
dx eixp+z−xfg(x)

In terms of invariant amplitudes

gαβM+α;β+(z−, p) = −2p2
+Mpp(ν, 0)
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Picking out twist-2 distribution 20/24

Strategy is to choose matrix elements Mµα;λβ that containMpp

in their parametrization – and ideally nothing else!
Split the “+” components onto sum of space- and time-components
Due to antisymmetry of Gρσ with respect to its indices, gαβM+α;β+(z, p)
includes summation over transverse indices i, j = 1, 2 only

gijM+i;j+ = −M+1;1+ −M+2;2+ = M0i;0i +M3i;3i + (M0i;3i +M3i;0i)

Decomposition of these matrix elements in invariant amplitudes

M0i;i0 =2p2
0Mpp + 2Mgg

M3i;i3 =2p2
3Mpp + 2z2

3Mzz + 2z3p3 (Mzp +Mpz)− 2Mgg

M0i;i3 =2p0 (p3Mpp + z3Mpz)

M3i;i0 =2p0 (p3Mpp + z3Mzp)

All contain theMpp, though with different kinematical factors
Unfortunately, none of them is justMpp

Fortunately, Mji;ij = −2Mgg

Hence, the combination

M0i;i0 +Mji;ij = 2p2
0Mpp

may be used for extraction of the twist-2 functionMpp
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Gluon PDF extraction 21/24

Reduced Ioffe-time pseudo-distribution M(ν, z2)
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Polarized gluon distribution 22/24

In the polarized gluon case, tensor structures may be built from 3 vectors:
zµ, pµ and sµ
As a result, one deals with 12 invariant amplitudes

Combination, similar to that used in unpolarized case

M̃0i;0i(z, p) + M̃ij;ij(z, p) = −2pzp0M̃(+)
sp (ν, z2) + 2p3

0zM̃pp(ν, z2)

The polarized gluon PDF is determined by the Ioffe-time distribution

−iĨp(ν) ≡ M̃(+)
ps (ν)− νM̃pp(ν)

Matrix element M̃0i;0i(z, p) + M̃ij;ij(z, p) has a “slightly” different structure

M̃(ν, z2) =
[
M̃(+)

sp (ν, z2)− νM̃pp(ν, z2)
]
−
m2
p

p2
z

νM̃pp(ν, z2)

The goal is to eliminate the O(m2
p/p

2
z) contamination term and extract

M̃(+)
sp (ν, z2)− νM̃pp(ν, z2)
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Extraction of polarized gluon PDF 23/24

Reduced Ioffe-time pseudo-distribution M̃(ν, z2)
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Comparison with experimental fits converted into ITD (HadStruc, 2022)
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In conclusion 24/24

Psedodistribution approach allows to study hadron structure
in a way similar to experimental study of DIS

Instead of structure functions W (x,Q2),
we study Ioffe-time distributionsM(ν, z2

3)

Ioffe time ν is Fourier-conjugate to x

z3 is probing scale, like 1/Q in DIS

Detailed studies of ν- and z2
3 -dependence

decipher subtleties of hadron dynamics

Existing lattice extractions of PDFs still play exploratory role

The current goal is to check that lattice methods
give reasonable results for PDFs known experimentally

The future goal is to get the functions which are not directly accessible by
experiment: a key example is given by GPDs H(x, ξ; t)
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