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Motivation for GPDs studies

pion valence

cloud quarks
/P _— Tmom + 2coord tomographic images of quark distribution
. . in nucleon at fixed longitudinal momentum
/ / 3-D image from FT of the longitudinal mom. transfer
x<0.1 x~0.3 x~0.8

[H. Abramowicz et al., whitepaper for NSAC LRP, 2007]

% GPDs are not well-constrained experimentally:

o . . " Hx, &,1)
- Xx-dependence extraction is not direct. DVCS amplitude: # = [ Y dx
1 X— 1€

(SDHEP [J. Qiu et al, arXiv:2205.07846] gives access to Xx)
- independent measurements to disentangle GPDs
- GPDs phenomenology more complicated than PDFs (multi-dimensionality)

- and more challenges ...

Essential to complement the knowledge on GPD from lattice QCD
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Twist-classification of PDFs, GPDs, TMDs
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Twist-classification of PDFs, GPDs, TMDs
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Probabilistic interpretation
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* quark spin
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Twist-classification of PDFs, GPDs, TMDs

1 2
fi( ) +fi( )...

0o |
Twist-3 (/")

G,,G,

fi=f,-(0)+

Twist-2 (/)

N o) L) Te)

H(x, ¢, 1)
E(x,¢,1)

unpolarized G3, G4
H(x,&,1) 5. T,
R G\ G
Hy, Ey Hj(x, &, 1)
iy Ejx, &, 1)

Probabilistic interpretation
Ti Nucleon spin | X Lack density interpretation, but can be sizable

U : :
@ A ¥ quarkspin | & Kinematically suppressed
Difficult to isolate experimentally

% Theoretically: contain o(x) singularities

T @ @ % Contain info on quark-gluon-quark correlators
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Accessing information on GPDs

- oo 1 «— —
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Accessing information on GPDs

- oo 1 «— —
* Mellln moments . cj(—%z) 'VUW[—%z, %z] q(%z) = Z ] %o - Zan [cﬁ"Do‘l ...Do‘”q]
(local OPE expansion) n=0

local operators

AFAHL ... Abn-1
+
mny

n—1 o . a{p
(VPO IN(P) ~E, {ra - b P ) 55

even

Cn,O(A2)

mny

»)

A/J,l . AMiF#H-l . .Fﬂn—l}Bn’i(t)}

% Matrix elements of non-local operators
(quasi-GPDs, pseudo-GPDs, ...)

(N(P) | P(2) T W (2,0)P(0) | N(P),

Wilson line

1wt A,
2mN

T(P) { s, &) + 2= B(a,&,6) L U(P) + bt

my

(N(P)IOY@)IN(P) =T(P) {yH(,&,6) + T—=2B(w,,) | U(P) + bt

(N(P)|04(=)|N(P))

Sl -vI
_ PHAY WP _
U(P) {ia“"HT(-’B,ﬁ,t) + 7 Ep(z,&,t) + Hr(z,€,t) + i ET(x,ﬁ,t)} U(P) + ht
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Accessing information on GPDs

- oo 1 «— —
* Mellln moments . cj(—%z) 'VUW[—%z, %z] q(%z) = Z ] %o - Zan [cﬁ"Do‘l ...Do‘”q]
(local OPE expansion) n=0

local operators
. Aao'a{l/‘

n-l BAFL ... Abn-1
(N(P/)|O/‘J}y1...,un—1 |N(P)> NZ {,Y{#Am L ARPRL 'Fun_l}An,i(t) _g - AML .. ARTPHIL .Fﬂn—l}Bn’i(t)} +A A A Co(A?) )}
=0 mny n even
0:9- ? E:IIIDyMEZO
A Mainz21
0.8 - Q 0 ETMC18
0] o Y PACS18
< 0 n
%o.e- OAO o
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% Matrix elements of non-local operators
(quasi-GPDs, pseudo-GPDs, ...)
(N(P) | ¥ ()T W' (2,0)P(0) | N(P))
/ H
Wilson line
(N(P)OL@IN(PY) =T(P) {1 H(a, &) + 2 =2 B(a,&, )} U(P) + bt
my
(N(P)|O4()IN(P))=TU(P") {7“7sﬁ(w, §t) + ;,5;:; E(z,¢, t)} U(P) +ht,
[ V] Bl vl [ 54 _
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GPDs

Through non-local matrix elements

of fast-moving hadrons
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Access of GPDs on a Euclidean Lattice

[X. Ji, Phys. Rev. Lett. 110 (2013) 262002]

Matrix elements of nonlocal (equal-time) operators with fast moving hadrons

d . _
P06 Py = | e (NI EQTH 0RO INE)),
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Access of GPDs on a Euclidean Lattice

[X. Ji, Phys. Rev. Lett. 110 (2013) 262002]

Matrix elements of nonlocal (equal-time) operators with fast moving hadrons

d . _
GSPP(x, 1, &, Py, p) = [4—;5”1”% (NP | ()T W (2,0)%(0) | N(P)),
W(z)
N(P 1,0) NP, 1)
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Access of GPDs on a Euclidean Lattice

[X. Ji, Phys. Rev. Lett. 110 (2013) 262002]

Matrix elements of nonlocal (equal-time) operators with fast moving hadrons

d . _
GSPP(x, 1, &, Py, p) = [4—;5”1”% (NP | ()T W (2,0)%(0) | N(P)),
W(z)
N(P 1,0) NP, 1)

Variables of the calculation:

- length of the Wilson line ( z)

- nucleon momentum boost ( ;)
- momentum transfer ( ¢)

- skewness ( &)
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Parameters of calculations

* Nf=2+1+1 twisted mass fermions with a clover term:
[Extended Twisted Mass Collaboration, Phys. Rev. D 104, 074515 (2021), arXiv:2104.13408]

Name B Ny L*xT a [fm] M My L
cA211.32 | 1.726 wu,d,s,c 32°x64 0.093 260 MeV 4

frame Pz [GeV] A (3] —t [GeV?] ¢ |Nume Neonts Nsre Niot
N/A +1.25 (0,0,0) 0 0 2 731 16 23392
symm  +0.83  (£2,0,0), (0,42,0) 0.69 0 8 67 8 4288
symm  +1.25  (£2,0,0), (0,4:2,0) 0.69 0 8 249 8 15936
symm  +1.67  (£2,0,0), (0,£2,0) 0.69 0 8 294 32 75264
symm  +1.25 (£2, £2,0) 1.39 0 | 16 224 8 28672
symm  +£1.25  (£4,0,0), (0,£4,0) 2.76 0 8 329 32 84224
asymm +1.25  (£1,0,0), (0,41,0) 0.17 0 8 429 8 27456
asymm +1.25 (+1,41,0) 0.33 0 | 16 194 8 12416
asymm +1.25  (£2,0,0), (0,42,0) 0.64 0 8 429 8 27456
asymm +1.25 (+1,4£2,0), (£2,4£1,0)  0.80 0 | 16 194 8 12416
asymm +1.25 (+2,£2,0) 1.16 0 | 16 194 8 24832
asymm +1.25  (£3,0,0), (0,43,0) 1.37 0 8 429 8 27456
asymm +1.25 (+1,4£3,0), (£3,£1,0)  1.50 0 | 16 194 8 12416
asymm +1.25  (£4,0,0), (0,44,0) 2.26 0 8 429 8 27456
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Parameters of calculations

* Nf=2+1+1 twisted mass fermions with a clover term:
[Extended Twisted Mass Collaboration, Phys. Rev. D 104, 074515 (2021), arXiv:2104.13408]

Name B Ny L*xT a [fm] M, M L
cA211.32 | 1.726 wu,d,s,c 32°x64 0.093 260 MeV 4

frame Pz [GeV] A (3] —t [GeV?] ¢ |Nume Neonts Nsre Niot
N/A 4125 (0,0,0) 0 0 | 2 731 16 23392
symm  +0.83  (£2,0,0), (0,42,0) 069 0 | 8 67 8 4288
symm  +1.25  (£2,0,0), (0,4£2,0) 069 0 | 8 249 8 15936
symm  +1.67  (£2,0,0), (0,£2,0) 069 0 | 8 204 32 75264
symm  +1.25 (42, +2,0) 139 0 | 16 224 8 28672
symm 125  (£4,0,0), (0,44,0) 276 0 | 8 329 32 84224
asymm +1.25  (£1,00), (0,4£1,0) 017 0 | 8 420 8 27456
asymm +1.25 (+1,+1,0) 033 0 | 16 194 8 12416 Symmetric frame
asymm  +1.25  (£2,0,0), (0,42,0) 064 0 | 8 420 8 27456 very expensive
asymm +£1.25 (£1,4£2,0), (£2,+£1,0)  0.80 0 | 16 194 8 12416 computationally
asymm  +1.25 (+2,42,0) 116 0 | 16 194 8 24832
asymm  +1.25  (£3,0,0), (0,43,0) 137 0 | 8 420 8 27456
asymm  +1.25 (£1,4£30), (£3,4£1,0) 150 0 | 16 194 8 12416
asymm  +1.25  (+£4,0,0), (0,44,0) 226 0 | 8 420 8 27456
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Traditional calculations of GPDs

PHYSICAL REVIEW LETTERS 12§, 262001 (2020)
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First lattice calculation of x-dependent GPDs
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First lattice calculation of x-dependent GPDs

3 T
\
— — H(z)-GPD, ¢=0 }, \
— — H(z)-GPD, £ = [1/3[| | \
o L|l— — filz) ﬂ\ \\ Py =1.25GeV -
\ \
\
\\ \
1 Q Ny
A
- \j\:\
0-=E==E£::.——':———;: ....................................... ==
A
-1 -0.5 _5 0 5 0.5 1

[C. Alexandrou et al., PRL 125, 262001 (2020)]
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First lattice calculation of x-dependent GPDs

3

—C AW G E-0 | || | % ERBL/DGLAP: Qualitative differences
LS50 TN s
| \ * & = =* xinaccessible
| \. N _ (formalism breaks down)
0 ,_E.::.E.g_:_:g_gg.z_#f_._ff.f&f%ﬁi\_\y_\}z * x — | region: qualitatively
‘s comparison with power counting
b 05 ¢ . = o 1 analysiIs [F. Yuan, PRD69 (2004) 051501, hep-ph/0311288]

[C. Alexandrou et al., PRL 125, 262001 (2020)]
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First lattice calculation of x-dependent GPDs

T Ee D=0 A | % ERBL/DGLAP: Qualitative differences
= At I N PO
| \ * ¢ = * xinaccessible
o \L N _ (formalism breaks down)
0 ,E.::.E.E_:_:_»__«_.f__g.z#ff.f.f&f%ﬁﬁ\.\}t_f__ * x — 1 region: qualitatively
e comparison with power counting
b 05 ¢ . = o 1 analysiIs [F. Yuan, PRD69 (2004) 051501, hep-ph/0311288]

4 t-dependence vanishes at large-x

[C. Alexandrou et al., PRL 125, 262001 (2020)] 4 H(x,0) asymptotically equal to fl(x)
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First lattice calculation of x-dependent GPDs

3 T T . . .
—C AW G E-0 | || % ERBL/DGLAP: Qualitative differences
- — ngg GPD, ¢ =|1/3] ]h \
ol|—— filz I\ Py =1.25 GeV - . .
| \ * & = =* xinaccessible
N\ .
N \ \ _ (formalism breaks down)
) \rl:\:
Y et EER === % Xx — 1 region: qualitatively
comparison with power counting
b 05 ¢ . = o 1 analysiIs [F. Yuan, PRD69 (2004) 051501, hep-ph/0311288]

[C. Alexandrou et al., PRL 125, 262001 (2020)]

4 t-dependence vanishes at large-x

4+ H(x,0) asymptotically equal to f(x)

— — E(2)-GPD Py =1.25 GeV — — E(z)-GPD
— — H(z)-GPD : — — H(z)-GPD Py =1.25 GeV
T d é |l \\
J\\ ==
= / : ~
///\/"’""I \\\ /// -
e el = _ - ! e
S R — I W -
0 0 T T ITYY YT v ...............................................

1 0.5 0 0.5 1 1 0.5 0 0.5 1

LTl
IE M. Constantinou, CNF-GPDs June 2023



First lattice calculation of x-dependent GPDs

3 T T . . .
—C AW G E-0 | || % ERBL/DGLAP: Qualitative differences
—— ngg GPD, ¢ = [1/3]| | \
ol|—— filz I\ Py =1.25 GeV - . .
| \ * ¢ = * xinaccessible
| N\ _ (formalism breaks down)
) \F::\:
Y et EER === % Xx — 1 region: qualitatively
comparison with power counting

1 _ofs _& 0 £ 0_'5 ] anaIyS|s [F. Yuan, PRD69 (2004) 051501, hep-ph/0311288]
4 t-dependence vanishes at large-x

[C. Alexandrou et al., PRL 125, 262001 (2020)] 4 H(x,0) asymptotically equal to fl(x)

— — E(2)-GPD Py = 1.25 GeV — — E(z)-GPD ;
— — H(z)-GPD B — — H(z)-GPD Py =1.25 GeV
: §=1[1/3| : \
d ; - | ; \e=11/3
5 1} / | ll \
: : — = AN
: \ /| ==
p J\\ / | - == : \\
~—— 4 W 4 5 \ e
/ [T < ; AN T~
//\/_-—-——-’I \\ // — N
e T et == — g ‘ = e
0 i 0 _:_________—'\_...-———' ____________________________________________

-1 -0.5 o 05 1 -1 0.5 (|) 0.I5 1

% important contribution in the proton spin -
+1 +1

J dxx*Hi(x,&,1) = AL(1) +4E°C (1), J dxx*E9(x, &, 1) = B (1) — 4&°CL (1)

i - - 10
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First lattice calculation of x-dependent GPDs

% Qualitative understanding of GPDs and their relations

% Qualitative understanding of ERBL and DGLAP regions

4

% Relations can be identified for
the r-dependence of GPDs

0 0.2 0.4 0.6 0.8 1

——— H(x,0,—0.69 GeV?) H(x,1/3,-1.02 GeV?)
H(x,0,—-0.69 GeV?) 08l H(x,1/3,-1.02 GeV?) ||
Hr(z,0,—0.69 GeV?) |- Hr(z,1/3,-1.02 GeV?)

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

xr X
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New parametrization of GPDs

PHYSICAL REVIEW D 106, 114512 (2022)

Generalized parton distributions from lattice QCD with asymmetric
momentum transfer: Unpolarized quarks

Shohini Bhattacharya ,1’* Krzysztof Cichy,2 Martha Constantinou ,3’T Jack Dodson,3 Xiang Gao,4 Andreas Metz,3

Swagato Mukherjee ,' Aurora Scapellato,3 Fernanda Steffens,” and Yong Zhao'
e —
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GPDs on the lattice

% yT inspired parametrization is prohibitively expensive

. Oﬂ
1 io*A
FI'lx, A; 2,4, P3) = S50 2P ) [yOHQ(O)(x, E,1; P3) + — “ Eoo s & 6 P3) [u(p, 4)
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GPDs on the lattice

% yT inspired parametrization is prohibitively expensive

. _Ou
1 ic*A
F[yo](xa A 4,45 P3) = ﬁﬁ(pl, A) [}’OHQ(O)(X, S, L P3) + M - EQ(())(X, S, L P3)] u(p, 1)

% Lorentz invariant parametrization

PH AH Tolatn PHigA HicA AHigeA
Fj‘ L=u(p, 1) ﬁAl + 7 MA, + ﬁA3 + ioc"* MA, + As + A+ A, +

AS] u(p, A)

A; : - Lorentz invariant amplitudes
- have definite symmetries

BTl
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GPDs on the lattice

% yT inspired parametrization is prohibitively expensive

. _Ou
1 ic*A
F[yo](xa A 4,45 P3) = ﬁﬁ(pl, A) [}’OHQ(O)(X, S, L P3) + M - EQ(())(X, S, L P3)] u(p, 1)

% Lorentz invariant parametrization

PH AH Tolatn PHigA HicA AHigeA
Fj‘ L=u(p, 1) ﬁAl + 7 MA, + ﬁA3 + ioc"* MA, + As + A+ A, +

AS] u(p, A)

A; : - Lorentz invariant amplitudes
- have definite symmetries

% Two decompositions can be related

Z(AT + A3)
2P,

H (A 2) = A1 + Ag,

2 z (4E? + Al + A3)

s s m-z
50 (Az,z) = —Al — ?314.4 -+ 2A5 — 2P3 A6
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GPDs on the lattice

% yT inspired parametrization is prohibitively expensive

. O/’t
1 ic*A
F[yo](xa A 4,45 P3) = ﬁﬁ(pl, A) [}’OHQ(())(X, S, L P3) + M a EQ(())(X, S, L P3)] u(p, 1)

% Lorentz invariant parametrization

P* AV ioh® Ptic®A 7Hic® AFig™
FZ/I’ =u(p, 1) ﬁAl + 7 MA, + ﬁA3 + ic"* MA, + As + Ag + A+

A8] u(p, A)

A; : - Lorentz invariant amplitudes
- have definite symmetries

% Two decompositions can be related

Z(AT + A3)
2P,

Ho(Af52) = A + Ag ,

2 z (4E? + A% + A3)

s s m-z
gO (AZ,Z) = —Al — ?314.4 -+ 2A5 — 2P3 Aa

Light-cone GPDs using lattice correlators in non-symmetric frames

LTl
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Theoretical setup

PH AH iot® PHic™® 7Hic™A AHich

Aglu(p, )

Goals
z(A2? 2
(A) A; are to the standard H, E GPDs  #;(45;2) = A1 + (A;;BA ) 46

(B) Extraction of standard GPDs using A; obtained from any frame
(C) quasi-GPDs may be redefined (Lorentz covariant) inspired by light-cone:
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Theoretical setup

) PH AH , iot® PHic™® 7Hic™A AHich

Aglu(p, )

Goals
z(A2? 2
(A) A; are to the standard H, £ GPDs = #;(4i;2) = A1 + (A;;SA ) 46

(B) Extraction of standard GPDs using A; obtained from any frame
(C) quasi-GPDs may be redefined (Lorentz covariant) inspired by light-cone:

Asa'z
Hz-P,z- At =A%z =A +—24 = 4,
avg,sla * <

Ay, 2
E(z-P,z-A,t = AZ, Zz) - - Al _ s A3 + 2AS + 2Pavg,s/a ) ZA6 + 2Asla ) ZA8
Pavg,s/a "<
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Theoretical setup

_ P* A , io"  Phig™®  zlig™® Atigt®

AS I/t(p, )‘)

Goals
(A) A; are to the standard H, £ GPDs = #;(4i;2) = A1 + Z(A; ;3 £2) 44

(B) Extraction of standard GPDs using A; obtained from any frame
(C) quasi-GPDs may be redefined (Lorentz covariant) inspired by light-cone:

Asa'z
H-Pz-At=A%Z0) = A +—2 " A,
avg,sla * <

Ay, -2
E(z-P,z-A,t = A2, Zz> - - Al _ s A3 + 2AS + 2Pavg,s/a ) ZA6 + 2As/a ) ZA8
Pavg,s/a "<

(A) Proof-of-concept calculation (¢ = 0):

s — 02 — 2
- symmetric frame: Py =P +—, p; = —1°= Q07 =0.69GeV

a_ _ N2 2 _ 2
- asymmetric frame: t“=— Q"+ (E,— E)” =0.65GeV

T

M. Constantinou, CNF-GPDs June 2023 m



Re [A,]

2.0

1.51

1.01

0.51

0.0/

Comparison of A, in two frames

0.2

0.1
¢ 0.01®

°
¥ = ¥

o
w
Im|

& 02 ¥
L ~0.3 3
o

—0.4;

* A, A5 dominant contributions

% Full agreement in two frames for both Re and Im parts of A, A5

* A, Ay, Agzeroaté =0

* A,,Aq A, suppressed (at least for this kinematic setup and & = 0)

15

- s
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GPDs in terms of A,

Non LI definitions (agreement not theoretically expected)
4.0 4.0
3.5 W H(A72) 3.5
l (A% )
3.0 3.0
2.5 2.5
2.0 2.0
1.5 1.5
1.0 1.0
0.5 0.5
0.0~ ‘ﬁ[ 0.0
—0.5 : : , —0.5 : : '
—1.0 —0.5 0.0 0.5 1.0 —-1.0 —0.5 0.0 0.5 1.0

LI definition (agreement anticipated theoretically)

4.0 4.0

35 . H(Az) 35 BN E(Ax)

a0 N (A7) . B F(A%z)

2.5 2.5

2.0 2.0

L5 1.5

1.0 1.0

0.5 0.5
0.0'——-—ﬂ ---------------------------------- 0.0

—051 —0.5 0.0 0.5 Lol |95, 05 ofo 05 1.0

T X
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GPDs in terms of A,

4.0 4.0

e H§(A$; ) a5 Ej(Af; )
B HY(AYz) B EG(A7z)

3.0 3.0

_Oél.o —0.5 0.0

o =
0.5 1.0 0570 —0.5 0.0 0.5 1.0
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H, E light-cone GPDs

% quasi-GPDs transformed to momentum space

% Matching formalism to 1 loop accuracy level

% +/-x correspond to quark and anti-quark region

% Anti-quark region susceptible to systematic uncertainties.

3.0

2.5

2.0 1

1.5 -

1.0 -

0.5 -

0.0

—0.5 A1

_1.0 1 1 1 1 1 1 1
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.0

X

E(x)

6

5_

4_

1_

0

-1

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75
X

% Similar analysis for helicity GPDs

1.00

—t=0.17 GeV?
—t =0.33 GeV?
—t = 0.64 GeV?
—t = 0.80 GeV?
—t=1.16 GeV?
—t =1.37 GeV?
—t =1.50 GeV?
—t = 2.26 GeV?

T
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H, E light-cone GPDs

% quasi-GPDs transformed to momentum space

% Matching formalism to 1 loop accuracy level

% +/-x correspond to quark and anti-quark region

% Anti-quark region susceptible to systematic uncertainties.

3.0

2.5

2.0 1

1.5 -

1.0 -

0.5 -

0.0

—0.5 A1

_1.0 1 1 1 1 1 1 1
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.0

X

E(x)

6

1_

0

_1 1 1 1 1 1 1 1
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
X

% Similar analysis for helicity GPDs

Several values of -t accessible at once

—t=0.17 GeV?
—t =0.33 GeV?
—t = 0.64 GeV?
—t = 0.80 GeV?
—t=1.16 GeV?
—t =1.37 GeV?
—t =1.50 GeV?
—t = 2.26 GeV?

T
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Exploration of twist-3 GPDs

arX1v:2306.05533v1 [hep-lat] 8 Jun 2023

Chiral-even axial twist-3 GPDs of the proton from lattice QCD

Shohini Bhattacharya®?, Krzysztof Cichy®, Martha Constantinou?,
Jack Dodson!, Andreas Metz!, Aurora Scapellato!, Fernanda Steffens?
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First lattice calculation of twist-3 GPDs

[v* 5] . D3\ _ I / ;1,’7375 . D3 ”A3’Y5 3
F (z,A; P°) = ﬁu(pf,/\) P 70 Fz(x,§,t,P°)+ P oy POF~(:B €, t; P°)
+Ali;_;bFE+§l(x7€a t P3) +’Yi’75 H+Go (.’L‘ f,t P3)
3 3
+ 0 TR (06,8 ) +iet B, B P (2,6, P) (i )

[D. Kiptily and M. Polyakov, Eur. Phys. J. C37 (2004) 105, arXiv:hep-ph/0212372]
[F. Aslan et a., Phys. Rev. D 98, 014038 (2018), arXiv:1802.06243]
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First lattice calculation of twist-3 GPDs

[v* 5] . p3 1 _ / p73’75 . P3 L Ay 53
F (z,A; P°) = ﬁu(pf,)\) P 50 Fg(z,&,t, P°)+ P o POFE(m,f,t,P )
Y5
+A‘i2m E+ ~(£B gatP3)+fYL’75 G(x &, ¢; P3)
Forward limit: gT 3 , 3
+Ai% Fg (x,&,t; P°) +ie!” ﬁF~ (w,ﬁ,t;P3)IU( i»\)
[D. Kiptily and M. Polyakov, Eur. Phys. J. C37 (2004) 105, arXiv:hep-ph/0212372]
A Q | [F. Aslan et a., Phys. Rev. D 98, 014038 (2018), arXiv:1802.06243]
9
<7
0.1 0.2 0.3 0.4 0.15 0.6 0.7 0.8 0.9 1

[S. Bhattacharya et al., PRD 102 (2020) 11]
(Editors Highlight)
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First lattice calculation of twist-3 GPDs

FOF sl (2, A; PP) = —a(py, X) | P Y (z,£,t; P3) + P* A% Fa(z,£,t; P3)
2P3 po~H 2mpPo-
V5 . p3 . p3
+ Ali %FE_I_GVI (33, &t P ) + 7175Fﬁ+52 (CB, §,t; P )
Forward limit: gT ’)’3’)'5 . v ’)’3
+ A Fg, (2,6, PP) + el Ay 53 Fg, (2,6, PP) | u(pi, M)
[D. Kiptily and M. Polyakov, Eur. Phys. J. C37 (2004) 105, arXiv:hep-ph/0212372]
o~ tk | [F. Aslan et a., Phys. Rev. D 98, 014038 (2018), arXiv:1802.06243]
L % Consistency checks: sum rules
I <7 | 1 . 1 .
I [ dwi@en=ca0), [ drEen=Ge
P OO — -1 -1
SR R S S 1
0.1 0.2 0.3 0.4 O.ST 0.6 0.7 0.8 0.9 1 / dx Gz (m, §’ t) — 0’ Z‘ — 1’ 2’ 3, 4
—1
[S. Bhattacharya et a!., PBD 102 (2020) 11] _ €
(Editors Highlight) / dx = GB — ZGE (t)
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First lattice calculation of twist-3 GPDs

Re[Fg, ]

—0.02 1

—0.03 1

s 0.00 1

—0.01+

Pl (g, A P9) = g, ) [ PR By (0,6, P9) + PS5 (06,8 PY)
2P3 po "~ H 2m PO
Y5
+AZ%FE ~(£B f,tp3)+’)’l’)’5 H+Go (IB fat P3)
Forward limit: gT ’)/3'75 . v ’)’3
"‘Aiﬁ 53(m,£,t;P3)+ze’i v 3G a, (@, &, t; . P?) | u(ps, \)
[D. Kiptily and M. Polyakov, Eur. Phys. J. C37 (2004) 105, arXiv:hep-ph/0212372]
- & | [F. Aslan et a., Phys. Rev. D 98, 014038 (2018), arXiv:1802.06243]
| % Consistency checks: sum rules
< | 1 1
ST [ aaf@e=Gat), [ doB(oet)=Gr)

0 b -1 —1

S I

"er e we a5 o o7 en G / dz Gi(z,6,8) =0, i=1,2,3,4

—1
[S. Bhattacharya et a!., PBD 102 (2020) 11] N f
(Editors Highlight) /d$$G3 — ZGE(t)
0.021 | T T T | 0:050: i i
s .
SERRRREREE 1 o T Tj | Indeed, numerically
| | [ LTI ams j amens 2| found to be zero within
0 2 4 6 8 10 12 14 o 0 2 4 6 8 : };?0_125(}1;/_ 2:'ZGV uncertainties at £=O

z/a z/a
M. Constantinou, CNF-GPDs June 2023 m



First lattice calculation of twist-3 GPDs

| —t=0.69 GeV?
| I —r=1.38 GeV?
I —1=2.76 GeV?

Isolating G,

using ﬁ
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First lattice calculation of twist-3 GPDs

| —t=0.69 GeV?
| I —r=1.38 GeV?
I —1=2.76 GeV?

Isolating G,

using ﬁ

—1=10.69 GeV
E —r=138GeV
0 —1=2.76 GeV
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First lattice calculation of twist-3 GPDs

8
. —1=0.69 GeV
i ~£=0.69GeV? 61 mmm —r=138GeV
6  —r=1.38 GCV2 ~— i 2.76 GeV
mm —-276Gev? || |solating G, |4 _
using H 0] e
_2 i
~1.0 —0.5 0.0 0.5 1.0
S ————————

I H+G,, —1=0.69 GeV? !
I H, —1=0.69 GeV?
61 mm G,, —1=0.69 GeV?

Negative areas in G,

4_

, theoretically anticipated:

0- = .

/ dr G;(z,£,t) =0, i=1,2,3,4
—1
_2-
1.0 0.5 0.0 05 1.0
X
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First lattice calculation of twist-3 GPDs

% Direct access to F—GPD not possible for zero skewness

% Glimpse into F—GPD through twist-3 :
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First lattice calculation of twist-3 GPDs

% Direct access to F—GPD not possible for zero skewness

% Glimpse into F—GPD through twist-3 :

15

—1=0.69 GeV?2
o —r=138GeV?
10- | mm —r=2.76 GeV?

% Sizable contributions as expected
1
[ dzB@.60) =Gy
~1

1
/ dx Gi(z,€,t) =0, i=1,2,3,4
—1
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First lattice calculation of twist-3 GPDs

% Direct access to F—GPD not possible for zero skewness

% Glimpse into F—GPD through twist-3 :

15 : 21
: —1=0.69 GeV?

N —r=1.38 GeV?

10 I =276 GeV?2 0. '
o) ,
i =2 '

—1=0.69 GeV?
=138 GeV?
. —1=2.76 GeV?

~1.0 —0.5 0.0 0.5 1.0

% Sizable contributions as expected % G 4 very small; no theoretical
1
/ dz Bz, €.1) = Gp(t) argument to be zero
—1

1
~ 1
1 /d:c:cG4(:c,§,t)=—GE
/dei(a:,ﬁ,t):O, i=1,2,34 _1 4
—1
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First lattice calculation of twist-3 GPDs

Consistency checks

* Norms satisfied

GPD P3;=0.83[GeV] | P;=1.25[GeV] | P3=167[GeV] | P3=1.25[GeV] | P;=1.25[GeV]
—t = 0.69 [GeV?] | —t =0.69 [GeV?] | —t =0.69 [GeV?] | —t = 1.38 [GeV?] | —t = 2.76 [GeV?]

H 0.741(21) 0.712(27) 0.802(48) 0.499(21) 0.281(18)

H+ G- 0.719(25) 0.750(33) 0.788(70) 0.511(36) 0.336(34)

% Alternative decomposition (LI) numerically confirmed

[Fernanda Steffens]

I zPg(A)’° 1 2
Fa.g, = 2 P, +4, Fa, = 22 5P A3 — 13P3PyAg | A — 53343
223P5 Fo = —(5PP2 - 5P )A
i = P, + 24; G o2\ o
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First lattice calculation of twist-3 GPDs

Consistency checks

* Norms satisfied

GPD P3;=0.83[GeV] | P;=1.25[GeV] | P3=167[GeV] | P3=1.25[GeV] | P;=1.25[GeV]
—t = 0.69 [GeV?] | —t =0.69 [GeV?] | —t =0.69 [GeV?] | —t = 1.38 [GeV?] | —t = 2.76 [GeV?]

H 0.741(21) 0.712(27) 0.802(48) 0.499(21) 0.281(18)

H+ G- 0.719(25) 0.750(33) 0.788(70) 0.511(36) 0.336(34)

% Alternative decomposition (LI) numerically confirmed

[Fernanda Steffens]

I zPg(A)’° 1 2
Fa.g, = 2 P, +4, Fa, = 22 5P A3 — 13P3PyAg | A — 53343
223P5 Fo = —(5PP2 - 5P )A
i = P, + 24; G o2\ o

Consistency checks show encouraging results
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How to lattice QCD data fit into the overall effort for hadron tomography

LTl
IE M. Constantinou, CNF-GPDs June 2023 E



How to lattice QCD data fit into the overall effort for hadron tomography

% Lattice data may be incorporated in global analysis of experimental
data and may influence parametrization of f and £ dependence
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How to lattice QCD data fit into the overall effort for hadron tomography

% Lattice data may be incorporated in global analysis of experimental
data and may influence parametrization of f and £ dependence

QUARK-GLUON
TOMOGRAPHY

COLLABORATION

officeof Award Number:

G

& ENERGY  scence DE-SC0023646

1. of high-momentum transfer processes using
perturbative QCD methods and study of GPDs properties

2. Lattice QCD calculations of GPDs and related structures

3. Global analysis of GPDs based on experimental data using modern data
analysis techniques for inference and uncertainty quantification
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Synergies: constraints & predictive power of lattice QCD

pion PDF helicity PDF
NLO+NLLpy '

I cxp only Th eo ry,

0.1;/ WM exp+lat (p=1)

B cxp+lat (all p) Lattice phen.g- ';é\ 00
Sots \/J QcD menology -
,g'o.05 &, 5-0.2) EEEE exp-+lat
0 02 04 06 08 1 [ lat (DFT)
T 107 107" 10°
M/HadStrue, PRD105 (2022) 114 '
Experiments,

proton & neutron radius global analysis

2 a transverS|t PDF
O y
S~
EDLU 10_1 L 5 - .Q;) (Sd JAM22 < Gold tein et al (2014) —— | | Pitschmann et al (2015)
F ) # Radici, Bacchetta (2018) Ile Hasan et al (2018)
~ - vg = v @p % ? QF ? JAM22 (no LQCD) » Gupta et al (2018) I: Gupta et l(2018)
[ %% '. A ” 1 JAM20+ : Alexandrou et al (2020) : Alexandrou et al (2020)
i C T 0.1F Pitschmann et al (2015) _._r.l Anselmino tal (2013)
: 1 . —petP—  Goldstein et al (2014)
W B This Work (1,1 proton GPDs ool . il oA
, 5 O World data 3 : = . : . —e— I Kungota a1 (2015)
Bl = N B Radici, Bacchetta (2018)
10 E + O LQCD _(Q(.'L') [l\\ P‘; — 125 Gev —Oo]. B _.—*—— — 121 Ben | ot ](2019)
C — — H(z,0,-0.69GeV?) ) ' —Q—H D’ Alesio et al (2020)
C oo e e e e e e 2.——1}(1,0,—1.28Ge\/’2) I\ —0.2F > +O~ JAM20+
0 0.1 0.2 0.3 0.4 0. 5 0. 6 0. 7 = o [T —@—+ |JAM22 (no LQCD)
2 e H(I‘ |1/3| —102G(‘V ) i \ N _0 3 L el JAM22
Q? (GeV/c) ; \\1 : . A . Sl , ,
~
& N 04 06 08 10 gy 05 1.0 15 20 g
S ~

[Atac et al., Nature Comm. 12, 1759 (2021)]

o ~
\\\\\ -~
— —_
—— ] = — e
B S
= J ’

ETMG;PRL 125 (2020) 262001] '
T &’ And many more!
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Summary

Lattice QCD data on GPDs will play an important role in the pre-EIC era
and can complement experimental efforts of JLab@12GeV

New proposal for Lorentz invariant decomposition has great advantages:
- significant reduction of computational cost

- access to a broad range of fand &
Future calculations have the potential to transform the field of GPDs
Mellin moments can be extracted utilizing quasi-GPDs data

Synergy with phenomenology is an exciting prospect!
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Summary

Lattice QCD data on GPDs will play an important role in the pre-EIC era
and can complement experimental efforts of JLab@12GeV

New proposal for Lorentz invariant decomposition has great advantages:
- significant reduction of computational cost

- access to a broad range of fand &
Future calculations have the potential to transform the field of GPDs
Mellin moments can be extracted utilizing quasi-GPDs data

Synergy with phenomenology is an exciting prospect!

Tﬁ&mﬁ you
A e DOE Early Career Award (NP)
ENT OF ar areer Awar
IN c I T E ’7 ENERGY  scores Grant No, DE.SC0020405

LEADERSHIP COMPUTING
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Helicity quasi-GPDs

% Lorentz-invariant decomposition applicable to helicity case

* At& = 0Oonly H is accessible directly
(E accessible from parametrization of the 7 dependence)
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Helicity quasi-GPDs

% Lorentz-invariant decomposition applicable to helicity case

* At¢ = 0only H is accessible directly
(E accessible from parametrization of the 7 dependence)

¥ All values of f obtained at the cost of one

% Preliminary analysis very encouraging!

T
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Helicity quasi-GPDs

% Lorentz-invariant decomposition applicable to helicity case

* At¢ = 0only H is accessible directly
(E accessible from parametrization of the 7 dependence)

® -t=0.17 Gev?
L4 II & -t=0.34Gev? 0071 @ ;iii%i
15 ® -t=0.65GeV? i —
' @ -t=0.80GeV? % -
i i (] @ -t=124Gev? —0.11 g —
1.0 ® -t=1.38GeV? ¥
—— r 3K @ -t=1.52GeV? . . ;I
'L % & -t=228Gev? * T —0.2 -
Y € [ @ -t=0.17GeV?
e 0.6 1 z $ ¢ S ; % @ -t=0.34GeV?
$3 . —0.3- g ) ® -t=0.65GeV?
0.4 1 3 ® $® -t=0.80GeVv?
% & o § % § 3 ® -t=124GeV?
0.2 ; - 04 $® -t=1.38GeV?
() ; i ' ¢ _ ¢ @ -t=1.52GeV?
0.0 i;;lii““‘ [) ® -t=228GeV?
0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
z/a z/a

¥ All values of f obtained at the cost of one

% Preliminary analysis very encouraging!

T
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What can we currently check using lattice results?
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What can we currently check using lattice results?

* Understanding of /_lda:HT(x,ﬁ,t) = /_OO dx Hrg(x,€,t, Ps) = Ar10(t), /1 da x Hy(z,€,1) = Apao(t),
systematic effects 1 . 1
through sum r‘ules /_1 dx Er(z,&,t) = /_oo dx Erg(z,€,t, P3) = Brio(t), /_1 dx x Ep(x,&,t) = Bpao(t),
/_1 dx ﬁT(xagat) = /_Oo dx ﬁTq(x7€7taP3) = ZTIO(t)a /_1 dxxﬁT(x7€7t) - ZT2O(t)7
/_11 dz Ep(z,€,t) = /_oo de Epg(z,&,t,P3) = 0. /_1deT(x,g,t) = 26 Bros (t).
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What can we currently check using lattice results?

% Understanding of / Ao Hr(w,6,) = / " e Hyg(e.6,1, Py) = Apolt). / i He(, £,) = Arao(t)
systematic effects 1 . 1

through sum r‘ules /_1 dx Ep(x,§,t) = /_ dx Epq(x,&,t, P3) = Brio(t), /_1 dx x Ep(x,&,t) = Bpao(t),

/_1 dx ﬁT(xagat) = /_Oo dx ﬁTq(x7€7taP3) = ZTIO(t)a /_1 dxxﬁT(x7€7t) - ZT2O(t)7

% Sum rules exist

1 0 . N B

" ) = L = d E , ,t = 2¢B t).
for quasi-GPDs /_1“7“(‘”’5’” / v Erg(z,6,t,P5) = 0. / dea Br(e,6,0) = 2B (1)
[S. Bhattacharya et al., PRD 102, 054021 (2020) ]
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What can we currently check using lattice results?

% Understanding of / Ao Hr(w,6,) = / " e Hry(, 6,1, Py) = Agaolt) / v Hy (e 6.1) = Arao(t).
systematic effects 1 . 1

through Sum rules [1deT(x’£7t) :/_ deTq(xa£7t>P3) - BTlO(t)a ‘/_1 dLUSCET(LU,f,t) = BT2O(t)7

/_1 dxfIT(x,ﬁ,t) = /_00 dxﬁTq(x,f,t,Pg) = Aleo(t), /_1 d:v:z:fIT(:B,g,t) = AVTgo(t),

% Sum rules exist

1 0 . N B

" ) = L = d E , ,t = 2¢B t).
for quasi-GPDs deﬂ%ﬂ / v Erg(z,6,t,P5) = 0. / dea Br(e,6,0) = 2B (1)
[S. Bhattacharya et al., PRD 102, 054021 (2020) ]

% Lattice data on transversity GPDs

2 2
1
/ dxHr,(x,0,—0.69 GeV?, P3)={0.65(4), 0.64(6), 0.81(10)}, / dxHTq(x,g,—1.O2GeV2,1.25GeV):O.49(5),
—2

-2

1 1
1
/ dx Hr(z,0, —0.69 GeV?) = {0.69(4), 0.67(6), 0.84(10)}, / dx Hr(z, 3 —1.02 GeV?) = 0.45(4),
1 —1

1

1
1
/ da @ Hp(2,0,—0.69 GeV2) = {0.20(2), 0.21(2), 0.24(3)} | / doa Hr(r, 3, ~1.02GeV?) = 0.15(2).
—1 —1

A710(—0.69 GeV?) = {0.65(4),0.65(6),0.82(10)}, Ap10(—1.02GeV?) = 0.49(5)

LTl
IE M. Constantinou, CNF-GPDs June 2023



What can we currently check using lattice results?

% Understanding of / Ao Hr(w,6,) = / " e Hry(, 6,1, Py) = Agaolt) / v Hy (e 6.1) = Arao(t).
systematic effects 1 . 1

through sum rules /_1dwET(af,€,t)=/_ dx Epg(x,&,t, P3) = Brio(t), /_1dx:cET(:c,§,t)=BT20(t),

/_1 dxfIT(x,ﬁ,t) = /_00 dmﬁTq(x,ﬁ,t,Pg) = Aleo(t), /_1 dx:z:fIT(:B,g,t) = AVTzo(t),

% Sum rules exist

1 0 . N B

" ) = L = d E , ,t = 2¢B t).

for quasi-GPDs /_1““””’5’” f v Erg(z,6,t,P5) = 0. / dea Br(e,6,0) = 2B (1)
[S. Bhattacharya et al., PRD 102, 054021 (2020) ]

% Lattice data on transversity GPDs

- lowest moments the same]
# between quasi-GPDs and GPDs }

2

2
/ duHry(z,0,—0.69 GeV?2, Ps)={0.65(4), 0.64(6), 0.81(10)} , /
-2

deHrg(x, %, —1.02 GeV?,1.25 GeV)=0.49(5),
—2

1 1
1
/ dx Hr(z,0, —0.69 GeV?) = {0.69(4), 0.67(6), 0.84(10)}, / dx Hr(z, 3 —1.02 GeV?) = 0.45(4),
1 —1

L = Values of moments decrease }§

. as 7 increases

1
1
/ da @ Hp(2,0,—0.69 GeV2) = {0.20(2), 0.21(2), 0.24(3)} | / doa Hr(r, 3, ~1.02GeV?) = 0.15(2).
—1 —1

} - Higher moments suppressed
§ compared to the lowest ‘

A710(—0.69 GeV?) = {0.65(4),0.65(6),0.82(10)}, Ap10(—1.02GeV?) = 0.49(5)
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What can we currently check using lattice results?

% Understanding of / Ao Hr(w,6,) = / " e Hry(, 6,1, Py) = Agaolt) / v Hy (e 6.1) = Arao(t).
systematic effects 1 . 1

through sum rules /_1dwET(af,€,t)=/_ dx Epg(x,&,t, P3) = Brio(t), /_1dx:cET(:c,§,t)=BT20(t),

/_1 dxfIT(x,ﬁ,t) = /_00 dmﬁTq(x,ﬁ,t,Pg) = Aleo(t), /_1 dx:z:fIT(:B,g,t) = AVTzo(t),

% Sum rules exist

1 0 . N B

" ) = L = d E , ,t = 2¢B t).

for quasi-GPDs /_1““””’5’” f v Erg(z,6,t,P5) = 0. / dea Br(e,6,0) = 2B (1)
[S. Bhattacharya et al., PRD 102, 054021 (2020) ]

% Lattice data on transversity GPDs

Sum rules not imposed in calculation
- lowest moments the same]
¢ between quasi-GPDs and GPDs }

2

deHrg(x, %, —1.02 GeV?,1.25 GeV)=0.49(5),

2
/ duHry(z,0,—0.69 GeV?2, Ps)={0.65(4), 0.64(6), 0.81(10)} , /
-2

-2

1 1 1 “ }
/ da Hop (2,0, —0.69 GeV2) = {0.69(4), 0.67(6), 0.84(10)} , / do Hr(r, 3, ~1.02GeV?) = 0.45(4), - Values of moments decrease |
1 -1 5

. as 7 increases

1
1
/ da @ Hp(2,0,—0.69 GeV2) = {0.20(2), 0.21(2), 0.24(3)} | / doa Hr(r, 3, ~1.02GeV?) = 0.15(2).
—1 —1

} - Higher moments suppressed
§ compared to the lowest ‘

A710(—0.69 GeV?) = {0.65(4),0.65(6),0.82(10)}, Ap10(—1.02GeV?) = 0.49(5)
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GPDs on the lattice

% GPDs: off-forward matrix elements of non-local light-cone operators

+ 1 dZ k- VAR
FIrle, As 2, 2') = Ejz—ﬂe% A=W (=55 w(3) P )
Z+=O,ZJ_=6J_

— M. Constantinou, CNF-GPDs June 2023



GPDs on the lattice

% GPDs: off-forward matrix elements of non-local light-cone operators

+ 1 dZ k- VAR
FIrle, As 2, 2') = Ejz—ﬂe% A=W (=55 w(3) P )
Z+=O,ZJ_=6J_

% Off-forward correlators with nonlocal (equal-time) operators i PRL 110 (2013) 262002]

dz . _
PPy = | e (NP P T COROINE)), 4= 7
d [ = Az = — Q2
¢ = 03/(2P3)
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GPDs on the lattice

% GPDs: off-forward matrix elements of non-local light-cone operators

+ 1 dZ k- VAR
FIrle, As 2, 2') = Ejz—ﬂe% A=W (=55 w(3) P )
Z+=O,ZJ_=6J_

% Off-forward correlators with nonlocal (equal-time) operators i PRL 110 (2013) 262002]

d . _
G P06 1, Py, ) = J4—ZeP (NP @) " W (0P O) INPY),  A=F P
T e s e TP
W (z) ¢ = 03/(2P5)
N(P}.0) N(P 1)
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GPDs on the lattice

% GPDs: off-forward matrix elements of non-local light-cone operators

+ 1 dZ k- VAR
FIrle, As 2, 2') = Ejz—ﬂe% A=W (=55 w(3) P )
Z+=O,ZJ_=6J_

% Off-forward correlators with nonlocal (equal-time) operators i PRL 110 (2013) 262002]

- dz . _
G, "P(x, 1,8, Py, p) = J4—€ HEEINPY) [P @) 7y W (2,0)P(O0) [N(P)),  A=F—7
W (z) ¢ = 03/(2P5)
N(FP}.0) NP, zs

* Potential parametrization (y" inspired)

. _Ou
1 ic*A
F[}/O](X, A; 2,45 PY) = ﬁﬁ(P', A) [70HQ(0)(X, E 1, P+ M - EQ(O)(X, &t P3)] u(p, 1)

. 3y
1 icoFA
FI(x, A; 2,25 P3) = ﬁﬁ(]?', A’) [J’3HQ(0)(X, E, 13 P7) + M - Eg)(x, &, 1 P3)] u(p, 4)
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GPDs on the lattice

% GPDs: off-forward matrix elements of non-local light-cone operators

+ 1 dZ k- VAR
FIrle, As 2, 2') = Ejz—ﬂe% A=W (=55 w(3) P )
Z+=O,ZJ_=6J_

% Off-forward correlators with nonlocal (equal-time) operators i PRL 110 (2013) 262002]

- dz . _
G, "P(x, 1,8, Py, p) = J4—€ HEEINPY) [P @) 7y W (2,0)P(O0) [N(P)),  A=F—7
W(:) ¢ = 03/ (2P3)
N(P}0) N0

% Potential parametrization (y" inspired)

reduction of power

—> corrections in fwd limit
[Radyushkin, PLB 767, 314, 2017]

icHA

4 ; 1 =
: oyl . . p3y — YSEEYN () . p3 H
’ F (X,A,ﬂ,ﬂ ,P )—ﬁu(p,/l)[y HQ(O)(.X,é,t,P )+ M

EQ(O)(-x, 6’ [ P3)] M(p, /1) "‘u

1 ic*A - . - . -
FIrir, 0,4 P) = ——sii(p', ) [y3HQ(0)(x, E 13 P3) + ——E)(x, 5,r;P3>]u<p, »  —p finite mixing with scalar
P 2M [Constantinou & Panagopoulos (2017)]
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GPDs on the lattice

% GPDs: off-forward matrix elements of non-local light-cone operators

+ 1 dZ k- VAR
FIrle, As 2, 2') = Ejz—ﬂelk%p A=W (=55 w(3) P )
Z+=O,ZJ_=6J_

% Off-forward correlators with nonlocal (equal-time) operators i PRL 110 (2013) 262002]

- dz . _
P06 Py = | e (NP1 Q) P OO INE)), 5=
W(2) ¢ = Q3/(2P5)
N(P0) NP

% Potential parametrization (y" inspired)

reduction of power

—> corrections in fwd limit
[Radyushkin, PLB 767, 314, 2017]

4 - o PRBIRIAN ., ’u SNSRI - ST “
| | ic"A .
‘ F"(x, A; 2,25 P3) = ﬁM(P ,A) [J/OHQ(O)(X, E 13 P7) + M a Eq)(x, &, 13 P3)] u(p, 4) ;‘“

1 ic*A .. .. i
FIrir, 0,4 P) = ——sii(p', ) [y3HQ(0)(x, E 13 P3) + ——E)(x, 5,r;P3>]u<p, »  —p finite mixing with scalar
P 2M [Constantinou & Panagopoulos (2017)]

* Symmetric frame (5= P+ 0/2.5; = P - 0/2): separate calculations at each 7
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