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Motivation

Matrix elements for Operators of composite particles with arbitrary spin

e Covariant decomposition of matrix element in independent non-perturbative objects

e.g. one-photon-exch.: (p', s’ |j*|p,s) = ﬁ(p/’sz)Fz‘p,’p)u(p,s) —y

u F H_ i pv
wmtya Lwhe) | FrenY = Faaz g n e ug,

Spin-j fields embedded in objects with > 2j + 1 components
e Polarization four vector (¢) for spin 1 — p,e#(p,s) =0

e Rarita Schwinger for spin 3/2 — v*4,(p,s) =0

@ Need for constraints, subsidiary conditions

Use (2j + 1)-component spinors
e Via SL(2,C) fundamental rep tensor products [Zwanziger 60s, Polyzou ‘18]
e Weinberg’s construction [64-65] (not yet applied in this context)
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Motivation

Advantages of Weinberg’s construction

Systematic approach, e.g., for any spin j

Covariant “multipole” physical interpretation

For parity conserving interactions a generalized Dirac algebra is obtained
“Basic” construction and implementation. From su(2) — su(N) algebra
Easy to switch between forms of dynamics (instant form, light front)

Use only exact degrees of freedom (chiral reps), no need for constraints

No kinematic singularities (improved analyticity properties of operators)
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Outline

Flying over

° BM Weinberg’s formalism

e Building uponWeinberg’s formalism: Bilinear Calculus
e Simplification (I): Algorithm for Construction of t-tensors

e Simplification (II): Algebra of t-tensors

See in Back-up slides
o Examples: Spin 1/2, Spin 1

@ Different forms of dynamics: Canonical (Instant Form), Light Front
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Introduction: Review of Weinberg’s formalism

Weinberg’s “Feynman rules for Any Spin” [1964]
e Algebra for Generators of the Lorentz group
[Jlao]]m] = 7lflmm]]n 5 [leKm] = iflmnKn s [KlaKm] = _ielmno]]n
e Two independent su(2) subalgebras — irreps (ja,jB)
[Ala Am] = Z‘elmnAn y [Bme] = ielman s [Ala Bm] =0

e Simplest irreps that contain spin-j — (2j + 1 components)

o Right-handed (5,0): K,, — —iJ,,

o Left-handed (0,5): K, — +iJn [Wigner(1939)]
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Introduction: Review of Weinberg’s formalism

Causal chiral fields (massive, left- right-handed)

o Lorentz invariant S-matrix using a Hamiltonian density built up from causal fields

U[A,a]d}cr(x)U[[_\’la] = Z (D[(/{),1]>UU, Q;[)0"(Aac-§—a)

e No EoM for chiral fields (only obey KG eq.)

@ Spinors appearing in the fields (not invariants, depend on choice boost)

G _ —pJWe
Dy =€
Canonical — s P
@) _ _+pJWe
Dy =
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Introduction: Review of Weinberg’s formalism

Propagator of chiral fields
nyj;/ (177 w) = mQch(ir), [L(ﬁ')] (DE;-J;),_-;// [L(p»)DT — 2 (e_zﬁj(j)g)

1 i 7 — G T o
Hf;]a)/ (ﬁv w) = mZJDgJG), [L(ﬁ')] (Dg],)o” [L(ﬁ')]) — m2] (ezp.J(J)g)

oo’

e Numerator (invariant)

oo’

. . ) (= H1p2-- P2
e Introduction of 2j-rank t-tensors nyjg/ (Pw) = to0r” " Dy s - DPua;
totally symmetric 1:1((,32/ (Fw) = aabey o Dy,
covariantly traceless gﬂkultg;~~~#k~wﬂl~ul42j —0
D) gy e -
e Central roll of ¢-tensors Dy = 22Dy P -+ Do,
used to construct boosts/spinors D[(i)(p)] — G B P,
Instant form dynamics (Canonical) _ ﬁ
Pl = et (0 4.
P not four-vectors pre 2m(m+P°)(p D)
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Introduction: Review of Weinberg’s formalism

Bi-Spinors (direct sum representation (7,0) (0, 7))

e For Parity conserving interactions the direct sum of both chiral representations is
used (like the spin 1/2 case)

e Boosts and bispinor (Weyl rep.)
pY o . o o .
(4) (4 2G) [Lp] o) — (®) )
UGysy = Diz, s’ ( 0" DY) ul =1 19) uy
D

o (5) O] ° () ) :
ug’ = o ) ¢s) =m? 1 (1 in the s-th position)
ot .

e Adjoint bispinor (DEFA] = ﬂD[ﬁﬂ)

. o ¥ o)
el () tg_ oWtp@ tg gt ) . _ 0 1
Up.s) = Uips) B Pl P = ( ) ’ 5—(1@') 0
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Introduction: Review of Weinberg’s formalism

Dirac Eq. & Gamma matrices

@ The bispinor satisfy the Dirac eq.
(Y2 Dy Ppaay — mzj) ) =0
20)

o 24
(posy (13D - gy =) =0

@ The gamma matrices appear from

. ) N2 .
PO 0 o p@ e )
( [LP] ) ) [LP] = (0) 2 ( (p)) = 7(()].) H(I’) — 7#1‘“#2ij . ”pl»‘aj
G G »
o DY Dy 0 (H (;)) 0 ogy 0

o 0 tHL o H2; 0---0 ~10) 0
7“1 = ( FhL 2 0 > P B=a L ( 0 1)
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Dirac Bilinear Calculus Generalization

Generalized Bilinears
Bre st a1
e ©) 1L oWt 0 7 pg, £ P, 0 o(j)
° r — _ 1 T o j
Uogiop)™ Hois) = Tnygm? o1 (t‘*l“‘(ﬁﬁl.‘.)* 0 0 o (B, )

e Dirac basis: D=1 (1), y#r#2 (25 +1)2, qpykr-r2 (25 +1)2 ) 45 (1)
4(2j +1)2 [yt i) 2572 (204 1)

ind. elements
{’VHI H2i 7V1 V2 }tl'l(‘(‘ICSS 2 Zn 0,2, (2n + 1)

Examples
o Spin-1/2 (16):  1(1), v*(4), [v*,7"1(6), ({+*,7"} —29") (0), ¥*75(4), ¥s(1)

o Spin-1 (36): (1), 4#(9), [y#2,~#2#4](6), {y#*#2, y#58 }iress(10), ¥75(9), 75(1)

e Matrix elements of Operators, covariant Density matrices, Amplitudes, - - -
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Dirac Bilinear Calculus Generalization: On-Shell Identities

Generalized Gordon Identities
o Dirac Equation (y#1+#2ip,, ...pu,, —m*)us =0 leads to On-Shell (Gordon) identities

up (0)uj = 5! ({w Pk, D
o=l (3 a0} s 1))

M2 = % ( 125 +m2])
) , , Pul H2j _ pH1eecH2j
_ m2 [(Puy - -Puy; | Pui---Ppoj (®»',p) (p.p")
Puy.ipgy = —5— — t ,
J 2 127 2]
m m N AHRL-H2j (pl7p) — _AHL-H2j (p7p/)
/ /
A Y Puy "‘Z?sz _ Puy - -Pus .
B1-epi2j /% m2i PHLE2IA L =0

@ Gordon identity separates general bilinears into convection and magnetization currents.
Useful to reduce independent Dirac structures
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Simplification (I): Algorithm for construction of t-tensors

Insightful construction for the t-tensors

@ The 0-th degree polynomial in the J’s is always 90 =1

@ The linear polynomials . 2 1
j tO.A.'L...O — J — 71],
are the Rotation Group Generators 2570 T 47

e From pairwise symmetrizations of the rotation generators

3
1 1 1
tO...m...O...n...O — tmnO...O — o ({Jm; Jn} _ gémn § {Jra Jr}) + §t006mn
21(25-2)! r=1

J m0...0 4n0...0 1 0‘..0>
= I (fymo-0y B "
(2 —1) ({ J J
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Simplification (I): Algorithm for construction of t-tensors

e Continues for higher orders

e Matrices have more and more off-diagonal elements

j 1
tlmnOH.O _ 2tOH.OlO.‘‘OmO..‘OnO...O _ (2.7‘7_ 2) g({thH.O7tmnOMO} + {tmO...O,thOH.O} + {tnO.HO’tlmO...O}

2
_z {5lmt"0“'0 T 6,00 4 5mntl0'“0})
J

o Construction stops after j steps (Cayley-Hamilton)  (J—s)(J—s—1)..(J+s) =0
e t-tensors contain a basis for su(N=2j+1) (Universal Enveloping Algebra)

@ A basis to decompose operators with physical interpretation for each term.
Multipole expansion — mono-, di-, quadrupole, ...

O=1Tr [O] 1+Tr [OJi] Ji+Tr [OJij] Jij+- = <O> 1+ 0;J; —|-OijJ¢j + -
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t"-tensor for Spin 1/2

0-th order terms in Ji(l/Q): =1

A
1/2%

(2 _ (0 1 2 _ (0 —i a2 _ (1 0
A= (1) —(i o) =Y

/2

Linear terms in J;
(Pauli matrices)

Quadratic terms in

(JW/D — 1) (J/D 4 11y =0 = (J/D)2 = 1 + o]/
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t*”-tensor for Spin 1

0-th order terms in Ji(l): 0 =1

Linear terms in Ji(l): 0 = g™

) 01 0 : 0 -1 0 10 0
T 1 0 1 , =11 -1 ,t®=(0 0 o0
V2l 1 o v2lg 1 o 0 0 -1
Quadratic terms in Ji(l): i = {Ji(l)7 JVY — 16,
0 0 1 0 0 -1 1 0 0
=0 1 o0 , 12 0 1 0 , 1B = -1 0
1 00 -1 0 O 0 0 1
0 0 —i ) 0 1 0 ; -1 0
t?2=10 0 o0 St =—1 1 -1 LB = 0 1
i 0 0 V2o 21 o V2o 1 o

Cubic terms in Ji(l): (JI —
Frank Vera (fver

DINID +1) =0 = (JY)? =col + caJ P +¢3(JM)?

u.edu) (2023 Early Car

Observables for targets with any spin

July 22, 2023 15 / 30



Simplification (II): Algebra of t-tensors

Reduction for Cubic Monomials

e Monomials always appear in bilinear calculus with an alternating “barring” pattern

1 S éﬂlvlplﬁléﬂfzvzpzﬁz . C_szl/sz’zjﬁzj)

tul"'ﬂ2jt_l’l"'Vthpl"'PZj — i S
(292 {vrrvei Hprep2s)

tﬁl“'ﬁzj

e The coefficient tensors:  CHPoB = ghrgaB — gnagrB o gnBgra  jenpaB
(Invariant tensors)

Tr {,yﬂfypfyafyﬁ} =4 (gupgaﬁ _ g#agpﬁ 4 gﬂﬁgpa)
Tr {4907y s} = dierre?

e Compare with:

o Trading matrix multiplication by number multiplication
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Simplification (II): Algebra of t-tensors

Reduction for Quadratic Monomials

e Monomials always appear in bilinear calculus with an alternating “barring” pattern

1

pH RIS (P2 ;) = (2)!{ g }
SVL---v25

(CTM1V1P1131 nplguzwﬂz&nm ... CP25V2i P25 P25 npzj) tﬁl"‘ﬁzj

e The condition tPrP2in, -1, = 1(g11)x2j+1) defines n,
in Lorentz coordinates ¢°* =1, thus n* — n¢ = (1,0,0,0)
o General result (f)&")“ = CHPo%, — ghPn® = —gPont + g"onP + i P7%,)

HL 2 P P2 — L

s
CO o1 02}

2j no Pupa 2j Mk Pl gy
ano Hz=1D e Hk=n+1g kPl ™r + U ta1-“a2j

choices for [,k

Covariant (s/(2,C)) Multipole expansion
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Spin 1 Example: EM Current

Using spinor representation: (p',s" [5#(0)|p,s) = ¢>(1)I‘é‘p p)(z)gl)

- 1
m F(P ) =2p" |:P21GC (Q2) —APA (tpo - §9P01> Gq (QQ):|

A=p —p (A?=-Q? e [A Py (t*V - %9“1) niGu (Qz)}

ny =(1,0,0,0)

Using polarization vectors:  (p',s' [#(0)|p,s) = % * (p') T4 (P, A)ef (p)

[Wang & Lorcé (2022)] o Ao aB p2
B _ o pr <HaﬁGC (Q2) _ M}LGQ (Q2)>

2m?2 m?2
AP, (25)%°
o (M, )

Frank Vera (fverave 1.edu) (2023 Early Car Observables for ta s with any spin July 22, 202 18 /30



e Weinberg’s construction allows for an efficient and manifestly covariant calculation of
currents for any spin

e Central (and multifaceted) role for the covariant t-tensors

e Simple algorithm. Only need to know the matrices for the Generators of rotations in
the representation of interest.

e Covariant s/(2,C)-multipole basis for operators.
more transparent physical interpretation

@ Universality of the method for any spin.
intuition on spin 1/2 can be carried over to higher spin

e No need to work with explicit representations of spinors (Dirac matrices)
Everything reduces to Lorentz covariant t-matrix algebra (C*P*, just numbers)
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Many applications and extensions possible

o Local operators parameterizations: Generalized Form Factors
(two independent four-vectors)

e Bilocal operators parameterizations
(more than two independent four-vectors)

e Transition matrix elements

e Use in yEFT’s for high energy processes
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Thanks!

Questions?
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Properties of the t-tensors

Properties of the t-tensors
o Each tH1-#2i ig a 2j-rank tensor

e Symmetric and (covariantly) traceless gLttt b2 )

gﬂkm

e Transform covariantly (D[(/Q)m; tgll...;m (D(j)[TA])&U, =AM, tzg;.m

e Right chiral (¢) and left chiral (¢)
are related by charge conjugation
(4 for even (— for odd) spacelike indices)

! ’ ’
FHLH2. 25 HiHo---Hoj
btz (g

oo’
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Spin 1/2 Example: Spinors

Right Chiral Rep
otV=1, =g

o t# Transform Covariantly: D&]/ Ap/ Z)FA} = A HtP

o Propagator (Lorentz invariant): I1(1/2)(p) = thp, = ( _(f _—kpz; ) _(gz—’__;py) >
Pu = (Ep, D) co :
@ Boost/spinors (Canonical): DI(;/% = thpC = - ( mep —pe+ >
K 2m (m + pg) —Pr m+p
56 = ) sy @0+ m, P)

Similarly for the Left Chiral Rep, only change is: Ji(l/Z) — JH = (1, —j(l/Q))
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Spin 1 Example: Spinors

Right Chiral Rep
0 t00 =1 | 0 =0 — g i — g gy g6,

K3
o " Transform covariantly D(l)t“”D(l)]EA] = A FA TP

[A]
»)  —2pp D2
e Propagator (p, = (Ep,p)): TV (p) =t"p.p, = | V2ppt pTp~ +p2 V2pp~
2 V2p,p~ +12
p? Prp (p™)

e Boost/spinors (t**p,py)

) ) (m+p)? —V2pe(m +p) v}
Canonical: D) = ——— | —\2p,(m+p~) 2(m>+mpo+p2) —v2pe(m +p")
2m (m +po) P2 —VIpemt ) (meApt)

ﬁ‘é:wW(poij,ﬁ)

Similarly for the Left Chiral Rep, only change is: Ji(l) — JF = (1, —f(l))
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Canonical Space-Time Parameterization

Parameterizations (Foliations) of space-time — Specify equal time surfaces

Canonical or Instant time: 2% =1¢ [Wigner(1939)]

@ Defined by rotationless boosts from rest: pH = (m,0,0,0)

to final momentum: p* = (E,,p) = (/m2 +p2,p)

A = exp (ZK . (E) = exp (Z(bK . (5)

@ Then, p* = (E,p) = (AIF)NVZO)V The Instant The Front

Form Form

implies, cosh(¢) =Z | ¢;sinh(¢) = £

Leading to the well known result: (A™)*, = (

SkEw

ya
mP‘P'
.. PR A7 v
51] + E+m)m

Frank Vera (fverave 1.edu) (2023 Early Car Observables for ta s with any spin 202z 26 / 30



Light-Front Space-Time Parameterization

Light Front time: zt =1t+ 2 Dirac(1949)
p+ :Ep+pz , D :Ep_pz

@ Defined by a longitudinal boost followed by a transverse boost

ALE = exp [z@ . \'I'T] - exp [i1K3n)

The Instant The Front
@ LF Boost Generators (light front along z—axis), Form Form

Glsz:Ka:_vaa GQZGy:Ky+J;Ea K?;:Kz

@ Comparing the action of both boosts on the same rest momentum

\ Py
N
one finds the LF boost parameters - T
+ o LF - fran(l)e light—front 0
P 3. PT — ; n . ; m, 7 — D,
el =", T—p—Jr—>A —exp[zwfmpT-G—&-ng T
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Propagators - Spinors - t-tensors

The boosts/spinors for the most used forms of dynamics

D[(i)(p)] = I Dy Py - - Dy
@ In general

D[(I%)(p)] = P Dy Pus - Do,
Instant form dynamics - 1 0 -
= _— + m,
(Canonical) Pe 2m(m + p°) v P)
. . 1
Light-Front dynamics ﬁlﬁF =\ (p" + m, pe, ipe, pT — m)
(Light Cone time) mp

p* not four-vectors, but same for any spin. Left/right related by complex conjugation.
(Helicity spinor also recovered with specific parameters)
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Spin 1/2 Example: Bilinears

Spin 1/2 Bilinears

Final evaluations recover the results of | Lorcé(2017)]

o Scalar al/?) w(/® = Ngl [4P?1s+4mPs (0 + %) — & (ox +52) P Ap P (0, — 5)] ¢s,

(pr.sp)H(pissi) =

= Nol, [4(P* +mP°) + 2i"** Ay Pac,] s,

@ Pseudoscalar

a2 ysult? ) = Mol [mas (o2 = 8%) + (P (0" +3) Ay (0" =) = (A (0" +5)) (B, (0¥ = 5))] 6,

= Nol, [2a°F -3 —2(P° +m) X5 o,
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Spin 1/2 Example: Bilinears

Bilinears
() G RN 12 iy _ L Ay
@ Vector u(if,Sfﬂu“(fo,;,si) —Ng,, + {iA (o" 4+ ") — iAA (a +o ) AM
+4mP*15 + 2Py (aA + 5*) pH
i€ Mg (m (00 + ) + Po) (05 = 5,)] 5
= Nol, [(4(P°+m) P+ A%g™ — A°A") 1,

+2i60“ﬂpA50P + iE“BapAﬂpa (Up + 69)] @,

e Pseudovector ﬁgfzfﬂu%u&:i)i) = Nol, [ (4P#Po — A*AQ) (0% — 5%)

1
+ (P2 - ZAQ) (o* — ) —iehPPAL Py (0 + ap)] bs;
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