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M. Cerutti, talk at Trento workshop Sep 2022

JLab20+ Impact Study

Kernel of the rapidity evolution equation

@ ln f̂1(x, bT ;µ, ⇣)

@ ln
p
⇣

= K(bT , µ)
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JLab 24 can have a very significant impact in 
reducing the errors on TMDs and their 
evolution

Collins-Soper kernel 
(driving TMD evolution)

https://indico.ectstar.eu/event/152/contributions/3145/


SIDIS KINEMATICS
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Bacchetta, Diehl, Goeke, Metz, Mulders, Schlegel, hep-ph/0611265

Q = photon virtuality

M = hadron mass

Ph? = hadron transverse momentum = PT
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https://arxiv.org/abs/hep-ph/0611265


SIDIS STRUCTURE FUNCTIONS
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Bacchetta, Diehl, Goeke, Metz, Mulders, Schlegel, hep-ph/0611265

https://arxiv.org/abs/hep-ph/0611265


LIST OF STRUCTURE FUNCTIONS

low-qT calculation high-qT calculation

observable twist order power twist order power powers match

FUU,T 2 αs 1/q2
T 2 αs 1/q2

T yes

FUU,L 4 2 αs 1/Q2

F cos φh

UU 3 αs 1/(QqT ) 2 αs 1/(QqT ) yes

F cos 2φh

UU 2 αs 1/q4
T 2 αs 1/Q2 no

F sin φh

LU 3 α2
s 1/(QqT ) 2 α2

s 1/(QqT ) yes

F sin φh

UL 3 α2
s 1/(QqT )

F sin 2φh

UL 2 αs 1/q4
T

FLL 2 αs 1/q2
T 2 αs 1/q2

T yes

F cos φh

LL 3 αs 1/(QqT ) 2 αs 1/(QqT ) yes

F sin(φh−φS)
UT,T 2 αs 1/q3

T 3 αs 1/q3
T yes

F sin(φh−φS)
UT,L 4 3 αs 1/(Q2 qT )

F sin(φh+φS)
UT 2 αs 1/q3

T 3 αs 1/q3
T yes

F sin(3φh−φS)
UT 2 α2

s 1/q3
T 3 αs 1/(Q2 qT ) no

F sin φS

UT 3 αs 1/(Qq2
T ) 3 αs 1/(Qq2

T ) yes

F sin(2φh−φS)
UT 3 αs 1/(Qq2

T ) 3 αs 1/(Qq2
T ) yes

F cos(φh−φS)
LT 2 αs 1/q3

T

F cos φS

LT 3 αs 1/(Qq2
T )

F cos(2φh−φS)
LT 3 αs 1/(Qq2

T )

Table 2: Behavior of SIDIS structure functions in the intermediate region M ! qT ! Q. Empty
fields indicate that no calculation is available. The specification of twist 4 for FUU,L and F sin(φh−φS)

UT,L

reflects that these observables are zero when calculated at twist-two and twist-three accuracy.

given in (5.56) by Lcos 2φh

UU , and its high-qT approximation (4.26) by Hcos 2φh

UU . Since in the

intermediate region the two expressions describe distinct contributions to the cross section,

one may consider to use

F cos 2φh

UU ≈ Lcos 2φh

UU + Hcos 2φh

UU (6.17)

as an approximation for this observable. The quality of this approximation can be assessed

from the power behavior of its terms in the different regions:

Lcos 2φh

UU ∼ q2
T/M4 for qT <∼M , (6.18)

Lcos 2φh

UU ∼ M2/q4
T for qT $ M , (6.19)

Hcos 2φh

UU ∼ 1/Q2 for all qT , (6.20)

where the behavior in (6.18) reflects that Lcos 2φh

UU must vanish like q2
T for qT → 0 due to

angular momentum conservation [39]. In the intermediate region M ! qT ! Q both terms
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Not all of them are easy 
to access at EIC due to:  
x-range, twist,  
evolution, prefactors

probably high-x effect, 
probably suppressed by 
evolution, small prefactor 

probably high-x effect, 
twist-3, small prefactor

Examples:

Bacchetta, Boer, Diehl, Mulders, arXiv:0803.0227

https://arxiv.org/abs/0803.0227


LOW AND HIGH PT

low-qT calculation high-qT calculation

observable twist order power twist order power powers match
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T yes

FUU,L 4 2 αs 1/Q2
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F sin 2φh
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T
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F cos φh
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F sin(φh−φS)
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T 3 αs 1/q3
T yes

F sin(φh−φS)
UT,L 4 3 αs 1/(Q2 qT )

F sin(φh+φS)
UT 2 αs 1/q3

T 3 αs 1/q3
T yes

F sin(3φh−φS)
UT 2 α2

s 1/q3
T 3 αs 1/(Q2 qT ) no

F sin φS

UT 3 αs 1/(Qq2
T ) 3 αs 1/(Qq2

T ) yes

F sin(2φh−φS)
UT 3 αs 1/(Qq2

T ) 3 αs 1/(Qq2
T ) yes

F cos(φh−φS)
LT 2 αs 1/q3

T

F cos φS

LT 3 αs 1/(Qq2
T )

F cos(2φh−φS)
LT 3 αs 1/(Qq2

T )

Table 2: Behavior of SIDIS structure functions in the intermediate region M ! qT ! Q. Empty
fields indicate that no calculation is available. The specification of twist 4 for FUU,L and F sin(φh−φS)

UT,L

reflects that these observables are zero when calculated at twist-two and twist-three accuracy.

given in (5.56) by Lcos 2φh

UU , and its high-qT approximation (4.26) by Hcos 2φh

UU . Since in the

intermediate region the two expressions describe distinct contributions to the cross section,

one may consider to use

F cos 2φh

UU ≈ Lcos 2φh

UU + Hcos 2φh

UU (6.17)

as an approximation for this observable. The quality of this approximation can be assessed

from the power behavior of its terms in the different regions:

Lcos 2φh

UU ∼ q2
T/M4 for qT <∼M , (6.18)

Lcos 2φh

UU ∼ M2/q4
T for qT $ M , (6.19)

Hcos 2φh

UU ∼ 1/Q2 for all qT , (6.20)

where the behavior in (6.18) reflects that Lcos 2φh

UU must vanish like q2
T for qT → 0 due to

angular momentum conservation [39]. In the intermediate region M ! qT ! Q both terms
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There are several possibilities:
low-qT calculation high-qT calculation

observable twist order power twist order power powers match
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UT 2 α2

s 1/q3
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F sin φS
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F sin(2φh−φS)
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T ) 3 αs 1/(Qq2
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Table 2: Behavior of SIDIS structure functions in the intermediate region M ! qT ! Q. Empty
fields indicate that no calculation is available. The specification of twist 4 for FUU,L and F sin(φh−φS)

UT,L

reflects that these observables are zero when calculated at twist-two and twist-three accuracy.

given in (5.56) by Lcos 2φh

UU , and its high-qT approximation (4.26) by Hcos 2φh

UU . Since in the

intermediate region the two expressions describe distinct contributions to the cross section,

one may consider to use

F cos 2φh

UU ≈ Lcos 2φh

UU + Hcos 2φh

UU (6.17)

as an approximation for this observable. The quality of this approximation can be assessed

from the power behavior of its terms in the different regions:

Lcos 2φh

UU ∼ q2
T/M4 for qT <∼M , (6.18)

Lcos 2φh

UU ∼ M2/q4
T for qT $ M , (6.19)

Hcos 2φh

UU ∼ 1/Q2 for all qT , (6.20)

where the behavior in (6.18) reflects that Lcos 2φh

UU must vanish like q2
T for qT → 0 due to

angular momentum conservation [39]. In the intermediate region M ! qT ! Q both terms
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•Twist 2 TMD matching twist 2 PDF 

•Twist 3 TMD matching twist 2 PDF 

•Twist 2 TMD matching twist 3 PDF 

•Expected mismatch 

•Twist 4 TMD matching twist 2 PDF?
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UNPOLARIZED AND AZIMUTHALLY INDEPENDENT PART

d�

dx dy dz dP 2
h?

=
2⇡↵2

x y Q2

y2

2 (1� ")

(
2⇡FUU,T (x, z, P

2
h?, Q

2) + " 2⇡FUU,L(x, z, P
2
h?, Q

2)

)
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Bacchetta, Diehl, Goeke, Metz, Mulders, Schlegel, hep-ph/0611265

Integrated over φh

d�

dx dy dz
=

4⇡↵2

x y Q2

y2

2 (1� ")

(
FUU,T (x, z,Q

2) + "FUU,L(x, z,Q
2)

)
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Integrated over Ph⊥

d�

dx dy
=

4⇡↵2

x y Q2

y2

2 (1� ")

(
FT (x,Q

2) + "FL(x,Q
2)

)
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Inclusive DIS

d�

dx dQ2
⇡ 2⇡↵2

xQ2

h
1 + (1� y)2

i
F2(x,Q

2)

(
1� y2

1 + (1� y)2
R

1 +R

)
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F2 ⇡ FT + FL
<latexit sha1_base64="qOoYT6yhlW2B8A6T8bcWHejaJUY="></latexit>

(alternatively)

R =
FUU,L

FUU,T
<latexit sha1_base64="Hh8j5l+3yHqzuRzObDQ5wBTTftY="></latexit>

In all cases, we can define

https://arxiv.org/abs/hep-ph/0611265
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Fig. 14 The ratio R as a
function of x in bins of Q2. The
inner error bars represent
statistical error, the full error
bars include the statistical and
systematic uncertainties added
in quadrature. The solid curves
represent predictions of the
DGLAP fit in the ACOT
scheme. Results from other
experiments are shown by the
open symbols

Fig. 15 χ2 for combination of the data taken at Ep = 920, 575 and
460 GeV as a function of R assuming R being constant. The solid line
shows parabolic fit around the χ2 minimum. The solid vertical line
shows the value of Rmin at which χ2 has the minimum and the dotted
vertical lines correspond to the total uncertainty of Rmin

the FL results, only measurements with total uncertainties
below 0.6 are included. Also shown are results on R from
other experiments [17–20, 22] which are displayed at Q2

values closest to the original values without applying further
corrections.

For Q2 ≥ 3.5 GeV2, the ratio R is consistent with a
constant behaviour. This hypothesis is tested by a simul-
taneous determination of the values of the structure func-
tion F2(x,Q2) at all (x,Q2) data points under the assump-
tion that R is constant. In this procedure, values of R are
scanned between R = 0 and R = 0.6 in "R = 0.01 steps,
and each of the cross-section measurements is used to cal-

culate the structure function F2(x,Q2) using (5). The mea-
surements of F2(x,Q2) from different Ep are then com-
bined using the standard averaging programme [1] taking
into account correlations of the systematic uncertainties.
Figure 15 shows the results of this scan represented as χ2

for each average as a function of R. The minimum is found
at Rmin = 0.260±0.050 where χ2

min/ndof = 113.8/150 sug-
gesting a conservative error estimation. It is remarkable that
all the low 7 ·10−5 < x < 2 ·10−3, low 3.5 ≤ Q2 ≤ 45 GeV2

data are consistent with the hypothesis that R is constant.

6 Phenomenological analysis

The combined cross-section data for Ep = 460,575 and
Ep = 820,920 GeV are used for several phenomenologi-
cal analyses. The fits are applied to the combined reduced
cross-section measurements accounting for correlations be-
tween the data points.

In the following, the quality of different fits is compared
in terms of χ2/ndof. Since the systematic uncertainties dom-
inate over statistics, and they are estimated conservatively, in
several cases χ2/ndof is observed to be less than unity. This,
however, does not prevent the comparison of quality among
different fits with the same number of degrees of freedom
in terms of "χ2 since the average error overestimation, ap-
proximated as

√
χ2/ndof, does not exceed 5–10%.

6.1 λ fit

The increase of the structure function F2 for x → 0 can
be approximated by a power law in x, F2 = c(Q2)x−λ(Q2).

H1 collaboration, arxiv:1012.4355

R ≈ 25 %

https://arxiv.org/abs/1012.4355
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FIG. 4. Proton longitudinal structure-function data for fixed Q2

as a function of Bjorken x from this experiment. Also shown are
data from Jefferson Lab experiment E99–118 [7] and SLAC [2,23].
The four panels correspond to four different Q2 regions: Q2 =
0.3 GeV2 (upper-left panel), Q2 = 0.5 GeV2 (upper-right panel),
Q2 = 0.8 GeV2 (lower-left panel), and Q2 = 1.0 GeV2 (lower-right
panel). Also shown are the parametrizations by ABKM [50,51], solid
and dotted black curves; HERAPDF1.5 [52], solid green line; KMS
[12], dashed-dotted red curves; and BBJKAS [53], dashed red curve.

corrections (TMCs) and higher-twist effects [51]. Therefore,
the curves in Fig. 4 include TMCs, both without (solid black
line) and with (dotted black line) the inclusion of higher-twist
effects. These curves are only shown for the two higher-Q2

panels because of constraints on the region of validity for the
PDF fits.

For the kinematic regime of the Jefferson Lab data, the
target-mass corrections and higher-twist effects are expected
to be significant, and thus improved agreement is expected
with parametrizations that include these effects. However,
the ABKM inclusion of higher-twist effects seems to be
unnecessary and yields significantly worse agreement with
the data. It is important to note also that FL is dominated
by the gluon g(x) PDF, which has large uncertainties (∼20%
or more in this x range) that are not shown here.

The PDF fits discussed above utilize the standard collinear
factorization formalism. Another approach in modeling FL is
to employ a kT factorization approach, which corresponds to
the (virtual) photon-gluon fusion mechanism. Here, the gluon
is off-shell with its virtuality dominated by the transverse
momentum kT [12]. This model (KMS) is shown as a dashed-
dotted line at Q2 = 1 GeV2 in Fig. 4. While it undercuts the
data, it should be noted that it was developed specifically
to describe the low-x, higher-Q2 regime of data obtained at
DESY. An older version of this photon-gluon fusion model
[53,54], which specifically included higher-twist effects, is also
shown in Fig. 4 (dashed line, BBJKAS) and shows increased
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JLAB E99118
SLAC E140x
SLAC GLOBAL

FIG. 5. Longitudinal structure-function data for the proton as a
function of Q2 for x ! 0.05. Data are from Refs. [2–4,7,18,23]. The
solid and dashed lines represent parametrizations discussed in the
text. The dotted lines correspond to x = 0.1, while the solid lines
correspond to x = 0.4.

strength at larger x. A new kT factorization model that also
includes higher twist is in development [55].

In general there is reasonable agreement between the
models shown and the data. The global fits typically employ
F2, not FL, data and extract gluon information from the Q2

evolution of F2. Hence, even if deviations between the data
and the curves are noticeable, the general agreement at the low
Q2 of theFL data is unexpected, given that the parametrizations
originate from perturbative methods.

To further investigate the Q2 behavior of the data, we
present in Figs. 5 and 6 the world data for FL versus Q2

for x ! 0.05 (Fig. 5) and for 0.0001 " x " 0.006 (Fig. 6).
The data in Fig. 5 were obtained from various experiments
at CERN (NMC and BCDMS) and from lower-energy SLAC
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HERAPDF1.5

FIG. 6. Proton longitudinal structure-function data at very low x:
0.0001 " x " 0.006 as a function of Q2. Data are from Refs. [4–6].
The solid lines represent parametrizations discussed in the text and
evaluated at x = 0.004.

045204-7

Tvaskis et al., Hall C, arxiv:1606.02614

Does not behave clearly as 1/Q2 

Higher twist  and mass corrections 
are relevant

https://arxiv.org/abs/1606.02614


WHAT ABOUT SIDIS?

Low transverse momentum High transverse momentum Integrated
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All of them can contain corrections
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= 2F cos 2�h

UU
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Bacchetta, Boer, Diehl, Mulders, arXiv:0803.0227
(schematically only)

Nice about FUUL:  
at low transverse momentum  
is the cleanest  twist-4 signal

https://arxiv.org/abs/0803.0227


POSSIBLE TERMS AT LOW TRANSVERSE MOMENTUM

FUU,L =
M2

Q2
C
h4k2T
M2

f1D1 +
m2

M2
f1D1 + f̃2D1 + f1D̃2 + . . .

i
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kinematic twist 4 
(à la Wandzura-Wilczek) mass corrections factorization breaking terms?dynamic twist 4

sometimes denoted with  

  f3

see, e.g., Wei, Song, Chen, Liang, arxiv:1611.08688

https://arxiv.org/abs/1611.08688


HOW LARGE COULD IT BE @JLAB24?
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similar approach as Anselmino et al.,  hep-ph/0501196
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HOW LARGE COULD IT BE @EIC?
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similar approach as Anselmino et al.,  hep-ph/0501196
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WHAT ABOUT THE CONNECTION TO COS2Φ?
FUU,L = 2F cos 2�h

UU
<latexit sha1_base64="IrgYjiMb9NH6LvlqDd4OR7RGu94="></latexit>

only valid at high transverse 
momentum and leading order
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FIG. 4. cos 2φ amplitudes for positive (upper panels) and negative (lower panels) pions integrated over the kinematic range
A of table III. Closed and open squares are for amplitudes extracted from hydrogen and deuterium targets, respectively. The
inner bar represents the statistical uncertainty; the outer bar is the total uncertainty, evaluated as the sum in quadrature of
statistical and systematic uncertainties. Points have been slightly shifted horizontally for visibility.
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FIG. 5. As in Fig. 4, but for the cosφ amplitudes.

At HERMES, the cos2φ structure function is below 5%



WHAT ABOUT HADRON MASS EFFECTS?
courtesy of A. Accardi

JLab 22 – Jan 2023accardi@jlab.org 1

Hadron Mass Corrections

 zh-integrated mul�plici�es: 

– Scaling vars:

 Correc�ons:

 TMD �ts with HMCs  

“visible e�ect on  �t quality especially for HERMES”

Guerrero, Accardi, PRD 97 (2018) 114012

Pions Kaons

Scimemi, Vladimirov,  JHEP 06, 137 (2020)

No specific study on FL, but studies on unpolarized multiplicities

For pions,  5% effects 

For kaons, 50% effects!



CONCLUSIONS

▸ The FUUL structure function is not small at JLab kinematics (~20%) 

▸ The function is smaller at high Q and low PT 

▸ There are no good estimates of this function in most of the phase space 

▸ In general, the world of “higher twist effects” (kinematic, dynamic, mass…) 
needs to be seriously quantified


