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<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�

<latexit sha1_base64="uB8KSR4ClqBbpbRpnqzCgAZgekw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6Ma8MqjW37s5BVolXkBoUaA6qX/1hxBKJyjJBjel5bmz9lGrLmcBZpZ8YjCmb0BH2MqqoROOn81tn5CxThiSMdFbKkrn6eyKl0pipDLJOSe3YLHu5+J/XS2x446dcxYlFxRaLwkQQG5H8cTLkGpkV04xQpnl2K2FjqimzWTx5CN7yy6ukfVH3ruqXD5e1xm0RRxlO4BTOwYNraMA9NKEFDMbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIfwjeo=</latexit>⇡
<latexit sha1_base64="uB8KSR4ClqBbpbRpnqzCgAZgekw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6Ma8MqjW37s5BVolXkBoUaA6qX/1hxBKJyjJBjel5bmz9lGrLmcBZpZ8YjCmb0BH2MqqoROOn81tn5CxThiSMdFbKkrn6eyKl0pipDLJOSe3YLHu5+J/XS2x446dcxYlFxRaLwkQQG5H8cTLkGpkV04xQpnl2K2FjqimzWTx5CN7yy6ukfVH3ruqXD5e1xm0RRxlO4BTOwYNraMA9NKEFDMbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIfwjeo=</latexit>⇡
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)

RPP estimate 2012
RPP estimate 1996-2010
poles used for estimate in RPP 2012

What happens for Lattice QCD ??

Lightest resonance in QCD

Very challenging experimental 
extraction

Correlated with chiral symmetry-breaking phenomena

Input to hadron physics observables

Extremely broad  extremely short-lived→

Not well-understood  new observables ??→ A. W. Jackura’s talk

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡
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 ??mπ ∼ 283 MeV →?
?

Light Scalars: the σ
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Broad resonancemπ ∼ 239 MeV →
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2
Im
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 Stablemπ ∼ 391 MeV →

 Stablemπ ∼ 330 MeV →
1607.05900
1708.06667
2303.10701

Stable and “easy” to extract at higher masses

Other works

16010.10070 1803.02897
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Light Scalars: the σ
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Total error becomes really large when decreasing the pion mass
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Light Scalars: the σ
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Models are incompatible with one another

Total error becomes really large when decreasing the pion mass
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Light Scalars: the σ
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But data is precise !!

Total error becomes really large when decreasing the pion mass
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Light Scalars: the σ
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Total error becomes really large when decreasing the pion mass
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 very challenging when reducing the pion massσ

But data is precise !!
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Amplitude analyses
• Unitarity 
• Analiticity 
• Crossing

Observables



Arkaitz RodasThe  from first principlesσ

500

1000

1500

2000

2500

3000

12

Amplitude analyses
• Unitarity 
• Analiticity 
• Crossing

Observables

“Always”

Sometimes

“Never”
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Crossing

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�

s−plane

• Avoid spurious singularities

𝑚𝑚−
2 − 𝑡𝑡 𝑚𝑚+

2

R→∞

C

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�

Data

<latexit sha1_base64="cw+CMSNCc5IX1X2UNWYg/KaAZvw="></latexit>

ImTi i(s, t = 0) /
X

n

Ti nT
†
n i / �i

tot

Particles and anti-particles are related

s-channel
t-channel
u-channel
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Crossing

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�

s−plane

• Avoid spurious singularities

𝑚𝑚−
2 − 𝑡𝑡 𝑚𝑚+

2

R→∞

C

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�

Data

<latexit sha1_base64="cw+CMSNCc5IX1X2UNWYg/KaAZvw="></latexit>

ImTi i(s, t = 0) /
X

n

Ti nT
†
n i / �i

tot

Particles and anti-particles are related

s-channel
t-channel
u-channel
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Crossing

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�

s−plane

• Avoid spurious singularities

𝑚𝑚−
2 − 𝑡𝑡 𝑚𝑚+

2

R→∞

C

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�

Data

<latexit sha1_base64="cw+CMSNCc5IX1X2UNWYg/KaAZvw="></latexit>

ImTi i(s, t = 0) /
X

n

Ti nT
†
n i / �i

tot

Particles and anti-particles are related

s-channel
t-channel

Cross-channels

u-channel
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Crossing

We need crossing!! Perhaps implemented analytically
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Dispersion relations Causality  Analiticity↔

Crossing

<latexit sha1_base64="Sxz+SSDpy04N94fnxkkcks83v2s=">AAACDHicbVDLSgMxFM34rPVVdekmWKTtwjIjRd0IhW50V8E+oC0lk2ba0ExmSO4InaEf4MZfceNCEbd+gDv/xvSx0NYDgcM553JzjxsKrsG2v62V1bX1jc3UVnp7Z3dvP3NwWNdBpCir0UAEqukSzQSXrAYcBGuGihHfFazhDisTv/HAlOaBvIdRyDo+6UvucUrASN1MFvJx4Rq3Ay6hW8FtTxGaGC1XGCdx7iwe9+KcSdlFewq8TJw5yaI5qt3MV7sX0MhnEqggWrccO4ROQhRwKtg43Y40Cwkdkj5rGSqJz3QnmR4zxqdG6WEvUOZJwFP190RCfK1HvmuSPoGBXvQm4n9eKwLvqpNwGUbAJJ0t8iKBIcCTZnCPK0ZBjAwhVHHzV0wHxPQBpr+0KcFZPHmZ1M+LzkWxdFfKlm/ndaTQMTpBeeSgS1RGN6iKaoiiR/SMXtGb9WS9WO/Wxyy6Ys1njtAfWJ8/qtCaKA==</latexit>

t(z) =

I

C

t(z0)

z0 � z
dz0

s−plane

• Avoid spurious singularities

𝑚𝑚−
2 − 𝑡𝑡 𝑚𝑚+

2

R→∞

C
DataCross-channels

Built using Cauchy’s theorem

They can implement both analyticity AND crossing
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DR → Out

Fit → In

<latexit sha1_base64="llERky4oDMgoGzznx+vJbde3pJI="></latexit>

T I(s, t) = 32⇡
X

`

(2`+ 1)P`(cos ✓)t
I
` (s)

Partial wave dispersion relations

The most well-known are the ROY eqs., for example, for   they lookI = ℓ = 0

<latexit sha1_base64="lGd+P8uD+sGPQthpDDmUBWUEExY="></latexit>

t̃I` (s) = ⌧ I` (s) +
X

I0,`0

Z 1

4m2
⇡

ds0 KII0

``0 (s
0, s) Im tI

0

`0 (s
0)

<latexit sha1_base64="u9a+CpFdTdmSll5iIr4qPrW5otw="></latexit>

t̃00(s) = a00 +
1

12m2
⇡

�
2a00 � 5a20

� �
s� 4m2

⇡

�
+

X

I0,`0

Z 1

4m2
⇡

ds0K0I0

0`0 (s
0, s) Im tI

0

`0 (s
0)

Amplitudes are decomposed in partial waves

Fit to the data

Dispersive’s result

Roy PLB (1971)
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DR → Out

Fit → In

Use all PWs available

Obtain your DRs Crossing+analyticity

Necessary Input

DR → OutFit → In compatibleMake Unitarity

“Model-independent”

<latexit sha1_base64="u9a+CpFdTdmSll5iIr4qPrW5otw="></latexit>

t̃00(s) = a00 +
1

12m2
⇡

�
2a00 � 5a20

� �
s� 4m2

⇡

�
+

X

I0,`0

Z 1

4m2
⇡

ds0K0I0

0`0 (s
0, s) Im tI

0

`0 (s
0)
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Large SL spreads at threshold

<latexit sha1_base64="g2vNjoCrM3w82UhUr334+F6wFiY=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqq8uiGzdCBfuAJoTJdNIOnZmEmYlQQldu/BU3LhRx6ze482+ctF1o64ELh3Pu5d57woRRpR3n21pYXFpeWS2sFdc3Nre27Z3dpopTiUkDxyyW7RApwqggDU01I+1EEsRDRlrh4Dr3Ww9EKhqLez1MiM9RT9CIYqSNFNgHPPASCj1FOaxUT70T6HGk+5Jnt6Q5CuySU3bGgPPEnZISmKIe2F9eN8YpJ0JjhpTquE6i/QxJTTEjo6KXKpIgPEA90jFUIE6Un43fGMEjo3RhFEtTQsOx+nsiQ1ypIQ9NZ36jmvVy8T+vk+qo6mdUJKkmAk8WRSmDOoZ5JrBLJcGaDQ1BWFJzK8R9JBHWJrmiCcGdfXmeNCtl96J8fndWql1N4yiAfXAIjoELLkEN3IA6aAAMHsEzeAVv1pP1Yr1bH5PWBWs6swf+wPr8AYKNl+c=</latexit>

m⇡ ⇠ 283MeV

<latexit sha1_base64="g2vNjoCrM3w82UhUr334+F6wFiY=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqq8uiGzdCBfuAJoTJdNIOnZmEmYlQQldu/BU3LhRx6ze482+ctF1o64ELh3Pu5d57woRRpR3n21pYXFpeWS2sFdc3Nre27Z3dpopTiUkDxyyW7RApwqggDU01I+1EEsRDRlrh4Dr3Ww9EKhqLez1MiM9RT9CIYqSNFNgHPPASCj1FOaxUT70T6HGk+5Jnt6Q5CuySU3bGgPPEnZISmKIe2F9eN8YpJ0JjhpTquE6i/QxJTTEjo6KXKpIgPEA90jFUIE6Un43fGMEjo3RhFEtTQsOx+nsiQ1ypIQ9NZ36jmvVy8T+vk+qo6mdUJKkmAk8WRSmDOoZ5JrBLJcGaDQ1BWFJzK8R9JBHWJrmiCcGdfXmeNCtl96J8fndWql1N4yiAfXAIjoELLkEN3IA6aAAMHsEzeAVv1pP1Yr1bH5PWBWs6swf+wPr8AYKNl+c=</latexit>

m⇡ ⇠ 283MeV

�0.06

�0.04

�0.02

0

0.02

0.04

0.06

�0.001 0 0.001 0.002 0.003

(a
t
k
)
co

t
�0 0

(atk)2
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�0.2
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0
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t
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(atk)2

<latexit sha1_base64="cXdUD2r9CsUot68gxQOZlQshr0Y=">AAACCnicbVC5TsNAEF2HK4TLQEmzECGFJtiIq4yggS5I5JBiY603m2SV9draHSNFVmoafoWGAoRo+QI6/obNUUDgSSM9vTejmXlhIrgGx/mycnPzC4tL+eXCyura+oa9uVXXcaooq9FYxKoZEs0El6wGHARrJoqRKBSsEfYvR37jninNY3kLg4T5EelK3uGUgJECe7fv0Riw12YCyN114OCSPsCe5hF2D8dCYBedsjMG/kvcKSmiKaqB/em1Y5pGTAIVROuW6yTgZ0QBp4INC16qWUJon3RZy1BJIqb9bPzKEO8bpY07sTIlAY/VnxMZibQeRKHpjAj09Kw3Ev/zWil0zv2MyyQFJulkUScVGGI8ygW3uWIUxMAQQhU3t2LaI4pQMOkVTAju7Mt/Sf2o7J6WT26Oi5WLaRx5tIP2UAm56AxV0BWqohqi6AE9oRf0aj1az9ab9T5pzVnTmW30C9bHN/qUmIg=</latexit>

k cot �I0(s) ⇠ 1/aI0

Use all PWs available

Scalar  waves dominate the DRsℓ = 0

Every band is a different model fit

2303.10701

But we extracted/fitted several waves
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DR → Out

Fit → In

Use all PWs available

Obtain your DRs Crossing+analyticity

Necessary Input

DR → OutFit → In compatibleMake Unitarity

“Model-independent”

<latexit sha1_base64="u9a+CpFdTdmSll5iIr4qPrW5otw="></latexit>

t̃00(s) = a00 +
1

12m2
⇡

�
2a00 � 5a20

� �
s� 4m2

⇡

�
+

X

I0,`0

Z 1

4m2
⇡

ds0K0I0

0`0 (s
0, s) Im tI

0

`0 (s
0)
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DR → Out compatibleMake Fit → In
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m⇡ ⇠ 239 MeV

�0 0

atEcm

Model 1

2304.03762

<latexit sha1_base64="u9a+CpFdTdmSll5iIr4qPrW5otw="></latexit>

t̃00(s) = a00 +
1

12m2
⇡

�
2a00 � 5a20

� �
s� 4m2

⇡

�
+

X

I0,`0

Z 1

4m2
⇡

ds0K0I0

0`0 (s
0, s) Im tI

0

`0 (s
0)
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Re t00 Re t11 Re t20
p
s/m⇡

p
s/m⇡

DR → Out compatibleMake Fit → In
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<latexit sha1_base64="u9a+CpFdTdmSll5iIr4qPrW5otw="></latexit>

t̃00(s) = a00 +
1

12m2
⇡

�
2a00 � 5a20

� �
s� 4m2

⇡

�
+

X

I0,`0

Z 1

4m2
⇡

ds0K0I0

0`0 (s
0, s) Im tI

0

`0 (s
0)
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p
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DR → OutFit → In compatibleMake 2304.03762
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<latexit sha1_base64="u9a+CpFdTdmSll5iIr4qPrW5otw="></latexit>

t̃00(s) = a00 +
1

12m2
⇡

�
2a00 � 5a20

� �
s� 4m2

⇡

�
+

X

I0,`0

Z 1

4m2
⇡

ds0K0I0

0`0 (s
0, s) Im tI

0

`0 (s
0)

DR → OutFit → In compatibleMake 2304.03762
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<latexit sha1_base64="u9a+CpFdTdmSll5iIr4qPrW5otw="></latexit>

t̃00(s) = a00 +
1

12m2
⇡

�
2a00 � 5a20

� �
s� 4m2

⇡

�
+

X

I0,`0

Z 1

4m2
⇡

ds0K0I0

0`0 (s
0, s) Im tI

0

`0 (s
0)

We select those models that respect the DRs

DR → OutFit → In compatibleMake 2304.03762
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Outside the physical region

Both sides are good now

What happens everywhere else??

What happens here??

s−plane

• Avoid spurious singularities

𝑚𝑚−
2 − 𝑡𝑡 𝑚𝑚+

2

R→∞

C
DataCross-channels

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�
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Dispersive σ

No tension anymore

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

<latexit sha1_base64="c1YMo5in+eDtRUhRP+LnMDl7bJU=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgIeEufpaijY0QwcRA7gh7m4ku2b07dufEcARs/Cs2ForY+ifs/DduYgo1Phh4vDfDzLwolcKg5306E5NT0zOzhbni/MLi0rK7slo3SaY51HgiE92ImAEpYqihQAmNVANTkYSrqHs68K9uQRuRxJfYSyFU7DoWHcEZWqnlrqtWkIrACEUrR7vBDg0Q7jA/h3q/5Za8sjcEHSf+iJTICNWW+xG0E54piJFLZkzT91IMc6ZRcAn9YpAZSBnvsmtoWhozBSbMhz/06ZZV2rSTaFsx0qH6cyJnypieimynYnhj/noD8T+vmWHnKMxFnGYIMf9e1MkkxYQOAqFtoYGj7FnCuBb2VspvmGYcbWxFG4L/9+VxUq+U/YPy/sVe6fhkFEeBbJBNsk18ckiOyRmpkhrh5J48kmfy4jw4T86r8/bdOuGMZtbILzjvX6ISluU=</latexit>

m⇡ ⇠ 283MeV
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2304.03762

We traded statistical uncertainty increase 
by large systematic reduction
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Dispersive σ

No systematics anymore

We traded statistical uncertainty increase 
by large systematic reduction

Dispersive

2303.02596

Another dispersive approach

2304.03762
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Summary and outlook 
First-principles extraction of a broad resonance directly from QCD

Better constraints over scattering lengths

The lighter the , the more relevant this approach isπ

Future

Include second, larger volume for the lighter pion mass

Extract the  ??f0(980)

Study new observables ?? A. W. Jackura’s talk

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�
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Thank you!!

*GHP 2023 presentation thanks to financial support from The Gordon and Betty Moore Foundation and the American Physical Society.
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Lattice QCD

Percent error for δ(s)

I = 2 ππ

10+ parameterizations
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Systematic spread at threshold
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Lattice QCD

Percent error for δ(s)

Very consistent amplitude fits

I = 1 ππ

Around 10 parameterizations

 0

 30
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1507.02599 

mπ ∼ 239 MeV

<latexit sha1_base64="i2ylX6EPy0B9TTkWbd87f4qm25g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3woZyJmnLMstpN9UUi4jTTjS+y/3OE9WGKfloJykNBR5JFjOCbS71daIG1Zpf9+dAqyQoSA0KNAfVr/5QkUxQaQnHxvQCP7XhFGvLCKezSj8zNMVkjEe056jEgppwOr91hs6cMkSx0q6kRXP198QUC2MmInKdAtvELHu5+J/Xy2x8E06ZTDNLJVksijOOrEL542jINCWWTxzBRDN3KyIJ1phYF0/FhRAsv7xK2hf14Kp++XBZa9wWcZThBE7hHAK4hgbcQxNaQCCBZ3iFN094L96797FoLXnFzDH8gff5AyKajlA=</latexit>⇢2303.10701

https://arxiv.org/abs/1507.02599
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I = 0 ππ
Large derivative at threshold

 is far from thresholdδ(s) = π/2

Over 20 parameterizations
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1607.05900

Smaller derivative at threshold

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�
<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV
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https://arxiv.org/abs/1607.05900
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We can fix most

-waveI = 1 P

-waveI = 2 D
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For  partial wavesℓmax
<latexit sha1_base64="LqMfjbswpfkHlftnOGTqBNy4/l0=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhLEa6xggaUqEn1ITYgc12mt2k5kO4gqygew8CssDCDEygew8Te4bQZoOZKlo3POle89Qcyo0rb9bRUWFpeWV4qrpbX1jc2t8vZOS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1geDn22/dEKhqJWz2KicdRX9CQYqSN5Jcrdf8auoQxP+XoIYN1P42RRFxlrqIcOvbdCTQpu2pPAOeJk5MKyNHwy19uL8IJJ0JjhpTqOnasvRRJTTEjWclNFIkRHqI+6RoqECfKSyfHZPDAKD0YRtI8oeFE/T2RmuXUiAcmyZEeqFlvLP7ndRMdnnspFXGiicDTj8KEQR3BcTOwRyXBmo0MQVhSsyvEA9MF1qa/kinBmT15nrSOqs5p9fjmuFK7yOsogj2wDw6BA85ADVyBBmgCDB7BM3gFb9aT9WK9Wx/TaMHKZ3bBH1ifP0uCmoA=</latexit>

NI`maxNparams ⇠ 105

<latexit sha1_base64="lGd+P8uD+sGPQthpDDmUBWUEExY="></latexit>

t̃I` (s) = ⌧ I` (s) +
X

I0,`0

Z 1

4m2
⇡

ds0 KII0

``0 (s
0, s) Im tI

0

`0 (s
0)

Permutations
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DR → Out and data compatibleMake Lattice QCD data description

DR → OutFit → In compatibleMake Unitarity

<latexit sha1_base64="tAloM/PTOo3IbWT0MwsPxL7Bw6s="></latexit>

⇥
d2
⇤I
`
⌘

NsmplX

i=1

 
Re t̃I` (si)� Re tI` (si)

�
⇥
Re t̃I` (si)� Re tI` (si)

⇤
!2

<latexit sha1_base64="s/de0CkCeya0LPC+JIphhEhOA4g="></latexit>

⇥
�̃2

⇤I
`
⌘

NlatX

i,j=1

✓
fi � Re t̃I` (si)

�i

◆
corr (fi, fj)

✓
fj � Re t̃I` (sj)

�j

◆
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Tests: good vs bad
Bad fit combination

Good fit combination

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

<latexit sha1_base64="tAloM/PTOo3IbWT0MwsPxL7Bw6s="></latexit>

⇥
d2
⇤I
`
⌘

NsmplX

i=1

 
Re t̃I` (si)� Re tI` (si)

�
⇥
Re t̃I` (si)� Re tI` (si)

⇤
!2

<latexit sha1_base64="s/de0CkCeya0LPC+JIphhEhOA4g="></latexit>

⇥
�̃2

⇤I
`
⌘

NlatX

i,j=1

✓
fi � Re t̃I` (si)

�i

◆
corr (fi, fj)

✓
fj � Re t̃I` (sj)

�j

◆

<latexit sha1_base64="s/de0CkCeya0LPC+JIphhEhOA4g="></latexit>

⇥
�̃2

⇤I
`
⌘

NlatX

i,j=1

✓
fi � Re t̃I` (si)

�i

◆
corr (fi, fj)

✓
fj � Re t̃I` (sj)

�j

◆
Dispersive output

<latexit sha1_base64="tAloM/PTOo3IbWT0MwsPxL7Bw6s="></latexit>

⇥
d2
⇤I
`
⌘

NsmplX

i=1

 
Re t̃I` (si)� Re tI` (si)

�
⇥
Re t̃I` (si)� Re tI` (si)

⇤
!2



Arkaitz RodasThe  from first principlesσ 38

<latexit sha1_base64="s/de0CkCeya0LPC+JIphhEhOA4g="></latexit>

⇥
�̃2

⇤I
`
⌘

NlatX

i,j=1

✓
fi � Re t̃I` (si)

�i

◆
corr (fi, fj)

✓
fj � Re t̃I` (sj)

�j

◆

<latexit sha1_base64="E13uLtcEmcQuiJBEsH+m+B6wI4k=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBi2FXfF2EoBePEcwDkiXMTmaTMbMzy8ysEJb8gxcPinj1f7z5N06SPWhiQUNR1U13V5hwpo3nfTuFpeWV1bXiemljc2t7x93da2iZKkLrRHKpWiHWlDNB64YZTluJojgOOW2Gw9uJ33yiSjMpHswooUGM+4JFjGBjpQbpsusTv+uWvYo3BVokfk7KkKPWdb86PUnSmApDONa67XuJCTKsDCOcjkudVNMEkyHu07alAsdUB9n02jE6skoPRVLZEgZN1d8TGY61HsWh7YyxGeh5byL+57VTE10FGRNJaqggs0VRypGRaPI66jFFieEjSzBRzN6KyAArTIwNqGRD8OdfXiSN04p/UTm/PytXb/I4inAAh3AMPlxCFe6gBnUg8AjP8ApvjnRenHfnY9ZacPKZffgD5/MHobOOhg==</latexit>

ci = �1
<latexit sha1_base64="fqfpu77NXP9WWjrn47E4V2Ng0K4="></latexit>

�2
i =

 
�fi

df̃ I
` (si)

dEi
�Ei

!✓
1 �ci

�ci 1

◆ 
�f̃i

df̃I
` (si)
dEi

�Ei

!

DR → Out and data compatibleMake Lattice QCD data description
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Sub-threshold

Adler zero

Adler zero

Very “stable” for I = 2 ππ

Even “bad” DRs produce Adler zeroes for I=2

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

<latexit sha1_base64="c1YMo5in+eDtRUhRP+LnMDl7bJU=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgIeEufpaijY0QwcRA7gh7m4ku2b07dufEcARs/Cs2ForY+ifs/DduYgo1Phh4vDfDzLwolcKg5306E5NT0zOzhbni/MLi0rK7slo3SaY51HgiE92ImAEpYqihQAmNVANTkYSrqHs68K9uQRuRxJfYSyFU7DoWHcEZWqnlrqtWkIrACEUrR7vBDg0Q7jA/h3q/5Za8sjcEHSf+iJTICNWW+xG0E54piJFLZkzT91IMc6ZRcAn9YpAZSBnvsmtoWhozBSbMhz/06ZZV2rSTaFsx0qH6cyJnypieimynYnhj/noD8T+vmWHnKMxFnGYIMf9e1MkkxYQOAqFtoYGj7FnCuBb2VspvmGYcbWxFG4L/9+VxUq+U/YPy/sVe6fhkFEeBbJBNsk18ckiOyRmpkhrh5J48kmfy4jw4T86r8/bdOuGMZtbILzjvX6ISluU=</latexit>

m⇡ ⇠ 283MeV
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Adler zero

NO Adler zero

No good DR produces an  Adler zero 
for the heavier mass
I = 0 ππ

Sub-threshold

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

<latexit sha1_base64="c1YMo5in+eDtRUhRP+LnMDl7bJU=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgIeEufpaijY0QwcRA7gh7m4ku2b07dufEcARs/Cs2ForY+ifs/DduYgo1Phh4vDfDzLwolcKg5306E5NT0zOzhbni/MLi0rK7slo3SaY51HgiE92ImAEpYqihQAmNVANTkYSrqHs68K9uQRuRxJfYSyFU7DoWHcEZWqnlrqtWkIrACEUrR7vBDg0Q7jA/h3q/5Za8sjcEHSf+iJTICNWW+xG0E54piJFLZkzT91IMc6ZRcAn9YpAZSBnvsmtoWhozBSbMhz/06ZZV2rSTaFsx0qH6cyJnypieimynYnhj/noD8T+vmWHnKMxFnGYIMf9e1MkkxYQOAqFtoYGj7FnCuBb2VspvmGYcbWxFG4L/9+VxUq+U/YPy/sVe6fhkFEeBbJBNsk18ckiOyRmpkhrh5J48kmfy4jw4T86r8/bdOuGMZtbILzjvX6ISluU=</latexit>

m⇡ ⇠ 283MeV

All good DRs produce an  Adler zero 
for the lighter mass
I = 0 ππ
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<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

Visually, they describe the data and fit, but they are not perfect

Ok but not great

<latexit sha1_base64="tAloM/PTOo3IbWT0MwsPxL7Bw6s="></latexit>

⇥
d2
⇤I
`
⌘

NsmplX

i=1

 
Re t̃I` (si)� Re tI` (si)

�
⇥
Re t̃I` (si)� Re tI` (si)

⇤
!2

<latexit sha1_base64="s/de0CkCeya0LPC+JIphhEhOA4g="></latexit>

⇥
�̃2

⇤I
`
⌘

NlatX

i,j=1

✓
fi � Re t̃I` (si)

�i

◆
corr (fi, fj)

✓
fj � Re t̃I` (sj)

�j

◆

<latexit sha1_base64="s/de0CkCeya0LPC+JIphhEhOA4g="></latexit>

⇥
�̃2

⇤I
`
⌘

NlatX

i,j=1

✓
fi � Re t̃I` (si)

�i

◆
corr (fi, fj)

✓
fj � Re t̃I` (sj)

�j

◆

<latexit sha1_base64="tAloM/PTOo3IbWT0MwsPxL7Bw6s="></latexit>

⇥
d2
⇤I
`
⌘

NsmplX

i=1

 
Re t̃I` (si)� Re tI` (si)

�
⇥
Re t̃I` (si)� Re tI` (si)

⇤
!2
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<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

Visually, they describe the data and fit, but they are not perfect

Ok but not great
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<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

GKPY: Minimally subtracted  one less subtraction than ROY→

For our analysis, Regge contribution too large for d2

GKPY vs ROY
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GKPY vs ROY

However, pole extraction is more accurate in most cases, particularly 
for the coupling

GKPY produces uncertainty in most cases∼ 40 %
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Scattering plane
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<latexit sha1_base64="ZZ6ZRojcGJ9pvTXD5NR2bOPf5F8=">AAACJHicbVDJSgNBFOxxN25Rj14ag+BB4kxwAz0EvXiSCEYDmRh6el6Sxp7F7jdiGOZjvPgrXjy44MGL32JnOcSloKGoqsfrV14shUbb/rTGxicmp6ZnZnNz8wuLS/nllUsdJYpDlUcyUjWPaZAihCoKlFCLFbDAk3Dl3Zz0/Ks7UFpE4QV2Y2gErB2KluAMjdTMH/rXpe2zZuoi3GOqg1hm2ZGz5d4mzHdRSB9Sl3dENpqSDE 2Ilpr5gl20+6B/iTMkBTJEpZl/c/2IJwGEyCXTuu7YMTZSplBwCVnOTTTEjN+wNtQNDVkAupH2j8zohlF82oqUeSHSvjo6kbJA627gmWTAsKN/ez3xP6+eYOugkYowThBCPljUSiTFiPYao75QwFF2DWFcCfNXyjtMMY6m15wpwfl98l9yWSo6e8Xd851C+XhYxwxZI+tkkzhkn5TJKamQKuHkgTyRF/JqPVrP1rv1MYiOWcOZVfID1tc3wnClgg==</latexit>

d2/Nsmpl < 1, �̃2/Nlat < 2

Black
<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

<latexit sha1_base64="hDyuvuqvfB1j5dQ+a39uAl8HIsM=">AAACJHicbVDLSgMxFM34rPVVdekmWARXdUZ8gZuiG1eiYFuhU0smvW1DM5khuaOWYT7Gjb/ixoUPXLjxW0xrBV8HAodzzuXmniCWwqDrvjlj4xOTU9O5mfzs3PzCYmFpuWqiRHOo8EhG+iJgBqRQUEGBEi5iDSwMJNSC3tHAr12BNiJS59iPoRGyjhJtwRlaqVk48CVTHQnURyFbkPq8K7LLLbpJT5qpj3CDqWSYZdTXw9yXGF9nWbNQdEvuEPQv8UakSEY4bRae/VbEkxAUcsmMqXtujI2UaRRcQpb3EwMx4z3WgbqlioVgGunwyIyuW6VF25G2TyEdqt8nUhYa0w8DmwwZds1vbyD+59UTbO83UqHiBEHxz0XtRFKM6KAx2hIaOMq+JYxrYf9KeZdpxtH2mrcleL9P/kuqWyVvt7Rztl0sH47qyJFVskY2iEf2SJkck1NSIZzcknvySJ6cO+fBeXFeP6NjzmhmhfyA8/4BxqSmMg==</latexit>

h�̃2/Nlatipw
<latexit sha1_base64="8PS1+nw8VmeebJnW9+SNXcpGHvg=">AAACGnicbVDJSgNBEO2Je9yiHr00BsFTnAlux6AXT6JgopCJoadTSZr09AzdNWoY5ju8+CtePCjiTbz4N3YWwe1BweO9KqrqBbEUBl33w8lNTE5Nz8zO5ecXFpeWCyurNRMlmkOVRzLSlwEzIIWCKgqUcBlrYGEg4SLoHQ38i2vQRkTqHPsxNELWUaItOEMrNQueL5nqSKCtqzLdpifN1Ee4xdSEscwy6uuh+6XGN1nWLBTdkjsE/Uu8MSmSMU6bhTe/FfEkBIVcMmPqnhtjI2UaBZeQ5f3EQMx4j3WgbqliIZhGOnwto5tWadF2pG0ppEP1+0TKQmP6YWA7Q4Zd89sbiP959QTbB41UqDhBUHy0qJ1IihEd5ERbQgNH2beEcS3srZR3mWYcbZp5G4L3++W/pFYueXul3bOdYuVwHMcsWScbZIt4ZJ9UyDE5JVXCyR15IE/k2bl3Hp0X53XUmnPGM2vkB5z3T0PHobc=</latexit>

hd2/Nsmplipw

<latexit sha1_base64="Bdf2tXaG9Y88H6IBiESTnaX+1vY=">AAACGnicbZDLSgMxFIYzXmu9VV26CRbBjSXjfVl0oxtRsCp0ypBJTzU0mRmSM2IZ5jnc+CpuXCjiTtz4Nqa1C28/BD7+cw45549SJS0y9uGNjI6NT0yWpsrTM7Nz85WFxXObZEZAQyQqMZcRt6BkDA2UqOAyNcB1pOAi6h706xc3YKxM4jPspdDS/CqWHSk4Oius+MfhEQ1AqTAPNL+lBT12hHCLNE+54drSoqCBlZpuMra+xVhYqbIaG4j+BX8IVTLUSVh5C9qJyDTEKBS3tumzFFs5NyiFgqIcZBZSLrr8CpoOY67BtvLBaQVddU6bdhLjXox04H6fyN2Gtqcj16k5Xtvftb75X62ZYWevlcs4zRBi8fVRJ1MUE9rPibalAYGq54ALI92uVFy7QAS6NMsuBP/3yX/hfKPm79S2T7eq9f1hHCWyTFbIGvHJLqmTQ3JCGkSQO/JAnsizd+89ei/e61friDecWSI/5L1/AoKWn0I=</latexit>

NI`maxNparams ⇠ 300� 400
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Scattering plane
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<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

<latexit sha1_base64="hDyuvuqvfB1j5dQ+a39uAl8HIsM=">AAACJHicbVDLSgMxFM34rPVVdekmWARXdUZ8gZuiG1eiYFuhU0smvW1DM5khuaOWYT7Gjb/ixoUPXLjxW0xrBV8HAodzzuXmniCWwqDrvjlj4xOTU9O5mfzs3PzCYmFpuWqiRHOo8EhG+iJgBqRQUEGBEi5iDSwMJNSC3tHAr12BNiJS59iPoRGyjhJtwRlaqVk48CVTHQnURyFbkPq8K7LLLbpJT5qpj3CDqWSYZdTXw9yXGF9nWbNQdEvuEPQv8UakSEY4bRae/VbEkxAUcsmMqXtujI2UaRRcQpb3EwMx4z3WgbqlioVgGunwyIyuW6VF25G2TyEdqt8nUhYa0w8DmwwZds1vbyD+59UTbO83UqHiBEHxz0XtRFKM6KAx2hIaOMq+JYxrYf9KeZdpxtH2mrcleL9P/kuqWyVvt7Rztl0sH47qyJFVskY2iEf2SJkck1NSIZzcknvySJ6cO+fBeXFeP6NjzmhmhfyA8/4BxqSmMg==</latexit>

h�̃2/Nlatipw
<latexit sha1_base64="8PS1+nw8VmeebJnW9+SNXcpGHvg=">AAACGnicbVDJSgNBEO2Je9yiHr00BsFTnAlux6AXT6JgopCJoadTSZr09AzdNWoY5ju8+CtePCjiTbz4N3YWwe1BweO9KqrqBbEUBl33w8lNTE5Nz8zO5ecXFpeWCyurNRMlmkOVRzLSlwEzIIWCKgqUcBlrYGEg4SLoHQ38i2vQRkTqHPsxNELWUaItOEMrNQueL5nqSKCtqzLdpifN1Ee4xdSEscwy6uuh+6XGN1nWLBTdkjsE/Uu8MSmSMU6bhTe/FfEkBIVcMmPqnhtjI2UaBZeQ5f3EQMx4j3WgbqliIZhGOnwto5tWadF2pG0ppEP1+0TKQmP6YWA7Q4Zd89sbiP959QTbB41UqDhBUHy0qJ1IihEd5ERbQgNH2beEcS3srZR3mWYcbZp5G4L3++W/pFYueXul3bOdYuVwHMcsWScbZIt4ZJ9UyDE5JVXCyR15IE/k2bl3Hp0X53XUmnPGM2vkB5z3T0PHobc=</latexit>

hd2/Nsmplipw
<latexit sha1_base64="ZZ6ZRojcGJ9pvTXD5NR2bOPf5F8=">AAACJHicbVDJSgNBFOxxN25Rj14ag+BB4kxwAz0EvXiSCEYDmRh6el6Sxp7F7jdiGOZjvPgrXjy44MGL32JnOcSloKGoqsfrV14shUbb/rTGxicmp6ZnZnNz8wuLS/nllUsdJYpDlUcyUjWPaZAihCoKlFCLFbDAk3Dl3Zz0/Ks7UFpE4QV2Y2gErB2KluAMjdTMH/rXpe2zZuoi3GOqg1hm2ZGz5d4mzHdRSB9Sl3dENpqSDE 2Ilpr5gl20+6B/iTMkBTJEpZl/c/2IJwGEyCXTuu7YMTZSplBwCVnOTTTEjN+wNtQNDVkAupH2j8zohlF82oqUeSHSvjo6kbJA627gmWTAsKN/ez3xP6+eYOugkYowThBCPljUSiTFiPYao75QwFF2DWFcCfNXyjtMMY6m15wpwfl98l9yWSo6e8Xd851C+XhYxwxZI+tkkzhkn5TJKamQKuHkgTyRF/JqPVrP1rv1MYiOWcOZVfID1tc3wnClgg==</latexit>

d2/Nsmpl < 1, �̃2/Nlat < 2

<latexit sha1_base64="Bdf2tXaG9Y88H6IBiESTnaX+1vY=">AAACGnicbZDLSgMxFIYzXmu9VV26CRbBjSXjfVl0oxtRsCp0ypBJTzU0mRmSM2IZ5jnc+CpuXCjiTtz4Nqa1C28/BD7+cw45549SJS0y9uGNjI6NT0yWpsrTM7Nz85WFxXObZEZAQyQqMZcRt6BkDA2UqOAyNcB1pOAi6h706xc3YKxM4jPspdDS/CqWHSk4Oius+MfhEQ1AqTAPNL+lBT12hHCLNE+54drSoqCBlZpuMra+xVhYqbIaG4j+BX8IVTLUSVh5C9qJyDTEKBS3tumzFFs5NyiFgqIcZBZSLrr8CpoOY67BtvLBaQVddU6bdhLjXox04H6fyN2Gtqcj16k5Xtvftb75X62ZYWevlcs4zRBi8fVRJ1MUE9rPibalAYGq54ALI92uVFy7QAS6NMsuBP/3yX/hfKPm79S2T7eq9f1hHCWyTFbIGvHJLqmTQ3JCGkSQO/JAnsizd+89ei/e61friDecWSI/5L1/AoKWn0I=</latexit>

NI`maxNparams ⇠ 300� 400
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Scattering plane
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<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

<latexit sha1_base64="hDyuvuqvfB1j5dQ+a39uAl8HIsM=">AAACJHicbVDLSgMxFM34rPVVdekmWARXdUZ8gZuiG1eiYFuhU0smvW1DM5khuaOWYT7Gjb/ixoUPXLjxW0xrBV8HAodzzuXmniCWwqDrvjlj4xOTU9O5mfzs3PzCYmFpuWqiRHOo8EhG+iJgBqRQUEGBEi5iDSwMJNSC3tHAr12BNiJS59iPoRGyjhJtwRlaqVk48CVTHQnURyFbkPq8K7LLLbpJT5qpj3CDqWSYZdTXw9yXGF9nWbNQdEvuEPQv8UakSEY4bRae/VbEkxAUcsmMqXtujI2UaRRcQpb3EwMx4z3WgbqlioVgGunwyIyuW6VF25G2TyEdqt8nUhYa0w8DmwwZds1vbyD+59UTbO83UqHiBEHxz0XtRFKM6KAx2hIaOMq+JYxrYf9KeZdpxtH2mrcleL9P/kuqWyVvt7Rztl0sH47qyJFVskY2iEf2SJkck1NSIZzcknvySJ6cO+fBeXFeP6NjzmhmhfyA8/4BxqSmMg==</latexit>

h�̃2/Nlatipw
<latexit sha1_base64="8PS1+nw8VmeebJnW9+SNXcpGHvg=">AAACGnicbVDJSgNBEO2Je9yiHr00BsFTnAlux6AXT6JgopCJoadTSZr09AzdNWoY5ju8+CtePCjiTbz4N3YWwe1BweO9KqrqBbEUBl33w8lNTE5Nz8zO5ecXFpeWCyurNRMlmkOVRzLSlwEzIIWCKgqUcBlrYGEg4SLoHQ38i2vQRkTqHPsxNELWUaItOEMrNQueL5nqSKCtqzLdpifN1Ee4xdSEscwy6uuh+6XGN1nWLBTdkjsE/Uu8MSmSMU6bhTe/FfEkBIVcMmPqnhtjI2UaBZeQ5f3EQMx4j3WgbqliIZhGOnwto5tWadF2pG0ppEP1+0TKQmP6YWA7Q4Zd89sbiP959QTbB41UqDhBUHy0qJ1IihEd5ERbQgNH2beEcS3srZR3mWYcbZp5G4L3++W/pFYueXul3bOdYuVwHMcsWScbZIt4ZJ9UyDE5JVXCyR15IE/k2bl3Hp0X53XUmnPGM2vkB5z3T0PHobc=</latexit>

hd2/Nsmplipw
<latexit sha1_base64="ZZ6ZRojcGJ9pvTXD5NR2bOPf5F8=">AAACJHicbVDJSgNBFOxxN25Rj14ag+BB4kxwAz0EvXiSCEYDmRh6el6Sxp7F7jdiGOZjvPgrXjy44MGL32JnOcSloKGoqsfrV14shUbb/rTGxicmp6ZnZnNz8wuLS/nllUsdJYpDlUcyUjWPaZAihCoKlFCLFbDAk3Dl3Zz0/Ks7UFpE4QV2Y2gErB2KluAMjdTMH/rXpe2zZuoi3GOqg1hm2ZGz5d4mzHdRSB9Sl3dENpqSDE 2Ilpr5gl20+6B/iTMkBTJEpZl/c/2IJwGEyCXTuu7YMTZSplBwCVnOTTTEjN+wNtQNDVkAupH2j8zohlF82oqUeSHSvjo6kbJA627gmWTAsKN/ez3xP6+eYOugkYowThBCPljUSiTFiPYao75QwFF2DWFcCfNXyjtMMY6m15wpwfl98l9yWSo6e8Xd851C+XhYxwxZI+tkkzhkn5TJKamQKuHkgTyRF/JqPVrP1rv1MYiOWcOZVfID1tc3wnClgg==</latexit>

d2/Nsmpl < 1, �̃2/Nlat < 2

<latexit sha1_base64="Bdf2tXaG9Y88H6IBiESTnaX+1vY=">AAACGnicbZDLSgMxFIYzXmu9VV26CRbBjSXjfVl0oxtRsCp0ypBJTzU0mRmSM2IZ5jnc+CpuXCjiTtz4Nqa1C28/BD7+cw45549SJS0y9uGNjI6NT0yWpsrTM7Nz85WFxXObZEZAQyQqMZcRt6BkDA2UqOAyNcB1pOAi6h706xc3YKxM4jPspdDS/CqWHSk4Oius+MfhEQ1AqTAPNL+lBT12hHCLNE+54drSoqCBlZpuMra+xVhYqbIaG4j+BX8IVTLUSVh5C9qJyDTEKBS3tumzFFs5NyiFgqIcZBZSLrr8CpoOY67BtvLBaQVddU6bdhLjXox04H6fyN2Gtqcj16k5Xtvftb75X62ZYWevlcs4zRBi8fVRJ1MUE9rPibalAYGq54ALI92uVFy7QAS6NMsuBP/3yX/hfKPm79S2T7eq9f1hHCWyTFbIGvHJLqmTQ3JCGkSQO/JAnsizd+89ei/e61friDecWSI/5L1/AoKWn0I=</latexit>

NI`maxNparams ⇠ 300� 400
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Scattering plane
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<latexit sha1_base64="c1YMo5in+eDtRUhRP+LnMDl7bJU=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgIeEufpaijY0QwcRA7gh7m4ku2b07dufEcARs/Cs2ForY+ifs/DduYgo1Phh4vDfDzLwolcKg5306E5NT0zOzhbni/MLi0rK7slo3SaY51HgiE92ImAEpYqihQAmNVANTkYSrqHs68K9uQRuRxJfYSyFU7DoWHcEZWqnlrqtWkIrACEUrR7vBDg0Q7jA/h3q/5Za8sjcEHSf+iJTICNWW+xG0E54piJFLZkzT91IMc6ZRcAn9YpAZSBnvsmtoWhozBSbMhz/06ZZV2rSTaFsx0qH6cyJnypieimynYnhj/noD8T+vmWHnKMxFnGYIMf9e1MkkxYQOAqFtoYGj7FnCuBb2VspvmGYcbWxFG4L/9+VxUq+U/YPy/sVe6fhkFEeBbJBNsk18ckiOyRmpkhrh5J48kmfy4jw4T86r8/bdOuGMZtbILzjvX6ISluU=</latexit>

m⇡ ⇠ 283MeV

<latexit sha1_base64="hDyuvuqvfB1j5dQ+a39uAl8HIsM=">AAACJHicbVDLSgMxFM34rPVVdekmWARXdUZ8gZuiG1eiYFuhU0smvW1DM5khuaOWYT7Gjb/ixoUPXLjxW0xrBV8HAodzzuXmniCWwqDrvjlj4xOTU9O5mfzs3PzCYmFpuWqiRHOo8EhG+iJgBqRQUEGBEi5iDSwMJNSC3tHAr12BNiJS59iPoRGyjhJtwRlaqVk48CVTHQnURyFbkPq8K7LLLbpJT5qpj3CDqWSYZdTXw9yXGF9nWbNQdEvuEPQv8UakSEY4bRae/VbEkxAUcsmMqXtujI2UaRRcQpb3EwMx4z3WgbqlioVgGunwyIyuW6VF25G2TyEdqt8nUhYa0w8DmwwZds1vbyD+59UTbO83UqHiBEHxz0XtRFKM6KAx2hIaOMq+JYxrYf9KeZdpxtH2mrcleL9P/kuqWyVvt7Rztl0sH47qyJFVskY2iEf2SJkck1NSIZzcknvySJ6cO+fBeXFeP6NjzmhmhfyA8/4BxqSmMg==</latexit>

h�̃2/Nlatipw
<latexit sha1_base64="8PS1+nw8VmeebJnW9+SNXcpGHvg=">AAACGnicbVDJSgNBEO2Je9yiHr00BsFTnAlux6AXT6JgopCJoadTSZr09AzdNWoY5ju8+CtePCjiTbz4N3YWwe1BweO9KqrqBbEUBl33w8lNTE5Nz8zO5ecXFpeWCyurNRMlmkOVRzLSlwEzIIWCKgqUcBlrYGEg4SLoHQ38i2vQRkTqHPsxNELWUaItOEMrNQueL5nqSKCtqzLdpifN1Ee4xdSEscwy6uuh+6XGN1nWLBTdkjsE/Uu8MSmSMU6bhTe/FfEkBIVcMmPqnhtjI2UaBZeQ5f3EQMx4j3WgbqliIZhGOnwto5tWadF2pG0ppEP1+0TKQmP6YWA7Q4Zd89sbiP959QTbB41UqDhBUHy0qJ1IihEd5ERbQgNH2beEcS3srZR3mWYcbZp5G4L3++W/pFYueXul3bOdYuVwHMcsWScbZIt4ZJ9UyDE5JVXCyR15IE/k2bl3Hp0X53XUmnPGM2vkB5z3T0PHobc=</latexit>

hd2/Nsmplipw
<latexit sha1_base64="ZZ6ZRojcGJ9pvTXD5NR2bOPf5F8=">AAACJHicbVDJSgNBFOxxN25Rj14ag+BB4kxwAz0EvXiSCEYDmRh6el6Sxp7F7jdiGOZjvPgrXjy44MGL32JnOcSloKGoqsfrV14shUbb/rTGxicmp6ZnZnNz8wuLS/nllUsdJYpDlUcyUjWPaZAihCoKlFCLFbDAk3Dl3Zz0/Ks7UFpE4QV2Y2gErB2KluAMjdTMH/rXpe2zZuoi3GOqg1hm2ZGz5d4mzHdRSB9Sl3dENpqSDE 2Ilpr5gl20+6B/iTMkBTJEpZl/c/2IJwGEyCXTuu7YMTZSplBwCVnOTTTEjN+wNtQNDVkAupH2j8zohlF82oqUeSHSvjo6kbJA627gmWTAsKN/ez3xP6+eYOugkYowThBCPljUSiTFiPYao75QwFF2DWFcCfNXyjtMMY6m15wpwfl98l9yWSo6e8Xd851C+XhYxwxZI+tkkzhkn5TJKamQKuHkgTyRF/JqPVrP1rv1MYiOWcOZVfID1tc3wnClgg==</latexit>

d2/Nsmpl < 1, �̃2/Nlat < 2

<latexit sha1_base64="Bdf2tXaG9Y88H6IBiESTnaX+1vY=">AAACGnicbZDLSgMxFIYzXmu9VV26CRbBjSXjfVl0oxtRsCp0ypBJTzU0mRmSM2IZ5jnc+CpuXCjiTtz4Nqa1C28/BD7+cw45549SJS0y9uGNjI6NT0yWpsrTM7Nz85WFxXObZEZAQyQqMZcRt6BkDA2UqOAyNcB1pOAi6h706xc3YKxM4jPspdDS/CqWHSk4Oius+MfhEQ1AqTAPNL+lBT12hHCLNE+54drSoqCBlZpuMra+xVhYqbIaG4j+BX8IVTLUSVh5C9qJyDTEKBS3tumzFFs5NyiFgqIcZBZSLrr8CpoOY67BtvLBaQVddU6bdhLjXox04H6fyN2Gtqcj16k5Xtvftb75X62ZYWevlcs4zRBi8fVRJ1MUE9rPibalAYGq54ALI92uVFy7QAS6NMsuBP/3yX/hfKPm79S2T7eq9f1hHCWyTFbIGvHJLqmTQ3JCGkSQO/JAnsizd+89ei/e61friDecWSI/5L1/AoKWn0I=</latexit>

NI`maxNparams ⇠ 300� 400
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Scattering plane
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<latexit sha1_base64="c1YMo5in+eDtRUhRP+LnMDl7bJU=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgIeEufpaijY0QwcRA7gh7m4ku2b07dufEcARs/Cs2ForY+ifs/DduYgo1Phh4vDfDzLwolcKg5306E5NT0zOzhbni/MLi0rK7slo3SaY51HgiE92ImAEpYqihQAmNVANTkYSrqHs68K9uQRuRxJfYSyFU7DoWHcEZWqnlrqtWkIrACEUrR7vBDg0Q7jA/h3q/5Za8sjcEHSf+iJTICNWW+xG0E54piJFLZkzT91IMc6ZRcAn9YpAZSBnvsmtoWhozBSbMhz/06ZZV2rSTaFsx0qH6cyJnypieimynYnhj/noD8T+vmWHnKMxFnGYIMf9e1MkkxYQOAqFtoYGj7FnCuBb2VspvmGYcbWxFG4L/9+VxUq+U/YPy/sVe6fhkFEeBbJBNsk18ckiOyRmpkhrh5J48kmfy4jw4T86r8/bdOuGMZtbILzjvX6ISluU=</latexit>

m⇡ ⇠ 283MeV

<latexit sha1_base64="hDyuvuqvfB1j5dQ+a39uAl8HIsM=">AAACJHicbVDLSgMxFM34rPVVdekmWARXdUZ8gZuiG1eiYFuhU0smvW1DM5khuaOWYT7Gjb/ixoUPXLjxW0xrBV8HAodzzuXmniCWwqDrvjlj4xOTU9O5mfzs3PzCYmFpuWqiRHOo8EhG+iJgBqRQUEGBEi5iDSwMJNSC3tHAr12BNiJS59iPoRGyjhJtwRlaqVk48CVTHQnURyFbkPq8K7LLLbpJT5qpj3CDqWSYZdTXw9yXGF9nWbNQdEvuEPQv8UakSEY4bRae/VbEkxAUcsmMqXtujI2UaRRcQpb3EwMx4z3WgbqlioVgGunwyIyuW6VF25G2TyEdqt8nUhYa0w8DmwwZds1vbyD+59UTbO83UqHiBEHxz0XtRFKM6KAx2hIaOMq+JYxrYf9KeZdpxtH2mrcleL9P/kuqWyVvt7Rztl0sH47qyJFVskY2iEf2SJkck1NSIZzcknvySJ6cO+fBeXFeP6NjzmhmhfyA8/4BxqSmMg==</latexit>

h�̃2/Nlatipw
<latexit sha1_base64="8PS1+nw8VmeebJnW9+SNXcpGHvg=">AAACGnicbVDJSgNBEO2Je9yiHr00BsFTnAlux6AXT6JgopCJoadTSZr09AzdNWoY5ju8+CtePCjiTbz4N3YWwe1BweO9KqrqBbEUBl33w8lNTE5Nz8zO5ecXFpeWCyurNRMlmkOVRzLSlwEzIIWCKgqUcBlrYGEg4SLoHQ38i2vQRkTqHPsxNELWUaItOEMrNQueL5nqSKCtqzLdpifN1Ee4xdSEscwy6uuh+6XGN1nWLBTdkjsE/Uu8MSmSMU6bhTe/FfEkBIVcMmPqnhtjI2UaBZeQ5f3EQMx4j3WgbqliIZhGOnwto5tWadF2pG0ppEP1+0TKQmP6YWA7Q4Zd89sbiP959QTbB41UqDhBUHy0qJ1IihEd5ERbQgNH2beEcS3srZR3mWYcbZp5G4L3++W/pFYueXul3bOdYuVwHMcsWScbZIt4ZJ9UyDE5JVXCyR15IE/k2bl3Hp0X53XUmnPGM2vkB5z3T0PHobc=</latexit>

hd2/Nsmplipw
<latexit sha1_base64="ZZ6ZRojcGJ9pvTXD5NR2bOPf5F8=">AAACJHicbVDJSgNBFOxxN25Rj14ag+BB4kxwAz0EvXiSCEYDmRh6el6Sxp7F7jdiGOZjvPgrXjy44MGL32JnOcSloKGoqsfrV14shUbb/rTGxicmp6ZnZnNz8wuLS/nllUsdJYpDlUcyUjWPaZAihCoKlFCLFbDAk3Dl3Zz0/Ks7UFpE4QV2Y2gErB2KluAMjdTMH/rXpe2zZuoi3GOqg1hm2ZGz5d4mzHdRSB9Sl3dENpqSDE 2Ilpr5gl20+6B/iTMkBTJEpZl/c/2IJwGEyCXTuu7YMTZSplBwCVnOTTTEjN+wNtQNDVkAupH2j8zohlF82oqUeSHSvjo6kbJA627gmWTAsKN/ez3xP6+eYOugkYowThBCPljUSiTFiPYao75QwFF2DWFcCfNXyjtMMY6m15wpwfl98l9yWSo6e8Xd851C+XhYxwxZI+tkkzhkn5TJKamQKuHkgTyRF/JqPVrP1rv1MYiOWcOZVfID1tc3wnClgg==</latexit>

d2/Nsmpl < 1, �̃2/Nlat < 2

<latexit sha1_base64="Bdf2tXaG9Y88H6IBiESTnaX+1vY=">AAACGnicbZDLSgMxFIYzXmu9VV26CRbBjSXjfVl0oxtRsCp0ypBJTzU0mRmSM2IZ5jnc+CpuXCjiTtz4Nqa1C28/BD7+cw45549SJS0y9uGNjI6NT0yWpsrTM7Nz85WFxXObZEZAQyQqMZcRt6BkDA2UqOAyNcB1pOAi6h706xc3YKxM4jPspdDS/CqWHSk4Oius+MfhEQ1AqTAPNL+lBT12hHCLNE+54drSoqCBlZpuMra+xVhYqbIaG4j+BX8IVTLUSVh5C9qJyDTEKBS3tumzFFs5NyiFgqIcZBZSLrr8CpoOY67BtvLBaQVddU6bdhLjXox04H6fyN2Gtqcj16k5Xtvftb75X62ZYWevlcs4zRBi8fVRJ1MUE9rPibalAYGq54ALI92uVFy7QAS6NMsuBP/3yX/hfKPm79S2T7eq9f1hHCWyTFbIGvHJLqmTQ3JCGkSQO/JAnsizd+89ei/e61friDecWSI/5L1/AoKWn0I=</latexit>

NI`maxNparams ⇠ 300� 400
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Scattering plane
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<latexit sha1_base64="c1YMo5in+eDtRUhRP+LnMDl7bJU=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgIeEufpaijY0QwcRA7gh7m4ku2b07dufEcARs/Cs2ForY+ifs/DduYgo1Phh4vDfDzLwolcKg5306E5NT0zOzhbni/MLi0rK7slo3SaY51HgiE92ImAEpYqihQAmNVANTkYSrqHs68K9uQRuRxJfYSyFU7DoWHcEZWqnlrqtWkIrACEUrR7vBDg0Q7jA/h3q/5Za8sjcEHSf+iJTICNWW+xG0E54piJFLZkzT91IMc6ZRcAn9YpAZSBnvsmtoWhozBSbMhz/06ZZV2rSTaFsx0qH6cyJnypieimynYnhj/noD8T+vmWHnKMxFnGYIMf9e1MkkxYQOAqFtoYGj7FnCuBb2VspvmGYcbWxFG4L/9+VxUq+U/YPy/sVe6fhkFEeBbJBNsk18ckiOyRmpkhrh5J48kmfy4jw4T86r8/bdOuGMZtbILzjvX6ISluU=</latexit>

m⇡ ⇠ 283MeV

<latexit sha1_base64="hDyuvuqvfB1j5dQ+a39uAl8HIsM=">AAACJHicbVDLSgMxFM34rPVVdekmWARXdUZ8gZuiG1eiYFuhU0smvW1DM5khuaOWYT7Gjb/ixoUPXLjxW0xrBV8HAodzzuXmniCWwqDrvjlj4xOTU9O5mfzs3PzCYmFpuWqiRHOo8EhG+iJgBqRQUEGBEi5iDSwMJNSC3tHAr12BNiJS59iPoRGyjhJtwRlaqVk48CVTHQnURyFbkPq8K7LLLbpJT5qpj3CDqWSYZdTXw9yXGF9nWbNQdEvuEPQv8UakSEY4bRae/VbEkxAUcsmMqXtujI2UaRRcQpb3EwMx4z3WgbqlioVgGunwyIyuW6VF25G2TyEdqt8nUhYa0w8DmwwZds1vbyD+59UTbO83UqHiBEHxz0XtRFKM6KAx2hIaOMq+JYxrYf9KeZdpxtH2mrcleL9P/kuqWyVvt7Rztl0sH47qyJFVskY2iEf2SJkck1NSIZzcknvySJ6cO+fBeXFeP6NjzmhmhfyA8/4BxqSmMg==</latexit>

h�̃2/Nlatipw
<latexit sha1_base64="8PS1+nw8VmeebJnW9+SNXcpGHvg=">AAACGnicbVDJSgNBEO2Je9yiHr00BsFTnAlux6AXT6JgopCJoadTSZr09AzdNWoY5ju8+CtePCjiTbz4N3YWwe1BweO9KqrqBbEUBl33w8lNTE5Nz8zO5ecXFpeWCyurNRMlmkOVRzLSlwEzIIWCKgqUcBlrYGEg4SLoHQ38i2vQRkTqHPsxNELWUaItOEMrNQueL5nqSKCtqzLdpifN1Ee4xdSEscwy6uuh+6XGN1nWLBTdkjsE/Uu8MSmSMU6bhTe/FfEkBIVcMmPqnhtjI2UaBZeQ5f3EQMx4j3WgbqliIZhGOnwto5tWadF2pG0ppEP1+0TKQmP6YWA7Q4Zd89sbiP959QTbB41UqDhBUHy0qJ1IihEd5ERbQgNH2beEcS3srZR3mWYcbZp5G4L3++W/pFYueXul3bOdYuVwHMcsWScbZIt4ZJ9UyDE5JVXCyR15IE/k2bl3Hp0X53XUmnPGM2vkB5z3T0PHobc=</latexit>

hd2/Nsmplipw
<latexit sha1_base64="ZZ6ZRojcGJ9pvTXD5NR2bOPf5F8=">AAACJHicbVDJSgNBFOxxN25Rj14ag+BB4kxwAz0EvXiSCEYDmRh6el6Sxp7F7jdiGOZjvPgrXjy44MGL32JnOcSloKGoqsfrV14shUbb/rTGxicmp6ZnZnNz8wuLS/nllUsdJYpDlUcyUjWPaZAihCoKlFCLFbDAk3Dl3Zz0/Ks7UFpE4QV2Y2gErB2KluAMjdTMH/rXpe2zZuoi3GOqg1hm2ZGz5d4mzHdRSB9Sl3dENpqSDE 2Ilpr5gl20+6B/iTMkBTJEpZl/c/2IJwGEyCXTuu7YMTZSplBwCVnOTTTEjN+wNtQNDVkAupH2j8zohlF82oqUeSHSvjo6kbJA627gmWTAsKN/ez3xP6+eYOugkYowThBCPljUSiTFiPYao75QwFF2DWFcCfNXyjtMMY6m15wpwfl98l9yWSo6e8Xd851C+XhYxwxZI+tkkzhkn5TJKamQKuHkgTyRF/JqPVrP1rv1MYiOWcOZVfID1tc3wnClgg==</latexit>

d2/Nsmpl < 1, �̃2/Nlat < 2

<latexit sha1_base64="Bdf2tXaG9Y88H6IBiESTnaX+1vY=">AAACGnicbZDLSgMxFIYzXmu9VV26CRbBjSXjfVl0oxtRsCp0ypBJTzU0mRmSM2IZ5jnc+CpuXCjiTtz4Nqa1C28/BD7+cw45549SJS0y9uGNjI6NT0yWpsrTM7Nz85WFxXObZEZAQyQqMZcRt6BkDA2UqOAyNcB1pOAi6h706xc3YKxM4jPspdDS/CqWHSk4Oius+MfhEQ1AqTAPNL+lBT12hHCLNE+54drSoqCBlZpuMra+xVhYqbIaG4j+BX8IVTLUSVh5C9qJyDTEKBS3tumzFFs5NyiFgqIcZBZSLrr8CpoOY67BtvLBaQVddU6bdhLjXox04H6fyN2Gtqcj16k5Xtvftb75X62ZYWevlcs4zRBi8fVRJ1MUE9rPibalAYGq54ALI92uVFy7QAS6NMsuBP/3yX/hfKPm79S2T7eq9f1hHCWyTFbIGvHJLqmTQ3JCGkSQO/JAnsizd+89ei/e61friDecWSI/5L1/AoKWn0I=</latexit>

NI`maxNparams ⇠ 300� 400
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DR → Out

Fit → In

The good

Smeared over a large energy region

Complex s

Real s

An  on the real axis  in the 
complex plane

ϵ → ϵ′ 
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<latexit sha1_base64="lGd+P8uD+sGPQthpDDmUBWUEExY="></latexit>

t̃I` (s) = ⌧ I` (s) +
X

I0,`0

Z 1

4m2
⇡

ds0 KII0

``0 (s
0, s) Im tI

0

`0 (s
0)



Arkaitz RodasThe  from first principlesσ 52

The bad Not happening

Partial waves

<latexit sha1_base64="f2Ry9JatvROhqTRqiuYwd8g2yqo="></latexit>Z 1

4m2
⇡

=

Z smax

4m2
⇡

+

Z 1

smax

=

Z sfit

4m2
⇡

+

Z smax

sfit

+

Z 1

smax

Extrapolated

Regge

Regge must be extrapolated from phys. mπ

Regge is wrong below atmπ ∼ 0.22 − 0.25

<latexit sha1_base64="lGd+P8uD+sGPQthpDDmUBWUEExY="></latexit>

t̃I` (s) = ⌧ I` (s) +
X

I0,`0

Z 1

4m2
⇡

ds0 KII0

``0 (s
0, s) Im tI

0

`0 (s
0)
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The Regge Regge must be extrapolated from phys. mπ

gluon exchanges  constant over ℙ → → mq

resonances, not constant  ρ, f2 → → λ ∼ Γ/M

1 2 3 4 5 6 8 10
√ s  (GeV)
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mb

Biswas et al. 1967
Robertson et al. 1973
Hanlon et al. 1976
ACGL 2001
Garcia-Martin et al. 2011 CFD
PDG 2011
Halzen et al. 2011
net result of this work
partial waves
Regge

σ
π
−
π
+

Our FRegge =
FRegge1 + FRegge2

2

Big uncertainty ΔFRegge = 0.3 FRegge

1102.2183 

1111.7160 
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Regge must be extrapolated from phys. mπ

Our FRegge =
FRegge1 + FRegge2

2

Big uncertainty ΔFRegge = 0.3 FRegge

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

Regge

0

5

10

15

20

25

30

35

40

10 20 30 40 50 60 70
0

5

10

15

20

25

30

35

40

10 20 30 40 50 60 70
0

5

10

15

20

25

30

35

40

10 20 30 40 50 60 70

�Is=0 (mb)

p
s/m⇡

�Is=1 (mb)

p
s/m⇡

�Is=2 (mb)

p
s/m⇡



Arkaitz RodasThe  from first principlesσ 55

I = 1 ππ

Similar spectrum to 
previous masses

Allows us to study the 
 dependenceρ resonance mq

<latexit sha1_base64="i2ylX6EPy0B9TTkWbd87f4qm25g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3woZyJmnLMstpN9UUi4jTTjS+y/3OE9WGKfloJykNBR5JFjOCbS71daIG1Zpf9+dAqyQoSA0KNAfVr/5QkUxQaQnHxvQCP7XhFGvLCKezSj8zNMVkjEe056jEgppwOr91hs6cMkSx0q6kRXP198QUC2MmInKdAtvELHu5+J/Xy2x8E06ZTDNLJVksijOOrEL542jINCWWTxzBRDN3KyIJ1phYF0/FhRAsv7xK2hf14Kp++XBZa9wWcZThBE7hHAK4hgbcQxNaQCCBZ3iFN094L96797FoLXnFzDH8gff5AyKajlA=</latexit>⇢

<latexit sha1_base64="c1YMo5in+eDtRUhRP+LnMDl7bJU=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgIeEufpaijY0QwcRA7gh7m4ku2b07dufEcARs/Cs2ForY+ifs/DduYgo1Phh4vDfDzLwolcKg5306E5NT0zOzhbni/MLi0rK7slo3SaY51HgiE92ImAEpYqihQAmNVANTkYSrqHs68K9uQRuRxJfYSyFU7DoWHcEZWqnlrqtWkIrACEUrR7vBDg0Q7jA/h3q/5Za8sjcEHSf+iJTICNWW+xG0E54piJFLZkzT91IMc6ZRcAn9YpAZSBnvsmtoWhozBSbMhz/06ZZV2rSTaFsx0qH6cyJnypieimynYnhj/noD8T+vmWHnKMxFnGYIMf9e1MkkxYQOAqFtoYGj7FnCuBb2VspvmGYcbWxFG4L/9+VxUq+U/YPy/sVe6fhkFEeBbJBNsk18ckiOyRmpkhrh5J48kmfy4jw4T86r8/bdOuGMZtbILzjvX6ISluU=</latexit>

m⇡ ⇠ 283MeV

<latexit sha1_base64="uDi3rxq80sJ8L5VLCOYkAWpApGQ=">AAACA3icbVDJSgNBEO1xjXGLetNLYxA8SJhxPwa9eBEimAUyIfR0Kklj98zQXSOGIeDFX/HiQRGv/oQ3/8bOctDEBwWP96qoqhfEUhh03W9nZnZufmExs5RdXlldW89tbFZMlGgOZR7JSNcCZkCKEMooUEIt1sBUIKEa3F0O/Oo9aCOi8BZ7MTQU64SiLThDKzVz26rpx8I3QtGjI9c/oD7CA6bXUOk3c3m34A5Bp4k3JnkyRqmZ+/JbEU8UhMglM6buuTE2UqZRcAn9rJ8YiBm/Yx2oWxoyBaaRDn/o0z2rtGg70rZCpEP190TKlDE9FdhOxbBrJr2B+J9XT7B93khFGCcIIR8taieSYkQHgdCW0MBR9ixhXAt7K+VdphlHG1vWhuBNvjxNKocF77RwcnOcL16M48iQHbJL9olHzkiRXJESKRNOHskzeSVvzpPz4rw7H6PWGWc8s0X+wPn8AZcYlt4=</latexit>

m⇡ ⇠ 330MeV
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I = 2 ππ
Similar spectrum to 
previous masses

<latexit sha1_base64="c1YMo5in+eDtRUhRP+LnMDl7bJU=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgIeEufpaijY0QwcRA7gh7m4ku2b07dufEcARs/Cs2ForY+ifs/DduYgo1Phh4vDfDzLwolcKg5306E5NT0zOzhbni/MLi0rK7slo3SaY51HgiE92ImAEpYqihQAmNVANTkYSrqHs68K9uQRuRxJfYSyFU7DoWHcEZWqnlrqtWkIrACEUrR7vBDg0Q7jA/h3q/5Za8sjcEHSf+iJTICNWW+xG0E54piJFLZkzT91IMc6ZRcAn9YpAZSBnvsmtoWhozBSbMhz/06ZZV2rSTaFsx0qH6cyJnypieimynYnhj/noD8T+vmWHnKMxFnGYIMf9e1MkkxYQOAqFtoYGj7FnCuBb2VspvmGYcbWxFG4L/9+VxUq+U/YPy/sVe6fhkFEeBbJBNsk18ckiOyRmpkhrh5J48kmfy4jw4T86r8/bdOuGMZtbILzjvX6ISluU=</latexit>

m⇡ ⇠ 283MeV

<latexit sha1_base64="uDi3rxq80sJ8L5VLCOYkAWpApGQ=">AAACA3icbVDJSgNBEO1xjXGLetNLYxA8SJhxPwa9eBEimAUyIfR0Kklj98zQXSOGIeDFX/HiQRGv/oQ3/8bOctDEBwWP96qoqhfEUhh03W9nZnZufmExs5RdXlldW89tbFZMlGgOZR7JSNcCZkCKEMooUEIt1sBUIKEa3F0O/Oo9aCOi8BZ7MTQU64SiLThDKzVz26rpx8I3QtGjI9c/oD7CA6bXUOk3c3m34A5Bp4k3JnkyRqmZ+/JbEU8UhMglM6buuTE2UqZRcAn9rJ8YiBm/Yx2oWxoyBaaRDn/o0z2rtGg70rZCpEP190TKlDE9FdhOxbBrJr2B+J9XT7B93khFGCcIIR8taieSYkQHgdCW0MBR9ixhXAt7K+VdphlHG1vWhuBNvjxNKocF77RwcnOcL16M48iQHbJL9olHzkiRXJESKRNOHskzeSVvzpPz4rw7H6PWGWc8s0X+wPn8AZcYlt4=</latexit>

m⇡ ⇠ 330MeV
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Lattice QCDI = 1 ππ

Ordinary mq dependence

 constantg

<latexit sha1_base64="i2ylX6EPy0B9TTkWbd87f4qm25g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3woZyJmnLMstpN9UUi4jTTjS+y/3OE9WGKfloJykNBR5JFjOCbS71daIG1Zpf9+dAqyQoSA0KNAfVr/5QkUxQaQnHxvQCP7XhFGvLCKezSj8zNMVkjEe056jEgppwOr91hs6cMkSx0q6kRXP198QUC2MmInKdAtvELHu5+J/Xy2x8E06ZTDNLJVksijOOrEL542jINCWWTxzBRDN3KyIJ1phYF0/FhRAsv7xK2hf14Kp++XBZa9wWcZThBE7hHAK4hgbcQxNaQCCBZ3iFN094L96797FoLXnFzDH8gff5AyKajlA=</latexit>⇢
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Lattice QCD

Similar spectrum to 
previous masses

Over 60 “elastic” levels for I=0

I = 0 ππ

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�
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<latexit sha1_base64="c1YMo5in+eDtRUhRP+LnMDl7bJU=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgIeEufpaijY0QwcRA7gh7m4ku2b07dufEcARs/Cs2ForY+ifs/DduYgo1Phh4vDfDzLwolcKg5306E5NT0zOzhbni/MLi0rK7slo3SaY51HgiE92ImAEpYqihQAmNVANTkYSrqHs68K9uQRuRxJfYSyFU7DoWHcEZWqnlrqtWkIrACEUrR7vBDg0Q7jA/h3q/5Za8sjcEHSf+iJTICNWW+xG0E54piJFLZkzT91IMc6ZRcAn9YpAZSBnvsmtoWhozBSbMhz/06ZZV2rSTaFsx0qH6cyJnypieimynYnhj/noD8T+vmWHnKMxFnGYIMf9e1MkkxYQOAqFtoYGj7FnCuBb2VspvmGYcbWxFG4L/9+VxUq+U/YPy/sVe6fhkFEeBbJBNsk18ckiOyRmpkhrh5J48kmfy4jw4T86r8/bdOuGMZtbILzjvX6ISluU=</latexit>

m⇡ ⇠ 283MeV

<latexit sha1_base64="uDi3rxq80sJ8L5VLCOYkAWpApGQ=">AAACA3icbVDJSgNBEO1xjXGLetNLYxA8SJhxPwa9eBEimAUyIfR0Kklj98zQXSOGIeDFX/HiQRGv/oQ3/8bOctDEBwWP96qoqhfEUhh03W9nZnZufmExs5RdXlldW89tbFZMlGgOZR7JSNcCZkCKEMooUEIt1sBUIKEa3F0O/Oo9aCOi8BZ7MTQU64SiLThDKzVz26rpx8I3QtGjI9c/oD7CA6bXUOk3c3m34A5Bp4k3JnkyRqmZ+/JbEU8UhMglM6buuTE2UqZRcAn9rJ8YiBm/Yx2oWxoyBaaRDn/o0z2rtGg70rZCpEP190TKlDE9FdhOxbBrJr2B+J9XT7B93khFGCcIIR8taieSYkQHgdCW0MBR9ixhXAt7K+VdphlHG1vWhuBNvjxNKocF77RwcnOcL16M48iQHbJL9olHzkiRXJESKRNOHskzeSVvzpPz4rw7H6PWGWc8s0X+wPn8AZcYlt4=</latexit>

m⇡ ⇠ 330MeV
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I = 0 ππ

Many ops. for a good GEVP

Some highly correlated

More than a few relevant ops.
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